e-SHADING OPERATOR ON RIESZ SPACES AND ORDER
CONTINUITY OF ORTHOGONALLY ADDITIVE OPERATORS

V. MYKHAYLYUK AND M. POPOV

ABSTRACT. Given a Riesz space F and 0 < e € F, we introduce and study an
order continuous orthogonally additive operator which is an e-approximation
of the principal lateral band projection Q. (the order discontinuous lattice
homomorphism Q.: £ — E which assigns to any element x € E the maximal
common fragment Qe(x) of e and z). This gives a tool for constructing an
order continuous orthogonally additive operator with given properties. Using
it, we provide the first example of an order discontinuous orthogonally additive
operator which is both uniformly-to-order continuous and horizontally-to-order
continuous. Another result gives sufficient conditions on Riesz spaces E and
F under which such an example does not exist. Our next main result asserts
that, if E has the principal projection property and F' is a Dedekind complete
Riesz space then every order continuous regular orthogonally additive operator
T: E — F has order continuous modulus |T'|. Finally, we provide an example
showing that the latter theorem is not true for E = C[0, 1] and some Dedekind
complete F'. The above results answer two problems posed in a recent paper
by O. Fotiy, I. Krasikova, M. Pliev and the second named author.

1. INTRODUCTION

We use standard terminology and notation on Riesz spaces as in [3]. In the
next section, we provide with all necessary information on the lateral order and
orthogonally additive operators (OAOs, in short) on Riesz spaces. In the present

section,

we describe our main results.

Basic order continuity properties of OAOs essentially differ from that of lin-
ear operators. Let E,F be Riesz spaces. Below we provide assertions for linear
operators which and false for OAOs.

(1)

3)

If F has the principal projection property and F' is Dedekind complete then
every horizontally-to-order continuous linear operator T: £ — F' is order
continuous [14, Proposition3.9]. For OAOs this is false: if 0 < p < o0
then there exists a horizontally-to-order continuous orthogonally additive
functional f: L, — R which is not order continuous (moreover, f is not
uniformly-to-order continuous), see [5, Example 2.1].

If F is Archimedean then every regular linear operator T: E — F is
uniformly-to-order continuous [27, Proposition4.6]. A typical example of a
positive OAO which is not uniformly-to-order continuous is the principal
lateral band projection Q. (see the next section), see also (1).

If F is Dedekind complete then an order bounded linear operator T: £ — F
is order continuous if and only if |T'| is. This is not true for OAOs: there is

1991 Mathematics Subject Classification. Primary 47B38; Secondary 47B65.
Key words and phrases. Orthogonally additive operator; order convergence; order continuous

operator.

1



2 V. MYKHAYLYUK AND M. POPOV

an order bounded orthogonally additive functional f: R — R such that |f]
is order continuous and f is not [5, Example 3.1].

Remark that the implication
(%) T is order continuous =- || is order continuous

for OAQOs is much more involved for investigation. It was one of the main questions
considered in [5]. Some partial results were obtained there.

Proposition 1.1. [5, Proposition 3.2]. Let E be a finite dimensional Archimedean
Riesz space, F' a Dedekind complete Riesz space andT: E — F an order continuous
OAQ. Then |T| is order continuous.

Theorem 1.2. [5, Theorem 3.8]. Let E be a Riesz space with the principal projec-
tion property, Q a nonempty set and T: E — R an order continuous OAQO. Then
the operator |T| is order continuous as well.

Theorem 1.3. [5, Corollary 3.5]. Let E be a Riesz space with the principal pro-
jection property and F a Dedekind complete Riesz space. Then for every order
continuous operator T € OA,.(E, F) the following assertions are equivalent:

(1) |T| is order continuous;
(2) T is order continuous;
(3) for every net (xo) in E order convergent to some element © € E, the

following condition holds (T (z4) — T+(x))+ 2. 0.
So the following natural questions remained unsolved.

Problem 1. [5]. Under what assumptions on Riesz spaces E, F with F Dedekind
complete every order bounded OAO T: E — F which is both horizontally-to-order
continuous and uniformly-to-order continuous, is order continuous?

Problem 2. [5]. Do there exist a Riesz space with the principal projection property
E, a Dedekind complete Riesz space F and an order continuous OAO T: E — F
such that |T| is not order continuous?

The principal lateral band projection Q. can serve as an “atomic” OAO in
different constructions (as one of the summands) of an OAO with given properties.
This technique was actively explored in [27] to prove the existence of OAOs with
some pathological properties. However, Q. is order discontinuous, which makes
impossible construction of an order continuous OAO with given properties.

The first part of the present paper is devoted to construction of some order
continuous operator ()¢, which approximates ). as € — 0+.

2. PRELIMINARY INFORMATION

Let E be a Riesz space and z,y € E. We say that x is a fragment of y (write
x C y) provided L y —x. The set of all fragments of an element e € E is denoted
by Fe. A disjoint sum in E is written using symbols | |,U. So y = |_|ZL=1 T means
that y = > -, o and @; L z; as i # j. For instance, if # C y then y = z U (y —x),
and if z =2 Uy then z,y € §,.
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2.1. The lateral order. The relation C is a partial order on F, called the lateral
order (see [16] for a systematic study of the lateral order). The supremum and
infimum of a subset A C E with respect to the lateral order (if exists) is denoted
by JA and (A respectively (for a two-point set A = {z,y} write xtUy and xNy).
A subset A C F is said to be laterally bounded if A C §. for some e € E. Although
any subset is laterally bounded from below by zero, a two-point set {z,y} C F
may not have a lateral infimum z Ny (which is the maximal common fragment of
x and y), see [16, Example3.11]. A Riesz space F is said to have the intersection
property provided every two-point subset of F has a lateral infimum. The principal
projection property implies the intersection property [16, Theorem 3.13|, however
the converse is not true (C|0, 1] is a counterexample). A subset G C F is called a
lateral ideal provided §, C G for all z € G, and x Uy € G for all z,y € G with
x L y. A lateral ideal G of F is said to be a lateral band if for every A C G the
existence of | JA implies | JA € G. Every order ideal is a lateral ideal and every band
is a lateral band. For every e € E'\ {0} the set §. is a lateral band which is not an
order ideal. Moreover, §. is both the minimal lateral ideal and minimal lateral band
containing e. We say that §. is the principal lateral ideal and principal lateral band
generated by e. The notion of a lateral ideal (lateral band) is so important for the
study of orthogonally additive operators (order continuous orthogonally additive
operators) as well as the order ideals (respectively, bands) are important for the
study of order bounded (respectively, order continuous) linear operators [16], [17].

Proposition 2.1 ([16], [27]). Let E be a vector lattice and e € E. Then the
following assertions hold.

(1) The set §e of all fragments of e is a Boolean algebra with zero 0, unit e with
respect to the operations U and N. Moreover, ztUy = (x4 Vyy) — (- Vy_)
and xNy = (x4 ANys) — (x— ANy_) for all z,y € Fe.

(2) Assume e > 0. Then the following holds.

(a) The lateral order C on §. coincides with the lattice order <.
(b) Let a monempty subset A of Fe have a lateral supremum a = |JA
(respectively, a lateral infimum a = (A).
(i) If y = sup A (respectively, y = inf A) exists in FE then y = a.
(ii) If, moreover, E has the principal projection property then sup A
(respectively, inf A) exists in E and by (i) equals a.

Remark that there exist a vector lattice E, an element e € E, and subsets A
and B of §. such that |JA and (B exist, while sup A and inf B do not exist in F
[27, Example 1.2].

2.2. Orthogonally additive operators. Let F be a Riesz space and X a real
vector space. A function T: EF — X is called an orthogonally additive operator
(OAO in short) provided T(z+y) = T(x)+ T (y) for any disjoint elements z,y € E.
Obviously, if T' is an OAO then T(0) = 0. The set of all OAOs from E to X is a
real vector space with respect to the natural linear operations.

Let E, F' be vector lattices. An OAO T: E — F is said to be:

e positive if T(x) > 0 for all z € F;

e reqular if T is a difference of two positive operators;

e order bounded, or an abstract Uryson operator, if it maps order bounded
subsets of E to order bounded subsets of F;



4 V. MYKHAYLYUK AND M. POPOV

e laterally-to-order bounded if the set T'(F,) is order bounded in F for every
z e E;

e disjointness preserving if Tx 1 Ty for every disjoint =,y € E;

e laterally non-expanding if T'(x) C x for all x € E.

The positivity of OAQOs is completely different from that of linear operators, and
the only linear operator which is positive in the sense of OAOs is zero. A positive
OAO need not be order bounded. Indeed, every function 7: R — R with 7'(0) = 0
is an OAQ, and, obviously, not all such functions are order bounded. Obviously,
every laterally non-expanding OAOQ preserves disjointness. The kernel of a positive
OAO is a lateral ideal [16, Proposition 6.4] and every lateral ideal is a kernel of
some positive OAO [17, Theorem 3.1].

Denote the sets of all positive, regular, order bounded and laterally-to-order
bounded OAOs from E to F by OAT(E,F), OA.(E,F), U(E,F) and P(E,F)
respectively. Observe that U (E, F) is a vector subspace of P(E, F') and the inclusion
U(E,F) C P(E,F) is strict even for the one-dimensional case E = F = R ([26]).
We endow OA,.(E, F) with the order S < T provided that T'— S is a positive OAQ,
that is, Sz < Tz for all € E. Then OA,(E, F') becomes an ordered vector space.

The following theorem by Pliev and Ramdane generalizes a result by Mazdén and
Segura de Leén [14, Theorem 3.2.]

Theorem 2.2. [26, Theorem 3.6]. Let E,F be Riesz spaces with F Dedekind
complete. Then OA.(E,F) = P(E,F) and OA.(E,F) is a Dedekind complete
Riesz space. Moreover, for all S,T € OA.(E,F), x € E the following relations
hold:

(TVvS)x=sup{Ty+Sz: z=yUz, y,z € E};
(TAS)x=if{Ty+Sz: x=yUz, y,z € E};

Ttz =sup{Ty: y C z};

T z=—inf{Ty: yCa};

Ta| < |T.

T o

(1
(2
(3
(4
(5

Under the same assumptions on E and F', the set U(E, F') of all abstract Uryson
operators is itself a Dedekind complete Riesz space possessing the same properties
(1)-(5) [14, Theorem 3.2.]. Moreover, U(E, F) is an order ideal of OA,.(E, F) |26,
Proposition 3.7], but not necessarily a band [26, Example 3.8].

2.3. The principal lateral band projection Q.. A laterally non-expanding
projection (that is, 7% = T) is called a lateral retraction. A subset A of E is
called a lateral retract if A is the image of some lateral retraction T: E — FE,
that is, T(E) = A. A lateral band A of F, which is a lateral retract, is called a
projection lateral band, and the lateral retraction of F onto A is called the lateral
band projection of E onto A.

Theorem 2.3. [27, Theorem 1.6]. Let E be a vector lattice with the intersection
property. Then for every e € E\ {0} the function Q.: E — E defined by setting

Qc(x)=xzNe foral xzeFE
is the lateral band projection of E onto §..

In Theorem 3.2 we give explicit formula (3.4) for z N e in terms of lattice opera-
tions over x and e if z — e is a projective element of F.
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2.4. The intersection property is a lateral analogue of the principal pro-
jection property. Recall that y € F is called a projection element of E provided
E=E,&® E;jd, where by E, we denote the minimal order ideal containing y. In
this case the order projection P, of E onto E, is given (see [3, Theorem 1.47]) by

(2.1) Pyz=\/(zAnly)), =€ E"
n=1
We need the following property of P,. By (3) of [3, Theorem 1.44],
(2.2) (Vu,v € E) Pyu L (v— Pyv).

A Riesz space F is said to have the principal projection property provided every
element of F is a projection element.

Let E be a vector lattice and z,y € E. We say that z is laterally disjoint to y
and write zty if §, N§, = {0}. Two subsets A and B of E are said to be laterally
disjoint (write ATB) if zty for every x € A and y € B. The laterally disjoint
complement to a subset A of E is defined as follows: AT := {z € E: (Va € A) zta}.
Note that « L y implies zty for all z,y € E and the converse is false. However, zty
implies z L y for every laterally bounded pair z,y € F. An element e of a vector
lattice E is called a laterally projection element provided E is decomposed into a
nonlinear direct sum F = §. U SZ, that is, every = € E has a unique representation

(2.3) x=yUz where y€F. and z € F!.

Proposition 2.4. [25, Proposition4.9]. A wvector lattice E has the intersection
property if and only if every element of E is laterally projective. Moreover, repre-
sentation (2.3) of any x € E is given by x = Qex U (z — Qcx), where Q. is the
principal lateral band projection.

2.5. Different types of order convergence and order continuity. A net
(Za)aca in a Riesz space F converges to a limit x € E:
o strongly order if there is a net (uy)aea in E such that u, | 0 and |z, —2| <
U, for some ap € A and all o > aqp (write z,, =29, x);
o weakly order if there is a net (vg)gep in E such that vz | 0 and for every
B € B there exists o € A such that |z, — 2| < vg for all @ > «aq (write
To 25 1);
e horizontally! if x4 T zg for all @ < B and Uaeara = x (write x4 b, x);

e c-uniformly, where e € E if

1
VneN Jage A Ya>ay |zqa —z| < —e;
n

in this case we write x,, é& T;
e uniformly, provided (T4)aca converges to x e-uniformly for some e € E7;
in this case we write =, = x.

Every strongly order convergent net weakly converges to the same limit, but
the converse is false [2]. However, the strong and weak order convergence are
equivalent if either E is Dedekind complete or the net (z4)aca is monotone. In
these two cases we write 2, — x. Note that one can equivalently replace the
condition Jaecazo = x with z, —2 z in the definition of horizontal convergence

llatemlly or up-laterally in other terminology
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under the assumption z, C 2 for all @ < 8. The uniform convergence of a net
implies the strong order convergence the net to the same limit.

The order continuity of operators we understand in the sense of strong order
convergence. More precisely, let E, F' be Riesz spaces. An OAO T': E — F' is said
to be:

e order continuous provided for any x € FE and any net (z4)aca in E the
condition 2, ~% 2 implies T'(z4) ~> T(x);

e horizontally-to-order continuous provided for any « € F and any net (x4)aca
in E the condition z, —— x implies T'(z4) =% T(x);

e uniformly-to-order continuous provided for any x € F and any net (4)aca
in E the condition x, = 2 implies T'(z4) > T(x).

3. €-SHADING OPERATOR

The principal lateral band projection Q. (see Theorem 2.3) gives an important
tool for constructing examples of OAOs defined on a Riesz space with the inter-
section property. However, Q. is not order continuous (because Qe((l - %) e) =

0 # e = Qc(e) for all n € N, however (1 — 1)e 2% ¢). In the present section, we
construct a “blurring” version of )., which mainly has similar properties and is
order continuous. Another superiority of this version is that it acts in an arbitrary
Riesz space.

Let E be a Riesz space, 0 < e € E and 0 < € < 1. Define a map Q%: E — E by
setting

(3.1) Q‘Z(x):}((x—(l—s)e)+/\((1+€)e—z)+), z€E.

3

The map Q¢ defined by (3.1) will be called the e-shading operator generated by
e.

Lemma 3.1. Let E be a Riesz space, 0 < e € E and 0 < ¢ < 1. Then for every
x € E one has

g 1 * 1
(3.2) Qi(z) = (e€|xe|> :efe/\g\xfd.

Proof. Remark that, by the well known formula [3, Theorem 1.7]
(3.3) (Vs,t € E) s=(s—t)T +sAt,

it is enough to prove one of the equalities. For every z € FE, using theorems 1.3
and 1.8 of [3], we obtain

ge — QS () (3%3)56—(:1:—35/\(1—5 e)A((1+e)e—(1+e)ena)

)
YV (L+eeAz—(1+e)e)
)V (1+eeAz—e)

(x—e)) =ceAl|z—el

:€€+( (I1-¢)e—=x
=(@An(l-e)e+ece—
= (ceA(e—1z)) V (ee A

The following theorem collects main properties of the e-shading operator.
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Theorem 3.2. Let E be a Riesz space, 0 < e € E and 0 < ¢ < 1. Then the
map QF defined by (3.1) is a positive disjointness preserving order continuous OAO
possessing the following properties.
(i) (Vz e E) 0<Q(z) =Qs(z™) <at Ae.
(ii) (Vo,y € E) |Q¢(x ) Q:(y)| < 2z -yl
(i) (Vt € Fe) Qe(t) =
(iv) For every x € F such that either x < (1 —¢e)e orx > (14 ¢)e one has
Q:(2) = Qulx) = 0 , )
(v) For everyx € E if 0 <&’ <" <1 then Q% (z) < Q% (z).

(vi) If x—e is a projection element of E then both \ >~ n (z) and xNe exist

and

(3.4) /\Ql/" )=e—P,_ce=xzNe=x— P, ..

(vil) Lete=¢'Ue”. Then Q% (z)LUQ%, () = Qi(x) for all x € E. If, moreover,
e and €' are projection elements of E then Q5 UQ%, = Q5.

For the proof, we need the following lemma.

Lemma 3.3. Let E be a Riesz space and u,v € E*. Then the map Q: E — E
defined by setting

Qr)=(x—u)"A(w—a)t foral z€FE

is a positive disjointness preserving order continuous OAQO possessing the following
properties:

(i) (Ve E) 0<Q(z) =Q(zT) <at;
(i) (Vo.y € E) [Q(x) — Q)] < 2lz — y.

Proof. First fix any z,y € ET with 2 L y and prove
(3.5) Qz+y) =Q(z) + Qy).

Now we show that

IN

(3.6) (w—y)Ahz=vAz and (v—z)Ay=vAy.
Indeed, on the one hand,
oAz —(v—y)Az[<|v—(v—y) =y
On the other hand,
oAz —(v—y)Az|<|vAz|+|(v—y) Ax| < 2.

Hence, [vAx — (v —y) Az| <y A (2x) =0 and the first equality in (3.6) is proved.
The second one is similar. Now (3.6) implies

(3.7 (w—y)tAz=vAz and (v—z)T Ay=vAy.
Indeed,

(v—y)+Ax:((v—y)\/O)/\x:((ﬂ—y)/\x)\/O(Bifi)v/\x.
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Taking into account that x +y = = V y, we obtain

Qz+y) =@Vvy—-wtrA@w—azvyt

(58) = (@ -u)Vy—uw) A(w-2)r@-y)"
= (e —u)" vy —u)") A (v -2 A(—y)*)
= wy V wa,

where

wi=@-uwAw-—2)TA(w—-y" and wa=(y—-w)"A(v—2)"A(v—y)T.
Observe that w; < x and w; < v. Hence
wq :wl/\x(gi?) (z—uw)TAw—2)TAvAz=(z—u)" A(w—2)T=Q(2).
Analogously, we < y, ws < v and hence

wy=wy Ay ' (y— W)t AvAyA@—y)t =y —u)TA@=-1y)" = QW)

Taking into account that 0 < w; < x and 0 < ws < y, we obtain that wy L ws
and hence, w; V we = w1 + wy = Q(z) + Q(y). By (3.8), one gets (3.5).

To prove (3.5) for the general case of z,y € E with & L y, by the above, it is
enough to prove that

(3.9) Q(r) =Q(z") forall =€ E.

Fix any x € E. We need two claims and the following known elementary fact
(see item (2) of [3, Theorem 1.7]): Vr,s,t € E

(3.10) [sVr—tVvr|<|s—t] and |sAr—tAr] <|s—t|
Claim 1. (z —u)™ = (z7 —u)*.

Proof of Claim 1. Observe that

(3.11) (VzeE) (Ve € ET) zhe=z2"ANe—2".

Indeed, (zAe)™ = (2Ae)V0 = (2VO)A(eV0) = 2T Ae and (zAe)™ = (—(2Ae)) VO =
(—2) V (=€) V0 = 27, which implies (3.11). By (3.11), for every ¢ € ET one has

(r+y)he=(+y)TAe—(x+y)”
=@ +y)Ae—(z7 +y)

(3.12)
:x+Ae+y+Ae—x_—y_
=xNe+yAe.
Now we obtain
+ (3.12) _ n _
zrAu=(zT—27)Au =27 Au+ (-2 )Au=z" Au—=x
and hence
(x—u)+(Big)z—x/\u:a:—m‘L/\u—Fx*=z+—1:+/\u(3£3)(x+—u)+.

Claim 2. (v—z)" Axt = (v—ah)t AzT.
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Proof of Claim 2. We have
0<w:=@w-2)T Azt —(v—z")T Aat
=@w—-at+z) Azt —(v—zT)t Azt

3.13 (3.10)
(8.13) < (w—zt+z)t —(v—2h)*

L N (3.10)
=(w—z"+27)VO-—(v—2z")V0 < z”.

On the other hand, since (v —xz)" Azt L 2~ and (v—2")t Azt L 2™, we have
w L x~. Together with (3.13), this yields that w = 0. O

Now we continue the proof of Lemma3.3. By (3.3) and Claim 1,
(3.14) Qz)=@Et -2t Au)A(v—2)T <zt A(w—2)T <zt
and analogously, Q(z7) < z*. Hence,

Qe) = Q@) Azt and Q") = Q) A
Thus, by Claim 2,
Q)= (2t —uw)" A(v—a2)" AT
=@ —wtA@w—2zHT Azt =Q>)

and (3.9) is proved. So, @ is an OAO.

Item (i) is already proved by (3.9) and (3.14). @ preserves disjointness by (i).
The order continuity of @ follows from (ii). So, it remains to prove (ii). Observe
that, for every a,b,c,d € E one has

T
zt

(3.10)
[aAb—cAd|<l|lanb—aAd|+]land—cAd] < [b—dl+|a—c|
Hence, for every =,y € E we obtain

(3.10)
Q(x) = QW) < (@ —u)" = (y—w)F|+|v—2)" = (v—p)T| < 2lz—yl.

O

Proof of Theorem 3.2. By Lemma 3.3, Q¢ is a positive order continuous OAO and
(ii) holds true.

(i) The part (Vz € E) 0 < Q%(x) = Q5(x™) < 27 follows from Lemma 3.3, and
the inequality Q%(z ") < e follows from Lemma 3.1.

(iii) Fix any t € §.. By (3.1) and (3.3),

1

(3.15) Qi(t) = g((t—m (1—e)e) A (1 +6)e—t/\(1+6)e)).

Since (1 —¢e)t<t, t<eande=tU(e—1t)=1¢V (e—t),one has
(I-e)t<tA(l—ee=tA((1-e)tV(l—g)le—t)=(1—-e)tv0o=(1—-¢)t
and hence
(3.16) tA(l—e)e=(1—¢)t.

On the other hand, (14 ¢)t < (14 ¢) e implies
(3.17) et A ((1+e)e—t) =et.
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Finally, (3.15), (3.16) and (3.17) together give

Qf;(t):%((t—t—kst)/\((l-i—s)e—t)) — 1.

(iv) follows from (3.1).
(v) follows from Lemma 3.1.
(vi) Assume z — e is a projection element. Then by (2.1) and Lemma 3.1

(3.18) z:=e—P,_ce=e— \/ (eAn|z—e|) = /\ (e—eAnlx—e|) = /\ QY™ (z).
n=1 n=1 n=1

Show that z = eNz. By (2.2), e = P,_. el z, which implies that z C e. Then
zA|lx—z|=(e— Py_ce) A |:r—e—|—Pm,ee|
=(e—Py_ce) A |Pm,e(x —e)+ P, e‘

=(e—Py_ce)ANPy_.x (22) 0,

which yields z C . Assumet € F,NF, and prove that ¢t C z. Observe that for every
n € N the relation ¢ C e implies t = QL/" (t) by (¢it), and the relation ¢t C x implies

Qé/n(t) < Qé/”(z) by the positivity of QL/™. Hence, t < Aoy i/"(:c) 18 . By
(2a) of Proposition 2.1, the orders C and < coincide on §. and therefore ¢t C z. The
relation z = eN z is proved. Together with (3.18) this gives (vi).

(vii) Given any x € F, one has

wi=|ee Nz—e)—ce Nz —¢€)|<z—e—x+e =¢".

On the other hand, 0 < w < e¢’. Hence, 0 < w < €’ A e” = 0, which implies
w = 0. Analogously, ee’ A (e — z) = ee/ A (¢/ — ). By that

e Nz —e|=ee’ A((z—e) V(e —x))
= (e Nz —e)) V (e€' A (e—1))
= (e Nz —¢€)) V(e A(e —2))
=ce Nz — €| =ce’ — QS ().

Analogously, ¢’ A 1|z —e| =€’ — Q% (x). Hence
1 1
Qo)+ Q5 (x)=€ - N=|z—e|+e" —e"N=|z—¢]
5 £
/ 1 1 1
=e— ((e A=lz—e|)V (e /\f|x—e|))
5 5
1
=e— (Ve N=|zr—e| =Q(x)
5

and the first part of (vii) is proved. Assume now that e and e’ are projection
elements. By (2) of Theorem 2.2,

(3.19) (@2 7 Q&) (@) = inf{ Qe (y) + Q2n() : @ =yUz.
Set y = Pova U (x — P.x) and z = Pox. Then
Q2 (y) = Q2 (Pur) + Q5 (1 — Pos)

0
< (Poz) N + (z — Paa) ne 0,

Analogously, Q% (z) = 0 which confirms by (3.19) that Q, L Q¢ O

e’ el
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4. A UNIFORMLY-TO-ORDER CONTINUOUS AND HORIZONTALLY-TO-ORDER
CONTINUOUS OAQO, WHICH IS NOT ORDER CONTINUOUS

In the present section, using the technique of e-shading operators, we provide
the first example of such an operator. Moreover, it is a functional, that is, with
values in R. It is defined on C0, 1] possessing the intersection property, but failing
to have the principal projection property.

Theorem 4.1. There ezists an order discontinuous orthogonally additive functional
f:C[0,1] — [0, 1], which is uniformly-to-order continuous and horizontally-to-order
continuous.

Proof. Define a sequence (e,,)22; in C[0, 1] as follows. Let e, : [0,1] — [0, 1] be the
piece-wise linear function with nodes at the points (0, % + %), (%, %) and (1, %) of
R?, that is,
i+l ifte o, )

en(t) = , neN.

L ift e [+,1]
Observe that e, € C[0,1] and e,41(t) < e, (t) for all ¢ € [0,1] and n € N. Choose
numbers g,, > 0 so that

(4.1) (Vn e N)(Vt € [0,1]) enr1()(1+ent1) < en(t)(1 —ey).
Then define a functional f: C[0,1] — [0, 1] by setting
(42) )= 3o min (@220 )

where Q¢ is the €,,-shading operator generated by e,,. To show that the functional
is well defined by (4.2), set

B, :={zeC[0,1]: (Vt €[0,1]) en(t)(1 —&,) < z(t) < en(t)(1+&,)}, n€N.
By (4.1), (Bn)22, is a disjoint sequence of open subsets of C[0,1]. By (3.1),
(4.3) (Vx € C[0,1])(Vn € N) n%(i)nl] (Qe(x))(t) >0 = z € By.

tefo, :

By (4.1), this implies that for every z € C]0,1] at most one of the summands in
(4.2) is nonzero, and so f is well defined by (4.2).

Prove that f is orthogonally additive. Let x,y € C[0,1] and = L y. If either
x =0ory =0 then f(xr +vy) = f(x) + f(y), because f(0) = 0. Now suppose
x # 0 # y. Then z L y implies that there is ¢ € [0,1] such that x(t) = y(¢) = 0.
Taking into account that every element of B, takes nonzero values only for all
n € N, this yields by (4.3) that f(z) = f(y) = f(z +y) = 0. So f is orthogonally
additive.

Prove that f is uniformly-to-order continuous. Since the uniformly convergence
in C[0,1] is equivalent to the norm-convergence, it is enough to show that f is
norm-to-order continuous. According to Theorem 3.2 (ii), every function

fo(z) = n min (Qer(x))(t)

is norm-to-order continuous. By (4.3),

supp fn, = {z € C[0,1] : f(z) # 0} = B,,.
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Since (ey)2; has no a norm-convergent subsequence and €, — 0, the sequence
(Bn)22, is locally finite with respect to the norm. Therefore, f is norm-to-order
continuous as locally finite sum of norm-to-order continuous functions.

Prove that f is horizontally-to-order continuous. Let x € C[0,1] and (Za)aca

be a net in C[0, 1] such that z, L, 2. Consider two cases.

(i) (3ag € A)(Va > ap) x4 = x. Then obviously f(z,) — f(x).

(i) (V8 € A)(3a > B) xq # x. Since x4 C xg T z for all a < 5, we have that
(Va € A) x4 # x. By the peculiarity of C|0, 1], for every z, vanishes at some point
of [0,1], as well as . By (4.3), f(zx) =0 = f(x,) for all & € A.

The horizontal-to-order continuity of f is proved.

To prove that f is not order continuous, observe that e, ~% 0 and f(e,) = 1 #
0= f(0) for all n € N. O

5. CONTINUITY OF HORIZONTALLY AND UNIFORMLY CONTINUOUS OPERATORS

In this section, we provide sufficient conditions on Riesz spaces E, F', under which
every horizontally-to-order continuous and uniformly-to-order continuous OAQ is
order continuous, giving a partial answer to Problem 1.

Let F be a Riesz space. By D(F') we denote the set of all Riesz spaces E such
that every abstract Uryson operator T': E — F' which is both horizontally-to-order
continuous and uniformly-to-order continuous, is order continuous. Next is our
main result of the section.

Our first result here is the following theorem.

Theorem 5.1. Let E be a Riesz space such that for every net (uq)aca in E with
Uuq | O there exists a net (E;);cr of projection bands E; in E such that
(1) Pi(ua) =a 0 for every i € I, where P; is the order projection of E onto E;;
(2) E; C Ej for everyi,j € I withi < j;
(3) Pi(x) i a for every x € E.
Then E € D(F) for every Riesz space F with the principal projection property.

For the proof of Theorem 5.1 we need some lemmas.

Lemma 5.2. Let E be a Dedekind complete Riesz space and A an upper bounded
subset of E with 0 € A. If v € ET satisfies

sup{fy e A:x+ye€ A} >v
for every x € A then v =0.

Proof. For every v € Aweset A, ={y€ A:x+y € A} and u, = sup A,. Assume
that v > 0. Since E is an Archimedean Riesz space, there exists a number n € N
such that v £ up = sup A. Then wy := (v —ug)t > 0. Let zyp = 0. Now we
construct finite sequences (z)}_; and (wy)}_; of elements x), € A and wy, € ET

such that for every k=1,....,n
(1) To+ -+ €A
(2) T (S A$0+"'+$k—1;
(3) wy € By,,_, where By, _,
(4) Py(zy — 2v) = wg > 0, where Py is the order projection onto By, .

is the principal band generated by wg_1;
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Since wg < 5v, wo € B, where B, is the principal band generated by v. There-
fore, Py(v) > 0 where Py is the order projection onto B,,. Since ug > v and

Py(ug) = Py(sup Ag) = sup{Py(z) : x € A},
one has
PQ(U()) > Po(?)) > Po(%v)
and there exists 1 € Ag such that Py(z1) £ Py(3v). We set
wy, = (P()(ml) — Po(%’l}))—"_.
Then w; € By, and w; > 0. Moreover,
Pl(xl — %1}) = P1(P0($1 — %U)) = Pl(wl) = w1q.
Since wy € By, and wy € B,, one has wy € B, and P;(v) > 0. Hence, taking
into account that (by the choice of z1) xg + 21 € A, we obtain
Py (ug,) =sup{Pi(x) : x € Apyya } > Pi1(v) > Pl(%v).
Therefore, there exists xs € Ay, 44, such that Pj(z2) £ Pl(%v). We set
Wo = (Pl(IQ) — Pl(%v))+.
It is clear that wo € B,,, and ws > 0. Moreover,
PQ(iL’Q — %’U) = PQ(P1($2 — %’U)) = PQ(U)Q) = Wa2.
To complete the construction of (zx)7_; and (wx)}_,, it remains to repeat the
reasoning n — 2 times.
Now we consider the element

T=x1+T2+...Tp,.
By (2), € A. On the one hand
P.(3v—x) > Py(5v —ug) = Py(Po(5v —uo)) = Pr(wo) > 0.
But on the other hand we have that

k=1
= Pu(Pi(zi — $v))
k=1
= an(wk) > Wy > 07
k=1
a contradiction. O

Lemma 5.3. Let E be a Riesz space and F a Dedekind complete Riesz space,
T: E — F a (bounded???) function and xo € E. Then the following conditions
are equivalent:

(i) T is order continuous at xo;

(i) for every net (uq)aca in E such that u, | 0 we have that

(5.1) inf v, = 0= inf w,,
a€cA a€cA
where v, = sup{T(x) — T(xo) : | — 20| < ua} and w, = —inf{T(z) —

T(xo) : |z — 20| < U}
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Proof. (i) = (ii). It is enough to prove the first equality only, because the second
equality coincide with the first one for —7" in place of T'. If A has a maximal element
then the claim of the lemma is obvious. Assume A has no maximal element. Fix
any net (tq)aca in E with u, | 0. Endow the set

B:i={(0,8): a €A, BE[~ta,ual}

with the following partial order: (o/,3’) < (”,3"”) if and only if either o/ < o’
or o/ = " and ' < (”. Obviously, B is a directed set. Now consider the net
(I(aﬂ))(a 5)eB defined by setting x(,,5) = xo + 8 for all (o, 3) € B. Set also

u'(aﬁ) = u, for all (o, B) € B. Since u, | 0, we have “/(a,,B) 1 0 as well. Since
(W, ) € B) |2(a,8) — 2ol = 8] < ua = g ),

one has z(q,g) 22 2. By the order continuity of T' at xo, choose a net (t(a,g))
in F and (ao, Bo) € B so that ¢, ) | 0 and

(V(Oz,ﬁ) Z (ao,ﬂo)) |T(.’L'() + ﬂ) — T(.’I;O)‘ = |T(,’E(aﬁ)) — T($0)| S t(a,ﬁ)-
Then
(Vo > ) (VB € [~ua,ua]) |T(zo+ B) = T(w0)| < tia,g) < tlo, —ua).

Hence,

(a,8)€B

(VOZ > a()) Vo < t(a,—ua)-
Since t(q,—u,) | 0, the latter inequality implies the first equality in (5.1).
(ii) = (i) is obvious. O

Given any nonempty set Q, by coo(€2) we denote the Riesz space of all functions
f:Q — R with finite support, endowed with the natural order. Clearly, for every
finite set 2 the uniform convergence in cgo(§2) is equivalent to the order convergence.
Thus, ¢oo(2) € D(F) for every Riesz space F.

Corollary 5.4. Let Q be an infinite set and E C R be a Riesz space with coo(§2) C
E. Then E € D(F) for every Riesz space F with the principal projection property.

Proof. Let I be the directed set of all nonempty finite subsets ¢ C 2 ordered by
inclusion i < j < i Cj. Foreveryie€ I weset E; ={f € FE:suppf Ci} and use
Theorem 5.6. 0

Corollary 5.5. Let u be a o-finite measure on a measure space (X,%,pu) and
p € [0,00]. Then L,(1) € D(F) for every Riesz space F with the principal projection
property.

Proof. 1t is enough to show that the Riesz space E fulfils the assumptions of The-
oremb.1. Let (uq)aca be a net in F such that u, | 0. Using Egorov’s theorem,
we construct an increasing sequence (X,)22; of measurable sets X,, C X such
that u(X \ U,~, X») = 0 and us|x, = 0 for every n € N. It remains to set
E,={x-1x, :x € E} for every n € N. O

Theorem 5.6. Let E be a Riesz space, F' be a Riesz space with the principal
projection property, I be a directed set and (E;);cr be a family of projection bands
FE; in E such that

(1) E; € D(F) for every i€ I;

(2) E; C Ej for everyi,j €I withi <j;
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(3) Pi(x) SN for every x € E, where P; is the order projection associated
Then E € D(F).
Proof. If the directed set I has a maximal element i, then it follows from (1) — (3)
that F = E;, € D(F).
Let I has no maximal element and T : E — F' be an arbitrary Uryson operator
T : E — F which is both horizontally-to-order continuous and uniformly-to-order
continuous. For every i € I we set T; = T'|g,. Clearly, every T; is an abstract
Uryson operator which is both horizontally-to-order continuous and uniformly-to-
order continuous. Thus, according to (1), every T; is order continuous.
Fix an element x¢g € F and show that T is order continuous at xg. Let (uq)aca
be a net in E such that u, | 0. For every @ € A we set
Y, ={T(z) = T(xo) : |x — xo| < ua} and Vo = Sup Y.
According to Proposition 5.3, it enough to show that
v:=inf{v, : v € A} =0.
For every a € A and ¢ € I we set
Yoi ={T(Pi(z)) = T(Pi(x0)) : |z — wo| < ua},

Zoi = | H{T(Pj(x) = Pi(x)) — T(P;(x0) — Pi(x0)) : |2 — xo| < ua},

j>i
Lo = U Ya,j7
jerI
Ve, = SUp Yo 4, Wa,; = SUP Lo i and Wo = SUP Zg-

Claim 1. w, = v, and consequently w, | v.

Since Z, C Y,, wg < vq. It remains to show that y < w, for every y € Y.
Let y € Y, be an arbitrary point and z € E such that T(z) — T(x¢) = y and
|z — 20| < uq. According to (3), Pi(x) L, 2 and Pi(z0) L, 20. Tt follows from
the horizontally-to-order continuity of 7" that

T(P(z)) > Tz and T(P;(20)) = T(x0)-
Therefore,

5 = T(Pi(x)) — T(Pi(z0)) - T(x) — T(wo) = y.
Since z; € Yoi € Zy, 2 < Wo. Thus, y < w,.

Claim 2. Z, =Y, + Z,,; and wo = Va,i + Wa -

Notice that according to (2) and [3, Theorem 1.46] for every « € E and j > i we
have that P;(x) C Pj(z). Since T is orthogonally additive,

T(P;(x))=T(Pj(x0)) = T(Pi(x))=T(Pi(0))+T (F;(x)—Pi(x))=T(Pj(xo)—Pi(wo)).

Therefore, Zo, C Yy + Zai-
It remains to show that Z, 2 Y, ; +Zas. Let y € Y, ; and 2z € Z,; be arbitrary
elements. Then there exist x1,22 € E and j > ¢ such that

|71 — 20| Swa,  y =T (Pi(x1)) — T(Pi(x0)),
|22 — o] < uq and z = T(Pj(x2) — Pi(x2)) — T(Pj(z0) — Pi(x0)).
Since Pj(z") — P;i(z") L P;(z') and T is orthogonally additive,
T(P;(z") = Pi(2")) + T(Pi(a")) = T(P;(2") — Py(2") + Pi("))
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for every 2/, 2" € E. Therefore,
y+z=T(Pj(x2) — Pi(x2) + Pi(21)) — T(Pj(20).
We consider the element z = (x2 — P;(z2)) + P;(x1). Notice that P;(z) = P;(z1)
and
Pj(z) = Pj(x2) — Pj(P;(x2)) + Pj(Pi(21)) = Pj(x2) — Pi(2) + Pi(21).
Therefore, in particular,
y+ 2 = T(Py(a)) — T(Py(x).
Moreover,
Qi(z) = Qi(x2),
where Q;(u) = u — P;(u). Now we have
|z — zo| = [Pi(z — m0) + Qi(z — m0)| < [Pi(z1 — 20)| + |Qi(z2 — 20)| <
< Pi(ua) + Qi(ua) = Uq-

Thus, y+ 2 € Y, ; C Z,.

Claim 3. For every fixed ¢ € I we have that v, ; | 0.

Since uq | 0, Pi(uq) | 0. It follows from the order continuity of T; and Proposi-
tion 5.3 that v, | 0, where
Y/a = {T;(xz) = T;(P;(x0)) : ® € E;, |v—Pi(x0)| < Pi(ua)} and Vo = supffa.
Notice that if |z — x| < uy then

[Pi(z) — Py(zo)| = |Pi(z — 20)| < Pi(ua).

Therefore, Y, ; C ffa, Va,i < Vo and vg,; | 0.

Claim 4. wq,; > v.

Fix any ¢ € I. According to Claim 1-3, we have that wa; = wa — Va,i, Wa | v
and vq,; | 0. Thus, wq,; —2 v. Moreover, Waq,; |. Therefore,

We,i > inf{wy ;7 €I} =0.

Claim 5. v =0.
Fix any o € A. It is enough to show that the set B = Z,, satisfies the following
condition from Lemma 5.2

sup{z€ B:y+z€ B} >v
for every y € B. Indeed, let y € Z,, be an arbitrary element. We choose ¢ € I such
that y € Y, ;. According to Claim 2 and Claim 4,
Z8iC{z€eB:y+z€ B}
and
sup{z € B:y+z € B} > wy,; > v.
O

Proof of Theorem 5.1. Let F be a Riesz space with the principal projection property
and T : F — F be an arbitrary Uryson operator which is both horizontally-to-order
continuous and uniformly-to-order continuous. Fix an element zg € E and show
that T is order continuous at xg. Let (uq)aca be a net in E such that u, | 0. For
every a € A we set

Yo ={T(z) — T(x0) : |z — xo| < ua} and Vo = sup Y.
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According to Proposition 5.3, it enough to show that
v:=1inf{v, : a € A} = 0.

We choose a net (E;);er of projection bands E; in E which satisfies conditions
(1) — (3). For every i € I we set T; = T|g,. Clearly, every T; is an abstract
Uryson operator which is both horizontally-to-order continuous and uniformly-to-
order continuous.

If the directed set I has a maximal element 4g, then it follows from (1) — (3) that
E=FE,T=T,, and v=0.

Let I has no maximal element. For every oo € A and i € I we set

Yoi = {T(Fi(x)) = T(Pi(w0)) : [& — xo| < ua},

Zoi = | J{T(Pj(x) = Py(x)) — T(P;(x0) — Pi(x0)) : & — zo| < ua},

§>i
Za = U YOé,j7
Jjel
Vq,i = SUp Yy i, Wa,i = SUP Lo i and Wo = SUP Zg-

Claim 1. w, = v, and consequently w, | v.
Since Z, C Y,, wg < vq. It remains to show that y < w, for every y € Y.
Let y € Y, be an arbitrary point and € E such that T'(z) — T'(xo) = y and

|z — 29| < uq. According to (3), Pi(x) L, 2 and Pi(x0) L, 20. Tt follows from
the horizontally-to-order continuity of 7' that
T(Py(z)) Tz and  T(Pi(xg)) — T(x0).
Therefore,
zi 1= T(Py(x)) = T(Pi(x0)) — T(x) — T(wo) = y.
Since z; € Yo, € Zq, 2 < wq. Thus, y < w,.
Claim 2. Z, =Y, + Zo,; and W = Va,i + Wa,i-
Notice that according to (2) and [3, Theorem 1.46] for every x € E and j > i we
have that P;(x) C P;j(z). Since T is orthogonally additive,

T(Pj(x))=T(Pj(x0)) = T(P;(x)) =T (Pi(20))+T(P;(x)—Pi(z)) =T (Pj(z0)— Pi(x0))-

Therefore, Zo, C Yy + Za -
It remains to show that Z, 2 Y, ; + Zas. Let y € Y, ; and 2z € Z,; be arbitrary
elements. Then there exist 1,22 € E and j > ¢ such that

|21 — wo| S o,  y=T(Pi(z1)) — T(Pi(xo)),
|22 — 20| < Uq and z =T(Pj(z2) — Pi(z2)) — T(Pj(x0) — Pi(xo)).
Since Pj(z”) — P;i(2") L P;(z') and T is orthogonally additive,
T(Pj(z") = Pi(2")) + T(Pi(2")) = T(P;j(") — Pi(2") + Pi(2'))
for every z’/, 2" € E. Therefore,
Yy + 2 =T(Pj(x2) — Pi(x2) + Pi(x1)) — T(F;(20).

We consider the element © = (x9 — P;(22)) + P;(x1). Notice that P;(z) = P;(x1)
and

Pj(z) = Pj(x2) — Pj(Pi(z2)) + Pj(Pi(z1)) = Pj(x2) — Pi(z2) + Pi(z1).
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Therefore, in particular,
y+z=T(Pj(x)) — T(P;(xo).
Moreover,
Qi(z) = Qi(2),
where Q;(u) = u — P;(u). Now we have
|z — 20| = |Pi(x — z0) + Qi(z — m0)| < |Pi(21 — 20)| + |Qi(w2 — x0)| <
< Pi(ua) + Qi(ua) = Ug-

Thus, y + 2z € Y, ; C Za,.

Claim 3. For every fixed ¢ € I we have that v,; | 0.

Since P;(uq,) = 0 and T; is uniformly-to-order continuous at xg, it follows from
Proposition 5.3 that 9, | 0, where

Y, = {Ti(z) = Ti(Pi(x0)) : x € E;, |x—Pi(x0)| < Pi(ua)} and Uo = sup Y,.
Notice that if | — 2| < u, then
|Pi(x) — Pi(wo)| = |Pi(x — 20)| < Pi(ua).

Therefore, Y, ; C }N/a, Va,i < Vo and vg,; | 0.

Claim 4. wq,; > v.

Fix any ¢ € I. According to Claim 1-3, we have that wa; = wq — Va,i, Wa | v
and vy, | 0. Thus, we, 5. Moreover, wq,; |. Therefore,

Wa,; > Inf{wy j:j € I} = .

Claim 5. v =0.
Fix any o € A. It is enough to show that the set B = Z,, satisfies the following
condition from Lemma 5.2

sup{z€ B:y+z€ B} >v

for every y € B. Indeed, let y € Z, be an arbitrary element. We choose ¢ € I such
that y € Y, ;. According to Claim 2 and Claim 4,

Zy; C{z€B:y+z¢€c B}

and
sup{z € B:y+2z € B} > wqa,; > .

6. WHEN DOES THE ORDER CONTINUITY OF 7' IMPLY THAT OF |T'|?

The following theorem gives a negative answer to Problem 2. Moreover, in the
next section we provide an example which demonstrates that the assumption on
FE to have the principal projection property in Theorem 6.1 cannot be removed, or
even replaced with the intersection property.

Theorem 6.1. Let E be a Riesz space with the principal projection property, F a
Dedekind complete Riesz space and T € P(E, F). If T is order continuous then |T|
is order continuous.

For the proof, we need the following lemma.
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Lemma 6.2. Let E be a Riesz space, x,y € E and uw C x. If u is a projection
element then there exists v C y such that

r—ulv, y—vlu and u—vCx—y.

Proof. Set

(2.1 _
o= Puy & sup(y* Anlul) — sup(y™ Anlu])
n n

and prove that v possesses the desired properties. The relation v C y follows from

(iii) of [3, Theorem 1.44].
Since x — u L nu for all n € N, one has

|z — u| AvE = |z — u| Asup(yT Anfu|) =sup(|z — u| Ay Anjul) =0,
n n

which implies x — u 1 v.
Observe that |v| = P,|y|. Since |y — v| A |y| = |y — v|, we obtain

0=y —v|Alv| = |y —v| Asup(|y| A n|ul)
n
= sup(ly — v[ Aly| Anful) > |y — v A ul,
n

which yields y —v L u.
Since t —u 1 w and z —w L v, one has x —u L u —v. Likewise, y — v L v and
y—v L uimply y —v L u —v. Finally, the latter two conclusions give

@—y)—(u—v)=(r—u)—(y—v) Lu—v,
which yields u —v C z — y. (I

The following simple example shows that Lemma6.2 is false without the as-
sumption on u to be a projection element. Let F = C[0,1], z(¢t) = |t — 1/2| for
all t € [0,1], u(t) = 1/2 -t if t < 1/2 and u(t) = 0, if t > 1/2, and y(t) = 1
for all ¢ € [0,1]. Then y has two fragments 0 and y, none of which satisfies the
requirements.

Proof of Theorem 6.1. Let x € E be an arbitrary point and (z4)aca & net in E with
T —2 2 in E. Let (Ua)aca be anet in E such that u, | 0 and |z, — 2| < u, for
some ag € A and all @ > «g. To prove the order continuity of |T'|, by Theorem 1.3
it is enough to prove that

(6.1) (T*(za) = TH(2))" - 0.

In the case where A has a maximal element the proof is obvious. So assume that
A has no maximal element. For every a € A we set z, = o — x and

By ={(a,2): 2 €.}

and endow the set B = | B, with the lexicographic partial order <, that is

(a,2) < (7)) & ((a<d) or (a=a" and 2z C 2').

Clearly, (B, <) is a directed set.

For any 8 = («, 2) € B we set ©3 = x+ 2 and show that the net (z3)gep strongly
order converges to z in E. For every § = (a, z) € B we set ug = uq. Since uq | 0,
one has ug | 0. Moreover,

acA

25 — 2] = |2] < |zl = |2 — Tl < ua = ug

for every = (a,2) > By = (a0, 0).
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By the order continuity of T' at z, there exists a net (vg)gep in F' such that
vg | 0 and |T(xg) — T'(z)| < vg for some By = (aq,z1) € B and all 8 > f.

For every a € A we set wa = v(q,0)- Then wy > wy for all o,/ € A with
a < . Since A has no maximal element, for every a € A there exists o’ € A with
a < o, and for every z € §,.. we have that

Uaz) Z V(a'0) = Wa:

OZ/\’UgZ/\ /\ V(a,z) = /\wa.

BEB Q€A 2EF -, a€A

Therefore,

Thus, w, | 0.
Let as > oy be a fixed index and a > as an arbitrary index. Let s C z, be an
arbitrary fragment. By Lemma 6.2, there exists ts C = such that

s—tsCToq—T=24, SLxz—ts; and t; Lz —t,
s0z:=8—ts €F.., 0= (a,2) > and
|T(s) = T(ts)| = |T(s) + T(w = t:) = T(ts) = T(w — t)]
=|T(z +2) — T(x)|
= ‘T(xg) — T(x)‘ < g < V(a,0) = Wa-
Thus,
T(s) <T(ts) + wq
for every s C x,. Hence,
TH (o) =sup{T(s) : s € Fu, }
< sup{T(ts) + We : S € T, }
<sup{T(r) + wg : 7 € o} =TT (x) + wa,
which implies (6.1). O

The following proposition shows that, the order continuity of 1" at zero implies
the order continuity of |T'| at zero without any assumption on F.

Proposition 6.3. Let E and F be Riesz spaces with F' Dedekind complete and
TecOA.(E,F). If T is order continuous at 0 then |T'| is order continuous at 0.

Proof. Let (24)aca be ain E with z, =% 0. We prove that |T|(z,) — 0. In the
case where A has a maximal element the proof is obvious. So assume that A has no
maximal element. Let (uq)aca be a net in E such that |z,| < u, for all a > ay,
where ag € A and u, | 0. For every a € A we set

B, ={(,2):x € Fs,.}

and endow the set B = | B, with the lexicographic partial order <, that is

acA
(a,z) < (,2') & ((a<d) or (a=a and z C ).
Clearly, (B, <) is a directed set.
For any § = (a,x) € B we set 3 = « and show that the net (zg)gep strongly

order converges to 0 in E. For every 8 = (o, x) € B we set ug := uq. Since uq | 0,
one has ug | 0. Moreover,

6] < [2a] < ua = ug
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for every 8 = (o, ) > By := (w0, 0).
It follows from the order continuity of 7' at 0 that there exists a net (vg)gep in
F such that vg | 0 and |T'(zg)| < vg for some 81 = (a1,21) € B and all 8 > 3.
For every a € A we set wq = V(q,0). Observe that wy, > wo for every a,a’ € A
with o < . Since A has no maximal element, for every a € A there exists o’ € A
with a < o/, and for every = € §,, we have vy 2) > V(ar,0) = Was. Therefore,

02/\1)5:/\ /\ U(a’z)Z/\wa.

BEB Q€A TET L, a€cA

Thus, w, | 0.
Let as be a fixed index with as > @1 and a > a be an arbitrary index. Then

ﬁ: (a,.’l?) Z (a,O) 2 ﬁl
for every = € §5,. Therefore,
T(2)] = |T(z5)| < vp < V(a,0) = Wa
for every x € §,., by Theorem 2.2, (3)
TH (o) =sup{Tz: 2z € Fu, } < wWa.

Thus, T*(z4) —2 0 in F. Since |T| = T — 27" and T(z,) —> 0, we obtain
IT|(x4) —= 0. O

Remark 6.4. As the above proof shows, the claim of Proposition 6.3 is valid if we
replace the strong order convergence of nets in E with the weak order convergence.

7. AN ORDER CONTINUOUS OAQO WITH DISCONTINUOUS MODULUS

In this section, we provide the first example of an order continuous abstract
Uryson operator T' € U(E, F') between Riesz spaces E, F' with F' Dedekind complete
such that the modulus |T'| is not order continuous.

Given Riesz spaces E, F,G with F C G and a mapping f: E — F, by f¢ we
denote the same mapping f¢: F — G. By C we denote the Dedekind completion
of C[0,1] in the sense that C[0, 1] is a majorizing order dense Riesz subspace of C.
By O(E, F) we denote the set of all OAOs T': E — F', which is an ordered vector
space with respect to the order S < T if and only if T'— S > 0. For E = F we set
O(E):=O(E,E).

Theorem 7.1. There exists a linear® order continuous operator S € U(C[0,1], C)
with order discontinuous |S|.

At the first step, we construct an operator T': C[0,1] — C[0,1] with the same
properties and then obtain the desired operator S as S := TC.

Theorem 7.2. There exist linear order continuous order bounded operators
Ty, Ty: C[0,1] — CI0,1] such that
(1) the moduli |T1| and |T»| exist in O(C[0,1]) and are order continuous;
(2) the operator T := Ty + T has the modulus |T| in O(C[0,1]);
(3) the operator |T| is not order continuous;
(4) one has |T|¢ = |T€|, where by |TC| we mean the modulus of TC in the

Dedekind complete Riesz space U(C[0,1],C).

2Although S is linear, the modulus |S| is considered as an OAO in u(clo,1],C)
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To prove Theorem 7.2, we need some lemmas and preliminaries.
For every z € CI0, 1] we set

a { 0, if 2(t) # 0 on [0, 1]
T\ max{t €[0,1]:x(t) =0}, it {t€[0,1]:a(t) =0} £0,
b _{ 1, if z(t) # 0 on [,1]
7 | min{t € [3,1] s x(t) =0}, if {t €[3,1]:x(t) =0} #0,
Te =2 1{g, b1
A ifa, =0
= { € - 1[0@1], if Ay 7'5 0
and
|0, ifb, =1
Tr = { xX - 1[5171], if br 7£ 1.

The following two propositions are obvious.

Proposition 7.3. For every x € C|0, 1] one has

(1) Ty, Loy Ty € S’I‘)

(2) z=x Uz Uz,.

Proposition 7.4. Let x,y € C[0,1] with x L y. Then

(1) 21 Ly and (x +y); =21+ yi;

(2) z Ly, and (x +y)r = o + Yr;

3) (z+9Y)e = xc + Ye, moreover, x. =0 or y. = 0.
Lemma 7.5. Let ¢ : [a,b] — [c,d] be a strictly monotone continuous function and
T: Cle,d] — Cla,b], Tz(t) = z(p(t)). Then

(1) T is a linear order continuous OAO;

(2) if x1,29 € Cle,d] and x1 L xo then Tay L Tay;

(3) there exists the modulus |T| of T in O(C|0,1]), which is order continuous.
Proof. (1) is obvious. Verify (2). Let x1,x2 € Clc,d] and 1 L xo, y1 = Tx1. Set
Ay ={t €le,d] : z1(t) # 0} and Ag ={t € [e,d] : za(t) # 0}.

The condition z; L x5 means that A; N As = (). Since ¢ is strictly monotone,
7 A1) N (A2) = 0.
Therefore, Tx1 L Txo.

To prove (3), consider the operator S: C|e,d] — Cla,b], S(z) = |T(x)]|. It follows
from (1) and (2) that S is an order continuous OAQO. Moreover, S = sup{T,—T}.
Thus, |T| = S. O
Proof of Theorem 7.2. Consider the following operators Ty, T, : C[0,1] — C[0, 1],

Tvx(t) = z(%), t€[0,1]
and
Thx(t) = —z(EL), te(0,1].
By Lemma 7.5, T} and 75 are linear order continuous order bounded operators

which satisfy condition (1) of Theorem 7.2.
To prove (2), consider the operator S: C[0,1] — C]0, 1],

S(a) = [T ()| + T (ze)| + [T ()]
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First we show that S is orthogonally additive. Notice that
T(x) =T (xy) and T(z,) = To(x,)

for every x € C[0,1]. Let z,y € C[0,1] and = L y. Condition (3) of Proposition 7.4
implies that z. = 0 or y. = 0. Suppose, for certainty, that y. = 0. Now using
Proposition 7.4 and Lemma 7.5 we obtain

S+y)=[T@+yhl+[T(@+y)|+|T(@+y)|
= |Ty(z + y)| + |T ()| + |T2(2r + yr)|
= |T1 ()| + [Ty (y)| + [T (@e) | + [T (ye)| + [T2(zr)] + [T2(yy )|
= S(z) + S(y).
Now we prove that S = sup{T, —T'}. Since
T(x) =T(x) + T(2e) + T(xy) < [T(@)| + [T(2e)| + [T(2r)| = S(z)
and
—T(x) = =T(x) = T(xc) = T(x,) < |T(x)| + [T(we)| + |T(2r)| = S()
for every z € C[0, 1], we obtain

TS and —T<8.
Let R : C[0,1] — C[0,1] be an orthogonally additive operator such that
T<R and - T<R.

Notice that |Tz| < Rz for every x € C[0,1]. Now we have that
S(x) = |T(z)| + [T(xe)| + [T ()]
< R(x1) + R(zc) + R(zr)
= R(z; + z. + z,) = R(x)
for every x € C|0,1]. Thus, S = |T|. Moreover, by the above,
(7.1) (Vo € C[0,1)) [T[(x) = |T(x1)| + [T(xe)| + T (2]

(3) Let z,, € C[0,1] be the piece-wise linear function with nodes at the points
(0,0), (£,1), (3 —4.1), (3.0), (3 + 1), (1= 4=,1) and (1,0) of R?, that is,

].7 lft€[47 E_%] [ +4n;1—4%]
4, if t € [0, =]
an(t)=q 5 —4"t, ifte; -4, 3]
-4 ifte [, 14+ 4
4n—4nt ifte 1 — 4,1

an
Notice that ()52, is strictly increasing and lim z,(t) =1 for every ¢t € (0,1) U
n—oo

(1,1). Therefore, (2,,)5%, order converges to zo = 1 in C[0, 1].
On the other hand, (x¢); = (zo), = 0,

S(xo) = [T(x0)| =0,

(zn)e =0 and
2, ift e [41 1— 2]
S(@a)(t) = |T(zn)i] + |T(zn)r| = ¢ 4"t ift €0, 3 5]
4n—4nt, ifte [l — 4% 1.
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for every n € N. Therefore, the sequence (Sz,)52; order converges to yo = 2 in
C10,1]. Thus, S is not order continuous at x.

(4) We argue analogously as in (2) and prove that |T|¢ = sup{T°, -T€}. For
every x € C[0,1] one has T (x) = T(z) < |T|(x) = |T|€(z) and hence TC < |T|°.
Analogously, —T¢ < |T|¢. Let R : C[0,1] — C be an orthogonally additive
operator such that

T°<R and -T°<R
Since |T€x| = |Tx| < Rz for every x € C[0, 1], we have that
T (x) = |T(a1)| + T (xe)| + | T(2r)| < R(wi) + R(ze) + Rlz,) =

R(x; + z. + ) = R(x)
for every x € C[0,1]. Thus, |T|¢ = |T°]. O

Lemma 7.6. Let E, F be Riesz spaces and G be the Dedekind completion of F' in
the sense that F' is a majorizing order dense Riesz subspace of G.

(1) Any T € O(E, F) is order bounded if and only if T € O(E,G) is.
(2) Let (Ya)aca be a net in F and y € F. Then yo = y in F if and only if
Yo — y in G.

Proof. (1) Obviously, the order boundedness of T implies that of 7¢, and the
majorizing of F' in G easily confirms the converse implication.
(2) is proved in [2, Theorem 1.7]. O

Proof of Theorem 7.1. Set S := T, where T is defined in item (2) of Theorem 7.2.
The order boundedness of S, as well as the order continuity of S and order discon-
tinuity of |S| follows from Theorem 7.2 and Lemma 7.6. O
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