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Definition 2. The fractional derivative of (t) in the Caputo sense is defined as
t

1

D (t) = —f(t - )m-“'lﬂw( )d
t _F(m—a)o y dym s

form—1<a<mmeN,t>0¢ec™ [6],[7]
Let @(x):R—> R, py,u:[0,T] > R be continuous and bounded functions, u(x,t) € C2 X
m@®Rx[0,T)].

Consider the problem

a 5 0%u(x,t)

Dfu(x,t) =a 2 +f(xt), t>0, 0<x<l,
u(x,0) =pk), 0<x </,
u(0,6) =y (t), t =0,
u(l,t) =pu,(t), t =0, 0<a <1,

then £, @, uq, 4, are known functions, continuous and bounded in their domains of definition.
We seek the solution of this problem in the form

ulx,t) =v(x,t)+ Ulx,t), t>0, 0<x <,
where U(x,t) = u, (t) + % [u, (t) — uq(t)] is chosen such that the boundary conditions for v(x, t)

are zero.
For the function v(x, t), the main auxiliary boundary problem is solved, where f = 0, and there
are no initial conditions:

DEV(x,t) = A%y (x,t), t >0, 0 <x <,
v(0,t) =v(l,t) =0, t > 0.
Separating the variables v(x,t) = X(x)T(t) we apply the fractional integral of order «, where
0 < a <1, to the equation with respect to T'(t). Now we apply the homotopy perturbation method. The
obtained functions X(x) and T(t) are used to solve the original problem, which is being solved in this
formulation for the first time.
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Abstract. In this paper we are continue (e.g. [2]) to study the problems of minimax estimation
linear functional under solutions systems of equations with partial derivations. New systems and new
observe operators are considerate. New results are obtained in case unknown functions belong to Hilbert

spaces with special metrics. Keywords: minimax estimation, minimax estimation error, functional
minimization.

Let Q- is an open bounded set (domain) in R" with regular bound §, Q=Qx[t,,t],
[ty,t.]eRY, T=Sx[t,t,]. Let also functions a;(t,x) are defined on @, such that
a, eLw,élay(t,x)égj >a X E,a>0,Y¢ <R onthe domain 0.

0
Let W;l () - is Sobolev’s space with corresponding norm and W, (QQ) its clothing. For any
elements @, ¢ W, (Q) we are consider the bilinear form

: 0 o
altp. )= X [a,00) 5o 5 dv,

a(t,p,¢) =a(t, ¢, @) and can be find an number A such that

2 2
a(t,p,p) + /1||(p||+ > a||¢||+ ,a>0,VpeH, =W,(Q), Vte[t,,t,].
The corresponding linear operator may be written in the form

Az op
Ao = _idz,ilii(aij(tax) 0’7]-) :

Let the state system of control was described the next equation
82
L HAe=T 1 <L)

op(t,)

§D(to’x) = fo’

We can observe the element of Hilbert space H like this
y=C»e+f,, f,eL,Q),
where C(v) € 3(L, (t,,t;;H,),H). Under this assumptions the state equation have unique

=1, f,, f, e L,(Q).

solution ¢(t) in the Hilbert space L, (t,,t,,H,) and %ﬂ eL,(t,t;H,).

We are assumed, that functions a,(,x) are well known, elements f, f,, f f, — are not
defined, but must be satisfied inequality
(QF, 1) +(Qo fo, fo) +(Q,f1, 1) +(Q, T, F) <1,

ne Q(t, x), Q,(X), Q,(x), Q,(t,x), well-known, symmetric, positive definite operators that have
bounded inverse operators [3].
In this assumptions the minimax estimation of linear functional

1) = [ (L ®, 0Ot + [ 1,0, 2,0t
we will to look in the form 0 0

l(p) =(u,y)+c,
where (o,0) - is the corresponding dual operation in the H space, under condition

inf sup |((p)—f(¢)‘=az.
u f,, f

foy 1)
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Let E={(u,c) :supl(w)—f((p) < oo} is not empty set and D = arginf Supl((p)—IA(go)‘ is

closed convex not empty set too. Under this assumptions we can found the elements u and ¢ in the set
D. The quantity o, that we will named minimax estimation error, and the element u, that we will
named minimax estimation, may be found using the solutions of the following system of equation

ZTZZZ+A(t)z=I(t)—C*AG, 2(t,) = 0,2(t,) = 0,
o*p P .
?"’A(t)p:Q z+Q,u, p(ty) =12 (1),
p'(to):z(to),

A
2

a A . A
at2'°+A(t)|o=c Qly-C'u,
p(tl) = 07 pl(tl) = 0'

2/\

a A A . A A /\I A
atZ’+ A)p=Q* p+C AU, 9lt,) = P (t,)+ P(ty),

0 (t) = plts) - p (1),
1=0Q;(Cp-2),

in the form
o =[] A, p©),dt1?.

Note, that this system of equations are the partial case of the general system which may be found in

(3].

Introduce now the functional
1(v) = (V)
defined on the subset K < X and examine the problem of it’s minimum finding, using parameter

v as control parameter.
Theorem 1[3]. The minimax estimation of the linear functional 1(¢) may be found in the form

1) = (U/0) = [ 1O, pO)ct
and the corresponding error estimation is 0
o =[] A, pe)atr”.

Theorem 2.[2] Let K < X is compact set from Hilbert space X and all the next conditions are
satisfied :
1. Operator C(v) € 3(L, (t,,t;;H,), H) is linear and embedding H, < H, is compact;

2. sup|C(v)|| < const;;
3. Sequence {C(v, )¢} converges strictly to the element C(v,)¢ if the sequence {v,} converges

weakly to the v, in X .
Then the set arginf 1 (v) is not empty.
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Under constructions of this theorems we are obtained an necessary conditions for the elements
from the set arginf 1 (v).

Let an operator B(e) is defined by the rule

CMWe.Pn =(Blo)v.¢).Vp.geH,veX.
Theorem 3. Let v, earginf I(v) and K < X is compact set from Hilbert space X . Then
following inequalities are satisfied
(B*(p(Vo))Ach(Vo) P(vp),v —1,) <0, VveK,
where p(v,)is obtained from the solutions of system corresponding equations with v = v, .

Like [1], we can solve many interesting problems using these theorems. For example, consider now
the observation vector in the form y = v(t)e(t, x) + f, (t, X), where ¢(¢) is the solution of equation
2

0 .
? + A = f,,0(t;,X) = 0,0 (ty, X) =O.

dZ
In this case, statement of theorem 3 may be written in the form

sup < u(t,x,v),kp(t, x,v,) >= <U(t,X,V,),V, p(t, x,v,) > a.e.in Q.
keK

In additional assumption that I(t,x) >0 in O, |v(t)|<1 we obtained that max kv, (t) =V (1)

a.e.in [ty,t,] or v (t) =£1 ae. in [t,,t,] .
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JIO MOBYJOBU IHBAPIAHTHOI HEUITKOI ICEBJIOMETPUKHA HA HEUYITKHX
MHOKNHAX

3a HaseHoCmi HeuimKo20 6epOANLHO20 NOOAHHA OAHUX MA NPOBEOEHHA GUMIDIOSAHb V' WIKANAX,
suznauenux 3a xracugixayiero C. Cmigenca, Ha 0CHOGI NOHAMMA KoeQiyicumy ninegicmuunoi Koperayii
noOY00BAHO HEAPIAHMHY NCEBOOMEMPUKY HA SOMOSEHHUX A 2eMEPOLEHHUX HEeUiMmKUX MHOJNCUHAX 3
VPAxXyBauHAM OCHOGHUX NOJONCEHb PENPe3eHMaAmUHOL meopii UMIpIoaHb.

3rifHO 3 pemnpe3eHTAaTHBHOIO TEOpi€lo BUMipioBaHb [1] mpu moOynoBi dopmanbHUX Mozeen
EMITIPUYHUX CHCTEM BiITHOIICHHS MiXK eMIIPUYHUMH eleMeHTaMu (00’ €KTaMHu) BU3HAYAIOThCS HA OCHOBI
BUMIpIOBaHb IXHIX BJIaCTUBOCTEH. SIKIIO Tipu opMaizallii BAKOPUCTOBYIOTHCS PE3YJIbTATH BUMIPIOBaHb
HEUITKUX SKICHUX Ta KiJbKICHUX BJIACTUBOCTEH, TO Ui OTPUMAaHHS a/IeKBaTHOI MaTeMaTHYHOI MoAemi
EMITpUYHOl CHCTEMH 3 BIJIHOIIEHHSAMH HEOOXiqHO 3abe3ledyBaTH 1HBapiaHTHICTh BIIHOIIEHb 32
JIONYCTUMHX TIEPETBOPEHb PEe3y/IbTaTiB BUMIpPIOBaHb (B IIKalax MOPSJIKY, BiJHOIICHb a00 iHTEpBaJIiB)
HEUITKUX SKICHUX Ta KIIbKICHUX BIaCTUBOCTEW EMITIPUYHHUX €JIEMEHTIB.

3okpeMa, A HEYITKHX 3aJad KIacTepHOro aHajily OaraTOBUMIpHHMX JaHMX 3a HasBHOCTI
HEYITKOr0 BEpOaJbHOrO IMOJAHHS JaHMX HEOOXIJHO BHU3HAYMUTH IHBAapiaHTHY HEUYITKY METPUKY abo
MICEBIOMETPUKY 3 METOI0 TOOYIOBH HEUITKUX aJTOPUTMIB, sKi 3a0e3medyBaTUMyTh IIPO30PY
IHTEpIIpeTallil0 OTPUMAHMX pe3ynabTaTiB kinactepuzauii [2, 3]. Y nmaniii poOOTI 3ampornoHOBaHO
3arajbHAN MIX11 10 TOOYIOBY 1HBapiaHTHOT HEWITKOI IICEBAOMETPUKY HA TOMOTCHHHX Ta T€TEPOTEHHUX
HEYITKIX MHOXXHHAX.
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