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Abstract

In this paper, the schemes of approximation of systems with delays by special systems of
ordinary differential equations are considered and the connections between their solutions are
investigated. The equivalence of the exponential stability of systems with delay and of the
proposed system of ordinary differential equations is established. We consider using
approximation schemes to approximate location the asymptotic roots of quasipolynomials of
linear systems of differential-difference equations with many delays through the roots of the
characteristic equations of the corresponding approximating systems of ordinary differential
equations. An algorithm for studying the stability of systems of linear differential-difference
equations with many delays is proposed. Numerical algorithms for studying the stability of
linear stationary systems with delay are constructed and their coefficient regions of stability
are modeled. The implementation of the proposed algorithms for studying the stability of
solutions of linear differential equations with delay is demonstrated on model test examples.
The analysis of numerical experiments carried confirms the theoretical results presented in the

paper.
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1. Introduction

Mathematical models of many applied processes in areas of complex structure are initial and
boundary value problems for differential equations with a deviating argument. Such equations have
found wide application due to the fact that they well describe many phenomena with consequences in
technological processes, radio technical and electrical devices, economic and ecological systems. In
many models, delay is introduced as a characteristic of poorly studied processes, which are not taken
into account at this stage of model construction. All this became the reason why systems of differential-
functional equations are a relevant object for research [1-5].

An important task is to study the stability of solutions of differential-difference equations. In
connection with numerous practical applications, considerable attention is paid to obtaining stability
conditions for linear differential equations with a delay [6-8].

Of particular interest are studies that allow using the methods of the theory of ordinary differential
equations for the analysis of differential functional equations.

Schemes of approximation of differential-difference equations by special systems of ordinary
differential equations, in particular, make it possible to use approaches to the study of ordinary dynamic
systems and to solve a number of problems from the theory of stability of linear systems with a delay.

In this work, approximation schemes for initial problems for systems of linear differential-difference
equations with many delays are investigated by the sequence of systems of ordinary differential
equations, and algorithms for approximate finding of non-asymptotic roots of quasi-polynomials are
constructed. Using these algorithms, a method of modeling the stability of solutions of linear systems
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with a delay was developed, and constructive computational algorithms were proposed for constructing
coefficient regions of stability of linear systems with many delays [8-10].

2. Approximation schemes

Consider the initial problem for a system of differential equations with a delay
dx(t)
=F(t,x(t),x(t—1)), t=ty, (D
x(t) = (b)), t €[ty —1,To], (2)
where F(t,u,v) is a continuous function that satisfies the Lipshitz condition for u + av, ¢(t) is a
given continuous initial function x € R", ¢ > 0.

An approximate replacement of the initial problem (1)-(2) with the Cauchy problem for the system
of ordinary differential equations is proposed in works [11-13]. It is based on the study of a sequence
of connected m delay elements and their replacement by a sequence of aperiodic links that carry out a
shift by the amount % according to the expansion in the Taylor series.

z;_1(t) =z (t+%) zzi(t)+iz’i(t)+... @3)

The initial problem (1)-(2) is matched by the Cauchy problem for the system of ordinary differential
equations

dzy(t)

dt = F(tl ZO: Zm)l
ir (0 (4)
zi(t m
= (510 -5©), j=1m,
Zj(t0)=<p(t—j;r), j=0,m. (5)
Theorem 1 [9]. If the solution of the problem (1)-(2) x(t) € C[t, — 7, T], then
e (c-2) - 50] < (0 (x2)), j=Omt € e 7], ©
where f(6) = 0atd - 0 w (x, %) the continuity modulus of the function x(t) on [ty —7,T].

Remark 1. Since the solution of the initial problem (1)-(2) x(t) € C[t, — 7, T], then according to
Cantor's theorem on uniform continuity w (x, ) — 0 when m — 0, which means that the solution of

T

m
the Cauchy problem (4)-(5) approximates the solution of the initial problem for a system of differential
equations with a delay (1)-(2).

2.1. Approximation nonasymptotic roots of quasipolynomials

Consider a linear system of differential-difference equations
k
dx
EzZ)Aix(t_Ti)’ (7)
i=

where 4;,i =0,k A, B, i=1,k fixet n x n matrices, x € R™, 0 = To<T1 < <Tp=T1.
Qualitative properties of system (7) depend on the location of the zeros of its quasi-polynomial
®(1) = det(AE — XK A e ) = 0. (8)
The zeros of the quasi-polynomial (8) are divided into two groups: asymptotic and non-asymptotic.
Asymptotic formulas can be obtained for asymptotic roots. Non-asymptotic roots located near the origin
of coordinates, determine the main properties of solutions of system (7) and can be found only with the
help of approximate algorithms.
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The study of the approximation schemes of linear systems with a delay showed that the non-
asymptotic roots of their quasi-polynomials can be effectively approximated by the roots of the
characteristic polynomials of the corresponding approximating systems of ordinary differential
equations.

According to scheme (4)-(5), we correspond to the system with delay (7) by the system of ordinary
differential equations

k
dzy(t)
= ZOAizli(t), ’
l=

dz; .
Zd(t) (Zl 1(t) - Zl(t)) i=1, m,u = ?

©)

Lemma 1 [9,10]. Equality holds for the characteristic equation of the approximating system (9)

L
W (1) = det (AE — ¥k 4 (#“?) ) (u+ )™ =0 (10)
and sequence of functions

¥,
H, (1) = W

converges as m — oo to the quasipolynomial (8).

(11)

Remark 2. [9, 10]. The zeros of the functions W¥,,(x) and H,,(41) coincide, so the zeros of the
characteristic polynomial (10) approximate the non-asymptotic roots of the quasi-polynomial (8).

To increase the accuracy of the approximation of non-asymptotic roots, a scheme of increased

accuracy is proposed
dze(t) <
;t =Z;Aizzi(f) )
L=

12)
dz;(t)
Z(Jit = Zm—j (t)'
d m+j
ZT]@ = 21 (74 = 7(O) = 22 ©®,  j=T,

Lemma 2 For the characteristic equation of the approximating system of increased accuracy (2),
equality holds

Yoms1 (1) = det|(4y — AE) (1 + A—(l +—)> + ZA (1 + T( ;T ))m_li X

mn
At At
X(HE(Hﬁ)) a3
and sequence of functions
Pom+1(4)

mn
(1+5(+25))

H2m+1(l) = (14)

converges as m — oo to the quasipolynomial (8).
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Example 1. Consider a scalar differential equation with a delay

d’;(tt) = ax(t) + bx(t — 1), (15)

where a,b, T € R, T > 0.
The quasipolynomial for equation (15) has the form
®(A) =a—A+be ™ =0. (16)
The approximate system of ordinary differential equations corresponding to scheme (9) for equation
(15)

Zo
— =azy + bz,

dt
(17)
dz; _
d_tl = u(zi_1 — zy), i=1m.
For the characteristic equation of system (17), we obtain equality

m

At
¥ (1) = (a—)l)(l +Z) +bh=0.
After making the substitution S =1+ ':n—T we obtain the equation.
sm*1— (14 —a)s™ ~—b=0, (18)
m m
which is convenient for calculating its roots.

The high-accuracy approximating system of ordinary differential equations corresponding to scheme
(12) for equation (15) has the form

dz,
a azy + bz,
(19)
de
A
dZ +' ; _
% =2u%(zi_y — ;) — 2UzZmy+j,  J =1, m.
For the characteristic equation of the system (19), the representation is valid
Wy (D) = (@ — 2) 1+M(1+M)m+b—0 20
2m+1 = m m =u (20)

By replacing 1 = sz (S — %) in equation (20), the equation can be obtained in the standard form

@pSPH + &y SP + @y SPT +  + aymS + Aamer = 0,
where

Ay = —TC,‘an‘ZL, i=0,m,
MY i 52m-2i . _ o
Apip1 = (a+?)Cm2 , i=0m-—1,

m -m
0(2m+1 = (a + ?) 2 + b
Consider the model equation with a delay

dx(t
’;(t ) _2x(®) +x(t - 1), 22)
the characteristic quasipolynomial of which
A=2+e (23)

The real root of the quasi-polynomial (23) with the largest real part, found by dividing the segment
in half, is equal to A=0.120028.
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We find the approximation of this root of the quasi-polynomial (23) using the roots of the
characteristic polynomials of the approximating systems (18) and (21). The results of numerical
experiments for different m are shown in Table 1, where A% is obtained according to the standard
scheme (17), and A!* is obtained according to the scheme of increased accuracy (19).

Table 1
Table title
m A.ict. Aft' )l::a. Al;a.
10 2.143414 0.023386 2.121493 0.001465
20 2.131895 0.011867 2.120422 0.000394
50 2.124817 0.004789 2.120094 0.000066

From Table 1, we see that the scheme of increased approximation accuracy is significantly more
efficient than the classical approximation scheme.

2.2. Stability analysis of linear systems with a delay

The theory of stability for systems of differential-difference equations (7) is currently sufficiently
well researched.

Theorem 2 [6, 14-16]. In order for the zero solution of system (7) to be exponentially stable, it is
necessary and sufficient that all slopes of its quasipolynomial (8) lie in the left half-plane
Re A < 0. (24)

Thus, the location of the zeros of quasi-polynomials characterizes the stability of linear stationary
systems with a delay. In practice, this check is possible only in the simplest cases.

We will use Lemma 1 and Lemma 2 to analyze the location of the roots of quasi-polynomials using
the characteristic equations of the corresponding approximating systems of ordinary differential
equations.

Theorem 3 [10]. If the zero solution of the system with delay (1) is exponentially stable (not stable),
then there is my > 0 such that for all m > m,, the zero solution of the approximating system (3) is
also exponentially stable (not stable).

If for all m > m, the zero solution of the approximation system (3) is exponentially stable (not
stable) then the zero solution of the system with a delay (1) is exponentially stable (not stable).

Remark 3. From Theorem 3, we have that there exists a number m, such that m > m, the
asymptotic stability of the zero solution of the system with a delay (7) is equivalent to the asymptotic
stability of the zero solution of the approximating system of linear differential equations (9).

Consider equality
P = Hpn (D) + Ry (), (25)

where H,,, (1) — the function defined by equality (11), which at m — oo converges to a quasi-polynomial
®(2), a Ry (1) = ®(4) — Hp (D).
The number m, should be chosen so that the inequality holds for m > m,

mﬂinlcb(/'l)l > me|Rm()l)|-

Theorem 3 can be used to study the stability of solutions of linear differential-difference equations
with a delay. Algorithms of such research are given in works [10, 17].
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2.3. Estimation of the effect of delay on the stability of solutions of linear
equations with delay

In engineering practice, systems with a delay are replaced by systems without a delay, if it is small.
Let us consider the method of finding the upper limit of the delay, in which the stability of systems with
a delay is equivalent to the stability of the corresponding systems without a delay.

We will consider the mathematical justification of the possibility of replacing differential-difference
equations with delay by ordinary differential equations is considered, and consider on finding upper
bounds of delay, for which the stability regime of systems with delay is analogous to the stability regime
of the corresponding systems without delay, is carried out.

Consider the linear system with a delay (7) and its corresponding system without a delay

k
dx(t) _ ZAix(t). (26)
i=0

dt

Theorem 4 [18,19]. If the zero solution of the system (26) is asymptotically stable, then there exists
a constant A > 0 such that for 0 <t < A the zero solution of the system with a delay is also
asymptotically stable.

Consider the algorithm for applying the approximation scheme of differential-difference equations
(7) by the system of ordinary differential equations (9) to find the upper limit of the delay in system (7),
in which it is asymptotically stable [20]:

1. We match the system with a delay (7) to the approximating system (9).

2. We reduce the characteristic polynomial of the approximating system (10) to a form that is
convenient for finding its roots.

3. We set the initial limit delay A, and a step h (example, h = 1).

4. We find the approximate root of the quasi-polynomial a with the largest real part @ at T = A,.

5. If a < 0, then for the given A, the zero solution of system with delay (7) is asymptotically stable.
WeputA;,; =A; +h,i=0,1, ..., and we go to point 4 until this property is fulfilled.

6. If received a > 0, then for this upper bound A;,; the zero solution of the delay system (7) is
asymptotically unstable.

7. We obtained the interval [A;, A; 1] of the values of the upper limit of the delay, at the ends of
which the asymptotic stability changes. Using the method of division in half, we narrow this interval to
the required accuracy and select the left end of the obtained interval for the required value.

Example 2. Find the maximum value of T at which the zero solution of the differential-difference
equation
dx

i 0.25x(t) — 0.5x(t — 1) (27)

will be exponentially stable.
At 7 = 0 we obtain a differential equation

dx
— = —0.25x(t
It x(t),

which is exponentially stable.
Using the standard approximation scheme (17) and the increased accuracy approximation scheme
(19) for the differential-difference equation (27), we will approximate equation (27) by quasipolynomial
(16) with characteristic polynomials of the corresponding approximating systems of ordinary
differential equations.
Table 2 shows the approximate values of the upper limits of the delay A, which are found by the
algorithm proposed above for different values of the dimensions of the approximating systems m
according to the standard approximation scheme and the approximation scheme of increased accuracy.
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Table 2

Table title
M A?t- Alia.
10 2.5264 2.4142
20 2.4713 2.4173
50 2.4393 2.4182
70 2.4332 2.4183

The exact value of the quantity A for which the exponential stability of equation (15) is preserved,
found by the D-partition method [17] is equal to

e
b sin (cos‘1 (—%))
In the case of equation (27), we have
T" = 2.4181.

It follows from Table 2 that the application of approximation schemes of differential-difference
equations makes it possible to find an approximate value of the upper limit of the delay for which
exponential stability is preserved. At the same time, the scheme of increased accuracy provides better
accuracy of approximation.

3. Conclusions

The aims to study the schemes of approximation of initial value problems for systems of linear
differential equations with many delays by a sequence of systems of ordinary differential equations and
their application to the study of the stability of systems of linear differential-difference equations with
many delays and finding the upper bound of delay for which the stability of the system with delay is
preserved.

The study of these problems is reduced to checking the conditions for the negativity of the real parts
of all zeros of the corresponding quasipolynomials. Since a direct verification of this condition in
practice is possible only in the simplest cases, we analyze the roots of characteristic polynomials of the
corresponding approximating systems of ordinary differential equations to solve it.

The classical approximation scheme results in algorithms for finding the asymptotic roots of
quasipolynomials that are convenient for computer implementation but require a high dimensionality
of the corresponding approximating system. To improve the approximation accuracy of the
nonasymptotic roots of quasipolynomials, a scheme for increased approximation accuracy is proposed
and compared on test model examples.

The implementation of the proposed algorithms for studying the stability of solutions of linear
differential equations is demonstrated on model test examples. The analysis of numerical experiments
carried out for the test model examples confirms the theoretical results presented in the paper.
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