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Abstract

We investigate the problem of existence of a separately continuous function
f: X xY — R defined on a product of topological spaces X and Y with a given
discontinuity points set of the form A x B. Using an approach based on the clas-
sical Schwartz function we prove the existence of separately continuous function
f: X xY — R whose discontinuity points set is equal to the product A x B of
nowhere dense functionally closed sets in a quite general case of spaces X and Y.
Moreover, we show that if X = Y = Bw, where Sw is the Cech-Stone compact-
ification of the countable discrete space w, and A = B = fw \ w, then there is no
separately continuous function f: X x ¥ — R whose discontinuity points set is equal
to A x B.

Keywords Separately continuous function - Discontinuity points set - Cech-Stone
compactification - Compact space

Mathematics Subject Classification 54C30 - 26B35 - 54C08 - 54D30

1 Introduction

Investigations of the discontinuity points set of separately continuous functions of two
or many variables (i.e. functions that are continuous with respect to each variable)
were started by René Baire [1]. He proved that the discontinuity points set D( f) of
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any separately continuous function £ : [0, 1]> — R is an F,-set which is contained in
the product A x B of meager sets A, B C [0, 1]. Richard Kershner [6] established a
characterization of the discontinuity points set of separately continuous functions of
real variables. He proved that the necessary conditions obtained by Baire were also
sufficient conditions on the discontinuity points set of such functions.

Further development of investigations of the direct problem and the inverse prob-
lem (necessary and sufficient conditions on the discontinuity points set of separately
continuous functions) was carried out in the following papers: Feiock [5], Brecken-
ridge and Nishiura [2], Calbrix and Troallic [3]. This led to a similar characterization
of the discontinuity points set of separately continuous functions defined on the
product of separable metrizable spaces. To date, the most general results on a com-
plete description of the discontinuity points set of separately continuous functions
f: X1x -+ xX,; — R have been obtained in the following two cases only: if each
space Xy is metrizable [7] and if each space X} is the product of a family of separable
metrizable spaces [8].

On the other hand, according to the Namioka Theorem [12], the discontinuity
points set D( f) of any separately continuous function f defined on the product of
two compact spaces X and Y is contained in the product of meager sets. The question
of characterization of the discontinuity points set of separately continuous functions
defined on the product of two compact spaces arises naturally in connection with
Namioka’s result (this question was formulated by Piotrowski [13]). It follows from
[9, Theorem 9] that Kershner’s characterization theorem is not true for separately
continuous functions defined on the product of two arbitrary compact spaces. Therefore
it is important to study a special inverse problem of construction of a separately
continuous function f: X xY — R with a given discontinuity points set of special
rectangular type A x B, where A € X and B C Y. This problem was investigated in
[10, 11] where the following results were obtained.

Theorem 1.1 (a) Let X be a topological space, Y be a locally connected space, A
and B be nowhere dense functionally closed sets in X and Y respectively. Then
there exists a separately continuous function f: X x Y — R whose discontinuity
points set is equal to A x B [10].

(b) Let X and Y be compact spaces, A and B be nowhere dense functionally closed
sets in X and Y respectively. Then there exists a separately continuous function
f: X xY — R such that the projections on X and Y of the discontinuity points
set of f are equal to A and B respectively [11, Theorem 2.5].

(c) There exist Eberlein compacts X and Y and nowhere dense functionally closed
sets A and B in X and Y respectively suchthat D(f) # A X B for every separately
continuous function f: X xY — R [11, Theorem 3.2].

(d) (CH) There exist separable Valdivia compacts X and Y and nowhere dense func-
tionally closed sets A and B in X and Y respectively such that D(f) # A X B for
every separately continuous function f: X xY — R [11, Theorem 4.7].

This paper is devoted to investigation of the special inverse problem. First, we
introduce and study the notion of a regular functionally closed set in a topological
space. Using this notion and an approach based on the classical Schwartz function
we prove the existence of separately continuous function f: X xY — R whose
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discontinuity points set is equal to the product A x B of nowhere dense functionally
closed sets in a quite general case of spaces X and Y. Moreover, we show that if
X =Y = Bw, where Bw is the Cech—Stone compactification of the countable discrete
space w, and A = B = Bw\w, then there is no separately continuous function
f: X xY — R whose discontinuity points set is equal to A x B.

2 Regular sets in metrizable spaces

Recall that a set A in a topological space X is called functionally closed, if there exists
a continuous function ¢: X — [0, 1] such that A = ¢~1(0).

A topological space X is called locally connected (see [4]), if for every x € X and
any neighbourhood U of x there exists a connected neighbourhood V C U of x.

We say that a subset A in a topological space X is regular, if there exists a continuous
function ¢: X — [0, 1] such that

(@) A=¢~'(0);
(b) for every pointa € A and a neighborhood U of a there exists an integer n € N
such that

1 1
pU)N |:2—ka] # O

for every k > n.

Itis clear that every regular set in a topological space X is a nowhere dense functionally
closed set in X. On the other hand, the following proposition is true.

Proposition 2.1 Any nowhere dense functionally closed set A in a locally connected
space X is a regular set in X.

Proof Let ¢: X — [0, 1] be a continuous function such that A = ¢~!(0). We fix a
point a € A and a neighborhood U of @ in X.

Choose a connected neighborhood V' C U of a in X. Since A is nowhere dense,
V\A # @ and ¢ (V) # {0}. Moreover, the set ¢(V) is a connected subset of [0, 1]
as a continuous image of a connected set. Therefore, there exists an & > 0 such that
[0, &) € @(V). Then

for every k > [log2 %] O

Proposition 2.2 The union of finite family of pairwise disjoint regular subsets of a
topological space is a regular set.

Proof We consider the case of the union of two disjoint regular sets A and B in a
topological space X only.
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Let continuous functions ¢ : X — [0, 1] and ¢: X — [0, 1] satisfy conditions (a)
and (b) from the definition of a regular set for sets A and B respectively. It is enough
to consider the continuous function

x (x) = minf{e(x), ¥ (x)}. O

Question 2.3 Let A and B be regular subsets of a topological space X. Is it true that
AN B and A U B are regular?

We need the following fact which has a simple proof.

Lemma 2.4 Let (t,,);’lo=1 be a strictly decreasing sequence of real numbers t, € (0, 1]
such that

lim ¢, = 0.
n—oo

Then there exists a strictly increasing continuous function ¥ : [0, 1] — [0, 1] such
that ¥ (0) = 0 and ¥ (t,) = 1/2" for everyn € N.

Proposition 2.5 Suppose that a point a € X has a countable base of neighborhoods
in a topological space X and the set A = {a} is a nowhere dense functionally closed
setin X. Then A is regular.

Proof Let ¢: X — [0, 1] be a continuous function such that
A= ¢ 0).

Since A is nowhere dense and a has a countable base of neighborhoods, there exists
a sequence ()C,,)Zo1 of points x, € X such that x, — a in X and the sequence
(¢(x))o2 converges to zero while strictly decreasing. For every n € N we put
t, = @(x,). According to Lemma 2.4, we choose a strictly increasing continuous
function g: [0, 1] — [0, 1] such that g(0) = 0 and g(#,) = 1/2" forevery n € N. It
remains to consider a continuous function ¢: X — [0, 1],

¥(x) = g(p(x)). O

Let us get down to studying regular sets in metrizable spaces.

In a metric space (X, d) by B(x, r) we denote an open ball with the center x € X
and radius r > 0.

We start from the following auxiliary statements.

Lemma 2.6 Let (X, d) be a metric space, § > 0, A C X be a closed nowhere dense

set and G C X be an open set such that A C G. Then there exists an open set H C X
such that

ACHCHCG
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and
B(a,8) N(G\H) + &

for everya € A.

Proof For every a € A let us choose a real number §, < §/2 such that B(a, 8,) € G.
According to the Stone Theorem [4, Theorem 4.4.1], there exists a locally finite in X
open cover U of A which is inscribed in the open cover {B(a, §,) :a € A} of A. For
every U € U we choose a point by € U \ A and consider the set

B ={by:U €U}
Since the system U is locally finite, the set B is closed. Moreover, B C G\ A, in
particular, B N A = &. Since X is a normal space, there exists an open set H such
that
ACHCHCG\B.
It remains to show that B(a,8) N (G\H) # @ for every a € A. Fix a point

a € A and choose U € U such that a € U. Then there exists a; € A such that
U C B(ay, 84,). Then we have

d(aa bU) g d(a, al) +d(a17 bU) g 6a1 + Sal <

| o

Thus, by € B N B(a, §). O

Lemma 2.7 Let (G,);2, be a sequence of open nonempty sets G, in a normal space
X such that

Gn+l - Gn

for every n € N. Then there exists a continuous function ¢: X — [0, 1) such that

foreveryn € Nand x € G,\ Gpy1, and
o
A= ﬂ G, = ¢ 10).
n=1

Proof According to the Urysohn Lemma [4, Theorem 1.5.11], for every n € N there
exists a continuous function ¢, : X — [0, 1/2"] such that

_ 1
Guy1 S¢,'(0) and X\G, Cg," (2—)
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We consider the function ¢ : X — [0, 1],
[o/0]
Px) =) gn(x).
n=I

Clearly, ¢ is a continuous function. Let n € N and x € G, \G,+1. Then ¢ (x) =0
foreveryk € {1,...,n — 1} and ¢x (x) = 1/2" for every k > n + 1. Thus, we have

PO =Y e =g+ Y r=en(0)+ 5
k=1 k=n+1
Since ¢, (x) € [0, 1/2"],
1 1
2_n < (ﬂ(x) < 2n_1

The following proposition is the main proposition of this section.
Proposition 2.8 Every closed nowhere dense set A in a metrizable space X is regular.

Proof Let us fix a metric d on X which generates the topology of X. It follows from
Lemma 2.6 that there exists a sequence (G,);,> | of open sets G, in X which satisfies
the following conditions:

(0) AC Gpy1 C 5n+1_§ G, foreveryn € N;

(B) B(a,1/n)N(G,\G,+1) # D foreveryn € Nanda € A.

According to Lemma 2.7, there exists a continuous function ¢: X — [0, 1] such that
A = ¢~ 1(0) and

foreveryn € Nand x € G,,\ Gy 1.
Let us verify condition (b) from the definition of a regular set. Fix an elementa € A
and a real number § > 0 and choose an integer m such that 1/m < 8. Then

B(a, l) - B(a, l) C B(a,8)=U
k m

for every k > m. According to (8), we have

1 _
B(Cl, Z) N (Gk\Guy1) # .

It follows from the properties of the function ¢ that
— 1 1
@G\ Gnt1) S 5K k=T |
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Thus,

1 1
pU)N [?Zk_]} # 9

for every k > n. |

3 Separable regular sets

We start with the following auxiliary statement.

Lemma 3.1 Let (14 :n € N, k € N) be a family of real numbers t,; € (0, 1] such that
limg— o0 tik = O for every n € N. Then there exists a strictly decreasing sequence
(tn);2; of real numbers t, € (0, 1] such that

(@) lim, o0ty =0;
(B) foralln € N and m < n there exists k € N such that

tntl < bk < Iy,

Proof Let us construct the sequence (tn),‘:il inductively. First, we put #; = 1 and
choose 1, € (0, t1/2] such that

{tik :k e N} N (1, 11] # @.

Further, since t,;x > 0 and limy_ o t1x = limg_, o f2x = 0, there exists 13 € (0, 12 /2]
such that

{tmk 1k e N} N (13, 0] # @

for every m = 1, 2. And so on.
It is clear that the sequence (tn)zil satisfies condition (8). Moreover, t,,4+1 < t1/2"
for every n € N. Therefore, condition («) is also true. O

We need the following notion. We say that a set A in a topological space X is
bilaterally separable if there exist a sequence (a,)oc | of points a, € A and a family
(xnx :n € N, k € N) of points x,; € X\ A such that

e AC{a,:neN};
o limy_, o0 Xk = a, for every k € N.
Clearly, every nowhere dense separable set in a first countable topological space is
bilaterally separable.

The following property of bilaterally separable functionally closed sets plays an
important role in our further construction.

Proposition 3.2 Let X be a topological space and A C X be a functionally closed
bilaterally separable set. Then A is regular.
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Proof Let¢;: X — [0, 1] be a continuous function such that A = (pl_l(O), (an);2, be

n
asequence of points a, € A and (x,x :n € N, k € N) be a family of points x,;x € X\ A

such that A C {a, :n € N} and limy_, o X% = a, for every k € N.
For all n, k € N we put

Ink = ©1(Xnk)-
Notice that
klgrolQ Ink = klingo @1 (xnik) = @1(an) =0
for every n € N, that is the family (¢,x:n € N, k € N) satisfies the conditions of

Lemma 3.1. Therefore, there exists a strictly decreasing null sequence (#,)52 ; of real
numbers #, € (0, 1] such that for all n € N and m < n there exists k € N with

Il <tk < Iy
According to Lemma 2.4, there exists a strictly increasing continuous function

¥ : [0, 1] — [0, 1] such that ¥ (0) = 0 and ¥ (t,) = 1/2" for every n € N.
Consider a continuous function ¢ : X — [0, 1]

p(x) = ¥ (p1(x)).
Notice that
¢ (0) = (¥ 0) = ¢y '(0) = A.
Let us verify condition (b) from the definition of regular set. Choose an arbitrary

point a € A and an open neighborhood U of a. Since the set {a,, : n € N} is dense in
A, there is an integer n; € N such that a,, € U. Moreover,

lim x,, k= ap,.
k—o00

Therefore, there is an integer ko € N such that x,,, x € U for every k > ko. According

to the choice of the sequence (tn)zozl, for every n > nj there exists k;,, € N such that

il <l ky S In-

It is clear that all integers k,, are distinct. Therefore, there exists ng > n; such that
kn = ko for all n > ng. Then x,,, , € U for every n > ngp and

1
it = V1) < Yty k,) = 0y k) < V() = 50
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that is,

1 1
an,knew(u)m<2nﬁ,2—n]. O

4 Construction of separately continuous functions with a given
rectangular set of points of discontinuity

Let X be a topological space, A C X be a nonempty set, xg € X, U be the system of
all neighborhoods of xp in X and f: X — R. The real number

wr(A) = sup |f(x) = f(x")]

x',x"eA
is called the oscillation of the function f on the set A, and the real number
= inf U
wf(x0) Jnf wr(U)

is called the oscillation of the function f at the point x.

For a mapping f between topological spaces the discontinuity points set of f we
denote by D(f).

The following theorem gives a solution to the special inverse problem for the product
A x B where A is regular.

Theorem 4.1 Let X,Y be topological spaces, A C X be a regular set in X and
B C Y be a nowhere dense functionally closed set in Y. Then there exists a lower
semi-continuous separately continuous function f : X x Y — [0, 1]suchthat D(f) =
AXB.

Proof Let ¢: X — [0, 1] be a continuous function which satisfies conditions (a) and
(b) from the definition of regular set. Moreover, let v : ¥ — [0, 1] be a continuous
function such that B = w_l (0). Consider a continuous function

20(X) ¥ (y) (x y) ¢ AxB

(x,y) = { @O+
Sy 0, (x,y) € AxB.

Since the Schwartz function

2st
o (5.0 #(0,0),
— 52412
860 {0, (s,1) = (0,0,

is continuous at every point (s, ) # (0, 0), the function f is continuous at every point
(x,y) ¢ A x B. Moreover,

@x,y) =0=min{f(z):z€ X xY}
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for every (x,y) € A x B. Consequently, f is lower semi-continuous at every point
(x,y) € A x B. Therefore, f is lower semi-continuous.

It remains to show that f is discontinuous at every point (x, y) € A x B. Fix any
point (xp, o) € A x B and arbitrary open neighborhoods U of xp in X and V of yg
in Y. According to condition (b), choose an integer n € N such that

1 1
pU)N [?7 2k_1:| # 9
for all £ > n. Consider the open neighborhood

_1 1
(D)

of yp in Y. Since the set B is nowhere dense, Vp\ B # . Thus, there exists a point
y1 € Vp\ B. Clearly, ¥ (y1) € (0, 1/2”_1). Choose k > n such that

1 1
b3 <Y < 1"

According to the choice of n, there exists x; € U such that

1 1
2_k < p(x) < F

Then
11
20(x1) ¥ (y1) 258 5 1
fxyn) = ) + U )2 ; szzkl 1=
v W () + ()
Therefore,
1
wr(UxV) 2 fx1,y1) — f(xo0,y0) 2 1
and

wr(x0, y0) = —. a

-

The following result follows immediately from Theorem 4.1, Propositions 2.8 and
54.

Corollary 4.2 Let X,Y be topological spaces, A € X, B C Y be nowhere dense
Junctionally closed sets and one of the following conditions holds:

(1) X is locally connected;
(i1) X is metrizable;
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(iii) A is bilaterally separable in X;
(iv) X is a first countable space and A is separable.

Then there exists a lower semi-continuous separately continuous function f : X x Y —
[0, 1] with D(f) = A x B.

Remark 4.3 1t follows from [11, Theorem 2.1] the existence of a lower semi-conti-
nuous separately continuous function f: X x Y — [0, 1] with D(f) = A x B in the
case of nowhere dense functionally closed sets A and B in completely regular spaces
X and Y such that A x B = {p, :n € N} and that every point p, has a countable base
(more generally, has the weak Preiss—Simon property) in X x Y. But [11, Theorem
2.1] does not imply Corollary 4.2(iv) because we cannot use this theorem in the case
of non-separable set B.

5 The special inverse problem on f® x f@

In this section we consider the special inverse problem on the product fw x fw, where
Bw is the Cech—Stone compactification of the countable discrete space

w=1{0,1,2,...}.

Notice that the set w™ = Bw \ w is anowhere dense functionally closed set in a separable
space Bw.

Proposition 5.1 The set w™* is not regular in the space Bw.
Proof Let ¢: Bw — [0, 1] be a continuous function such that w* = ¢~ (0). We set
o0 o
1 1 1 1
— ! _ — ! -
A=g (U<24n—2’24n—4:|)’ B=y <U<24n’24n—2:|)’
n=1 n=1

U=AandV = B. Clearly, w = A U B. According to [4, Corollary 3.6.4], Bw =
U u V. Therefore, U and V are open in Bw. Moreover,

1 1 1 1

for every n € N. Thus, w™* is not regular in Sw. O

The question of existence of a separately continuous function f: fw x B — R
with D(f) = * x »* naturally arises in connection with Theorem 4.1 and Proposition
5.1. We show that the answer to this question is negative.

We need the following auxiliary statements which have trivial proofs.

Lemma5.2 Let X be a topological space, f: X — R, G C X be an open nonempty
set, g = flg and x € G. Then wg(x) = wy(x).
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Lemma5.3 Let X, Y be topological spaces, ¢ : Y — X be homeomorphism, f: X —
Randg: Y — R, g(y) = f(9()). Then wg(y) = wyr(@(y)) forally € Y.

For any nonempty set A C o the closure U = A of the set A in the space Bw is
called a basic set in Bw. It is well-known [4, Theorem 3.6.13] that all basic sets are
clopen in Bw and form a base of the topology of the space Sw.

The following proposition give us a possibility to consider mappings with “big”
oscillations and almost zero values on w* x w*

Proposition 5.4 The following conditions are equivalent:

(a) there exists a separately continuous function f: Bwx Bw — [0, 1] with
D(f) = o* x w*;

(b) there exists a separately continuous function g: fw x Bw — [0, 1] such that
D(g) = 0*x 0¥ g(w* xw*) € (0,1/4] and wg(x,y) = 1/2 for every point
(x,y) € 0*x 0"

Proof 1t is clear that (b) = (a). Therefore, it remains to prove the implication (a) =
(b) only.

Let f: BoxBw — [0, 1] be a separately continuous function with D(f) =
w* x w* For every n € N we put

S| =

F, = {(x, y) € (Bw) twr(x,y) =

Since all sets F), are closed, the space ™ x »* is Baire and
o0
U = D(f) = 0" x 0,
n=1
there exist an integer ng € N and infinite basic clopen sets Uy and Vj in Bw such that

1

forevery (x, y) € (w*NUy) x (@*NVp). According to [4, Corollary 3.6.8], there exist
homeomorphisms ¢: Uy — Sw and ¥ : Vy — B, in particular (Uy N ™) = o*
and ¥ (Vy N 0*) = o™

We consider the mapping f1: Bw x fow — [0, 1],

A y) = fle @), v o).

It follows from Lemmas 5.2 and 5.3 that f) is separately continuous, D( f]) = o* x @*
and wp, (x, y) = 1/ng for every (x, y) € 0*x 0"

Now we consider the restriction i = fi|,*xe* Of f1 on the product w* x w™* It is
clear that 4 is a separately continuous function which has a continuity point according
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to Namioka’s Theorem [12]. Therefore, there exist infinite clopen basic sets U; € Sfw
and V| C Bw such that

1
op (U1 No™) x (Vi No*)) < ——.
2ng

For a separately continuous mapping f>: Bw x Bw — [0, 1],
@y = filer )07 o)),

where ¢1: Uy — Bw and ¥ : V| — Bw are some homeomorphisms, we have
k % 1
D(f2) =" x o, CU]Q(%)’)?%

for every (x, y) € o™ x ™ and

frw* xw*) C [a, o+ L}

2ng

where a = inf 2((U; N w*) x (V] N w*)).
It remains to put

g(x.y) = min{l, %O(fz(x, y) — a)}

for every (x,y) € Bw X Bw. O

Let us get down to studying separately continuous functions that have almost zero
values on o™ x w*.

Proposition 5.5 Let A, B C w be infinite sets and f: fw X Bw — [0, 1] be a sepa-

rately continuous function such that

flo* xw™) C |:O, ;1j|

Then there exists n € A such that the set
1
B, = {meB:f(n,m) < 3}
is infinite.

Proof Assume that foreveryn € A the set B,, is finite. Pick any point yg € B\ B C w*.
Then

B\B, =B\B,2B\B >y
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for every n € A. Since for every n € A we have

B\B,,:{meB:f(n,m)>%}

and the function f": fw — [0, 1], f"(m) = f(n, m), is continuous,

1
fn,y0) = f"(yo) € f"(B\By) € f*(B\B,) [3, 1}.
Thus,

1
f(ns yO) 2 §

for every n € A. Taking into account the continuity of the function f,,: fw — [0, 1],
fyo(x) = f(x, yo), we obtain

Q| =

f(x0, yo) =

for every xo € Z\ A C w* a contradiction. O

Proposition 5.6 Let f: Bw x Bw — [0, 1] be a separately continuous function with
f(w*x ®*) C [0, 1/4]. Then there exist infinite sets A, B C w such that f(A x B) C
[0, 1/3].

Proof We put A| = B; = w. According to Proposition 5.5 there exists n; € A such
that the set

Bz={m€Blif(n1,WL)<%}

is infinite. Using Proposition 5.5 for sets A 1 =A;N(n,+o0) and By we obtain that
there exists an integer m € B; such that the set

~ 1
Ay = {n€A1tf(n,m1) < 5}

is infinite. Now we use Proposition 5.5 for sets A, and Ez = B, N (my, +00) and
obtain the existence of an integer ny € A; such that the set

~ 1
B3={m632:f(n2,m)<§}

is infinite. And so on.
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As aresult, we obtain strictly increasing sequences (nx)72; and (my)2, such that

1
flg,my) = =
3
for every k, [ € w. It remains to put
A={nr:kew} and B = {my:k € w}. |

The following theorem is the main result of this section.

Theorem 5.7 There is no separately continuous function f: Bw X Bw — [0, 1] with
D(f) = o* x o*

Proof Assume that there exists a separately continuous function f: Bw X fw — [0, 1]
with D(f) = o™ x o™ Then according to Proposition 5.4 there exists a separately
continuous function g: Bw x Bw — [0, 1] such that g(w* x ™) C [0, 1/4], D(g) =
w* x w* and w, (x, y) > 1/2 forevery (x,y) € o* x 0™

It follows from Proposition 5.6 that there exist infinite sets A, B C  such that
g(Ax B) C [0, 1/3]. Since g is separately continuous,

R 1
¢g(AxB) C [o, 5}.

Now for any points xo € A\A C »* and yo € B\B C o* the set Ax B is a
neighborhood of (xg, yp) in Bw X Bw and

)

Q| =

wg(x0, Y0) < wg(A x B) <

a contradiction. O
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