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ëiçó.

Ïðîôåñîð Â.Ï. Ðóáàíèê çàïî÷àòêóâàâ íàóêîâó òåìàòèêó, ÿêà îòðèìà-
ëà ðîçâèòîê ÿê íà êàôåäði ÏÌÌ, òàê i íà ìàòåìàòè÷íîìó ôàêóëüòåòi, i
ñòàëà îäíèì iç íàïðÿìêiâ ïîäàëüøîãî ðîçâèòêó âiäîìî¨ ó íàóêîâîìó ñâiòi
Óêðà¨íñüêà øêîëè ç íåëiíiéíî¨ ìåõàíiêè. Çi ñâî¨ìè ó÷íÿìè âií äîñëiäæó-
âàâ êâàçiëiíiéíi êîëèâíi ñèñòåìè iç çàïiçíåííÿì ïiä äi¹þ äåòåðìiíîâàíèõ
i âèïàäêîâèõ çáóðåíü. Ñïiëüíî ç �.Ô. Öàðêîâèì çàïî÷àòêóâàâ äîñëiäæå-
ííÿ ñòîõàñòè÷íèõ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü. Ïiä ¨õ êåðiâ-
íèöòâîì çàõèùåíî 16 êàíäèäàòñüêèõ äèñåðòàöié.
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Íàäàëi êîëåêòèâ êàôåäðè ôîðìóâàâñÿ â îñíîâíîìó ç ¨¨ âèïóñêíèêiâ,
ñåðåä ÿêèõ Ì.Ë. Ñâåðäàí, Â.Ê. ßñèíñüêèé, Ï.Ô. ßðåìà, À.Ì. Ñàäîâÿê,
Ä.Î. Ìiãóöà, Í.Â. Êîòåíêî òà iíøi. Ïëiäíîþ íà êàôåäði áóëà ïðàöÿ äî-
öåíòiâ Ï.Ï. Â÷åðàøíþêà, Ì.I. Áóêàòàðÿ, Ì.Ì. Iãíàòåíêî, Þ.I. Ìàð÷åíêî,
Ç.Ë. Êðàâ÷åíêî.

Âàãîìèé âíåñîê ó ðîçâèòîê êàôåäðè, çàñíóâàííÿ íîâîãî íàïðÿìó íàó-
êîâèõ äîñëiäæåíü ðåãóëÿðíî i ñèíãóëÿðíî çáóðåíèõ äèôåðåíöiàëüíî-ôóíê-
öiîíàëüíèõ ðiâíÿíü íàëåæèòü âèïóñêíèêó êàôåäðè äèôåðåíöiàëüíèõ ðiâ-
íÿíü ×ÄÓ, ó÷íþ àêàäåìiêà Þ.Î. Ìèòðîïîëüñüêîãî � Â.I. Ôîä÷óêó, ÿêèé
çàâiäóâàâ êàôåäðîþ ó 1972-1992 ðð. Ïiä éîãî íàóêîâèì êåðiâíèöòâîì âè-
êîíàíî âiñiì êàíäèäàòñüêèõ äèñåðòàöié. Âàñèëü Iâàíîâè÷ çàëó÷èâ äî ðî-
áîòè íà êàôåäði Ì.Ñ. Áîðòåÿ, Ì.Ì. Äðiíü, Â.Ã. Ìàöåíêà, I.Â. ßêiìîâà
� ìàéáóòíiõ äîöåíòiâ êàôåäðè; éîãî àñïiðàíòè i âèêëàäà÷i êàôåäðè ß.É.
Áiãóí, I.Ì. ×åðåâêî òà I.I. Êëåâ÷óê. ÿêi âèêîíàëè i çàõèñòèëè êàíäèäàò-
ñüêi äèñåðòàöi¨ ïiä éîãî êåðiâíèöòâîì, íàäàëi ñòàëè äîêòîðàìè íàóê. Ó
70-80-õ ðîêàõ íà êàôåäði âèêîíóâàëèñÿ áþäæåòíi ÍÄÐ, à òàêîæ ñiì ãî-
ñïäîãîâiðíèõ òåì, ï'ÿòü ç ÿêèõ ïiä êåðiâíèöòâîì ïðîôåñîðà Â. Ôîä÷óêà.
Íàäàâàâ çíà÷íî¨ óâàãè çàïðîâàäæåííþ êóðñiâ, îði¹íòîâàíèõ íà ïðîðàìíå
çàáåçïå÷åííÿ ïåðñîíàëüíèõ êîìï'þòåðiâ.

Iç ãðóäíÿ 1996 ð. i äë 2002 ð. êàôåäðîþ ÏÌÌ çàâiäóâàâ ó÷åíü À.Ì.
Ñàìîéëåíêà ïðîôåñîð Ð.I. Ïåòðèøèí, òåïåð ðåêòîð óíiâåðñèòåòó. Âií çà-
ïî÷àòêóâàâ íà êàôåäði ÏÌÌ íîâèé íàïðÿì iç äîñëiäæåííÿ áàãàòî÷àñòî-
òíèõ ñèñòåì, çîêðåìà ç iìïóëüñíîþ äi¹þ. Ïiä éîãî êåðiâíèöòâîì âèêîíàëè
i çàõèñòèëè êàíäèäàòñüêi äèñåðòàöi¨ âèêëàäà÷i êàôåäðè Ò.Ì. Ñîïðîíþê,
Ï.Ì. Äóäíèöüêèé òà I.Ì. Äàíèëþê. Ïðîòÿãîì òðèâàëîãî ÷àñó âií êåðóâàâ
âèêîíàííÿì áþäæåòíèõi ÍÄÐ, äî ðîáîòè íà ÿêèõ áóëè çàëó÷åíi âèêëàäà÷i
êàôåäðè.

Ó 90-õ ðîêàõ íà êàôåäði ó íàâ÷àëüíîìó ïðîöåñi çàïðîâàäæóâàëàñÿ òå-
ìàòèêà ìåðåæíèõ òåõíîëîãié, âiäêðèòèé ïåðøèé ó ×ÍÓ iíòåðíåò-öåíòð.
Óêëàäåíi óãîäè ïðî ñïiâðîáiòíèöòâî ç íiìåöüêî-óêðà¨íñüêèì ïiäïðè¹ì-
ñòâîì "Iíôîêîì".

Íà êàôåäði çà ñóìiñíèöòâîì ïðàöþâàëè äîáðå çíàíi â Óêðà¨íi i çà ðó-
áåæåì íàóêîâöi. Ó 1999�2002 i 2010�2011 ðð. ïðîôåñîðîì êàôåäðè ïðàöþ-
âàâ àêàäåìiê ÍÀÍ Óêðà¨íè À.Ì. Ñàìîéëåíêî, çàñíîâíèê íàóêîâî¨ øêîëè
ç òåîði¨ áàãàòî÷àñòîòíèõ êîëèâàíü i òåîði¨ iìïóëüñíèõ ñèñòåì. Ó 2010-2022
ðð. ïðîôåñîðîì êàôåäðè ïðàöþâàâ àêàäåìiê ÍÀÍ Óêðà¨íè À.Î. ×èêðié,
âiäîìèé ó÷åíèé ó ãàëóçi êîíôëiêòíî-êåðîâàíèõ iãîð. Ìàãiñòðàíòàì êà-
ôåäðè ÷èòàâ ñïåöêóðñ �Êîíôëiêòíî-êåðîâàíi ïðîöåñè i íåëiíiéíi ìîäåëi�.
Ïðîôåñîðàìè çà ñóìiñíèöòâîì òðóäèëèñÿ Â.À. Ñòîÿí, Â.Î. Ïëîòíiêîâ òà
iíøi.

Ó 1992�1996 ðð. i ç ñi÷íÿ 2002 ð. êàôåäðîþ çàâiäó¹ ïðîôåñîð ß.É.
Áiãóí. Ñôåðà éîãî íàóêîâèõ iíòåðåñiâ � áàãàòî÷àñòîòíi ñèñòåìè iç çàïi-
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çíåííÿì àðãóìåíòîì i òî÷êîâèìè òà iíòåãðàëüíèìè óìîâàìè, êîíôëiêòíî
êåðîâàíi ïðîöåñè iç çàïiçíåííÿì. Âií íàóêîâèé êåðiâíèê ÷îòèðüîõ êàí-
äèäàòñüêèõ äèñåðòàöié, òðî¹ iç êàíäèäàòiâ íàóê, � Ì.Ï. Ôiëiï÷óê, I.Â.
Êðàñíîêóòñüêà òà I.Ä. Ñêóòàð � âèêëàäà÷i êàôåäðè.

Ó 90-õ i 2000-õ ðîêàõ íà âèêëàäàöüêó ðîáîòó íà êàôåäðó çàïðîøåíi
âèïóñêíèêè êàôåäðè Ë.À. Ïiääóáíà, ß.Ð. Ïåòðèøèí, Î.Â. Ìàòâié, À.Î.
Þðié÷óê, �.À. Ëþáàðùóê, àñïiðàíòè Ð.I. Ïåòðèøèíà i ß.É. Áiãóíà, à
òàêîæ Á.Ä. Øåïåòþê i Ã.Â. Ìåëüíèê, Î.Ì. Ãóñàê òà iíøi.

Ïðè êàôåäði ïðàöþ¹ êîìï'þòåðíèé êëàñ i ëàáîðàòîðiÿ �WEB-òåõíîëîãi¨
òà êîìï'þòåðíå ìîäåëþâàííÿ�, çàâiäóâà÷ ëàáîðàòîði¨ � àñèñòåíò êàôåäðè
i Mentor Softserve Academy Í.Â. Ðîìàíåíêî.

Âèïóñêíèêè êàôåäðè îñòàííiõ äåñÿòèëiòü ïðàöþþòü ó ïðîâiäíèõ IÒ-
êîìïàíiÿõ Óêðà¨íè òà çà êîðäîíîì, çîêðåìà ó SoftServe, AMC Bridge,
YukonSoftware, Desyde LTD, EPAM, SharpMinds òà ií., ïðîâiäíèìè ïðà-
öiâíèêàìè â îðãàíiçàöiÿõ, íàóêîâèõ óñòàíîâàõ, çàêëàäàõ âèùî¨ îñâiòè.

Êàôåäðà âèñòóïèëà îðãàíiçàòîðîì àáî ñïiâîðãàíiçàòîðîì íàóêîâèõ êîí-
ôåðåíöié i ñåìiíàðiâ ó ×ÍÓ, çîêðåìà òðüîõ âñåñîþçíèõ êîíôåðåíöié "Äè-
ôåðåíöiàëüíi ðiâíÿííÿ ç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ"ó 1965, 1967 i 1972
ðð.; ó 2003 ð. � ìiæíàðîäíî¨ êîíôåðåíöi¨ �Øîñòi Áîãîëþáîâñüêi ÷èòàí-
íÿ�, ó 2012 ð. Âñåóêðà¨íñüêî¨ êîíôåðåíöiþ �Äèôåðåíöiàëüíi ðiâíÿííÿ òà
¨õ çàñòîñóâàííÿ â ïðèêëàäíié ìàòåìàòèöi�, ó 2016 ð. ìiæíàðîäíî¨ êîí-
ôåðåíöi¨ �Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ�,
ïðèñâÿ÷åíî¨ 80-ði÷÷þ ç äíÿ íàðîäæåííÿ ïðîôåñîðà Â.I. Ôîä÷óêà. Íà íà-
óêîâèõ ñåìiíàðàõ êàôåäðè âèñòóïàëè âiäîìi â÷åíi, çîêðåìà ëåêöiþ ç äè-
íàìi÷íèõ ñèñòåì ïðî÷èòàâ ïî÷åñíèé ïðîôåñîð Òåõàñüêîãî óíiâåðñèòåòó
Ð.I. Ãðèãîð÷óê, âèñòóïèëà ïðîôåñîð Âàðøàâñüêîãî óíiâåðñèòåòó Óðøóëà
Ôîðèø, ñòàðøèé äîñëiäíèê iç Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè Î.À.
Áóðèëêî.

Êàôåäðà ñïiâïðàöþ¹ iç êàôåäðàìè Òèðàñïîëüñüêîãî äåðæàâíîãî óíi-
âåðñèòåòó (ì. Êèøèíiâ); âèêëàäà÷i êàôåäðè ïðîõîäèëè ñòàæóâàííÿ íà
êàôåäði áiîìàòåìàòèêè i òåîði¨ iãîð â Iíñòèòóòi ïðèêëàäíî¨ ìàòåìàòèêè i
ìåõàíiêè Âàðøàâñüêîãî óíiâåðñèòåòó, ßññüêîìó òåõíi÷íîìó óíiâåðñèòåòi
iì. Ã¹îðã¹ Àñàêi òà Ñó÷àâñüêîìó óíiâåðñèòåòi Øòåôàíà ÷åë Ìàði (Ðóìó-
íiÿ), �íñüêîãî óíiâåðñèòåòó iìåíi Ôðiäðiõà Øèëëåðà (Íiìå÷÷èíà).

Ó 2018 ð. ñïåöiàëüíiñòü �Ïðèêëàäíà ìàòåìàòèêà� ïðîéøëà ìiæíàðîäíó
àêðåäèòàöiþ íiìåöüêîþ àãåíöi¹þ ASIIN ó ðàìêà ïðîåêòó ERAZMUS+. Ó
ïåðøîìó ñåìåñòði 2021-2022 í.ð. íà êàôåäði óñïiøíî àêðåäèòîâàíî îñâiòíüî-
ïðîôåñiéíó ïðîãðàìè �Òåõíîëîãi¨ ïðîãðàìóâàííÿ òà êîìï'þòåðíå ìîäåëþ-
âàííÿ�, ñïåöiàëüíiñòü � 113 Ïðèêëàäíà ìàòåìàòèêà, äëÿ çäîáóâà÷iâ äðó-
ãîãî (ìàãiñòåðñüêîãî) i ïåðøîãî (áàêàëàâðñüêîãî) ðiâíiâ âèùî¨ îñâiòè. ÎÏ
ìàãiñòåðñüêî¨ ïiäãîòîâêè ( àðàíò ïðîô. ß.É. Áiãóí) i áàêàëàâðñüêî¨ ïiä-
ãîòîâêè ( àðàíò äîö. Â.Ã. Ìàöåíêî) àêðåäèòîâàíi íà ðiâíi B íà 5 ðîêiâ
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ïiäãîòîâêè áàêàëàâðiâ i ìàãiñòðiâ.
Êàôåäðà çàáåçïå÷ó¹ òàêi ñó÷àñíi íàâ÷àëüíi äèñöèïëiíè: îá'¹êòíî-îði¹í-

òîâàíå ïðîãðàìóâàííÿ, àëãîðèòìè i ñòðóêòóðè äàíèõ, àðõiòåêòóðà êîìï'þòåðiâ,
îïåðàöiéíi ñèñòåìè, ðîçðîáêà ìîáiëüíèõ äîäàòêiâ äëÿ ÎÑ Android, ïðîå-
êòóâàííÿ ïðîãðàìíèõ ñèñòåì, îá÷èñëþâàëüíà ãåîìåòðiÿ òà êîìï'þòåðíà
ãðàôiêà, äèñêðåòíà ìàòåìàòèêà, ÷èñëîâi ìåòîäè, îñíîâè iíòåðíåò-òåõíîëîãié,
ðîçðîáêà UI/UX äèçàéíó, ñåðâåðíà ìîâà PHP, Frontend-ðîçðîáêà Web-
äîäàòêiâ, òåõíîëîãi¨ ïðîãðàìóâàííÿ ìîâîþ Python, êîìï'þòåðíå ìîäåëþ-
âàííÿ åêîëîãî-åêîíîìi÷íèõ ñèñòåì, ïëàòôîðìè êîðïîðàòèâíèõ iíôîðìà-
öiéíèõ ñèñòåì, øòó÷íèé iíòåëåêò.

ßê i áiëüøiñòü êàôåäð Óêðà¨íè, ÿêi âåäóòü ïiäãîòîâêó çi ñïåöiàëüíîñòi
ïðèêëàäíà ìàòåìàòèêà òà IÒ, êàôåäðà ïîòðåáó¹ âèêëàäà÷iâ, îñîáëèâî ç
êîìï'þòåðíèõ äèñöèïëií. Îäèí ç ðîçâ'ÿçêiâ êàäðîâî¨ ïðîáëåìè � çàëó÷å-
ííÿ ïðàöiâíèêiâ êîìï'þòåðíèõ êîìïàíié òà ç iíøèõ ÇÂÎ i óñòàíîâ. Òåïåð
íà êàôåäði ïðàöþ¹ ï'ÿòü âèêëàäà÷iâ � ïðàöiâíèêiâ IÒ-êîìïàíié, çîêðåìà,
Ã.Â. Ìåëüíèê � Senior IT Academy, mentor SoftServe Academy, Í.Â. Ðîìà-
íåíêî � mentor SoftServe Academy, Ë.Ì. Ñåðã¹¹âà � Java developer, project
manager, mentor for trainees ó êîìïàíi¨ YukonSoftware. Äåðæàâíi âèäàòêè
íà íàóêîâi ïðîåêòè äîñèòü îáìåæåíi, îñîáëèâî â óìîâàõ âî¹ííîãî ñòàíó,
òîìó àêòóàëüíå çàâäàííÿ ïîøóêó çàðóáiæíèõ ãðàíòiâ iç ïðèêëàäíèõ ïðî-
áëåì.

Êàôåäðà íàïîëåãëèâî ïðàöþ¹ íàä óäîñêîíàëåííÿì íàâ÷àëüíèõ ïëàíiâ.
Äëÿ áàêàëàâðiâ íàâ÷àëüíèé ïëàí çâåðñòàíî òàê, ùî, çàêií÷èâøè òðåòié
êóðñ, ñòóäåíò îòðèìó¹ äîñòàòíüî ïîâíîöiííèé áàçèñ äëÿ ïðàöåâëàøòóâàí-
íi çà ñïåöiàëüíiñòþ. Íàäàëi âäîñêîíàëþþòü çíàííÿ òà ïðàêòè÷íi íàâèêè
ñòóäåíòè íà ÷åòâåðòîìó êóðñi i ïiäâèùóþòü îñâiòíié ðiâåíü ó ìàãiñòðàòó-
ði. Ìàþ÷è ó 2022 ð. íàáið 42 ñòóäåíòiâ íà ïåðøèé êóðñ, ùî ¹ ðåêîðäîì iç
1966 ð., 8 � íà ñêîðî÷åíó ôîðìó íàâ÷àííÿ, ìàãiñòðiâ i ùå îäíîãî àñïiðàí-
òà, êàôåäðà ÏÌIÒ äîêëàäà¹ çóñèëü äëÿ óñïiøíîãî âèêîíàííÿ íàâ÷àëüíèõ
i íàóêîâèõ ïðîãðàì òà îðãàíiçàöiéíèõ çàõîäiâ.

1. Áiãóí ß.É., ×åðåâêî I.Ì. Êàôåäði ïðèêëàäíî¨ ìàòåìàòèêè ×åðíiâåöüêîãî
íàöiîíàëüíîãî óíiâåðñèòåòó � 50 ðîêiâ // Íàóêîâèé âiñíèê ×ÍÓ. 2012. 2, �
2�3. � Ñ. 13-14.

2. Áiãóí ß.É. Êàôåäði ïðèêëàäíî¨ ìàòåìàòèêè ×åðíiâåöüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó � 50 ðîêiâ // Âñåóêðà¨íñüêà íàóê. êîíôåðåíöiÿ �Äèôåðåíöi-
àëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ ó ïðèêëàäíié ìàòåìàòèöi�, 11-13 ÷åðâíÿ
2012 ð. � ×åðíiâöi: ×ÍÓ, 2012. � Ñ. 10-42.

3. Áiãóí ß.É. Êàôåäði ïðèêëàäíî¨ ìàòåìàòèêè ×åðíiâåöüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó � 55 ðîêiâ // Ìiæâóçiâñüêèé íàóê. ñåìiíàð �Ïðèêëàäíi çàäà÷i
òà IÒ-òåõíîëîãi¨�, 9-10 ÷åðâíÿ 2012 ð. � ×åðíiâöi: ×ÍÓ, 2017. � Ñ. 6-33.

4. ßðîñëàâ Áiãóí Iñòîðiÿ òà ñüîãîäåííÿ êàôåäðè ïðèêëàäíî¨ ìàòåìàòèêè òà
iíôîðìàöiéíèõ òåõíîëîãié. � ×åðíiâöi: ×åðíiâåö. íàö. óí-ò, 2022. � 196 ñ.
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Õèìåðíi ñòàíè ó ìîäóëüíèõ ìåðåæàõ çâ'ÿçàíèõ îñöèëÿòîðiâ

Îëåêñàíäð Áóðèëêî

burylko@yahoo.co.uk

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Ïîòñäàìñüêèé iíñòèòóò

äîñëiäæåííÿ âïëèâó êëiìàòó, Íiìå÷÷èíà

Íåçâàæàþ÷è íà ïðîñòîòó, ìåðåæi çâ'ÿçàíèõ ôàçîâèõ îñöèëÿòîðiâ ìî-
æóòü ïîêàçóâàòè iíòðèãóþ÷i êîëåêòèâíi äèíàìi÷íi ÿâèùà. Îäíàê ñèìåòði¨
ãëîáàëüíî çâ'ÿçàíèõ åëåìåòiâ íå äîçâîëÿþòü iñíóâàííÿ ÷àñòîòíî-íåçàìêíó-
òèõ îñöèëÿòîðíèõ ðîçâ'ÿçêiâ, ùî ¹ íåîáõiäíîþ óìîâîþ äëÿ ïîÿâè õè-
ìåðíèõ ñòàíiâ. Îòæå, ïðèìóñîâå ðóéíóâàííÿ ñèìåòði¨ ¹ íåîáõiäíèì äëÿ
âèíèêíåííÿ ðîçâ'ÿçêiâ òèïó õèìåð. Òóò ìè ðîçãëÿäà¹ìî áiôóðêàöi¨, ùî
âèíèêàþòü ïðè ïîðóøåííi ïîâíî¨ ñèìåòði¨ ïåðåñòàíîâîê i êîëè ìåðåæà
ñêëàäà¹òüñÿ ç êiëüêîõ çâ'ÿçàíèõ ïîïóëÿöié. Ìè ðîçãëÿäà¹ìî íàéìåíøó
ìîæëèâó ìåðåæó, ùî ñêëàäà¹òüñÿ ç ÷îòèðüîõ ôàçîâèõ îñöèëÿòîðiâ, äëÿ
ÿêî¨ ìè äîñëiäæó¹ìî ñòðóêòóðó ôàçîâîãî ïðîñòîðó, îïèñó¹ìî ¨¨ (÷àñòêîâó)
iíòåãðîâíiñòü ïðè ïåâíèõ ïàðàìåòðè÷íèõ çíà÷åííÿõ, à òàêîæ äîñëiäæó-
¹ìî áiôóðêàöi¨ ðóéíóâàííÿ ïîâíî¨ ñèìåòði¨, ùî ïðèçâîäÿòü äî âèíèêíå-
ííÿ ñëàáêèõ õèìåðíèõ ðîçâ'ÿçêiâ. Îñêiëüêè òàêi ðîçâ'ÿçêè îáåðòàþòüñÿ
íàâêîëî òîðà, âîíè âèíèêàþòü çà ãëîáàëüíèìè áiôóðêàöiéíèìè ñöåíàði-
ÿìè. Êðiì òîãî, êàñêàäè áiôóðêàöié ïîäâî¹ííÿ ïåðiîäó, ùî âiäáóâàþòüñÿ
ç ïåðiîäè÷íèìè ñëàáêèìè õèìåðíèìè ðîçâ'ÿçêàìè, ïðèçâîäÿòü âèíèêíåí-
íÿ õàîòè÷íèõ õèìåð. Ó ðîáîòi íàâîäèòüñÿ �ìiíi-õèìåðîïåäiÿ�, ÿêà ìiñòèòü
ïåðiîäè÷íi, ïëîñêi, íåéòðàëüíi, ñåðïåíòèâíi, ãåòåðîêëiíi÷íi, õàîòè÷íi òà
iíøi òèïè õèìåð, à òàêîæ ¨õ áàãàòî ïàðàìåòðè÷íi ñiì'¨, ùî âèíèêàþòü äëÿ
ìiíiìàëüíî¨ áëî÷íî¨ îñöèëÿòîðíî¨ ìåðåæi.
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Maximal subgroups of ample groups

Yaroslav Vorobets (joint with Rostislav Grigorchuk)

yvorobet@math.tamu.edu
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During the last two decades there was a growing interest in dynamically
de�ned groups. A rich source of such groups are ample groups (also known
as topological full groups). The idea of ampleness in Dynamics and Group
Theory is quite simple. Given a topological space X and a subgroup G of
the group Homeo(X) of homeomorphisms of X, one can enlarge it by adding
those homeomorphisms that locally act as elements of G, thus producing an
ample group G. This idea works best in the situation when X is a Cantor set
or, more generally, a metrizable compact totally disconnected space. This is
because such a space has many clopen (i.e., both closed and open) sets, which
allows to construct many homeomorphisms that are piecewise elements of G.
Still, if G is countable then the ample group G is also countable.

Maximal subgroups play an extremely important role in group theory. The
most remarkable result here is a complete classi�cation of maximal subgroups
of �nite symmetric groups (see, e.g., Section 8.5 of the book [1]). Much less is
known about maximal subgroups in in�nite groups.

Important subgroups of any transformation group G acting on a set X are
stabilizers of subsets and partitions. The stabilizer StG(Y ) of a subset Y ⊂ X
consists of all g ∈ G such that g(Y ) = Y . The stabilizer StG(Y1, Y2, . . . , Yk)
of a partition X = Y1 tY2 t · · · tYk consists of those elements of G that map
elements of the partition onto one another.

All subgroups of the symmetric group Sn are divided into three classes:
intransitive subgroups (those that leave invariant a nontrivial subset), impri-
mitive subgroups (transitive subgroups that leave invariant a nontrivial parti-
tion), and primitive subgroups (the remaining ones). It turns out that the
maximal intransitive subgroups are stabilizers of certain subsets while the
maximal imprimitive subgroups are stabilizers of certain partitions.

We present a number of results on maximal subgroups of ample groups
G ⊂ Homeo(X), where X is a Cantor set. The results are mostly parallel to
the above classi�cation. Instead of arbitrary subsets and partitions, one needs
to consider closed subsets and partitions into closed subsets. Transitivity is
replaced by minimality, which means absence of nontrivial closed invariant
subsets.

Òåîðåìà 1. Let G ⊂ Homeo(X) be an ample group that acts minimally on
X. Suppose H is a maximal subgroup of G that does not act minimally on X.
Then H = StG(Y ) for some closed set Y ⊂ X di�erent from the empty set
and X. Moreover, the induced action of StG(Y ) on Y is minimal.
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The condition that the stabilizer StG(Y ) of a closed set Y acts minimally
when restricted to Y implies that Y belongs to one of three classes: (1) �nite
sets contained in a single orbit of G, (2) in�nite sets nowhere dense in X,
and (3) clopen sets. Conversely, the condition is satis�ed for all sets of types
(1) and (3). For closed sets of type (2) it is not always so, but there are
uncountably many sets that do satisfy the condition.

Òåîðåìà 2. Let G ⊂ Homeo(X) be an ample group that has no �nite orbits.
Suppose Y is a �nite nonempty subset of X. Then the stabilizer StG(Y ) is a
maximal subgroup of G if and only if Y is contained in a single orbit of G.

Theorem 2 imposes very modest conditions on the ample group G. To treat
the stabilizers of in�nite closed sets, we need stronger assumptions. Namely,
G has to act minimally on X and to possess another property that we call
Property NC (no contraction): if g(U) ⊂ U for some g ∈ G and open set
U ⊂ X then, in fact, g(U) = U .

Òåîðåìà 3. Let G ⊂ Homeo(X) be an ample group that acts minimally on X
and has Property NC. Suppose Y ⊂ X is an in�nite closed set that is nowhere
dense in X. Then the stabilizer StG(Y ) is a maximal subgroup of G if and
only if it acts minimally when restricted to Y .

Òåîðåìà 4. Let G ⊂ Homeo(X) be an ample group that acts minimally on
X and has Property NC. Suppose U is a clopen set di�erent from the empty
set and X. Then StG(U,X \ U) is a maximal subgroup of G. If U cannot be
mapped onto X\U by an element of G then StG(U) = StG(U,X\U); otherwise
StG(U) is a subgroup of index 2 in StG(U,X \ U).

In addition to handling the stabilizers of clopen sets, Theorem 4 also treats
the stabilizers of partitions into two clopen sets. Our last result covers the
stabilizers of partitions into three or more clopen sets.

Òåîðåìà 5. Let G ⊂ Homeo(X) be an ample group that acts minimally on X
and has Property NC. Suppose X = U1tU2t · · ·tUk is a partition of X into
at least three nonempty clopen sets. Then StG(U1, U2, . . . , Uk), the stabilizer
of the partition, is a maximal subgroup of G if and only if its induced action
on the set {U1, U2, . . . , Uk} is transitive.

1. J. D. Dixon, B. Mortimer. Permutation groups (Graduate Texts in Mathematics,
163). � New York: Springer, 1996. � 360 p.
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A geometric condition excluding eigenvalues of Laplace and

Schr�odinger operators on homogeneous amenable graphs
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of Geneva

1. Laplace and Schr�odinger operators on graphs, integrated densi-

ty of states Let Γ be a connected graph with bounded degree. We consider
the Markov operator K on functions on the vertex set X of Γ

(Kϕ)(x) =
1

degree(x)

∑
y∼x

ϕ(y),

where the sum is taken over the neighbors of the vertex x. The combinatorial
Laplacian ∆ acts as (∆ϕ)(x) = ϕ(x) − (Kϕ)(x). If q is a bounded potential
de�ned on X, the corresponding Schr�odinger operator H acts as (Hϕ)(x) =
(∆ϕ)(x) + q(x)ϕ(x). Using the Borel functional calculus for bounded self-
adjoint operators, we de�ne, for each λ ∈ R, the corresponding spectral
projectors associated to ∆ as Eλ = 1]−∞,λ](∆) and E{λ} = 1{λ}(∆). If
the automorphism group G of the graph Γ is cocompact, it is possible to
analyze the l2-spectrum of ∆ with the help of a von Neumann trace (a si-
milar approach works also for H if the potential q is real and G-invariant).
We choose a fundamental domain D for the action of G and consider the
integrated density of states

λ 7→ τ(Eλ) =
1

|D|
∑
x∈D
〈Eλδx, δx, 〉,

where δx is the characteristic function of the vertex x of Γ and the hermitian
product is chosen so that the characteristic functions of the vertices of Γ form
a complete orthonormal Hilbert family. It is well-known that the integrated
density of states is continuous at λ if and only if its �jump� τ(E{λ}) at λ
vanishes, if and only if ∆ has no λ-eigenfunction in l2(X). For example the
combinatorial Laplace operator on the d-dimensional grid (that is the Cayley
graph of the free abelian group Zd relative to is canonical generating set) has
no l2-eigenfunction: the Fourier transform conjugates ∆ to a multiplication
operator on the d-dimensional torus T d (and the multiplier is nowhere locally
constant)

2. The idea of Delyon and Souillard and Følner sequences The
physicists Delyon and Souillard have found an alternative proof of the fact
that the combinatorial Laplace operator on the d-dimensional grid has no l2-
eigenfunction. Their proof applies to other graphs, for which Fourier theory
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and its generalizations are di�cult or not available. We equip the vertex set
X of the connected graph Γ with its path-metric: the distance d(x, y) between
the vertices x and y is the minimum number of edges one has to cross when
starting at x and ending at y. If Ω ⊂ X, we de�ne its �thick� boundary as

∂2Ω = {x ∈ Ω : d(x,X \ Ω) ≤ 2}.

Delyon and Souillard show that, inside the d-dimensional grid, any discrete
cube Ωn = [−n, n]d ∩ Zd of side 2n, satis�es, for any λ ∈ R,

τ
(
E{λ}

)
≤ |∂2Ωn|
|Ωn|

.

Because the the length 2n of the side can be chosen arbitrary large, the
above inequality implies that τ(Eλ) = 0, hence there is no square-summable
λ-eigenfunction. (The point in Delyon and Souillard [1] is that the above
arguments work not only for ∆ but for a family of Schr�odinger operators wi-
th random potentials.) Recall that a Cayley graph Γ of a �nitely generating
amenable group G admits a Følner sequence: namely, there exist �nite subsets
Ωn of vertices of Γ, such that

lim
n→∞

|∂2Ωn|
|Ωn|

= 0.

Should we conclude that the combinatorial Laplacian on a Cayley graph of
an amenable �nitely generated group never admits eigenfunctions? Not at all:
for example, it was shown, in [3], that the Cayley graph of a two-generator
metabelian group (the so-called lamplighter group), de�ned by a generating
set containing two elements, admits a Hilbert orthonormal complete set of
square summable eigenfunctions of its combinatorial Laplacian ∆, and that
the l2-spectrum of ∆ is the closure of its eigenvalues. But if another generating
set is chosen, the corresponding combinatorial Laplacian on the new Cayley
graph has no square summable eigenfunction [2]. The point is that the d-
dimensional grid has a special geometric property: any of its subset admits a
one-by-one exhaustion. Without this property, the inequality of Delyon and
Souillard may fail to be true. This is the subject of the next sections.

3. One-by-one exhaustions, λ-unicity

De�nition 1. (One-by-one exhaustion.) Let Γ be a connected graph with
vertex set X and path-metric d. Let Ω ⊂ X. A one-by-one exhaustion (Xn)n≥0

of Ω is a countable non decreasing sequence of subsets of X,

X0 ⊂ · · · ⊂ Xn ⊂ Xn+1 ⊂ · · ·

satisfying the following conditions:
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1. X0 = X \ Ω,

2. for each n, there exists xn ∈ Xn, such that

Xn+1 = Xn ∪ {y ∈ X : d(xn, y) ≤ 1},

3. either |Xn+1 \Xn| = 1 or Xn = X,

4.
⋃
nXn = X.

An easy way to obtain one-by-one exhaustions is to de�ne a height-function
on Γ (see [2]). For example, any �nitely generated indicable group (that is a
group admitting an epimorphism onto Z) has Cayley graphs with height-
functions. The existence of a one-by-one exhaustion implies the following uni-
queness property of eigenfunctions.

De�nition 2. (λ-uniqueness for ∆ on Ω.) Let Γ be a graph with bounded
degree. Let Ω ⊂ X be a subset of vertices of Γ. Let ∆ be the combinatorial
Laplacian on Γ and λ be a real number. The operator ∆ satis�es λ-uniqueness
on Ω if there is no λ-eigenfunction of ∆ which vanishes outside of Ω. Formally:
if ϕ ∈ l2(X) is such that ∆ϕ = λϕ, and if ϕ(x) = 0 for all x ∈ X \ Ω, then
ϕ(x) = 0 for all x ∈ X.

4. The Delyon-Souillard inequality for homogeneous graphs and

localization

Theorem 3. Suppose Γ is a homogeneous graph, that is G = Aut(Γ) acts
transitively on the vertex set X of Γ. Let λ ∈ R. Assume ∆ sati�es λ-unicity
on a �nite set Ω ⊂ X. Then

τ
(
E{λ}

)
≤ |∂2Ω|
|Ω|

.

An analogous statement is true for quasi-homogeneous graphs (i.e. with
G = Aut(Γ) having a �nite number of orbits of vertices) and Schr�odinger
operators of the form H = ∆ + q were the potential q is real and G-invariant.

Corollary 4. (Localization in the presence of a Følner sequence.) Let Γ be a
homogeneous graph with vertex set X. Assume it admits a Følner sequence. If
the combinatorial Laplacian ∆ has a square-summable λ-eigenfunction, then
it has a λ-eigenfunction with �nite support.

Proof. In order to prove the corollary, notice �rst that the existence of a
square summable λ-eigenfunction implies that τ

(
E{λ}

)
> 0. Consider any

�nite set Ω ⊂ X such that τ
(
E{λ}

)
> |∂2Ω|

|Ω| . (Such a set exists because Γ

admits a Følner sequence.) The theorem implies that λ-unicity fails on Ω. In
other words there is an eigenfunction whose support is included in Ω.
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We conclude this note with an application of one-by-one exhaustions to a
well-known �nitely generated amenable indicable group.

Proposition 5. (No eigenfunction on the (1, 2) Baumslag-Solitar group.)
Consider the two-generator one relator group G = 〈aba−1 = b2〉 and its
Cayley graph Γ = C(G, {a; b}). The combinatorial Laplacian on Γ has no
l2-eigenfunction.

Proof. The epimorphism h : G→ Z such that h(a) = 1 and h(b) = 0 de�nes a
height function on Γ. Hence any �nite subset Ω of the vertex set of Γ admits
a one-by-one exhaustion, hence satis�es λ-unicity for any λ ∈ R. According
to the Delyon-Souillard inequality and the existence of a Følner sequence in
Γ (G is metabelian hence amenable), it follows that τ

(
E{λ}

)
= 0. In other

words, ∆ has no l2-eigenfunction.

1. Delyon, Fran�cois, Souillard, Bernard, Remark on the continuity of the density
of states of ergodic di�erence operators // Comm. Math. Phys.� 1984. � 94, 2.
� P. 289�291,

2. Grigorchuk, Rostislav I., Pittet, Christophe, Laplace and Schr�odinger operators
without eigenvalues on homogeneous amenable graphs, arXiv:2102.13542v3,
2022,

3. Grigorchuk, Rostislav I., 
Zuk, Andrzej, The lamplighter group as a group
generated by a 2-state automaton, and its spectrum // Geom. Dedicata. �
2001. � 87, 1-3. � P. 209�244, 0046-5755.
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We consider the cubic system of di�erential equations

ẋ = y + p2(x, y) + p3(x, y) ≡ P (x, y),

ẏ = −x+ q2(x, y) + q3(x, y) ≡ Q(x, y),
(1)

where pj(x, y), qj(x, y), j ∈ {2, 3} are real homogeneous polynomials of degree
j and P (x, y), Q(x, y) are coprime polynomials. The origin O(0, 0) is a singular
point for (1) with purely imaginary eigenvalues, i.e. a focus or a center.

The problem of distinguishing between a center and a focus (the problem
of the center) is open for general cubic systems. It is completely solved for
quadratic systems ẋ = y + p2(x, y), ẏ = −x + q2(x, y); cubic symmetric
systems ẋ = y + p3(x, y), ẏ = −x + q3(x, y); the Kukles system ẋ = y, ẏ =
−x + q2(x, y) + q3(x, y) and a few particular cases in families of polynomial
systems of higher degree.

It is known [1] that a singular point O(0, 0) is a center for (1) if and only
if the system has a nonconstant analytic �rst integral F (x, y) = C in the
neighborhood of O(0, 0) or an analytic integrating factor of the form

µ(x, y) = 1 +

∞∑
k=1

µk(x, y),

where µk are homogeneous polynomials of degree k.
An integrating factor for system (1) on some open set U of R2 is a C1

function µ de�ned on U , not identically zero on U such that

P (x, y)
∂µ

∂x
+Q(x, y)

∂µ

∂y
+ µ

(
∂P

∂x
+
∂Q

∂y

)
≡ 0. (2)

Conditions for the existence of an integrating factor of the form µ = Φβ

for system (1), where Φ(x, y) ≡ x2 +y2 +a30x
3 +a21x

2y+a12xy
2 +a03y

3 = 0
is an irreducible invariant cubic and β ∈ R, were obtained in [2].

The problem of the center was solved for cubic di�erential system (1)
with: four invariant straight lines; three invariant straight lines; two invariant
straight lines and one irreducible invariant conic [3]; two invariant straight
lines and one irreducible invariant cubic Φ(x, y) = 0. Conditions for a singular
point O(0, 0) to be a center in a system (1) with two distinct invariant straight
lines were obtained in [4] and with two parallel invariant straight lines were
determined in [5], [6].
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The presence of a center in these papers was proved by using the method
of Darboux integrability and the rational reversibility.

We are interested in the algebraic integrability of cubic di�erential systems
(1), called the Darboux integrability [1], [3]. It consists in constructing of a �rst
integral or an integrating factor of the form

Φα1
1 Φα2

2 · · ·Φαq
q ,

where Φj = 0, j = 1, q are invariant algebraic curves of (1) and Φj ∈
C[x, y], αj ∈ C.

In this paper we determine the center conditions for cubic system (1) by
constructing integrating factors of the Darboux form

µ =
1

(1− x)α1Φα2
, (3)

where 1− x = 0 is an invariant straight line and Φ(x, y) ≡ x2 + y2 + a30x
3 +

a21x
2y + a12xy

2 + a03y
3 = 0 is an irreducible invariant cubic for (1), and

α1, α2 are real exponents, (α1, α2) 6= 0.
The identity (2) will be used in �nding integrating factors of the form

(3) for cubic system (1). Identifying the coe�cients in (2) and solving the
obtained algebraic system, we prove the following theorem

Òåîðåìà 1. The cubic system (1) has an integrating factor of the form (3)
if and only if one of the following ten sets of conditions holds:

(i) d = 2a, k = −a, l = [f(2b − c − 1)]/3, m = −(c + 1), n = (2bc + 2b −
c2 − 3c − 2)/2, p = −f , q = a(2b − c − 3), r = 0, s = [(2b − c − 2g −
3)(c− 2b+ 4)]/6;

(ii) a = [(2b + 3c + 3)2 + 24fu − 3u2]/(8u), d = [(2b + 3c + 3)2 − 8fu +
u2]/(4u), g = [(2b + 3c + 3)3 + (2b + 3c + 3)(8fu − u2) − 8u2]/(8u2),
k = −a, l = r = 0, m = −c − 1, n = [(2b + 3c + 3)(u − 12f)]/(4u),
p = −f , q = −d, s = [(2b + 3c + 3)(u2 − 8fu − (2b + 3c + 3)2)]/(8u2),
4f(2b+ 3c+ 3)− u(2b+ c+ 1) = 0;

(iii) a = 3f , c = (−2b−5)/3, d = [2f(2b+5)]/(1−2b), g = (b−5)/3, k = −a,
l = r = 0, m = (2(b + 1))/3, n = −b, p = −f , q = −d, s = (2 − b)/3,
(2b− 1)2 − 108f2 = 0;

(iv) b = 1/2, c = (−3)/2, d = (11a + 21f)/3, g = −1, k = −a, l = f/2,
m = 1/2, n = (27 − 84af − 140a2)/2, p = −f , q = (−2a − 21f)/18,
r = 0, s = (20a2 + 12af + 9)/36, (10a+ 6f)2 − 27 = 0;

(v) c = −1, d = −2a, f = −a, g = (2b − 5)/2, k = −a, l = (−3a)/2,
m = n = r = 0, p = a, q = (5a)/2, s = (3− 2b)/2;
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(vi) c = 1 − 2b, d = 2(a + 2f), g = [(3a + 4f)(1 − b)]/(f), k = −a, l = 2f ,
m = 2(b − 1), n = 4af − 3b + 4f2 + 3, p = −f , q = 8(1 − b)(a + f),
r = 0, s = [(4ab− 3a+ 4bf − 4f)(b− 1)]/(f);

(vii) b = 1/4, c = −2, d = −2a, f = −a, g = (−1)/4, k = −a, l = a/2,
m = 1, n = (−1)/4, p = a, q = a/2, r = s = 0;

(viii) b = (2u4+9uv−9v2−6au3)/(18uv), c = −(u4+9uv+9v2−3au3)/(9uv),
f = p = r = 0, g = (6au2 − 9a2u− u3 − 3v)/(6v), k = −a, m = −c− 1,
n = [(3a−u)(u−v)u]/(6v), q = (9a2u2−6au3−18av+u4 +9uv)/(18v),
s = [(9a2u2 − 6au3 − 54av + u4 + 9uv)(u − 3a)u]/(162v2), u = 2a − d,
v = 2a− d+ 6l;

(ix) a = [−2(h4l+ h3 + 8h2l+ 16l)]/[h2(h2 + 4)], b = (−2h4l+ h3 − 16h2l−
32l)/[2h(h2+4)], c = (h4l−h3+8h2l−8h+16l)/[h(h2+4)], d = [2(h4l−
2h3 +8h2l+16l)]/[h2(h2 +4)], f = p = r = 0, g = [−2(h2 +1)]/(h2 +4),
k = −a,m = −c−1, n = (3hl)/2, q = [−2(2h4l−h3+10h2l+8l)]/[(h2+
4)h2], s = (h3 + 2h2l + 8l)/[(h2 + 4)h];

(x) c = 2(b − 1), d = −a, f = n = p = r = s = 0, g = (−1)/2, k = −a,
l = −ab, m = 1− 2b, q = a/2.

Suppose at least one set of the conditions (i)�(x) from Theorem 1 is reali-
zed. Then the cubic system (1) has the invariant algebraic curves 1− x = 0,
Φ = 0 and an integrating factor of the form (3).

In Case (i) the integrating factor is

µ =
(1− x)2b−c−1

3(x2 + y2) + (c− 2b+ 2g + 3)x3 + 6ax2y + 3(c+ 1)xy2 + 2fy3
.

In Case (ii) the integrating factor looks

µ =
1

(1− x)(12u2(x2 + y2) + ((2b+ 3c+ 3)x+ uy)3)4/3
.

In Case (iii) the integrating factor has the form

µ =
1

(1− x)((2b− 1)(x2 + y2)(x− 2) + 2(9x2 + y2)fy)4/3
.

In Case (iv) the integrating factor is

µ =
1− x

(2(5a+ 3f)(x2 + y2)(x− 2)− (9x2 + y2)y)7/3
.

In Case (v) the integrating factor looks

µ =
(1− x)1/2

(x2 + y2 − x3)2
.
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In Case (vi) the integrating factor has the form

µ =
1− x

(f(x2 + y2) + 2(a+ f)((1− b)x+ fy)x2)2
.

In Case (vii) the integrating factor is

µ =
(1− x)1/2

(x2 + y2 − xy2)2
.

In Case (viii) the integrating factor looks

µ =
1

(1− x)1/2(9uv(x2 + y2)− x(3aux− u2x− 3vy)2)3/2
.

In Case (ix) the integrating factor has the form

µ =
1

(1− x)1/2((h2 + 4)(x2 + y2)− x(hx+ 2y)2)3/2
.

In Case (x) the integrating factor is

µ =
1

(1− x)1/2(x2 + y2 + (2b− 1)xy2)3/2
.

Òåîðåìà 2. The origin is a center for cubic di�erential system (1) with the
invariant straight line 1− x = 0 and the irreducible invariant cubic x2 + y2 +
a30x

3 + a21x
2y + a12xy

2 + a03y
3 = 0 if one of the conditions (i)�(x) holds.
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Îêðåìi çàäà÷i ìåõàíiêè íàôòîãàçîâîãî êîìïëåêñó Óêðà¨íè

Ìîéñèøèí Â.Ì.

math@nung.edu.ua

Iâàíî-Ôðàíêiâñüêèé íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò íàôòè i

ãàçó, Óêðà¨íà

1. Ïiäâèùåííÿ åôåêòèâíîñòi ðîáîòè øàðîøêîâèõ äîëiò íà îñíîâi åêñ-

ïåðèìåíòàëüíèõ äîñëiäæåíü ïðîöåñó áóðiííÿ.

Íà îñíîâi ñòàòèñòè÷íî¨ îáðîáêè ðåçóëüòàòiâ ñòåíäîâèõ äîñëiäæåíü îäåð-
æàíî åìïiðè÷íi çàëåæíîñòi ìåõàíi÷íî¨ øâèäêîñòi áóðiííÿ òà åíåðãî¹ìíî-
ñòi ïðîöåñó ðóéíóâàííÿ ãiðñüêî¨ ïîðîäè âiä æîðñòêîñòi òà äåìïôóâàííÿ
áóðèëüíîãî iíñòðóìåíòó çà ðiçíèõ çíà÷åíü ðåæèìíèõ ïàðàìåòðiâ áóðiííÿ
ñâåðäëîâèí øàðîøêîâèìè äîëîòàìè.

Çàïðîïîíîâàíî áàãàòîôàêòîðíi åìïiðè÷íi ìîäåëi ìåõàíi÷íî¨ øâèäêî-
ñòi òà åíåðãî¹ìíîñòi áóðiííÿ ñâåðäëîâèí íà îñíîâi ðåçóëüòàòiâ ïëàíîâàíî-
ãî åêñïåðèìåíòó. Ðîçðîáëåíî ìåòîäèêè àäàïòàöi¨ ðåçóëüòàòiâ åêñïåðèìåí-
òàëüíèõ äîñëiäæåíü äî ïðîìèñëîâèõ óìîâ ïîãëèáëåííÿ ñâåðäëîâèí øàðî-
øêîâèìè äîëîòàìè.

2. Îöiíêà ðîáîòîçäàòíîñòi êîëîí áóðèëüíèõ òà ãíó÷êèõ òðóá

Ðîçâèíóòî íàóêîâi îñíîâè êîìïëåêñíîãî îöiíþâàííÿ ðîáîòîçäàòíîñòi
òðèâàëî åêñïëóàòîâàíèõ êîëîí áóðèëüíèõ òà ãíó÷êèõ òðóá øëÿõîì óäî-
ñêîíàëåííÿ iíæåíåðíèõ ìåòîäiâ ðîçðàõóíêó äèíàìi÷íîãî ðåæèìó ¨õ ðîáî-
òè òà âèçíà÷åííÿ çàëèøêîâî¨ äîâãîâi÷íîñòi òðóá ç íàÿâíèìè åêñïëóàòà-
öiéíèìè äåôåêòàìè (ðàçîì ç Î.Þ. Âèòÿçåì, Â.Â. Òèðëè÷åì).

Ðîçðîáëåíî ìàòåìàòè÷íi ìîäåëi ðîáîòè áóðèëüíèõ êîëîí, ùî ìiñòÿòü
åêñïëóàòàöiéíi äåôåêòè, ïiä äi¹þ ïîçäîâæíiõ òà ïîçäîâæíüî-êðóòèëüíèõ
êîëèâàíü. Íà îñíîâi ðîçðîáëåíèõ ìîäåëåé äîñëiäæåíî íàïðóæåíî-äåôîð-
ìîâàíèé ñòàí áóðèëüíî¨ êîëîíè òà âïëèâ íà íüîãî õàðêòåðèñòèê âiáðîçà-
õèñíèõ ïðèñòðî¨â. Âñòàíîâëåíî, ùî âíåñîê äèíàìi÷íî¨ ñêëàäîâî¨ â çàãàëü-
íèé êîåôiöi¹íò iíòåíñèâíîñòi íàïðóæåíü êîëèâà¹òüñÿ â ìåæàõ âiä 10 äî
25% i çàëåæèòü âiä óìîâ ðîáîòè áóðèëüíî¨ êîëîíè.

Ïðîâåäåíî åêñïåðèìåíòàëüíî-ðîçðàõóíêîâó îöiíêó êðèòè÷íèõ ðîçìi-
ðiâ òðiùèí ïåâíî¨ ãåîìåòði¨ (êiëüöåâî¨ íàñêðiçíî¨, çîâíiøíüî¨ òà âíóòði-
øíüî¨ ïîïåðå÷íèõ êiëüöåâèõ) äëÿ áóðèëüíèõ òðóá ãðóï ìiöíîñòi Ë, G-
105, S-135 çà óìîâè âïëèâó äèíàìi÷íèõ íàâàíòàæåíü ïiä ÷àñ ïðîâåäåííÿ
ñïóñêî-ïiäiéìàëüíèõ îïåðàöié.

3. Ìîäåëþâàííÿ äèíàìi÷íèõ ïðîöåñiâ ëiêâiäàöi¨ ïðèõîïëåíü áóðèëüíî-

ãî iíñòðóìåíòà

Óäîñêîíàëåíî òåõíiêó i òåõíîëîãi¨ ìåõàíi÷íèõ ñïîñîáiâ ëiêâiäàöi¨ ïðè-
õîïëåíü áóðèëüíîãî iíñòðóìåíòà, ùî áàçóþòüñÿ íà âèêîðèñòàííi åíåð-
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ãi¨, ÿêà íàêîïè÷ó¹òüñÿ â áóðèëüíié êîëîíi âíàñëiäîê äi¨ óäàðó àáî âi-
áðàöi¨. Ñòâîðåíî ìàòåìàòè÷íi ìîäåëi äèíàìiêè ëiêâiäàöi¨ ïðèõîïëåíü áó-
ðèëüíîãî iíñòðóìåíòà ìåõàíi÷íèìè ñïîñîáàìè ó âåðòèêàëüíèõ òà ïîõèëî-
ñêåðîâàíèõ ñâåðäëîâèí. Çàïðîïîíîâàíî (ðàçîì ç Ê.Ã.Ëåâ÷óê) íîâèé ñïîñiá
ôðèêöiéíèõ àâòîêîëèâàíü äëÿ ëiêâiäàöi¨ ïðèõîïëåíü áóðèëüíîãî iíñòðó-
ìåíòà ïðè áóðiííi ñâåðäëîâèí.

Ðîçðîáëåíî ïðîãðàìíèé êîìïëåêñ äëÿ ïðîâåäåííÿ äîñëiäæåíü äèíàìi-
÷íèõ ïðîöåñiâ âèâiëüíåííÿ ïðèõîïëåíîãî áóðèëüíîãî iíñòðóìåíòà ñïîñî-
áîì ôðèêöiéíèõ àâòîêîëèâàíü, óäàðíèì òà âiáðàöiéíèì ñïîñîáàìè.

4. Ïðîâåäåííÿ ñïðÿìîâàíèõ ñâåðäëîâèí âåëèêîãî äiàìåòðà

Çàïðîïîíîâàíî (ðàçîì ç I.Â. Âî¹âiäêîì òà Â.Â. Òîêàðóêîì) íîâó ìåòî-
äèêó ïðîåêòóâàííÿ òðà¹êòîði¨ ñâåðäëîâèíè âåëèêîãî äiàìåòðà, äëÿ ïðî-
âåäåííÿ ÿêî¨ âèêîðèñòîâóþòüñÿ äâà ïîðîäîðóéíiâíi iíñòðóìåíòè (äîëîòî
i ðîçøèðþâà÷).

Äëÿ âèìiðþâàííÿ âåëè÷èíè åêñöåíòðèñèòåòó íà ðîçøèðþâà÷i ðîçðî-
áëåíî ïðèëàä ó âèãëÿäi ïåðåõiäíèêà, ÿêèé äîçâîëÿ¹ âèçíà÷àòè âåëè÷èíó i
íàïðÿì åêñöåíòðè÷íîãî çìiùåííÿ ðîçøèðþâà÷à âiäíîñíî ïiëîòíîãî ñòîâ-
áóðà i çåíiòíèé êóò ñâåðäëîâèíè â ïëîùèíi ôîðìóâàííÿ åêñöåíòðèñèòåòó.

5. Äèíàìiêà áóðèëüíîãî iíñòðóìåíòà ïðè ïîãëèáëåííi ñâåðäëîâèí íà

ìîði ç ïëàâó÷èõ çàñîáiâ

Âèâ÷åíî äèíàìiêó ðîáîòè áóðîâî¨ ñèñòåìè, ùî ïðîâîäèòü ïîãëèáëåííÿ
ñâåðäëîâèíè â óìîâàõ ãëèáîêîãî ìîðÿ çà íåðåãóëÿðíîãî õâèëþâàííÿ ìîðÿ
i äi¨ ìîðñüêèõ òå÷ié.

Ïîáóäîâàíî (ðàçîì ç Î.Î. Ñëàáèì) iìiòàöiéíó ìîäåëü â ìîâi ìîäåëþ-
âàííÿ Modelica ñèñòåìè, ùî âêëþ÷à¹ íåðåãóëÿðíå õâèëþâàííÿ ìîðÿ i ìîð-
ñüêî¨ òå÷i¨, áóðîâå ñóäíî, íàòÿæíó ñèñòåìó âîäîâiääiëüíî¨ êîëîíè, âîäî-
âiääiëüíó êîëîíó, êîìïåíñàòîð âåðòèêàëüíèõ ïåðåìiùåíü áóðèëüíî¨ êîëî-
íè, áóðèëüíó êîëîíó, íàääîëîòíèé àìîðòèçàòîð, ïîðîäîðóéíiâíèé iíñòðó-
ìåíò òà ïîðîäó íà âèáî¨. Äëÿ öüîãî çäiéñíåíî äåêîìïîçèöiþ äîñëiäæóâà-
íî¨ ñèñòåìè, ðîçðîáëåíî ¨¨ ñòðóêòóðíó ñõåìó, ïiäiáðàíî ìàòåìàòè÷íi ìî-
äåëi ¨¨ ñòðóêòóðíèõ åëåìåíòiâ, ðîçðîáëåíî óòî÷íåíó ìîäåëü ïîçäîâæíüî-
ïîïåðå÷íèõ êîëèâàíü âîäîâiääiëüíî¨ êîëîíè i ìàòåìàòè÷íó ìîäåëü ïî-
çäîâæíiõ êîëèâàíü áóðèëüíî¨ êîëîíè, ùî äà¹ çìîãó â ïåðøîìó íàáëè-
æåííi âðàõîâóâàòè âïëèâ äåôîðìàöi¨ âîäîâiääiëüíî¨ êîëîíè íà ïîçäîâæíi
êîëèâàííÿ áóðèëüíî¨ êîëîíè.

1. Ñòiéêiñòü i êîëèâàííÿ áóðèëüíî¨ êîëîíè: ìîíîãðàôiÿ / Â.Ì. Ìîéñèøèí,
Á.Ä. Áîðèñåâè÷, Þ.Ë. Ãàâðèëiâ, Ñ.À. Çií÷åíêî. � Iâàíî-Ôðàíêiâñüê: Ëiëåÿ-
ÍÂ, 2013. � 590 ñ.
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Mathematical models of two-level transport "�ltration-consolidation" in
the system "interparticle space - nanoporous particles" are considered, which
take into account, along with the �ow of liquid in the skeleton, the internal
�ow of liquid from particles) [1, 2].

We consider the nanoporous particles containing liquid as a porous layer
subjected to unidimensional pressing (Fig. 1). The liquid �owing occurs inside
the particles, outside the nanoporous particles and between these two spaces.
The nanoporous particles are separated by the porous network. The layer of
particles is considered as a double-porosity media. Fig. 1 illustrates two levels
of the considered elementary volume: level 1(a)) for the system of macropores
in interparticle spaces and level 2 (b and c)) for the system of nanopores
in intraparticle spaces, which includes two subspaces of particles of di�erent
sizes: intraparticle spaces1 - subspace of nanoporous particles with a radius
of at least R1 and intraparticle spaces2 - a subspace of nanoporous particles
with a radius of at least R2 (R1 > R2).

Fig. 1. Schematization of mass transfer in a two-level system of pores

The mathematical model of the considered transfer, taking into account
the speci�ed physical factors, can be described in the form of the following
system of boundary value problems for partial di�erential equations:

Problem A: to �nd a limited solution of the consolidation equation for
a layer of nanoporous partiles media in the domain D1 = {(t, z) : t > 0, 0 <
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z < h}:

∂P1(t, z)

∂t
= b1

∂2P1

∂z2
− β1

ε

R1

∂

∂t

R1∫
0

P2(t, x, z)dx− β2
1− ε
R2

∂

∂t

R2∫
0

P3(t, x, z)dx

(1)
with the initial condition:

P1(t, z)|t=0 = PE , (2)

the boundary conditions (for variable z)

P1(t, z)|z=0 = 0;
∂P1

∂z
|z=h = 0 (impermeability condition); (3)

Problems B1,2: to �nd the limited solutions of the consolidation equations
for the nanoporous partiles (radius Ri) in the domains:

∂Pi
∂t

= bi
∂2Pi
∂x2i

, i = 1, 2 (4)

with the initial conditions:

Pi|t=0 = PE(z), i = 1, 2 (5)

the boundary conditions (for radial variable x):

∂Pi
∂x
|x=0 = 0; Pi(t, x, z)|x=Ri = P1(t, z). (6)

Nomenclature:

P1 - liquid pressure in interparticle space, P2, P3 - liquid pressure in
intraparticle space1 and intraparticle space2 (interier of spherical particles
1 and 2) in accordance, b1 - is a consolidation coe�cient in interparticle
space, b2, b3 - consolidation coe�cients in intraparticle space1 and intraparti-
cle space2, β1, β2 - is the elasticity factor of the particles 1 and 2 in accordance,
h - is layer thickness, R1, R2 - radius of particles 1 and 2.

The analytical solution of the model: pressure pro�les in interparticle
spaces and intraparticle spaces1 and intraparticle spaces2. The analytical
solution of the problem is found using the operational Heaviside's method,
Laplace integral and Fourier integral transformations. Applying the �nite
integral Fourier transform (cos) [3, 4]: we obtain the solutions of the problems
B1, B2:

P2(t, x, z) = PE(z)
2

R1

∞∑
m1=0

(−1)m1

ηm1

e−b2η
2
m1
t cos ηm1

x+
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+
2

R1

∞∑
m1=0

(−1)m1b2ηm1

t∫
0

e−b2η
2
m1

(t−τ)P1(τ, z)dz cos ηm1x

P3(t, x, z) = PE(z)
2

R2

∞∑
m2=0

(−1)m2

ηm2

e−b3η
2
m2
t cos ηm2

x+

+
2

R2

∞∑
m2=0

(−1)m2b3ηm2

t∫
0

e−b3η
2
m2

(t−τ)P1(τ, z)dz cos ηm2
x (7)

Substituting the expressions (7) into the consolidation equation (1), after
a series of transformations and successive application to the problem (1)-(3)
of the integral Laplace transform [3] and the �nite integral Fourier transform
[4, 5], we obtain

P ∗1n(s) =

(
b1λ

n+s+β1ε

√
b2
R1

√
s·th

(√
s

b2
R1

)
+β2(1−ε)

√
b3
R2

√
s·th

(√
s

b3
R2

))−1
·

·

(
2 +

β1ε

R1

√
b2
s
th

(√
s

b2
R1

)
+
β2(1− ε)

R2

√
b3
s
th

(√
s

b3
R2

))
PE

1

λn
(8)

Applying the integral operator of the inverse integral Laplace transformati-
on to expression (8) and using the Heaviside theorem on the root expansion of
the denominator of Laplace-images expressions of and performing the inverse
Fourier integral transition on the variables z, we �nally obtain an analytical
expression for pressure distributions in the interparticle space [3, 5]:

P1(t, z) = PE
2

h

∞∑
n=0

∞∑
j=1

e−ν
2
jnt

Φ(νjn)

[
1− β1ε

2

R2
1

∞∑
k=0

1− e
−b2

(
η2k−

ν2jn
b2

)
t(

η2k −
ν2
jn

b2

) −

−β2(1− ε) 2

R2
2

∞∑
k=0

1− e
−b3

(
µ2
k−

ν2jn
b3

)
t(

µ2
k −

ν2
jn

b3

) ]
sinλnz

λn
, (9)

where νjn, j = 1,∞; n = 0,∞ - the roots of transcendental equation (10).

ν2 − b1λ2n − β1εν
√
b2
R1

tg

(
νR1√
b2

)
− β2(1− ε)ν

√
b3
R2

tg

(
νR2√
b3

)
= 0, (10)

here

Φ(νjn) = 1 + β1ε

√
b2

2R1

(
1

νjn
tg

(
νjn

R1√
b2

)
+

R1√
b2

1

cos2
(
νjn

R1√
b2

))+
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+β2(1− ε)
√
b3

2R2

(
1

νjn
tg

(
νjn

R2√
b3

)
+

R2√
b3

1

cos2
(
νjn

R2√
b3

)),
ηk = (2k+1)π

2R1
, k = 0,∞ - are the roots of equation ch

(√
s
b2
R1

)
= 0, (s = iη,

i - imaginary unit),

µk = (2k+1)π
2R2

, k = 0,∞ - are the roots of equation ch
(√

s
b3
R2

)
= 0,

(s = iµ)
λn = 2n+1

2h π - are the spectral numbers of integral Fourier transformation
(Sin-Fourier).

Substituting into formulas (7) the analytical expression of pressure di-
stributions in the interparticle space P1(t, z), calculated according to (9),
we obtain the �nal expressions for determining the time-space distributions
of pressures P2(t, x, z) and P3(t, x, z) in the spaces of nanoporous particles:
intraparticle spase2 and intraparticle spase3 in accordance.
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ÍÏÓ iìåíi Ì.Ï. Äðàãîìàíîâà1,2,3, Iíñòèòóò ìàòåìàòèêè ÍÀÍ
Óêðà¨íè1,

Iñíóþòü ðiçíi ìîäåëi äiéñíîãî ÷èñëà (äåäåêiíäiâ ïåðåðiç ó ìíîæèíi ðà-
öiîíàëüíèõ ÷èñåë, ôóíäàìåíòàëüíà ïîñëiäîâíiñòü ó ìíîæèíi ðàöiîíàëü-
íèõ ÷èñåë, s�êîâèé ðÿä òà ií.), òîáòî äiéñíå ÷èñëî ìà¹ ðiçíi ôîðìè iñíó-
âàííÿ òà åôåêòèâíîãî âèêîðèñòàííÿ â ìàòåìàòèöi òà ¨¨ çàñòîñóâàííÿõ.
Ôîðìó äiéñíîìó ÷èñëó íàäà¹ ñèñòåìà ÷èñëåííÿ (çîáðàæåííÿ, êîäóâàííÿ).

Ïiä ñèñòåìîþ êîäóâàííÿ ÷èñåë ìè ðîçóìi¹ìî ñóêóïíiñòü çàñîáiâ äëÿ
1) ïðåäñòàâëåííÿ (ïîäàííÿ ÷èñëà ìàòåìàòè÷íèì âèðàçîì),
2) çîáðàæåííÿ (êîäóâàííÿ, ñêîðî÷åíîãî, ôîðìàëüíîãî çàïèñó),
3) íàéìåíóâàííÿ ÷èñåë, ¨õ iäåíòèôiêàöi¨ òà ïîðiâíÿííÿ,
4) ïîáóäîâè îñíîâ àðèôìåòèêè (ïðàâèë âèêîíàííÿ àðèôìåòè÷íèõ äié).
Çàñîáiâ äëÿ êîäóâàííÿ ÷èñåë iñíó¹ áàãàòî. Äåÿêi ç íèõ ìè íàçèâà¹ìî

àíàëiòè÷íèìè. Öå òi, ÿêi îòðèìóþòüñÿ çà äîïîìîãîþ ðîçêëàäiâ ÷èñåë ó
ìàòåìàòè÷íi âèðàçè (ðÿäè, ëàíöþãîâi äðîáè, íåñêií÷åííi äîáóòêè òîùî).

Äâîñèìâîëüíi ñèñòåìè êîäóâàííÿ ÷èñåë òðàäèöiéíî âèêîðèñòîâóþòü
äâîñèìâîëüíèé àëôàâiò (íàáið öèôð) A = {0, 1} i L = A×A× ... � ïðîñòið
ïîñëiäîâíîñòåé åëåìåíòiâ àëôàâiòó (íóëiâ òà îäèíèöü).

Êîäóâàííÿì (çîáðàæåííÿì) ÷èñåë ìíîæèíè D çàñîáàìè àëôàâiòó A
íàçèâà¹òüñÿ âiäïîâiäíiñòü ϕ ìiæ D i L, ïðè ÿêié êîæíîìó ÷èñëó x ∈ D
âiäïîâiäà¹ ïðèíàéìíi îäèí åëåìåíò ìíîæèíè L. Iíøèìè ñëîâàìè, êîäó-
âàííÿì ÷èñåë ìíîæèíè D çàñîáàìè àëôàâiòó A íàçèâà¹òüñÿ ñþð'¹êòèâíå

âiäîáðàæåííÿ ϕ : L → D, à ñàìå L 3 (αn)
ϕ−→ x = ∆ϕ

α1α2...αn... ∈ D. Ïðè
öüîìó ìíîæèíà ∆L

c1c2...cm = {(a1, a2, . . . , an, . . .) : ai = ci, i = m} íàçèâà¹-
òüñÿ öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2 . . . cm ó ïðîñòîði L.

Îáðàç ∆ϕ
c1c2...cm = ϕ

(
∆L
c1c2...cm

)
öèëiíäðà ∆L

c1c2...cm ïðè âiäîáðàæåííi
ϕ íàçèâà¹òüñÿ öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2 . . . cm ó ìíîæèíi D.

Ñàìà ïîñëiäîâíiñòü (αn) = (α1, α2, . . . , αn, . . .) ∈ L, ÿêà âiäïîâiäà¹ ÷è-
ñëó x, íàçèâà¹òüñÿ éîãî ϕ-çîáðàæåííÿì (àáî ϕ-êîäîì), à αn � n-îþ öè-
ôðîþ öüîãî çîáðàæåííÿ i ñèìâîëi÷íî çàïèñó¹òüñÿ x = ∆ϕ

α1α2...αn....
ßêùî êîæåí öèëiíäð ¹ ïðîìiæêîì, òî êîäóâàííÿ íàçèâà¹òüñÿ íåïå-

ðåðâíèì. Êàæóòü, ùî çîáðàæåííÿ ìà¹ íóëüîâó íàäëèøêîâiñòü, ÿêùî êî-
æíå ÷èñëî ìà¹ íå áiëüøå, íiæ äâà çîáðàæåííÿ, ïðè÷îìó ìíîæèíà ÷èñåë,
ùî ìàþòü äâà çîáðàæåííÿ ¹ íå áiëüø, íiæ çëi÷åííà, òà åêñòðàíóëüîâó
íàäëèøêîâiñòü, ÿêùî êîæíå ÷èñëî ìà¹ ¹äèíå çîáðàæåííÿ.
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Íàéïîøèðåíiøèìè ïðèêëàäàìè äâîñèìâîëüíèõ êîäóâàíü ¹:

1) êëàñè÷íå äâiéêîâå: [0; 1] 3 x =

∞∑
n=1

αn
2n

= ∆2
α1α2...αn..., αn ∈ {0, 1};

2) íåãà-äâiéêîâå çîáðàæåííÿ: [0; 1] 3 x =
2

3
+

∞∑
n=1

ωn
(−2)n

= ∆−2ω1ω2...ωn...

3) Q2-çîáðàæåííÿ: [0; 1] 3 x = βα1(x) +

∞∑
k=2

(βαk(x)

k−1∏
j=1

qαj(x)) = ∆Q2
α1α2...αn...,

αn ∈ {0, 1}, 0 < q0 < 1, q1 = 1− q0, βi−1 = iq1−i.
4) çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè A2-äðîáàìè. Íåõàé A2 = {e0, e1}
� àëôàâiò, äå e0, e1 � äîäàòíi äiéñíi ÷èñëà, ïðè÷îìó e0 < e1, e0 · e1 = 1

2 ,
LA2 � ìíîæèíà âñiõ äiéñíèõ ÷èñåë, ÿêi ïðåäñòàâëÿþòüñÿ íåñêií÷åííèì
ëàíöþãîâèì äðîáîì

1

a1 +
1

a2 +
. . . +

1

an +
. . .

≡ [0; a1, a2, . . . , an, . . .] ≡ ∆A
l1l2...lk...

, an ∈ A2,

lk =

{
0, ÿêùî ak = e0,
1, ÿêùî ak = e1,

(âîíè íàçèâàþòüñÿ ëàíöþãîâèìè A2-äðîáàìè.)

5) G2-çîáðàæåííÿ ÷èñåë. Íåõàé g0 = q0, g1 = g0 − 1, δ0 = 0, δ1 = g0.

Òåîðåìà 1. Äëÿ áóäü-ÿêîãî x ∈ [0; g0] iñíó¹ (αn) ∈ L òàêà, ùî:

x = δα1
+

∞∏
k=2

(
δαk

k−1∏
i=1

gαi

)
≡ ∆G2

α1α2...αk...
. (1)

Çîáðàæåííÿ ÷èñëà ðÿäîì (1) íàçèâà¹òüñÿ éîãî G2-ïðåäñòàâëåííÿì, à
ñèìâîëi÷íèé çàïèñ ∆G2

α1α2...αk...
� éîãî G2-çîáðàæåííÿ. G2-çîáðàæåííÿ ¹

íåïåðåðâíèì êîäóâàííÿì ÷èñåë âiäðiçêà [0; g0], ÿêå ìà¹ íóëüîâó íàäëè-
øêîâiñòü i íåïåðåðíèé îïåðàòîð ëiâîñòîðîííüîãî çñóâó öèôð.

Íåõàé ϕ ∈ {Q2, G2, A2}. Äëÿ êîæíîãî ϕ-êîäóâàííÿ ÷èñåë iñíó¹ çëi÷åí-
íà, âñþäè ùiëüíà ìíîæèíà ÷èñåë, ÿêi ìàþòü äâà çîáðàæåííÿ (ϕ-áiíàðíi

÷èñëà): ∆Q2

c1...cm−11(0)
= ∆Q2

c1...cm−10(1)
, ∆G2

c1...cm−101(0)
= ∆G2

c1...cm−111(0)
,

∆A2

c1...cm−10(01)
= ∆A2

c1...cm−11(10)
, ðåøòà ÷èñåë ìàþòü ¹äèíå ϕ-çîáðàæåííÿ

(ϕ-óíàðíi ÷èñëà).
Iíâåðñîðîì ϕ-çîáðàæåííÿ ÷èñåë íàçèâà¹òüñÿ ôóíêöiÿ I, îçíà÷åíà

ðiâíiñòþ
I(x = ∆ϕ

α1...αn...) = ∆ϕ
[1−α1]...[1−αn]...

(2)

Íå äëÿ âñiõ ϕ-êîäóâàíü ðiâíiñòü (2) ¹ êîðåêòíèì îçíà÷åííÿì ôóíêöi¨.
Äëÿ êëàñè÷íîãî äâiéêîâîãî çîáðàæåííÿ I(x) = 1− x.
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Òåîðåìà 2. Iíâåðñîðè Q2-çîáðàæåííÿ (q0 6= 1
2) òà A2-çîáðàæåííÿ ÷èñåë

¹ êîðåêòíî îçíà÷åíèìè íåïåðåðâíèìè, ñòðîãî ñïàäíèìè, ñèíãóëÿðíèìè
ôóíêöiÿìè, ÿêi ìàþòü àâòîìîäåëüíi ãðàôiêè.

Äîâåäåííÿ öüîãî ôàêòó ãðóíòó¹òüñÿ íà íîðìàëüíèõ âëàñòèâîñòÿõ ÷è-
ñåë â òåðìiíàõ ¨õ çîáðàæåíü.

Iíâåðñîð G2-çîáðàæåííÿ ÷èñåë. Öå ôóíêöiÿ I, ÿêà ïiñëÿ äîìîâëå-
íîñòåé âèêîðèñòîâóâàòè ëèøå îäíå ç çîáðàæåíü G-áiíàðíîãî ÷èñëà ¹ êî-
ðåêòíî îçíà÷åíîþ íà [0; g0] ðiâíiñòþ: I(x = ∆G2

α1...αn...) = ∆G2

[1−α1]...[1−αn]...

Äàëi g0 = 1
2 . Ó öüîìó âèïàäêó çîáðàæåííÿ íàçèâà¹òüñÿ G-çîáðàæåííÿ,

éîãî çâ'ÿçîê ç êëàñè÷íèì äâiéêîâèì çîáðàæåííÿì ðîçêðèâà¹ íàñòóïíå
òâåðäæåííÿ.

Òåîðåìà 3. Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi (αn) ∈ L âèêîíó¹òüñÿ ðiâíiñòü:

∆G
α1α2...αn... = ∆2

0a1a2...an...,

a1 =

{
0 ïðè α1 = 0,

1 ïðè α1 = 1,
an+1 =

{
αn+1 ïðè α1 + ...+ αn − ïàðíå,

1− αn+1 ïðè α1 + ...+ αn − íåïàðíå.

Íàéïðîñòiøi âëàñòèâîñòi ôóíêöi¨ y = I(x):

1) min I(x) = I(∆G
(1)) = 0; max I(x) = I(∆G

0(1)) = ∆G
1(0) =

1

2
;

2) I

(
1

2
x

)
=

1

2
− 1

2
I(x), I

(
1

2
− 1

2
x

)
=

1

2
I(x);

3) I
(

∆G
c1...cm10(1)

)
= I

(
∆G
c1...cm00(1)

)
.

4) Ðiâíÿííÿ I(x) = x ðîçâ'ÿçêiâ íåìà¹.

Ôóíêöiÿ I êîæíå ñâî¹ G-óíàðíå çíà÷åííÿ íàáóâà¹ ëèøå îäèí ðàç, à
êîæíå G-óíàðíå çíà÷åííÿ ó äâîõ ðiçíèõ òî÷êàõ:

∆G
1−c1,...,1−cm01(0) = f

(
∆G
c1...cm10(1)

)
= f(∆G

c1...cm00(1)).

G-óíàðíi ðiâíi ôóíêöi¨ I îäíîòî÷êîâi, G-áiíàðíi ðiâíi � äâîòî÷êîâi.

Ëåìà 1. Ìíîæèíà EI çíà÷åíü ôóíêöi¨ I ¹ âiäðiçêîì [0; 0, 5] áåç ÷èñåë
âèäó ∆G

a1...am00(1).

Òåîðåìà 4. Iíâåðñîð G-çîáðàæåííÿ ÷èñåë ¹ íåïåðåðâíîþ ôóíêöi¹þ â êî-
æíié G-óíàðíié òî÷öi, à â G-áiíàðíié òî÷öi x0 = ∆G

c1...cm01(0) � íå-

ïåðåðâíîþ çëiâà, ÿêùî ÷èñëî τ = m − (c1 + . . . + cm) ¹ ÷èñëîì ïàðíèì, i
íåïåðåðâíîþ ñïðàâà, ÿêùî τ � ÷èñëî íåïàðíå. Ñòðèáîê ôóíêöi¨ ó êîæíié
G-áiíàðíié òî÷öi m-îãî ðàíãó îá÷èñëþ¹òüñÿ çà ôîðìóëîþ: ρ = 3−1 · 2−m.
Ñóìà ñòðèáêiâ ó âñiõ G-áiíàðíèõ òî÷êàõ m-îãî ðàíãó äîðiâíþ¹ 3−1.
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Òåîðåìà 5. Iíâåðñîð I ¹ íiäå íå ìîíîòîííîþ, íåïåðåðâíîþ ôóíêöi¹þ íà
ìíîæèíi G-óíàðíèõ òî÷îê, ÿêà ìà¹ íåîáìåæåíó âàðiàöiþ.

Çàóâàæåííÿ. Òåîðåìà âèðàæà¹ ñïåöèôi÷íó âëàñòèâiñòü G-çîáðàæåííÿ
÷èñåë, îñêiëüêè äëÿ äâiéêîâîãî çîáðàæåííÿ,Q2-çîáðàæåííÿ,Q

∗
2-çîáðàæåííÿ,

ëàíöþãîâîãî A2-çîáðàæåííÿ iíâåðñîð ¹ ôóíêöi¹þ íåïåðåâíîþ i ñòðîãî
ñïàäíîþ íà âñié îáëàñòi âèçíà÷åííÿ [2, 5].

Òåîðåìà 6. ßêùî g0 = 1
2 , òî ãðàôiê Γ ôóíêöi¨ I ¹ ñàìîïîäiáíîþ ìíî-

æèíîþ ïðîñòîðó R2 ç ðîçìiðííiñòþ 1 i ñòðóêòóðîþ ñàìîïîäiáíîñòi:

Γ = γ0(Γ) ∪ γ1(Γ), äå γ0 :

{
x′ = 1

2x,

y′ = 1
2 −

1
2y;

γ1 :

{
x′ = 1

2 −
1
2x,

y′ = 1
2y.

Ïðè öüîìó

1
2∫
0

I(x)dx =
1

8
.

Ó äîïîâiäi áóäóòü âèñâiòëåííi ñòðóêòóðíi, âàðiàöiéíi, òîïîëîãî-ìåòðè÷íi,
iíòåãðî-äèôåðåíöiàëüíi òà ôðàêòàëüíi âëàñòèâîñòi äîâiëüíîãî iíâåðñîðà
G2-çîáðàæåííÿ ÷èñåë i çäiéñíåíî ïîðiâíÿëüíèé àíàëiç ç iíøèìè iíâåðñî-
ðàìè.

Ó äîïîâiäi áóäóòü ôiãóðóâàòè òàêîæ ñïåöiàëüíi ôóíêöi¨, ïîâ'ÿçàíi ç
îïåðàòîðàìè ëiâîñòîðîííüîãî òà ïðàâîñòîðîííüîãî çñóâiâ öèôð G2-çîáðà-
æåííÿ ÷èñåë.

Çàóâàæèìî, ùî G-çîáðàæåííÿ ÷èñåë ëåãêî ïîøèðèòè íà âñi ÷èñëà âiä-
ðiçêà [0; 1] øëÿõîì

α0

2
+ ∆G

α1α2...αn... = ∆G
α0α1α2...αn..., äå α ∈ {0, 1}.
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Çàñòîñóâàííÿ ðiâíÿíü iç çàïiçíåííÿìè äî ðîçâ'ÿçàííÿ çàäà÷

íåáåñíî¨ ìåõàíiêè ç óðàõóâàííÿì øâèäêîñòi ãðàâiòàöi¨

Âàñèëü Ñëþñàð÷óê
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Íàöiîíàëüíèé óíiâåðñèòåò âîäíîãî ãîñïîäàðñòâà òà

ïðèðîäîêîðèñòóâàííÿ

Äîñëiäæåíî ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿìè é îá-
ìåæåííÿìè íà çàïiçíåííÿ òà ïîõiäíi ðîçâ'ÿçêiâ, ùî îïèñóþòü äèíàìiêó
íåáåñíèõ òië çi ñêií÷åííîþ øâèäêiñòþ ãðàâiòàöi¨ [1-3]. Ïîêàçàíî íåêåïëå-
ðîâiñòü òà íåñòiéêiñòü ðóõó äâîõ òië, ñïðè÷èíåíi ñêií÷åííiñòþ øâèäêîñòi
ãðàâiòàöi¨ [2]. Äîñëiäæåíî ðiâíÿííÿ â ãiëüáåðòîâîìó ïðîñòîði, ìíîæèíè
ðîçâ'ÿçêiâ ÿêèõ iíâàðiàíòíi âiäíîñíî ãðóïè, içîìîðôíî¨ îäíîïàðàìåòðè÷-
íié ãðóïi óíiòàðíèõ îïåðàòîðiâ [4]. Íàâåäåíî çàñòîñóâàííÿ îòðèìàíèõ ðå-
çóëüòàòiâ äî íåëiíiéíî¨ ìåõàíiêè ç óðàõóâàííÿì ñêií÷åííîñòi øâèäêîñòi
ãðàâiòàöi¨, äîñëiäæåíî äèíàìiêó òðüîõ òië, ðîçìiùåíèõ íà ïðÿìié, ó âè-
ïàäêó, êîëè ìàñè çîâíiøíiõ òië i ¨õ âiäñòàíi äî öåíòðàëüíîãî òiëà ¹ îäíà-
êîâèìè [5], òà äèíàìiêó äâîõ òië iç òðà¹êòîðiÿìè íà íåðóõîìié ïðÿìié [6].
Ïîêàçàíî, ùî ðóõ öèõ òië ¹ íåñòiéêèì i äðóãà êîñìi÷íà øâèäêiñòü áiëüøà
âiäïîâiäíî¨ øâèäêîñòi êëàñè÷íî¨ íåáåñíî¨ ìåõàíiêè [5,6]. Ç'ÿñîâàíî âïëèâ
ñêií÷åííîñòi øâèäêîñòi ãðàâiòàöi¨ íà êîëèâàííÿ ïîâåðõíi Çåìëi [7].
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Âèâ÷à¹òüñÿ ñòîõàñòè÷íà ìàòåìàòè÷íà ìîäåëü ðîáîòè ñåðöåâîãî äåôi-
áðèëÿòîðà

du = (−Au− f(u,w) + s)dt+ dW (t, x),
∂w

∂t
+ g(u,w) = 0, t ≥ 0, (1)

u(0) = u0, w(0) = w0, äå u:=ui - ue.
Òóò ui òà ue âiäïîâiäíi åëåêòðè÷íi ïîòåíöiàëè ñåðöåâîãî ì'ÿçà i äåôi-

áðèëÿòîðà. Iç íèìè ïîâ'ÿçàíi äâà åëiïòè÷íi îïåðàòîðà:
Aiu := −div(σi∇u), Aeu := −div(σi∇u), a σi(x) i σe(x) - ìàòðèöi ïðî-

âiäíîñòi ó âíóòðiøíiõ òà çîâíiøíiõ îáëàñòÿõ. Ââàæà¹òüñÿ, ùî âîíè çàäî-
âîëüíÿþòü óìîâó ðiâíîìiðíî¨ åëiïòè÷íîñòi â îáìåæåíié îáëàñòi G ⊂ R3.
Íåëîêàëüíèé îïåðàòîð A := Ai(Ai + Ae)

−1Ae íàçèâà¹òüñÿ áiäîìåííèì
îïåðàòîðîì. Ôóíêöi¨ f, g : R × R → R íåëiíiéíîñòi, ùî ïðåäñòàâëÿþòü
òðàíñìåìáðàííi iîííi ñòðóìè. Ôóíêöiÿ s = s(x) - çîâíiøíÿ ñèëà. W (t, x)-
íåñêií÷åííîâèìiðíèé Q-âiíåðiâ ïðîöåñ

W (t, x) :=

∞∑
i=1

jiψi(x)wi(t),

∞∑
i=1

j2i <∞

äåWi(t) - íåçàëåæíi ñòàíäàðòíi âiíåðîâñüêi ïðîöåñè, ψi(x) - âëàñíi ôóíêöi¨
îïåðàòîðàA. Ãiëüáåðòiâ ïðîñòiðH = L2(G), D(A) = {u ∈ H2(G),

∫
G
(udx) =

0,∇ · v = 0 íà ∂G}. Âiäîìî, ùî äàíèé îïåðàòîð ¹ ãåíåðàòîðîì àíàëiòè-
÷íî¨ íàïiâãðóïè â Lp(G) i L∞(G), p ≥ 1. Ìè ðîçãëÿäà¹ìî ÷îòèðè âèäè
íåëiíiéíîñòåé:

1. Ôiòö-Õüþ-Íàãóìî ìîäåëü:

f(u,w) =
1

ε
[u(u−a)(u−1)+w], g(u,w) = bw−cu, a ∈ (0, 1), b > 0, c > 0, ε > 0;
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2. Àëi¹âà Ïàíôiëîâà ìîäåëü:

f(u,w) =
1

ε
[ku(u− a)(u− 1) + wu], g(u,w) = ku(u− 1− a) + w;

3. Ðîãåðñà-Ìàêêóëîíà ìîäåëü:

f(u,w) =
1

ε
[σu(u− a)(u− 1) + uw], g(u,w) = −cu+ dw;

4. Àëåíà-Êàíà ìîäåëü: f(u) = u− u3, g(u,w) ≡ 0.

Âèâ÷à¹òüñÿ iñíóâàííÿ ñëàáêèõ òà ñèëüíèõ ðîçâ'ÿçêiâ äàíîãî ðiâíÿííÿ
ó ñåíñi íàñòóïíèõ îçíà÷åíü.

Îçíà÷åííÿ 1. Âèïàäêîâèé ïðîöåñ (u,w) ∈ H1(G)×L2(G) íàçèâà¹òüñÿ
ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêùî äëÿ t ≥ 0 âèêîíó¹òüñÿ íàñòóïíå
ñïiââiäíîøåííÿ:

(u(t), v) = (u0, v)−
∫ t

0

[< Au, v > +

∫
G

(fvdx)− (s, v)]dτ + (v,W (t))

äëÿ äîâiëüíî¨ ôóíêöi¨ v ∈ H1(G) i

(w(t), v) = (w0, v)−
∫ t

0

(g(u,w), v)dτ.

äëÿ äîâiëüíî¨ ôóíêöi¨ v ∈ L2(G). Âñòàíîâëåíî iñíóâàííÿ, à ó âèïàäêó
íåëiíiéíîñòåé 1), 4) i ¹äèíiñòü ñëàáêîãî ðîçâ'ÿçêó.

Îçíà÷åííÿ 2. Âèïàäêîâèé ïðîöåñ (u,w) ∈ D(A) × L2 íàçèâà¹òüñÿ
ñèëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêùî ïðè t ≥ 0 âèêîíó¹òüñÿ ñïiââiäíî-
øåííÿ:

u(t) = u(0)−
∫ t

0

[Au(τ) + f(u(τ), w(τ))− s(τ)]dτ +W (t),

i

w(t) = w(0)−
∫ t

0

(g(u(τ), w(τ))dτ).

Äîâåäåíî iñíóâàííÿ ëîêàëüíîãî ñèëüíîãî ðîçâ'ÿçêó. Äîñëiäæåíà ïîâå-
äiíêà ðîçâ'ÿçêiâ ðiâíÿííÿ (1) ïðè t→∞. Çîêðåìà, âñòàíîâëåíî iñíóâàííÿ
òà ¹äèíiñòü iíâàðiàíòíî¨ ìiðè.
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In mathematical modeling of physical and technical processes, the evoluti-
on of which depends on prehistory, we arrive at di�erential equations with a
delay. With the help of such equations it was possible to identify and describe
new e�ects and phenomena in physics, biology, technology [1]. An important
task for di�erential-functional equations is to construct and substantiate �-
nding approximate solutions, since there are currently no universal methods
for �nding their precise solutions. Of particular interest are studies that allow
the use of methods of the theory of ordinary di�erential equations for the
analysis of delay di�erential equations.

Schemes for approximating di�erential-di�erence equations by special schemes
of ordinary di�erential equations are proposed in the works [2,3]. Further
research was found in I. M. Cherevko, L. A. Piddubna, O. V. Matwiy's works
[4,5] in various functional spaces. Consider the Cauchy problem for a delayed
di�erential equation

dx

dt
= F (t, x(t), x(t− τ)), (1)

x(t) = ϕ(t), t ∈ [t0 − τ, t0], (2)

where x ∈ Rn, τ > 0, τ0 ∈ R,F (t, u, v) is a continuous function.
Equation (1) corresponds to an approximating system of ordinary di-

�erential equations
dt0
dt

= F (t, zo, zm), (3)

dzj
dt

=
m

τ
(tj−1(t)− zj(t)), j = 1,m,

zj(t0) = ϕ(t0 −
jτ

m
), j = 0,m. (4)

Òåîðåìà 1. [2, 4] If the solution of problem (1)�(2) satis�es the Lipschitz
condition on [t0 − τ, T ], then |x(t− jτ

m )− zj(t)| ≤ Kτ√
m , t0 ∈ [t0, T ],K > 0.

If the solution of the problem (1)-(2) x(t) ∈ C[t0, T ], then |x(t − jτ
m ) −

zj(t)| ≤ β(ω(x, τm )), j = 0,m, t ∈ [t0, T ], where β(δ)→ 0 at |δ → 0, ω(x, τm ) -
the continuity modulus of the function x(t) on [t0 − τ, T ].

Note that according to Cantor's theorem on uniform continuity ω(x, τm )→
0 when m → 0. Therefore, for large m the solution of the Cauchy problem
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for the system of ordinary di�erential equations (3) - (4) approximates the
solution of the initial problem for the delay equation (1) - (2).

The study of approximation of linear stationary systems with a delay
allowed us to construct algorithms for approximate detection of nonasymptotic
roots of quasi-polynomials. Using these algorithms, a method for modelling
the stability of solutions of linear systems with a delay is developed, as well
as constructive computational algorithms for constructing coe�cient regions
of stability of linear systems with many delays [5-6].

Consider the initial problem for a linear system of di�erential-di�erence
equations

dx

dt
= Ax(t) +

k∑
i=1

Bix(t− τi), (5)

x(t) = ϕ(t), t ∈ [−τ, 0], (6)

where A,Bi, j = 1, k �xed n × n matrix x ∈ Rn, 0 < τ1 < τ2 < ... < τk =
τ, ϕ ∈ C[−τ, 0].

Let us correspond to the initial problem (5) - (6) the system of ordinary
di�erential equations

dz0
dt

= A(t)z0(t) +

k∑
i=1

Bizli(t), li =
τim

τ
,

dzj(t)

dt
= µ(zj − 1(t)− zj(t)), j = 1,m, µ =

m

τ
,m ∈ N, (7)

with initial conditions

zj(0) = ϕ(−τj
m

), j = 0,m. (8)

Òåîðåìà 2. [5] If the zero solution of the system with delay (5) is exponenti-
ally stable (not stable), then there is m0 > 0 such that for all m > m0, the
zero solution of the approximating system (7) is also exponentially stable (not
stable).

If for all m > m0 the zero solution of the approximation system (7) is
exponentially stable (not stable) then the zero solution of the system with a
delay (5) is exponentially stable (not stable).

It follows from Theorem 2 that the asymptotic stability or instability of the
solutions of the delayed linear equations and the corresponding approximating
system of ordinary di�erential equations for su�ciently large values of m are
equivalent.

The obtained algorithms for �nding non-asymptotic quasipolynomial roots
and constructing regions of stability of linear delay di�erential equations can
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be used to study applied problems of optimal control, modeling of dynamic
processes in economics, ecology and others [7].
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Consider the nonlocal problem for integro-di�erential equations of mixed
type in the following form

∂v

∂t
= A(t, x)v +

T∫
0

K1(s, t, x)v(s, x)ds +

t∫
0

K2(s, t, x)v(s, x)ds + f(t, x), (1)

B(x)v(0, x) + C(x)v(T, x) = d(x), x ∈ [0, ω], (2)

where v(t, x) = (v1(t, x), v2(t, x), ..., vn(t, x)) is unknown function, n×nmatrix
A(t, x) and n vector function f(t, x) are continuous on Ω, Ω = [0, T ]× [0, ω],
n×n matrix K1(s, t, x) is continuous on [0, T ]×Ω, n×n matrix K2(s, t, x) is
continuously di�erentiable by t on [0, T ]×Ω, n× n matrices B(x), C(x) and
n vector function d(x) are continuous on [0, ω].

Continuous function v : Ω → Rn that has a continuous derivative with
respect to t on Ω is called a solution to the family boundary value problems for
the system of integro-di�erential equations of mixed type (1), (2) if it satis�es
system (1) and condition (2) for all (t, x) ∈ Ω and x ∈ [0, ω], respectively.

For �xed x ∈ [0, ω] problem (1), (2) is a linear two-point boundary value
problem for the system of integro-di�erential equations of mixed type. Suppose
a variable x is changed on [0, ω], then we obtain a family of nonlocal problems
for integro-di�erential equations of mixed type.

The integro-di�erential equations of mixed type often arise in applicati-
ons, being a mathematical model of various processes in mechanics, physics,
chemistry, biology, medicine, ecology, economics, etc. [1], [8], [10]�[11], [18]�
[20].

In [17], D.S. Dzhumabaev proposed a parametrization method for solvi-
ng of boundary value problems for systems of ordinary di�erential equati-
ons. Dzhumabaev's parametrization method turned out to be a constructi-
ve method for studying various boundary value problems for di�erential,
loaded di�erential and integro-di�erential equations. Along with establishi-
ng of criteria for the unique and well-posed solvability of the considered
problems, algorithms for �nding approximate solutions and conditions for
their convergence to exact solutions of these problems were constructed [2]�
[6], [8]�[9], [12]�[16].

In present communication, we investigate questions for the solvability of
the nonlocal problem for the system of integro-di�erential equations of mixed
type. The original problem is reduced to a nonlocal problem for the system
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Fredholm integro-di�erential equations with unknown function. The unknown
function determined from an Volterra integral equation with respect to desi-
red function. This problem can also be interpreted as an inverse problem for
the system of Fredholm integro-di�erential equations. Introducing a functi-
onal parameter as the value of the solution on the t = 0, the problem is
reduced to an equivalent problem containing a family of Cauchy problems for
a system of Fredholm integro-di�erential equations with unknown function, an
integral relations for unknown function and a system of functional equations
for parameter. Conditions for the unique solvability of the considered problem
are obtained in terms of the solvability of families of Cauchy problems and
the functional system.
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Áàãàòî÷àñòîòíi ñèñòåìè iç ëiíiéíî ïåðåòâîðåíèìè àðãóìåíòàìè

i íåëiíiéíèìè áàãàòîòî÷êîâèìè i ëîêàëüíî-iíòåãðàëüíèìè
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Äëÿ áàãàòî÷àñòîòíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç ëiíiéíî ïåðå-
òâîðåíèìè àðãóìåíòàìè âèãëÿäó

da

dτ
= X(τ, aΛ, ϕΘ),

dϕ

dτ
=
ω(τ)

ε
+ Y (τ, aΛ, ϕΘ), (1)

äëÿ ÿêèõ çàäàíî áàãàòîòî÷êîâi é iíòåãðàëüíi óìîâè, äîñëiäæåíî iñíóâà-
ííÿ i ¹äèíiñòü ðîçâ'ÿçêó, îá ðóíòîâàíî ìåòîä óñåðåäíåííÿ çà øâèäêèìè
çìiííèìè é îòðèìàíî îöiíêó ïîõèáêè ìåòîäó, ÿêà ÿâíî çàëåæèòü âiä ìà-
ëîãî ïàðàìåòðà. Òóò τ ∈ [0, L], ìàëèé ïàðàìåòð ε ∈ (0, ε0], 0 < λ1 <
· · · < λp ≤ 1, 0 < θ1 < · · · < θq ≤ 1, aΛ = (aλ1 , . . . , aλp), aλi(τ) = a(λiτ),
ϕΘ = (ϕθ1 , . . . , ϕθq ), ϕθj (τ) = ϕ(θjτ).

Óìîâè äëÿ ñèñòåìè ðiâíÿíü (1) ìàþòü âèãëÿä

r∑
ν=1

ανa(τν) =

s∑
ν=1

ην∫
ξν

fν(τ, aΛ, ϕΘ)dτ,

r∑
ν=1

βνϕ(τν) =

s∑
ν=1

ην∫
ξν

gν(τ, aΛ, ϕΘ)dτ,

(2)

äå [ξν , ην ] ⊂ [0, L], ∩
ν
[ξν , ην ] = ∅ i

F
(
a(τ1), . . . , a(τr)

)
=

η1∫
ξ1

f(τ, aΛ(τ), ϕΘ(τ))dτ,

G
(
ϕ(τ1), . . . , ϕ(τr)

)
=

η2∫
ξ2

g(τ, aΛ(τ), ϕΘ(τ))dτ,

(3)

Óñåðåäíåííÿ çà øâèäêèìè çìiííèìè ϕθ1 , . . . , ϕθq çäiéñíþ¹òüñÿ ÿê ó
ïðàâèõ ÷àñòèíàõ ñèñòåìè (1), òàê i â óìîâàõ (2) i (3). ßêùîH := (X,Y, f, g),
òî óñåðåäíåíà ôóíêöiÿ

H0(τ, aΛ) = (2π)−mq
2π∫
0

· · ·
2π∫
0

H(τ, aΛ, ϕΘ)dϕΘ.
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Îá ðóíòóâàííÿ ìåòîäó óñåðåäíåííÿ çäiéñíåíî íà ïiäñòàâi îöiíêè âiä-
ïîâiäíîãî ñèñòåìi ðiâíÿíü (1) îñöèëÿöiéíîãî iíòåãðàëà, ÿê çàïðîïîíîâàíî
â [1].

Óìîâîþ âèõîäó ñèñòåìè iç ìàëîãî îêîëó ðåçîíàíñó [2]

q∑
ν=1

θν
(
kν , ων(θν(τ))

)
= 0, kν ∈ Zm, ‖k1‖+ ...+ ‖km‖ 6= 0.

¹ âiäñóòíiñòü íóëiâ íà [0, L] âèçíà÷íèêà Âðîíñüêîãî çà ñèñòåìîþ ôóíêöié
{ω(θ1τ), . . . , ω(θqτ)}.

ßêùî âåêòîð-ôóíêöi¨ X,Y, f i g äîñòàòíüî ãëàäêi çà âñiìà çìiííèìè,
ìàòðèöi ñèñòåì ëiíiéíèõ ðiâíÿíü äëÿ óòî÷íåííÿ ïî÷àòêîâèõ çíà÷åíü äëÿ
ðîçâ'ÿçêiâ çàäà÷ (1), (2) i (1), (3), íåâèðîäæåíi, i âèêîíó¹òüñÿ óìîâà âèõîäó
iç ðåçîíàíñó, òî äîâåäåíî iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó âêàçàíèõ çàäà÷ i
âñòàíîâëåíà îöiíêà ïîõèáêè ìåòîäó óñåðåäíåííÿ âèãëÿäó

‖a(τ ; y + µ, ψ + ξ, ε)− a(τ ; y)‖+ ‖ϕ(τ ; y + µ, ψ + ξ, ε)− ϕ(τ ; y, ψ, ε)‖ ≤ cεα,

äå α = (mq)−1, a(0; y) = y, ϕ(0; y, ψ, ε) = ψ(ε), a(0; y, ψ, ε) = y(ε), ϕ(0; y, ψ, ε) =
ψ(ε), c > 0 i íå çàëåæèòü âiä ε. Äëÿ µ ∈ Rm i ξ ∈ Rm îäåðæàíî îöiíêè,
ÿêi ìàþòü ïîðÿäîê εα.

Îòðèìàíi ðåçóëüòàòè ïðîiëþñòðîâàíi íà ìîäåëüíèõ ïðèêëàäàõ.
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×àñòîòíà ñèíõðîíiçàöiÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ

äèôåðåíöiàëüíèõ ðiâíÿíü ïðè iìïóëüñíèõ çáóðåííÿõ

Àíàòîëié Äâîðíèê, Âiêòîð Òêà÷åíêî

a.dvornyk@gmail.com, vitk@imath.kiev.ua

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ

dx

dt
= f(x) + εg(x, ωt), (1)

x(τk + 0)− x(τk) = εgk(x(τk)), k ∈ Z, (2)

äå x ∈ Rn, f : Rn → Rn, g : Rn × R → Rn i gk : Rn → Rn � C2-ãëàäêi
ôóíêöi¨, ω > 0 i ε ≥ 0 � ïàðàìåòðè. Ââàæà¹ìî âñi ðîçâ'ÿçêè ñèñòåìè (1),
(2) íåïåðåðâíèìè çëiâà.

Ïðèïóñêà¹ìî, ùî íåçáóðåíà ñèñòåìà ðiâíÿíü

dx

dt
= f(x) (3)

ìà¹ åêñïîíåíöiàëüíî îðáiòàëüíî ñòiéêèé ïåðiîäè÷íèé ðîçâ'ÿçîê x∗(ω0t),
òîáòî

dx∗(ω0t)

dt
= f(x∗(ω0t)), x∗(ϕ+ 1) = x∗(ϕ),

dx∗(ϕ)

dϕ
6= 0,

ôóíêöiÿ g(x, ϕ) ïåðiîäè÷íà ç ïåðiîäîì 1 ïî ϕ òà iñíó¹ òàêå m ∈ Z, ùî
gk+m(x) = gk(x) i ω(τk+m − τk) = 1 äëÿ âñiõ k ∈ Z. Ïîçíà÷èìî ÷åðåç T1
öèêë {x∗(ϕ), ϕ ∈ T1 = R/Z}.

Îòðèìàíî óìîâè ÷àñòîòíî¨ ñèíõðîíiçàöi¨ ÷àñòîòè ω0 íåçáóðåíîãî ïåði-
îäè÷íîãî ðîçâ'ÿçêó x∗(ω0t) i ÷àñòîòè ω ≈ ω0 ìàëîãî iìïóëüñíîãî çáóðåííÿ.
Öå îçíà÷à¹, ùî äëÿ ìàëèõ ε iñíóþòü òàêi äâi ãëàäêi ôóíêöi¨ ω−(ε) i ω+(ε)
ç ω+(0) = ω−(0) = ω0 i ω+(ε)−ω−(ε) > 0, ε > 0, ùî äëÿ ω ∈ (ω−(ε), ω+(ε))
iñíó¹ ïðèíàéìíi îäèí àñèìïòîòè÷íî ñòiéêèé êóñêîâî-íåïåðåðâíèé ïåðiî-
äè÷íèé ðîçâ'ÿçîê çáóðåíî¨ ñèñòåìè (1), (2) ç ÷àñòîòîþ ω.

Äëÿ öüîãî ââåäåíî ëîêàëüíi êîîðäèíàòè â îêîëi ñòiéêîãî iíâàðiàíòíîãî
öèêëó T1 i äîâåäåíî iñíóâàííÿ êóñêîâî-ãëàäêîãî iíòåãðàëüíîãî ìíîãîâèäó
ó çáóðåíî¨ iìïóëüñíî¨ ñèñòåìè. Äàëi çàñòîñîâàíî ìåòîä óñåðåäíåííÿ iì-
ïóëüñíèõ ñèñòåì äëÿ äîñëiäæåííÿ ïîâåäiíêè iìïóëüñíî¨ ñèñòåìè íà çáó-
ðåíîìó êóñêîâî-íåïåðåðâíîìó öèêëi é îòðèìàíî óìîâè ÷àñòîòíî¨ ñèíõðî-
íiçàöi¨.

Cèñòåìà ó âàðiàöiÿõ ó îêîëi ïåðiîäè÷íîãî ðîçâ'ÿçêó x∗(ϕ) ñèñòåìè ðiâ-
íÿíü (3)

dy

dϕ
=

1

ω0

∂f(x∗(ϕ))

∂x
y
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ìà¹ ïåðiîäè÷íèé ç ïåðiîäîì 1 ðîçâ'ÿçîê ẋ∗(ϕ) = dx∗(ϕ)/dϕ. Îñêiëüêè ïå-
ðiîäè÷íèé ðîçâ'ÿçîê x∗(ϕ) åêñïîíåíöiàëüíî îðáiòàëüíî ñòiéêèé, ñïðÿæåíà
ëiíiéíà îäíîðiäíà ñèñòåìà

dy

dϕ
= − 1

ω0

(
∂f(x∗(ϕ))

∂x

)T

y (4)

ìà¹ îäíîâèìiðíó ñiì'þ íåòðèâiàëüíèõ 1-ïåðiîäè÷íèõ ðîçâ'ÿçêiâ.
Ïîçíà÷èìî ÷åðåç y∗(ϕ) òàêèé ïåðiîäè÷íèé ðîçâ'ÿçîê ñèñòåìè (4), ùî

yT∗ (ϕ)ẋ∗(ϕ) = 1, ϕ ∈ T1. Îçíà÷èìî ïåðiîäè÷íó ôóíêöiþ

G(ϕ) =

∫ 1

0

yT∗ (ξ + ϕ)g(x∗(ξ + ϕ), ξ)dξ +

m∑
k=1

yT∗ (ϕ+ ωτk)gk(x∗(ϕ+ ωτk))

i ÷èñëà

G+ := max
ϕ∈[0,1]

G(ϕ), G− := min
ϕ∈[0,1]

G(ϕ).

Ââàæàòèìåìî, ùî âñi êðèòè÷íi òî÷êè ôóíêöi¨ G íåâèðîäæåíi: G′′(ϕ) 6= 0
äëÿ âñiõ òàêèõ ϕ, ùî G′(ϕ) = 0. Òîìó ìíîæèíà êðèòè÷íèõ òî÷îê ôóíêöi¨
G ñêëàäà¹òüñÿ ç ïàðíîãî ÷èñëà 2N ðiçíèõ òî÷îê:

{ϕ ∈ [0, 1) : G′(ϕ) = 0} = {ϕ1, . . . , ϕ2N}.

Ìíîæèíó êðèòè÷íèõ çíà÷åíü ôóíêöi¨ G ïîçíà÷èìî ÷åðåç

S := {G(ϕ1), . . . , G(ϕ2N )}.

Òåîðåìà 1. Íåõàé ϕ0 ∈ T1 i G′(ϕ0) 6= 0. Òîäi iñíó¹ òàêå ε0 > 0, ùî äëÿ
âñiõ ε ∈ (0, ε0] ñèñòåìà (1), (2) ìà¹ ¹äèíèé êóñêîâî-íåïåðåðâíèé ïåðiîäè-
÷íèé ðîçâ'ÿçîê

x̃0(ωt, ε) = x∗(ωt+ ϕ0) + εX̃(ωt, ε)

ç ÷àñòîòîþ ω = ω0+εG(ϕ0), à ôóíêöiÿ X̃ ïåðiîäè÷íà ç ïåðiîäîì 1 âiäíî-
ñíî ωt i íåïåðåðâíî äèôåðåíöiéîâíà ïðè t 6= τk. Öåé ðîçâ'ÿçîê àñèìïòî-
òè÷íî ñòiéêèé, ÿêùî G′(ϕ0) < 0.

Òåîðåìà 2. Äëÿ äîâiëüíîãî ν > 0 iñíó¹ òàêå ε0 > 0, ùî äëÿ âñiõ ε ∈ (0, ε0]
i

G− <
ω − ω0

ε
< G+, dist

(
ω − ω0

ε
, S

)
≥ ν

âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:
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i) ñèñòåìà ðiâíÿíü (1), (2) ìà¹ ïàðíå ÷èñëî êóñêîâî-íåïåðåðâíèõ ïå-
ðiîäè÷íèõ ðîçâ'ÿçêiâ x̃j(ωt, ε), j = 1, .., 2Ñ(ω, ε), 0 < Ñ(ω, ε) ≤ N âèãëÿäó

x̃j(ωt, ε) = x∗(ωt+ ϑj) + εXj(ωt, ε),

äå ñòàëi ϑj = ϑj(ε) âèçíà÷àþòüñÿ ÿê ðîçâ'ÿçêè ðiâíÿííÿ ω−ω0 = εG(ϑj),
à ôóíêöi¨ Xj ïåðiîäè÷íi ç ïåðiîäîì 1 âiäíîñíî ωt i íåïåðåðâíî äèôåðåíöi-
éîâíi ïðè t 6= τk;

ii) iñíó¹ òàêå δ > 0, ùî ðîçâ'ÿçêè x(t) ñèñòåìè ðiâíÿíü (1), (2) ç
dist(x(t0), T1) < δ äëÿ äåÿêîãî t0 ∈ R ïðÿìóþòü äî îäíîãî ç ðîçâ'ÿçêiâ
x̃j(ωt, ε) ïðè t→∞.

1. Äâîðíèê À.Â., Òêà÷åíêî Â. I. ×àñòîòíà ñèíõðîíiçàöiÿ ïåðiîäè÷íèõ
ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ïðè iìïóëüñíèõ çáóðåííÿõ // Óêðà-
¨íñüêèé ìàòåìàòè÷íèé æóðíàë. � 2022. � Ò. 74, � 7. � Ñ. 939�960.
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

1. Ïîñòàíîâêà çàäà÷i, iñíóâàííÿ ðîçâ'ÿçêó

Óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ ðiçíèõ êëàñiâ äèôåðåí-
öiàëüíî-ðiçíèöåâèõ ðiâíÿíü äîñëiäæóâàëèñü ó ïðàöÿõ [1, 2].

Ó äàíié ðîáîòi äëÿ ëiíiéíèõ êðàéîâèõ çàäà÷ äëÿ iíòåãðî-äèôåðåíöiàëü-
íèõ ðiâíÿíü íåéòðàëüíîãî òèïó äîñëiäæó¹òüñÿ çàñòîñóâàííÿ êóái÷íèõ ñïëàé-
íiâ äåôåêòó äâà äëÿ çíàõîäæåííÿ íàáëèæåíèõ ðîçâ'ÿçêiâ [3, 4].

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′ (x) =

n∑
i=0

(
ai (x) y (x− τi (x)) + bi (x) y′ (x− τi (x)) + (1)

+ci (x) y′′ (x− τi (x)) +

2∑
p=0

b∫
a

Kip (x, s) y(p) (s− τi (s)) ds

)
+ f (x) ,

y(p) (x) = ϕ(p) (x) , p = 0, 1, 2, x ∈ [a∗; a] , y (b) = γ, (2)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóí-
êöi¨, âèçíà÷åíi íà [a, b], ϕ (x) � çàäàíà äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà

ôóíêöiÿ íà [a∗; a], γ ∈ R, a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Íåõàé ôóíêöi¨ ai(x), bi(x), ci(x), i = 0, n, f(x) � íåïåðåðâíi íà [a; b], à
ôóíêöi¨ Kip (x, s) , i = 0, n, p = 0, 1 � íåïåðåðâíi çà îáîìà àðãóìåíòàìè ó
êâàäðàòi [a, b]× [a, b].

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei1 =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

Ei2 =
{
xj ∈ [a, b] : x0 = a, xj+1 − τi (xj+1) = xj , j = 0, 1, 2, . . .

}
,

E2 =

n⋃
i=1

(
Ei1 ∪ Ei2

)
.

Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæè-
íè Ei1, Ei2, i = 1, n ¹ ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E2 â
ïîðÿäêó çðîñòàííÿ.
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Ââåäåìî ïîçíà÷åííÿ:

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B2

(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃
j=1

C2 (Ij)

))
, |y(x)| ≤ P1, |y′(x)| ≤ P2, |y′′(x)| ≤ P3

}
,

äå P1, P2, P3 � äîäàòíi ñòàëi.
Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1)-(2) ââàæàòèìåìî ôóíêöiþ y = y (x),

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (1) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî-
÷îê ìíîæèíè E2) i êðàéîâi óìîâè (2). Áóäåìî øóêàòè ðîçâ'ÿçîê çàäà÷i
(1)-(2), ÿêèé íàëåæèòü ïðîñòîðó B2(J ∪ I).

2. Îá÷èñëþâàëüíà ñõåìà

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiä-
ðiçêó [a; b], òàêó ùî E2 ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé
êóái÷íèé ñïëàéí äåôåêòó äâà íà ∆ äëÿ ôóíêöi¨ y(x). Ââiâøè ïîçíà÷åí-
íÿ M+

j = S′′(xj + 0, y), j = 0, 1, . . . ,m − 1, M−j = S′′(xj − 0, y), hj =
xj − xj−1, j = 1, 2, . . . ,m, äëÿ S(x, y) íåñêëàäíî îäåðæàòè çîáðàæåííÿ

S(x, y) = M+
j−1

(xj − x)3

6hj
+M−j

(x− xj−1)3

6hj
+ (3)

+

(
yj−1 −

M+
j−1h

2
j

6

)
xj − x
hj

+

(
yj −

M−j h
2
j

6

)
x− xj−1

hj
,

x ∈ [xj−1;xj ], j = 1, 2, . . . ,m.

Âåëè÷èíè M+
j òà M−j çàäîâîëüíÿþòü ñèñòåìó ëiíiéíèõ ðiâíÿíü hj+1yj−1 − (hj + hj+1)yj + hjyj+1 =

hjhj+1

6 ×
×
(
hjM

+
j−1 + 2hjM

−
j + 2hj+1M

+
j + hj+1M

−
j+1

)
,

j = 1,m− 1.

(4)

Ðîçãëÿäà¹ìî òàêó iòåðàöiéíó ñõåìó.

À) Âèáåðåìî êóái÷íèé ñïëàéí S
(
x, y(0)

)
= γ−ϕ(a)

b−a (x− a) + ϕ (a), ÿêèé
çàäîâîëüíÿ¹ êðàéîâi óìîâè (2) ïðè x = a òà x = b.
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Á) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (1) òà ñïëàéí S
(
x, y(k)

)
, çíàõî-

äèìî äëÿ k = 0, 1, . . .:

M
+(k+1)
j =

n∑
i=0

(
ai(xj)S

(
xj − τi(xj) + 0, y(k)

)
+ (5)

+bi(xj)S
′(xj − τi(xj) + 0, y(k)

)
+ ci(xj)S

′′(xj − τi(xj) + 0, y(k)
)
+

+

2∑
p=0

b∫
a

Kip(xj , s)S
(p)
(
s− τi(s) + 0, y(k)

)
ds

)
+ f(xj), j = 0,m− 1,

M
−(k+1)
j =

n∑
i=0

(
ai(xj)S

(
xj − τi(xj)− 0, y(k)

)
+ (6)

+bi(xj)S
′(xj − τi(xj)− 0, y(k)

)
+ ci(xj)S

′′(xj − τi(xj)− 0, y(k)
)
+

+

2∑
p=0

b∫
a

Kip(xj , s)S
(p)
(
s− τi(s)− 0, y(k)

)
ds

)
+ f(xj), j = 1,m.

Ó ñïiââiäíîøåííÿõ (5), (6) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= ϕ(p)(x), p =

0, 1, 2 ïðè x < a.

Â) Îá÷èñëþ¹ìî y
(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (4).

Ã) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (3), âèêîðèñòî-

âóþ÷è çíàéäåíi çíà÷åííÿ y
(k+1)
j , j = 0,m, M

+(k+1)
j , j = 0,m− 1,

M
−(k+1)
j , j = 1,m. Âií âèñòóïà¹ â ÿêîñòi íàñòóïíîãî íàáëèæåííÿ.

Âñòàíîâëåíî äîñòàòíi óìîâè çáiæíîñòi ïîñëiäîâíîñòi ñïëàéíiâ S
(
x, y(k)

)
äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1)-(2). ×èñëîâi åêñïåðèìåíòè äëÿ ìîäåëüíèõ
òåñòîâèõ ïðèêëàäiâ ïiäòâåðäæóþòü åôåêòèâíiñòü çàïðîïîíîâàíî¨ ñõåìè
íàáëèæåííÿ ðîçâ'ÿçêó çàäà÷i (1)-(2).
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Absolute stability of control systems with tachometric feedback

taking into account external load

Sailaubay S. Zhumatov

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

Consider the problem of construction of the control systems with tachometric
feedback, taking into account external load by given (n − s)-dimensional
program manifold Ω [1]

ẋ = f (t, x)− b1ξ, t ∈ I = [0, ∞) ,

ξ̇ = ϕ (σ)ψ(ν), σ = pTω − qξ −Nξ̇, (1)

where x ∈ Rn is a state vector of the object, f ∈ Rn is a vector-function,
satisfying to conditions of existence of a solution x(t) = 0, and b1 ∈ Rn, p ∈
Rs are constant vectors,q,N are constant coe�cients of rigid and tachometric
feedbacks, σ is the total control pulse-signal, and ξ is function di�erentiable
with respect to σ, satis�es the following conditions

ϕ(0) = 0 ∧ ϕ(σ)σ > 0 ∀σ 6= 0,
∂ϕ

∂σ

∣∣∣
σ=0

< χ > 0,
, (2)

and the function ψ(ν) takes into account the actions of the external load, and
determined as follows:

ψ(ν) =

 1 at ν ≥ 1,√
ν at 0 < ν < 1,

0 at ν ≤ 0,
(3)

where in the general case ν has the following form [1]:

ν = 1− (aξ̈ + bξ̇ + cξ) signσ.

Here a, b, c are real numbers.
For the manifold Ω(t) to be integral and for the system (1) - (2) on the

manifold ω = 0 it is necessary a condition ξ = 0. This condition is satis�ed
for q 6= 0.

This problem reduce to investigation of quality properties of the following
system with respect to vector-function ω [2, 3]:

ω̇ = −Aω − bξ, t ∈ I = [0, ∞) ,

ξ̇ = ϕ (σ)ψ(ν), σ = pTω − qξ −Nξ̇, (4)

Here nonlinearity satis�es also to generalized conditions (2), and F (t, x, ω) =

−Aω, A ∈ Rs×s, H =
∂ω

∂x
, b = Hb1.
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The reviews of the works devoted to the construction of autonomous and
non-autonomous automatic control systems on the given program manifold
possessing of quality properties and to solving of various inverse problems of
dynamics were shown (see [3]-[11]).

Statement of the Problem. To get the condition of absolute stability
of a program manifold Ω(t) of the control systems with tachometric feedback
taking into account external load in relation to the given vector-function ω.

System (4) is reduced to the canonical form [1]:

µ̇ = −ρη + σ, ,
σ̇ = βT η −Mξ −Nφ(σ, η)signσ,

(5)

where ρ = diag(ρ1, ..., ρs), β,M,N are constants.
For system (5), we construct the Lyapunov function of the form

V =

s+1∑
i=1

s+1∑
k=1

lilk
ρ1 + ρk

η1ηk +
1

2

n∑
k=1

Lkη
2
K +

s−m∑
i=1

Ciηm+iηm+i+1 +
1

2
ls+2σ

2. (6)

Theorem. If the Erugin function is linear with respect to ω and there are
Lk, Ci positive real numbers, ls+2 > 0, in addition, the non linearity ϕ(σ)
satis�es conditions (2) and the function ψ(ν) is determined by (3).

Then in order that, the program manyfold Ω (t) was absolute stability with
respect to the vector function ω it is su�cient performing of the following
equalities

Lk + ls+2βk + 2lk

n+1∑
i=1

li
ρi + ρk

= 0 ∀ k = 1, ...,m,

Cj + ls+2βm+j + 2lm+j

s+1∑
i=1

li
ρi + ρk

= 0 ∀ m = 1, ..., s−m+ 1,

where l1, ..., lm are real and lm+1, ..., lm+s+1 are complex pairwise conjugate
numbers.
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ïðè äîñëiäæåííi çàäà÷ ñòiéêîñòi, îñöèëÿöi¨, áiôóðêàöi¨, êåðóâàííÿ òà
ñòàáiëiçàöi¨ ðîçâ'ÿçêiâ ëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü âà-
æëèâó ðîëü âiäiãðà¹ ðîçìiùåííÿ êîðåíiâ âiäïîâiäíèõ õàðàêòåðèñòè÷íèõ
ðiâíÿíü, ÿêi ó âèïàäêó òàêèõ ðiâíÿíü íàçèâàþòü êâàçiïîëiíîìàìè.

Åôåêòèâíèõ àëãîðèòìiâ çíàõîäæåííÿ êîðåíiâ êâàçiïîëiíîìiâ íà äàíèé
÷àñ íåìà¹. Ïðè äîñëiäæåííi àïðîêñèìàöi¨ ñèñòåìè ëiíiéíèõ äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü âèÿâèëîñü, ùî íàáëèæåííÿ íåàñèìïòîòè÷íèõ êîðåíiâ
¨õ êâàçiïîëiíîìiâ ìîæíà çíàõîäèòè çà äîïîìîãîþ õàðàêòåðèñòè÷íèõ ìíî-
ãî÷ëåíiâ âiäïîâiäíèõ àïðîêñèìóþ÷èõ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü.

Ó äàíié ðîáîòi äîñëiäæóþòüñÿ çàñòîñóâàííÿ ñõåì àïðîêñèìàöi¨ äèôå-
ðåíöiàëüíî -ðiçíèöåâèõ ðiâíÿíü [1-6] äî íàáëèæåíîãî çíàõîäæåííÿ íåà-
ñèìïòîòè÷íèõ êîðåíiâ êâàçiïîëiíîìiâ òà àíàëiçó ñòiéêîñòi ðîçâ`ÿçêiâ ñè-
ñòåì ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì. Ðîçãëÿíåìî ëiíié-
íó ñèñòåìó iç çàïiçíåííÿì

dx

dt
=

k∑
i=0

Aix(t− τi), (1)

äå x ∈ Rn , Ai, i = 1, k -ñòàëi ìàòðèöi, 0 = τ0 < τ1 < ... < τk = τ.
Êâàçiïîëiíîì äëÿ ñèñòåìè (1) ìà¹ âèãëÿä:

Φ(λ) = det(λE −
k∑
i=0

Aie
−λτi). (2)

Ïîñòàâèìî ó âiäïîâiäíiñòü ñèñòåìi (1) òàêó ñèñòåìó çâè÷àéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü [2-3]

dz0(t)

dt
=

k∑
i=0

Aizli(t), li =

[
τim

τ

]
,

dzi(t)

dt
= µ[zi−1(t)− zi(t)], i = 1,m, µ =

m

τ
. (3)

Äëÿ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ àïðîêñèìóþ÷î¨ ñèñòåìè (3) ìà¹ ìiñöå
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ñïiââiäíîøåííÿ [3-4]

Ψm(λ) = det(λE −
k∑
i=0

Ai(
µ

µ+ λ
)li)(µ+ λ)mn (4)

i ïîñëiäîâíiñòü ôóíêöié

Hm(λ) =
Ψm(λ)

(µ+ λ)mn
(5)

çáiãà¹òüñÿ ïðè m→∞ äî êâàçiïîëiíîìà (2) [3-5].

Òåîðåìà 1. ßêùî íóëüîâèé ðîçâ'ÿçîê ðiâíÿííÿ (1) åêñïîíåíöiàëüíî ñòié-
êèé (íåñòiéêèé), òîäi iñíó¹ m0 > 0 òàêå, ùî ïðè m > m0 íóëüîâèé
ðîçâ'ÿçîê àïðîêñèìóþ÷î¨ ñèñòåìè (3) òàêîæ åêñïîíåíöiàëüíî ñòiéêèé
(íåñòiéêèé).

ßêùî äëÿ âñiõ m > m0 íóëüîâèé ðîçâ'ÿçîê ñèñòåìè (3) åêñïîíåíöi-
àëüíî ñòiéêèé (íåñòiéêèé), òîäi é íóëüîâèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-
ðiçíèöåâîãî ðiâíÿííÿ iç çàïiçíåííÿì (1) åêñïîíåíöiàëüíî ñòiéêèé (íå-
ñòiéêèé).

Iç íàâåäåíî¨ òåîðåìè äiñòà¹ìî, ùî ïðè äîñòàòíüî âåëèêîìó m àñèì-
ïòîòè÷íà ñòiéêiñòü (íåñòiéêiñòü) íóëüîâîãî ðîçâ'ÿçêó ëiíiéíîãî ðiâíÿííÿ
åêâiâàëåíòíà àñèìïòîòè÷íié ñòiéêîñòi (íåñòiéêîñòi) íóëüîâîãî ðîçâ'ÿçêó
ñèñòåìè àïðîêñèìóþ÷èõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Äëÿ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì àïðîêñèìàöié-
íi ñõåìè äîçâîëÿþòü ïîáóäóâàòè àëãîðèòìè íàáëèæåíîãî çíàõîäæåííÿ
íåàñèìïòîòè÷íèõ êîðåíiâ âiäïîâiäíèõ êâàçiïîëiíîìiâ. Îòðèìàíî çðó÷íi
äëÿ êîìï'þòåðíîãî çàñòîñóâàííÿ ðîçðàõóíêîâi ôîðìóëè äëÿ ñêàëÿðíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü ç îäíèì, äâîìà i òðüîìà çàïiçíåííÿìè, à òà-
êîæ äëÿ ñèñòåì äðóãîãî ïîðÿäêó [4-5]. Îá÷èñëåííÿ íàáëèæåíèõ çíà÷åíü
êîðåíiâ êâàçiïîëiíîìiâ çà äîïîìîãîþ âiäïîâiäíèõ àïðîêñèìóþ÷èõ ïîëiíî-
ìiâ ìîæíà çäiéñíèòè çà äîïîìîãîþ âáóäîâàíèõ ôóíêöié Matlab, Maple,
Mathematica àáî çà äîïîìîãîþ áiáëiîòåêè Numpy íà ïëàòôîðìi Python.

Çà äîïîìîãîþ íàáëèæåíèõ àëãîðèòìiâ çíàõîäæåííÿ íåàñèìïòîòè÷íèõ
êîðåíiâ êâàçiïîëiíîìiâ çàïðîïîíîâàíî ñïîñiá ïîáóäîâè êîåôiöi¹íòíèõ îáëà-
ñòåé ñòiéêîñòi äëÿ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì òà
çíàõîäæåííÿ ìíîæèíè çíà÷åíü çàïiçíåííÿ, äëÿ ÿêèõ ðiâíÿííÿ ¹ àñèìïòî-
òè÷íî ñòiéêèì [6].

Ïðîâåäåíi ÷èñåëüíi åêñïåðèìåíòè íà ìîäåëüíèõ òåñòîâèõ ïðèêëàäàõ
ïiäòâåðäæóþòü åôåêòèâíiñòü çàïðîïîíîâàíèõ ñõåì ìîäåëþâàííÿ ëiíiéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì.
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We consider the following linear boundary value problem for systems of
essentially loaded di�erential equations with integral condition:

dx

dt
= A0(t)x+

m∑
i=1

Ai(t)ẋ(θi) + f(t), t ∈ (0, T ), (1)

θm+1∫
θ0

B(t)x(t)dt = d, d ∈ Rn, x ∈ Rn. (2)

Here (n× n) -matrices Ai(t), (i = 0,m), B(t) and n-vector-function f(t) are
continuous on [0, T ], 0 = θ0 < θ1 < . . . < θm < θm+1 = T ; ‖x‖ = max

i=1,n
|xi|.

Let C([0, T ], Rn) denote the space of continuous functions x : [0, T ]→ Rn

with the norm ||x||1 = max
t∈[0,T ]

||x(t)||.

A solution to problem (1), (2) is a continuously di�erentiable on (0, T )
function x(t) ∈ C([0, T ], Rn) satisfying the system of essentially loaded di-
�erential equations (1) and the integral condition (2).

In recent years the theory of loaded di�erential equations has been advanced.
Numerous important problems of mathematical physics and mathematical
biology lead to boundary value problems for loaded equations [1]. Various
problems for loaded di�erential equations with integral conditions and methods
for �nding their solutions are considered in [2], [3].

We use the approach o�ered in [4]-[6] to solve the boundary value problem
for systems of essentially loaded di�erential equations with integral condi-
tion (1), (2). This approach based on the algorithms of the Dzhumabaev
parameterization method [7] and numerical methods for solving Cauchy problems.
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Ëþäìèëà Êóñiê
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Îäåñüêié íàöiîíàëüíèé ìîðñüêèé óíiâåðñèòåò

Ðîçãëÿäà¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ

y′′ = f(t, y, y′), (1)

äå f : [a, ω[×∆Y0×∆Y1 → R ¹ íåïåðåðâíîþ ôóíêöi¹þ, −∞ < a < ω ≤ +∞,
∆Yi

(i ∈ {0, 1}) - îäíîñòîðîííié îêië Yi i Yi (i ∈ {0, 1}) ¹ àáî 0 àáî ±∞.
Áóäåìî ââàæàòè, ùî ÷èñëà, çàäàíi ôîðìóëîþ

µi =

{
1, ÿêùî Yi = +∞ àáî Yi = 0 i ∆Yi

− ïðàâèé îêië 0,
−1, ÿêùî Yi = −∞ àáî Yi = 0 i ∆Yi

− ëiâèé îêië 0,

çàäîâîëüíÿþòü íåðiâíîñòÿì

µ0µ1 > 0 ïðè Y0 = ±∞ i µ0µ1 < 0 ïðè Y0 = 0, (2)

α0µ1 > 0 ïðè Y1 = ±∞ i α0µ1 < 0 ïðè Y1 = 0, (3)

äå α0 = signf ïðè t ↑ ω, y(i) → Yi (i = 0, 1).
Ðiâíÿííÿ (1) áóäåìî äîñëiäæóâàòè íà îäíîìó êëàñi ðîçâ'ÿçêiâ (äèâ. [1]

).
Îçíà÷åííÿ 1. Ðîçâ'ÿçîê y ðiâíÿííÿ (1), ùî âèçíà÷åíèé íà ïðîìiæêó

[t0, ω [⊂ [a, ω [, íàçèâà¹ìî Pω(Y0, Y1, λ0)- ðîçâ'ÿçêîì , äå −∞ ≤ λ0 ≤ +∞,

ÿêùî âèêîíàíi íàñòóïíi óìîâè

y(i)(t) ∈ ∆Yi
ïðè t ∈ [t0, ω[ , lim

t↑ω
y(i)(t) = Yi (i = 0, 1),

lim
t↑ω

[y′(t)]2

y(t)y′′(t)
= λ0.

Îçíà÷åííÿ 2. Ìè ãîâîðèìî, ùî ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó (FN)1
äëÿ λ0 = 1, ÿêùî iñíó¹ ÷èñëî α0 ∈ {−1, 1}, íåïåðåðâíà ôóíêöiÿ p : [a, ω[→
]0,+∞[ i äâi÷i íåïåðåðâíî äèôåðåíöiéîâàíà ôóíêöiÿ ϕ0 : ∆Y0

→]0,+∞[,
ùî çàäîâîëüíÿ¹ óìîâè

ϕ′
0(y) 6= 0, lim

y−→Yo
y∈∆Y0

ϕ0(y) = ϕ0 ∈ {0,+∞}, lim
y−→Yo
y∈∆Y0

ϕ0(y)ϕ′′
0(y)

(ϕ′
0(y))2

= 1,
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òàêi, ùî äëÿ äîâiëüíèõ íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié zi : [a, ω[→
∆Yi

(i = 0, 1), äëÿ ÿêèõ

lim
t↑ω

zi(t) = Yi (i = 0, 1),

lim
t↑ω

πω(t)z′0(t)

z0(t)
= ±∞, lim

t↑ω

z0(t)z′1(t)

z′0(t)z1(t)
= 1,

πω(t) =

{
t, ÿêùî ω = +∞,

t− ω, ÿêùî ω < +∞,

ìà¹ ìiñöå çîáðàæåííÿ

f(t, z0(t), z1(t)) = α0p(t)ϕ0(z0(t))[1 + o(1)] ïðè t ↑ ω.

Òóò çà äîïîìîãîþ êëàñó ΓY0
(Z0) (äèâ. [2]) äîñëiäæó¹ìî iñíóâàííÿ

Pω(Y0, Y1, 1)- ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) ó âèïàäêó, êîëè
âèêîíàíî íåðiâíîñòi (2), (3) òà ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó (FN)1 .

1. Åâòóõîâ Â.Ì. Àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé îäíîãî íåëèíåéíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà òèïà Ýìäåíà - Ôàóëåðà.:

äèñ. ... êàíä. ôèç. -ìàò. íàóê: 01.01.02. Îäåññà, 1980, 154 ñ.

2. ×åðíèêîâà À.Ã. Àñèìïòîòè÷íà ïîâåäiíêà ðîçâ'ÿçêiâ çâè÷àéíèõ äèôåðåíöi-

àëüíèõ ðiâíÿíü ç øâèäêî çìiííèìè íåëiíiéíîñòÿìè.: äèñ. ... êàíä. ôèç. -ìàò.

íàóê: 01.01.02. Îäåñà, 2019, 156 ñ.
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Ïîíèæåííÿ ïîðÿäêó òà iíòåãðóâàííÿ íîðìàëüíèõ

ëiíiéíèõ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

äðóãîãî ïîðÿäêó

Îëåêñàíäðà Ëîêàçþê

sasha.lokazuik@gmail.com

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà

Ðîçãëÿíåìî êëàñ L̄ íîðìàëüíèõ ëiíiéíèõ ñèñòåì iç n çâè÷àéíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó âèãëÿäó

xtt = A(t)xt +B(t)x + f(t) (1)

ç n íåâiäîìèìè ôóíêöiÿìè x1, . . . , xn, x(t) =
(
x1(t), . . . , xn(t)

)
T, äå n > 2.

Íàáið θ = (A,B,f) äîâiëüíèõ åëåìåíòiâ êëàñó L̄ óòâîðþþòü äîâiëüíi ãëàä-
êi n × n ìàòðè÷íîçíà÷íi ôóíêöi¨ A òà B çìiííî¨ t i äîâiëüíà ãëàäêà âåê-
òîðíîçíà÷íà ôóíêöiÿ f çìiííî¨ t.

Ó ðîáîòi [1] ó äåòàëÿõ äîñëiäæåíî òðàíñôîðìàöiéíi âëàñòèâîñòi òà
ëi¨âñüêi ñèìåòði¨ ñèñòåì Lθ iç êëàñó L̄ òà éîãî ïiäêëàñiâ L, L′ òà L′′, ùî
âèîêðåìëþþòüñÿ âiäïîâiäíî óìîâàìè f = 0 ó âèïàäêó êëàñó L, A = 0
i f = 0 ó âèïàäêó êëàñó L′, òà A = 0, trB = 0, f = 0 ó âèïàäêó
êëàñó L′′, à òàêîæ äëÿ âiäïîâiäíèõ ñèíãóëÿðíèõ òà ðåãóëÿðíèõ ïiäêëàñiâ
âêàçàíèõ êëàñiâ. Òàêîæ ïðîäåìîíñòðîâàíî ÿê ëi¨âñüêi ñèìåòði¨ òà ïåðåòâî-
ðåííÿ åêâiâàëåíòíîñòi ìîæíà åôåêòèâíî âèêîðèñòîâóâàòè äëÿ ïîíèæåííÿ
ïîðÿäêó òà iíòåãðóâàííÿ ñèñòåì iç öèõ êëàñiâ.

Íàâåäåìî òâåðäæåííÿ, ùî iëþñòðó¹ âèêîðèñòàííÿ ëi¨âñüêèõ ñèìåòðié
äëÿ ïîíèæåííÿ ïîðÿäêó ñèñòåì iç ðåãóëÿðíîãî ïiäêëàñó L1 êëàñó L, òîáòî
äëÿ ñèñòåì, ùî íååêâiâàëåíòíi åëåìåíòàðíié ñèñòåìi xtt = 0.

Òâåðäæåííÿ. ßêùî ñèñòåìà Lϑ iç êëàñó L1 äîïóñêà¹ âiäîìå âåêòîðíå

ïîëå ëi¨âñüêî¨ ñèìåòði¨ ç íåíóëüîâîþ t-êîìïîíåíòîþ, òîäi ¨¨ iíòåãðóâàí-
íÿ çâîäèòüñÿ çà äîïîìîãîþ îäíi¹¨ êâàäðàòóðè òà àëãåáðà¨÷íèõ îïåðàöié

äî ïîáóäîâè ôóíäàìåíòàëüíî¨ ìàòðèöi ëiíiéíî¨ ñèñòåìè n çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó, òîáòî çàãàëüíèé ïîðÿäîê ñèñ-

òåìè, ùî iíòåãðó¹òüñÿ, ìîæíà åôåêòèâíî ïîíèçèòè íà n.

Öå òâåðäæåííÿ äà¹ ìîæëèâiñòü çàïèñàòè ïîêðîêîâó ïðîöåäóðó iíòå-
ãðóâàííÿ ñèñòåìè Lϑ iç êëàñó L1, ùî âèêîðèñòîâó¹ âiäîìå âåêòîðíå ïîëå
ëi¨âñüêî¨ ñèìåòði¨ Q = τ∂t + (ηabxb + χa)∂xa öi¹¨ ñèñòåìè ç τ(t) 6= 0:

1. Çàìiíèìî âåêòîðíå ïîëå Q éîãî âiäïîâiäíèêîì Q′ = τ∂t + ηabxb∂xa

ç íóëüîâèìè çíà÷åííÿìè êîìïîíåíò χa.

2. Çíàõîäèìî ìàòðèöþ H ó ðåçóëüòàòi òðàíñïîíóâàííÿ ôóíäàìåíòàëü-
íî¨ ìàòðèöi ðîçâ'ÿçêiâ ñèñòåìè n çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ïåðøîãî ïîðÿäêó τyt + ηy = 0.
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3. Çíàõîäèìî ìàòðèöi Ã òà B̃ òðàíñôîðìîâàíî¨ ñèñòåìè, ÿêi îáîâ'ÿç-
êîâî ¹ ñòàëèìè.

4. Ðîçâ'ÿçó¹ìî ñèñòåìó Lϑ̃ çi ñòàëèìè ìàòðè÷íèìè êîåôiöi¹íòàìè ϑ̃ =

(Ã, B̃).

5. Çíàõîäèìî ôóíêöiþ T , ïðîiíòåãðóâàâøè ðiâíÿííÿ Tt = 1/τ .

6. Âiäîáðàæà¹ìî çíàéäåíèé çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè Lϑ̃ ó çàãàëü-
íèé ðîçâ'ÿçîê ñèñòåìè Lϑ çà äîïîìîãîþ ïåðåòâîðåííÿ Φ−1, à ñàìå
x(t) = H−1(t)x̃

(
T (t)

)
.

Àâòîðêà âèñëîâëþ¹ ùèðó ïîäÿêó Âÿ÷åñëàâó Ìèêîëàéîâè÷ó Áîéêó òà
Ðîìàíó Îìåëÿíîâè÷ó Ïîïîâè÷ó çà ïîñòàíîâêó çàäà÷, ïiäòðèìêó òà äîïî-
ìîãó. Äîñëiäæåííÿ âèêîíóâàëèñÿ ó ðàìêàõ ïðî¹êòó �Àëãåáðà¨÷íi òà àíàëi-
òè÷íi ìåòîäè ó òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè�,
� äåðæðå¹ñòðàöi¨ 0121U110543.

1. Boyko V.M., Lokaziuk O.V., Popovych R.O. Admissible transformations and

Lie symmetries of linear systems of second-order ordinary di�erential equations,

arXiv:2105.05139.
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We arbitrarily choose a compact interval [a, b] ⊂ R and numbers m ≥ 1,
n ≥ 0, r ≥ 2, α ∈ (0, 1]. Consider the system m of linear di�erential equations
of order r, depending on the numerical parameter ε ∈ [0, ε0):

L(ε)y(t, ε) ≡ y(r)(t, ε) +
r∑
j=1

Ar−j(t, ε)y
(r−j)(t, ε) = f(t, ε), a ≤ t ≤ b, (1)

for every �xed ε ∈ [0, ε0) that y(·, ε) ∈ (Cn+r,α)m is an unknown vector-valued
function, and all matrix-valued functions Ar−j(·, ε) ∈ (Cn,α)m×m, vector-
valued function f(·, ε) ∈ (Cn,α)m are arbitrarily given.

Lets arbitrarily choose natural numbers p i q1, ... , qp. For each ε ∈ (0, ε0)
consider the following multipoint boundary condition:

B(ε)y(·, ε) ≡
p∑
j=0

qj∑
k=1

n+r∑
l=0

β
(l)
j,k(ε)y

(l)(tj,k(ε), ε) = c(ε). (2)

All matrices β
(l)
j,k(ε) ∈ Crm×m, points tj,k(ε) ∈ [a, b] and vector c(ε) ∈ Crm

are arbitrarily given. We use repeated sum of indices j and k considering to
the next assumptions for behavior of points tj,k(ε) when ε → 0+ depending
on the parameter j.

We suppose that for each number j ∈ {1, ... , p} all points tj,k(ε), where
k ∈ {1, ... , qj}, have common limit when ε → 0+. This supposition is not
made for points t0,k(ε), where k ∈ {1, ... , q0}.

We consider the following in the limit case ε = 0 boundary condition:

B(0)y(·, 0) ≡
p∑
j=1

n+r∑
l=0

β
(l)
j y(l)(tj , 0) = c(0), (3)

where all matrices β
(l)
j ∈ Crm×m, points tj ∈ [a, b] and vector c(0) ∈ Crm are

given.
The boundary-value problems (1), (2) and (1) for ε = 0, (3) belong to the

class of the most general with respect to the space Cn+r,α.
Let us give the main results of this paper [1, p. 197].
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Theorem. Let the boundary-value problem L(0)y(·, 0) = 0, B(0)y(·, 0) = 0
has only a trivial solution and for ε → 0+ and j ∈ 1, p are ful�lled the

following conditions:

(a) Ak(·, ε)→ Ak(·, 0) â (Cn,α)m×m for each k ∈ 0, r − 1;

(b1) tj,k(ε)→ tj for each k ∈ 1, qj ;

(b2)
qj∑
k=1

β
(l)
j,k(ε)→ β

(l)
j (0) for all l ∈ 0, n+ r;

(b3) ‖β(n+r)
j,k (ε)‖ · |tj,k(ε)− tj |α → 0 for all k ∈ 1, qj;

(b4) ‖β(l)
j,k(ε)‖ · |tj,k(ε)− tj | → 0 for all k ∈ 1, qj, l ∈ 0, n+ r − 1;

(b5) β
(l)
0,k(ε)→ 0 for all k ∈ 1, q0, l ∈ 0, n+ r.

Then the solution of the boundary-value problem (1), (2) continuously depends

on the parameter ε.

The proof of this result is given in [1, p. 198-201].

1. Ìàñëþê Ã. Î. Áàãàòîòî÷êîâi êðàéîâi çàäà÷i ç ïàðàìåòðîì äëÿ äèôåðåíöi-
àëüíèõ ðiâíÿíü âèñîêîãî ïîðÿäêó íà ïðîñòîðàõ Ãåëüäåðà / Ã. Î. Ìàñëþê //
Äèôåðåíöiàëüíi ðiâíÿííÿ i ñóìiæíi ïèòàííÿ àíàëiçó: Çá. ïðàöü Ií-òó ìàòå-
ìàòèêè ÍÀÍ Óêðà¨íè. � 2016. � Ò. 13, � 2. � Ñ. 193 � 203.
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We propose a method for solving singular integral equations perturbed by
compact operators. The method is based on the concept of extension of a
linear bounded operators in Banach spaces.

Let V be some linear Banach algebra of bounded operators acting in a
Banach space B, and V(m) be a Banach algebra of elements of the form
‖Ajk‖mj,k=1, where Ajk ∈ V. If B(m) is a Banach space of vectors

X = bx1, . . . , xmc with elements xj ∈ B and with the norm ‖X‖=maxk ‖xk‖ ,
then V(m) is Banach algebra of linear bounded operators in the space B(m).
The unit operators acting in the spaces V and V(m) will be denoted by I and
Im, respectively. Suppose also that I ∈ V and Im ∈ V(m).

Let

A =

r∑
j=1

Aj1Aj2 · · ·Ajs,

where Ajk ∈ V. An operator Ã ∈ V(m) is called a linear extension (of order
m) of an operator A if:

1) the elements of the matrix Ã are linear combinations of the elements
Ajk and the unit I;

2) there exist invertible operators Y and Z from the algebra V(m), such
that

Ã = Y ·
(
Im−1 0
0 A

)
· Z.

It is easy to see that the operator A =
∑r

j=1Aj1Aj2 · · ·Ajs and its linear

extension Ã (if it exists) are or are not simultaneously Noetherian in the
spaces B and B(m), respectively, and

dimkerA = dimkerÃ, dimcokerA = dimcokerÃ.

The following statement hold

Òåîðåìà 1. Each element A from the algebra V of the form

A =
∑r

j=1Aj1Aj2 · · ·Ajs (Ajk ∈ V) admits linear extension (order m ≤
r (s+ 1) + 1).

Íàñëiäîê 1. The operator A is invertible in space B if and only if the

operator
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Ã =

(
M F
G 0

)
reversible in space B(r(s+1)+1).

Íàñëiäîê 2. Let A0, Ck, Dk ∈ L(B) (k = 1, 2, . . . , n) and Â be the operator

de�ned by the equality

Ã =

∥∥∥∥∥∥∥∥∥∥
I 0 . . . 0 D1

0 I . . . 0 D2

. . . . . . . . . . . . . . .
0 0 . . . I Dn

C1 C2 . . . Cn A0

∥∥∥∥∥∥∥∥∥∥
.

In this case, the following statements is true:

Ã ∈ GL
(
Bn+1

)
⇔ A = A0 −

n∑
k=1

CkDk ∈ GL (B) .

Íàñëiäîê 3. If a vector ϕ = (ϕ1, . . . , ϕn+1) (∈ B(n+1)) is a solution to

an equation Ãϕ = ψ̃ with a right-hand side ψ̃ = (0, 0, . . . , ψ) , then equality

Aϕn+1 = ψ holds. That is, the coordinate at the place n+1 of the solution to

the equation Ãϕ = ψ̃ with the right-hand ψ̃ = (0, 0, . . . , ψ) side is the solution

to the equation Af = ψ. Solutions of this type exhaust all solutions of the

equation Af = ψ.

Theorem 1 and Corollaries 1�3 are used to solve some singular integral
equations perturbed by compact operators.
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Let D be a domain in the complex plane C and let µ : D → C be a
measurable function with |µ(z)| < 1 a.e. (almost everywhere) in D. The
Beltrami equation is the equation of the form

fz = µ(z)fz, (1)

where fz = (fx + ify)/2, fz = (fx − ify)/2, z = x + iy, and fx and fy are
partial derivatives of f in x and y, correspondingly. The function µ is called
the complex coe�cient and

Kµ(z) =
1 + |µ(z)|
1− |µ(z)|

the dilatation quotient for the equation (1). The Beltrami equation (1) is said
to be degenerate if ess supKµ(z) =∞. The existence theorem for homeomorphic

W 1,1
loc solutions was established to many degenerate Beltrami equations, see,

e.g., related references in the recent monographs [1], [3], [5]; cf. also [2], [6] �
[10].

Similarly to [4] (cf. also [6], [8]), we say that a function ϕ : C → R has
global �nite mean oscillation at a point z0 ∈ C, abbr. ϕ ∈ GFMO(z0), if

lim sup
R→∞

1

πR2

∫
B(z0,R)

|ϕ(z)− ϕR| dxdy <∞, (2)

where

ϕR =
1

πR2

∫
B(z0,R)

ϕ(z) dxdy

is the mean value of the function ϕ(z) over B(z0, R), R > 0. Here B(z0, R) =
{z ∈ C : |z − z0| < R}, and condition (2) includes the assumption that ϕ is
integrable in B(z0, R) for R > 0.

For a mapping f : C→ C, we set

lf (z0, e) = min
|z−z0|=e

|f(z)− f(z0)|

and

δ∞ = sup
R∈(ee,+∞)

1

πR2

∫
B(z0,R)

|Kµ(z)−Kµ,z0(R)| dxdy ,
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Kµ,z0(R) =
1

πR2

∫
B(z0,R)

Kµ(z) dxdy , k0 = Kµ,z0(e) .

Theorem 1. Let µ : C→ C be a measurable function with |µ(z)| < 1 a.e.

and f : C → C be a homeomorphic W 1,1
loc solution of the Beltrami equation

(1). If Kµ ∈ GFMO(z0), z0 ∈ C, then

lim inf
R→∞

max
|z−z0|=R

|f(z)− f(z0)|

(logR)
2π
C

> lf (z0, e) ,

where C is a positive constant depending only on δ∞ and k0.

1. K. Astala, T. Iwaniec, G. Martin, Elliptic Partial Di�erential Equations and
Quasiconformal Mappings in the Plane, Princeton University Press (2009).

2. V. Gutlyanskii, V. Ryazanov, U. Srebro, E. Yakubov, On recent advances in
the Beltrami equations, Ukr. Mat. Visn. (4), 7, 467 � 515 (2010) (translated
into English by Springer starting from 2010).

3. V. Gutlyanskii, V. Ryazanov, U. Srebro, E. Yakubov, The Beltrami Equation:
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**** Äåðæàâíèé òîðãîâåëüíî-åêîíîìi÷íèé óíiâåðñèòåò

Ôóíêöiðíàëüíî-äèôåðåíöiàëüíi ðiâíÿííÿ øèðîêî âèêîðèñòîâóþòüñÿ â
ÿêîñòi ìîäåëåé ðiçíîìàíiòíèõ åâîëþöiéíèõ ïðîöåñiâ. Äîñëiäæåííÿ òàêèõ
ñèñòåì âèìàãà¹ ðîçðîáêè òà çàñòîñóâàííÿ ñïåöiàëüíèõ ìåòîäiâ. Â ðîáîòàõ
[1]-[3] äîñëiäæóþòüñÿ ñèñòåìè ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ðiâíÿíü.
Â ðîáîòi [4] îòðèìàíî äîñòàòíi óìîâè iñíóâàííÿ îïòèìàëüíèõ êåðóâàíü
äëÿ ñèñòåì ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ðiâíÿíü iç ñêií÷åííèì çàïi-
çíåííÿì.

Ðîçãëÿíåìî BC ((−∞, 0] ;Rn) - áàíàõiâ ïðîñòið íåïåðåðâíèõ âåêòîð-
ôóíêöié âèçíà÷åíèõ íà (−∞, 0], ÿêi äiþòü â ïðîñòið Rn òà ðiâíîìiðíó
ìåòðèêó

‖ϕ‖ = max
−r≤θ≤0

|ϕ (θ) |,

äå | · | - íîðìà â Rn, à íîðìó ìàòðèöi, óçãîäæåíó ç íîðìîþ âåêòîðà áóäåìî
ïîçíà÷àòè - ‖ · ‖. Ïîçíà÷èìî Lp = Lp ((∞, 0] ,Rm) , p > 1 - áàíàõiâ ïðîñòið
p−iíòåãðîâíèõ m−âèìiðíèõ âåêòîð-ôóíêöié iç ñòàíäàðòíîþ íîðìîþ. Íå-
õàé x ∈ BC ((−∞, 0] ;Rn) i ïî÷àòêîâà ôóíêöiÿ ϕ ∈ BC ((−∞, 0] ;Rn) .
ßêùî x (0) = ϕ (0), òî ôóíêöiÿ :

x (t, ϕ) =

{
ϕ (t) , t ∈ [−∞, 0]

x (t) , t ≥ 0
(1)

¹ íåïåðåâíîþ íà (−∞, T ]. Ïîçíà÷èìî xt (ϕ) ∈ BC ((−∞, 0] ;Rn) äëÿ êî-
æíîãî t > 0 ïðè θ ∈ (−∞, 0] ÿê xt (ϕ) = x (t+ θ;ϕ) .
Ôóíêöiÿ x (t) ¹ ðîçâ'ÿçêîì ïî÷àòêîâî¨ çàäà÷i

dx

dt
= f (t, xt) , x (s) = ϕ (s) , s ∈ (−∞, 0] , ϕ ∈ BC

íà [0,∞), ÿêùî ∀t ≥ 0 ôóíêöiÿ x (t, ϕ) ç (1) çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ:

x (t, ϕ) = ϕ (0) +

∫ t

0

f (s, xs (ϕ)) ds
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Íåõàé t ∈ [0, T ] i D - äåÿêà îáëàñòü â [0, T ]×BC, ∂D - ãðàíèöÿ öi¹¨ îáëàñòi
i D̄ = D ∪ ∂D.
Ðîçãëÿíåìî çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ ôóíêöiîíàëüíî-äèôåðåíöià-
ëüíîþ ñèñòåìîþ :

ẋ = f1 (t, xt) +

∫ 0

−∞
f2 (t, xt, y)u (t, y) dy, t ∈ [0, T ] (2)

x (t) = ϕ0 (t) , t ∈ (−∞, 0] (3)

iç êðèòåði¹ì ÿêîñòi

J [u] =

∫ τ

0

L (t, xt, u (t, ·)) dt→ inf (4)

íà [0, T ], äå ϕ0 ∈ BC - ôiêñîâàíèé åëåìåíò, òàêèé ùî (0, ϕ0) ∈ D, x (t)
- ôàçîâèé âåêòîð â Rd, xt - ôàçîâèé âåêòîð BC, τ - ìîìåíò ÷àñó, êîëè
ðîçâ'ÿçîê (t, xt) âèõîäèòü íà ãðàíèöþ ∂D, f1 : D → Rd, f2 : D× (−∞, 0]→
Md×m, äå Md×m - d×m âèìiðíi ìàòðèöi.
Äëÿ êîæíî¨ ïàðè (t, ϕ) ∈ D f2 (t, ϕ, ·) ∈ Lq

(
(−∞, 0] ,Md×m) ç íîðìîþ

‖f2 (t, ϕ, ·) ‖Lq = (
∫ 0

−∞ |f2 (t, ϕ, y|qdy)
1
q , 1q + 1

p = 1, p > 1, L : D × Lp → R1.

Êåðóâàííÿ u ∈ Lp ([0, T ]× (−∞, 0]) òàêå, ùî u (t, y) ∈ U , U - çàìêíåíà òà
îïóêëà ìíîæèíà â Rm ìàéæå äëÿ âñiõ t, y.

Äëÿ çàäà÷i (2),(3) äîâåäåíà òåîðåìà ïðî iñíóâàííÿ, ¹äèíiñòü òà ïðîäîâ-
æóâàíiñòü ðîçâ'ÿçêiâ ñèñòåìè ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ðiâíÿíü,
â ÿêèõ iíòåðâàë çàïiçíåííÿ ¹ íåñêií÷åííèì. Äîñòàòíi óìîâè iñíóâàííÿ
îïòìàëüíèõ êåðóâàíü çàäà÷i îïòèìàëüíîãî êåðóâàííÿ ñèñòåìàìè iç íå-
ñêií÷åííîþ ïàì'ÿòòþ (2)-(4) îòðèìàíî â òåðìiíàõ ïðàâèõ ÷àñòèí ðiâíÿíü
ðóõó òà ôóíêöi¨ êðèòåðiþ ÿêîñòi .

1. Hale J.K., Theory of functional di�erential equations, - New-York : Springer-
Verlag,1977 - 365 p.

2. Ñåðãå¹âà Ë.Ì., Áiãóí ß.É., Ïðî ãëîáàëüíi ðîçâ'ÿçêè ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèõ ðiâíÿíü // Íåëiíiéíi êîëèâàííÿ. - 2011.

3. Àçáåëåâ Í.Â., Ìàêñèìîâ Â.Ï., Ðàõìàòóëëèíà Ë.Ô., Ââåäåíèå â òåîðèþ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé. - Ì.:Íàóêà, 1991- 280ñ.

4. Kichmarenko O. and Stanzhytskyi O. Su�cient Conditions for the Existence
of Optimal Controls for Some Classes of Functional-Di�erential Equations //
Nonlinear dynamics and systems theory. 2018. � V.18, No 2. � P.196 211.
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Ïðî ìàéæå-ïåðiîäè÷íi ðîçâ'ÿçêè íåëiíiéíèõ çëi÷åííèõ ñèñòåì

äèôåðåíöiàëüíèõ ðiâíÿíü, âèçíà÷åíèõ íà íåñêií÷åííîâèìiðíèõ

òîðàõ

Þðié Òåïëiíñüêèé

teplinsky.yuriy@gmail.com

Êàì'ÿíåöü-Ïîäiëüñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Îãi¹íêà

Çëi÷åííèìè ñèñòåìàìè äèôåðåíöiàëüíèõ ðiâíÿíü çàçâè÷àé íàçèâàþòü
ðiâíÿííÿ, âèçíà÷åíi â áàíàõîâîìó ïðîñòîði îáìåæåíèõ ÷èñëîâèõ ïîñëiäîâ-
íîñòåé. Òóò ìè ðîçãëÿíåìî íåiëiíiéíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

dϕ

dt
= ω,

dx

dt
= A(ϕ, x)x+ εf(ϕ), (1)

äå ε � äîäàòíèé ïàðàìåòð, âåêòîð ÷àñòîò ω = (ω1, ω2, ω3, . . . ) ∈ m, ωi > 0
ïðè âñiõ íàòóðàëüíèõ i, ϕ = (ϕ1, ϕ2, ϕ3, . . . ), A(ϕ, x) = (ai,j(ϕ, x))

∞
i,j=1

� íåñêií÷åííà ìàòðèöÿ ç äiéñíèìè åëåìåíòàìè, m � ïðîñòið îáìåæåíèõ
ïîñëiäîâíîñòåé äiéñíèõ ÷èñåë,

‖ω‖ = sup
i
{ωi} = ω0 <∞, x = (x1, x2, . . . , xn, . . . ) ∈m, ‖x‖ = sup

i
{|xi|},

f(ϕ) = (f1(ϕ), f2(ϕ), . . . , fn(ϕ), . . . ) � âåêòîðíà ôóíêöiÿ ç äiéñíèìè êîîð-
äèíàòàìè, ïðè÷îìó ìàòðèöÿ A(ϕ, x) òà ôóíêöiÿ f(ϕ) 2π-ïåðiîäè÷íi âiä-
íîñíî ϕi (i=1,2,3,. . . ), ùî äà¹ ìîæëèâiñòü âèçíà÷èòè ¨õ íà äåêàðòîâîìó
äîáóòêó T∞ × D, D = {x ∈ m|‖x‖ ≤ d = const < ∞} òà íåñêií÷åííîâè-
ìiðíîìó òîði T∞ âiäïîâiäíî i ââàæàòè íåïåðåðâíèìè íà ñâî¨õ îáëàñòÿõ
âèçíà÷åííÿ. Ââàæàòèìåìî òàêîæ, ùî

sup
i

∞∑
j=1

sup
(ϕ,x)∈T∞×D

|aij(ϕ, x)| = A = const <∞

i ïðè âñiõ ϕ ∈ T∞ âèêîíó¹òüñÿ íåðiâíiñòü ‖f(ϕ)‖ ≤ F , äå F � äîäàòíà
ñòàëà, à ÷àñòîòè ωi ¹ íåñóìiðíèìè, òîáòî ç ðiâíîñòi

∑∞
i=1 kiωi = 0, äå ki �

öiëi ÷èñëà, âèïëèâà¹, ùî ki = 0 ∀i = 1, 2, 3, . . . .
Ïiäñòàâèâøè ðîçâ'ÿçîê ïåðøîãî ðiâíÿííÿ ñèñòåìè (1) ϕ = ωt + ψ ç

ïî÷àòêîâîþ óìîâîþ ϕ(0) = ψ ∈ T∞ ó äðóãå ¨¨ ðiâíÿííÿ, îäåðæèìî ñèñòåìó

dx

dt
= A(ωt+ ψ, x)x+ εf(ωt+ ψ), (2)

çàëåæíó âiä ψ ∈ T∞ ÿê âiä ïàðàìåòðó, ψ = (ψ1, ψ2, ψ3, . . . ).
Îñíîâíà çàäà÷à ïîëÿãà¹ ó âiäøóêàííi äîñòàòíiõ óìîâ, ïðè ÿêèõ ñèñòå-

ìà ðiâíÿíü (1) àáî, ùî òå ñàìå, ñèñòåìà ðiâíÿíü (2) ìàþòü iíâàðiàíòíèé
òîð, i íàáëèçèòè ïîðîäæóþ÷ó éîãî ôóíêöiþ u(ψ) ç ïîòðiáíîþ òî÷íiñòþ
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àíàëîãi÷íîþ ôóíêöi¹þ, ïîáóäîâàíîþ äëÿ ñèñòåìè ðiâíÿíü, îäåðæàíî¨ ç
äàíî¨ â ïðîöåñi ¨¨ ëiíåàðèçàöi¨. Ïiñëÿ öüîãî çàñòîñîâó¹òüñÿ ïðîöåñ óêîðî-
÷åííÿ îñòàííüî¨ ñèñòåìè âiäíîñíî êóòîâî¨ çìiííî¨ i ôóíêöiÿ, ÿêà ïîðî-
äæó¹ ¨¨ iíâàðiàíòíèé òîð, àïðîêñèìó¹òüñÿ àíàëîãi÷íîþ ôóíêöi¹þ äëÿ ëi-
íiéíî¨ óêîðî÷åíî¨ ñèñòåìè, âèçíà÷åíî¨ íà äåêàðòîâîìó äîáóòêó Tn×m, äå
Tn � ñêií÷åííîâèìiðíèé òîð. Âií âêðèòèé òðà¹êòîðiÿìè êâàçiïåðiîäè÷íèõ
ðîçâ'ÿçêiâ âêàçàíî¨ óêîðî÷åíî¨ ñèñòåìè, ÿêèìè i ìîæíà íàáëèçèòè ìàéæå-
ïåðiîäè÷íi ðîçâ'ÿçêè ñèñòåìè (1). Ïðè öüîìó ìàéæå-ïåðiîäè÷íi ôóíêöi¨
ðîçóìiþòüñÿ â ñåíñi Áîðà, à äëÿ ïîáóäîâè ïðîöåñó ëiíåàðèçàöi¨ ñèñòåìè
çàñòîñîâó¹òüñÿ âiäîìèé ìåòîä ôóíêöi¨ Ãðiíà-Ñàìîéëåíêà áåç âèêîðèñòàí-
íÿ ïîíÿòòÿ "ãðóáîñòi"öi¹¨ ôóíêöi¨.

Íàãàäà¹ìî, ùî iíâàðiàíòíèì òîðîì ñèñòåìè ðiâíÿíü (1) íàçèâàþòü ïî-
âåðõíþ T â ïðîñòîði m, âèçíà÷åíó âiäîáðàæåííÿì u(ψ) : T∞ → m, à
ñàìå

x = u(ψ) = {u1(ψ), u2(ψ), . . . , un(ψ), . . . }, ψ ∈ T∞,
ïðè óìîâi, ùî ôóíêöiÿ u(ψ) ∈ C0(T∞), îáìåæåíà íà T∞, ôóíêöi¨ ui(ωt+ψ)
(i = 1, 2, 3, . . . ) íåïåðåðâíî äèôåðåíöiéîâíi âiäíîñíî t ∈ R1 i

du(ωt+ ψ)

dt
= A(ωt+ ψ, u(ωt+ ψ))u(ωt+ ψ) + εf(ωt+ ψ)

äëÿ âñiõ t ∈ R1, ψ ∈ T∞, äå âåêòîðíà ôóíêöiÿ u(ωt + ψ) äèôåðåíöiþ-
¹òüñÿ ó ïîêîîðäèíàòíîìó ñåíñi. Ïðè öüîìó âiäîáðàæåííÿ u(ψ) íàçèâàþòü
ôóíêöi¹þ, ïîðîäæóþ÷îþ iíâàðiàíòíèé òîð T.

Òî÷íi ôîðìóëþâàííÿ çãàäàíèõ âèùå óìîâ i îñíîâíèõ ðåçóëüòàòiâ íà-
âåäåíî àâòîðîì ó ñòàòòi [1].

I çàóâàæèìî íàðåøòi, ùî àíàëîãè çàäà÷i, ÿêà ðîçãëÿäà¹òüñÿ â öüî-
ìó ïîâiäîìëåííi, äëÿ âèïàäêiâ ëiíiéíî¨ òà êâàçiëiíiéíî¨ çëi÷åííèõ ñèñòåì
ðîçâ'ÿçàíî â ðîáîòàõ [2], [3].
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Çáiæíiñòü ïðîöåñiâ ó ìîäåëÿõ íåéðîäèíàìiêè ç ïiñëÿäi¹þ

Äåíèñ Õóñàiíîâ, Òåòÿíà Øàêîòüêî, Àíäðié Øàòèðêî

d.y.khusainov@gmail.com, trachuk85@ukr.net,

shatyrko.a@gmail.com

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

Ïiä òåðìiíîì íåéðîäèíàìiêà çàçâè÷àé ðîçóìiþòü îáëàñòü çíàíü, ó ÿêié
íåéðîííi ìåðåæi ðîçãëÿäàþòüñÿ ÿê íåëiíiéíi äèíàìi÷íi ñèñòåìè é îñíîâíà
óâàãà ïðèäiëÿ¹òüñÿ ïðîáëåìàì ñòiéêîñòi òà çáiæíîñòi [1].

Ñèñòåìè ðiâíÿíü, ùî îïèñóþòü äèíàìi÷íi ïðîöåñè íåéðîäèíàìiêè, ìà-
þòü äóæå âåëèêó ðîçìiðíiñòü. Êëàñè÷íi ñïîñîáè äîñëiäæåííÿ ¨õ ñòiéêî-
ñòi íàøòîâõóþòüñÿ íà âàæêi ïðîáëåìè âåëèêî¨ ðîçìiðíîñòi. Ùå îäíi¹þ
îñîáëèâiñòþ, ÿêà âèíèêà¹ ïðè äîñëiäæåííi äèíàìi÷íèõ ïðîöåñiâ ó íåé-
ðîäèíàìiöi, ¹ âðàõóâàííÿ ÷àñó ïiñëÿäi¨, áî ðåàëüíi ïðîöåñè íåñïðîìîæíi
âiäáóâàòèñÿ ìèòò¹âî.

Ó ðîáîòi [1] â ÿêîñòi ìîäåëåé íåïåðåðâíèõ íåéðîííèõ ñiòîê Õîïôèëäà
(ÍÑÕ) áóëî çàïðîïîíîâàíî ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
âèãëÿäó

Ci
dyi
dt

= − 1

Ri
yi(t) +

n∑
j=1

υijϕj (yj(t)) + Ii, t ≥ 0, i = 1, n. (1)

Àâòîðàìè â [2] áóëî ïîêàçàíî, ùî (1) ïðè ïåâíèõ óìîâàõ, çîêðåìà ç
óðàõóâàííÿì ôàêòîðó ïiñëÿäi¨, ìîæíà çâåñòè äî ðîçãëÿäó ñèñòåìè

ẋ1(t) = −a11x1(t) + b11F11 (x1(t− τ))+
+b12F12 (x2(t− τ)) + . . .+ b1nF1n (xn(t− τ)) ,

ẋ2(t) = −a22x2(t) + b21F21 (x1(t− τ))+
+b22F22 (x2(t− τ)) + . . .+ b2nF2n (xn(t− τ)) ,

· · ·
ẋn(t) = −annxn(t) + bn1Fn1 (x1(t− τ))+

+bn2Fn2 (x2(t− τ)) + . . .+ bnnFnn (xn(t− τ)) ,

(2)

äå
Fij (xj(t− τ)) = fij

(
xj(t− τ) + y0j

)
.

É, îñêiëüêè
Fij = 0, i, j = 1, n,

òîìó äîñëiäæåííÿ ñòiéêîñòi ïîëîæåííÿ ðiâíîâàãè é çáiæíîñòi ðîçâ'ÿçêiâ
äî íüîãî çâîäèòüñÿ äî äîñëiäæåííÿ ñòiéêîñòi íóëüîâîãî ïîëîæåííÿ ðiâíî-
âàãè O(0 , 0 , . . . , 0 ) ñèñòåìè "ðiâíÿíü çáóðåíü"(2).

82



Íåõàé ôóíêöi¨ Fij (xj(t− τ)) , i, j = 1, n çàäîâîëüíÿþòü òàê çâàíèì
"óìîâàì ëiíiéíèõ îáìåæåíü".

Ó öüîìó âèïàäêó àñèìïòîòè÷íó ñòiéêiñòü íóëüîâîãî ïîëîæåííÿ ðiâíî-
âàãè ñèñòåìè (2) é îöiíêó çáiæíîñòi ìîæíà îòðèìàòè ç âèêîðèñòàííÿì
"êëàñè÷íèõ"êâàäðàòè÷íèõ ôóíêöié Ëÿïóíîâà [3,4]

V (x1, x2, . . . , xn) =

n∑
i=1

hiix
2
i , hii > 0, i = 1, n.

Îñêiëüêè â äèôåðåíöiàëüíèõ ðiâíÿííÿõ (2) ïðèñóòíi ÷ëåíè ç çàïiçíþ-
âàííÿì àðãóìåíòó, òî ïðè îöiíöi ïîâíî¨ ïîõiäíî¨ â ñèëó ñèñòåìè áóäå-
ìî âèêîðèñòîâóâàòè "óìîâó òèïó Á.Ñ.Ðàçóìiõiíà"[5]. Ìà¹ ìiñöå íàñòóïíå
òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé ïàðàìåòðè aii > 0, hii > 0, bij ,Kij > 0, i, j = 1, n
ñèñòåìè (2) òàêi, ùî ìàòðèöÿ 2C1(h, a)− C2(h, L), äå

C1(h, a) =


h11a11 0 . . . 0

0 h22a22 . . . 0
. . . . . .
0 0 . . . hnnann

 ,

C2(h, L) =


2h11L1 h11L1 + h22L2 . . . h11L1 + hnnLn

h11L1 + h22L2 2h22L2 . . . h22L2 + h33L3

. . . . . .
h11L1 + hnnLn h22L2 + h33L3 . . . 2hnnann

 ,

Li =
√
ϕ(h)×

n∑
j=1

|bij |Kij ,

ϕ(h) = hmax/hmin, hmin = min
i=1,n

{hii}, hmax = max
i=1,n

{hii}, i = 1, n.

¹ äîäàòíî âèçíà÷åíîþ.
Òîäi ïîëîæåííÿ ðiâíîâàãè ñòiéêå çà Ëÿïóíîâèì.
Íóëüîâèé ðîçâ'ÿçîê íå òiëüêè ñòiéêèé, à é ìà¹ àñèìïòîòè÷íi âëàñòè-

âîñòi ñòiéêîñòi, òîáòî ïðîöåñ íàâ÷àííÿ íåéðîìåðåæi âiäáóâà¹òüñÿ çà åêñ-
ïîíåíöiéíèì çàêîíîì. Ç ìåòîþ äîâåäåííÿ öüîãî ôàêòó âèêîðèñòîâó¹òüñÿ
íåàâòîíîìíà ôóíêöiÿ Ëÿïóíîâà

V (x1, x2, . . . , xn, t) = eγt
n∑
i=1

hiie
γtx2i , hii > 0, γ > 0, i = 1, n.
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Òåîðåìà 2. Íåõàé ïàðàìåòðè aii > 0, hii > 0, bij ,Kij > 0, i, j = 1, n
ñèñòåìè (2) òàêi, ùî ìàòðèöÿ

C0(h, a, L, 0) = 2C1(h, a)−
√
ϕ(h)C2(h, L)

äîäàòíî âèçíà÷åíà.
Òîäi íóëüîâå ïîëîæåííÿ ðiâíîâàãè ñèñòåìè (2) áóäå àñèìïòîòè÷íî

ñòiéêèì é ìà¹ ìiñöå íàñòóïíà îöiíêà çáiæíîñòi éîãî íîðìè

‖x(t)‖ ≤
√
ϕ(h)‖x(0)‖ exp

{
−γ0t

2

}
, ‖x(0)‖ =

√√√√ n∑
i=1

x2i (0).

Òóò γ0 > 0 � âåëè÷èíà, çà ÿêî¨ ìàòðèöÿ

C0(h, a, L, γ0) = 2C1(h, a)− γ0H − eγ0τ/2ϕ(h)C2(h, L)

òàêîæ äîäàòíî âèçíà÷åíà.
Äàíà ðîáîòà ¹ ñâîãî ðîäó ïðîäîâæåííÿì ðîáiò àâòîðiâ [6,7], àëå ïiä ií-

øèì êóòîì çîðó. Ó ïîäàëüøîìó äëÿ äîñëiäæåííÿ ÿêiñíèõ ïðîöåñiâ â ïîäi-
áíèõ ñèñòåìàõ ìîæíà âèêîðèñòîâóâàòè ôóíêöiîíàëè Ëÿïóíîâà-Êðàñîâñüêîãî,
îñêiëüêè çàïðîïîíîâàíèé ïiäõiä ó ñêií÷åííî-âèìiðíèõ ïðîñòîðàõ ç óìîâà-
ìè òèïó Á.Ñ.Ðàçóìiõiíà [5] âñå æ äà¹ äîñòàòíüî æîðñòêi ðåçóëüòàòè. Àëå
éîãî ïåðåâàãà ïîëÿãà¹ ó ïåâíié êîíñòðóêòèâíîñòi ç òî÷êè çîðó ïðîâåäåííÿ
ìîæëèâèõ ÷èñåëüíèõ åêñïåðèìåíòiâ é îá÷èñëåíü.
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Êîëèâíiñòü ðîçâ'ÿçêiâ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü òà

âiäïîâiäíèõ ðiâíÿíü íà ÷àñîâèõ øêàëàõ

Âiêòîðiÿ Öàíü1, Òåòÿíà Êîâàëü÷óê2

fizmatovka@gmail.com, 8172@ukr.net
1 Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà,

2 Äåðæàâíèé òîðãîâåëüíî-åêîíîìi÷íèé óíiâåðñèòåò

×àñîâîþ øêàëîþ T íàçèâàþòü äîâiëüíó íåïîðîæíþ çàìêíóòó ïiäìíî-
æèíó äiéñíî¨ îñi. Äëÿ äîâiëüíî¨ ìíîæèíè A ⊂ R âèçíà÷àþòüñÿ
AT := A ∩ T[1]. Äëÿ êîæíî¨ òî÷êè t ∈ T âèçíà÷à¹òüñÿ òðè ôóíêöi¨, ùî
õàðàêòåðèçóþòü øêàëó:

� Îïåðàòîð ñòðèáêà âïåðåä σ : T→ T âèçíà÷àþòü ÿê

σ(t) := inf{s ∈ T|s > t}.

� Îïåðàòîð ñòðèáêà íàçàä ρ : T→ T âèçíà÷à¹òüñÿ ÿê

ρ(t) := sup{s ∈ T|s < t}.

� Ôóíêöiÿ çåðíèñòîñòi µ : T→ [0,∞) öå

µ(t) := σ(t)− t.

Òî÷êè t ∈ T íàçèâàþòüñÿ ëiâî-ùiëüíèìè(LD), (ëiâî-ðîçñiÿíèìè (LS),
ïðàâî-ùiëüíèìè (RD) àáî ïðàâî-ðîçñiÿíèìè (RS)) ÿêùî ρ(t) = t (ρ(t) < t,
σ(t) = t àáî σ(t) > t âiäïîâiäíî). ßêùî T ìà¹ ïðàâî-ðîçñiÿíèé ìàêñèìóì
M , òîäi âèçíà÷à¹òüñÿ Tk = T \ {M}; iíàêøå ïîêëàäåìî Tk = T.

Ôóíêöiþ f : T → Rd íàçèâàþòü ∆-äèôåðåíöiéîâíîþ ïðè t ∈ Tk, ÿêùî
ãðàíèöÿ

f∆(t) = lim
s→t

f(σ(t))− f(t)

σ − t
iñíó¹ â Rd.

Ðîçãëÿäà¹òüñÿ ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ äðóãîãî ïîðÿäêó íà
âiäðiçêó [0, a]

ẍ+ p(t)x = 0, (1)

äå p ∈ C([0, a]), òà âiäïîâiäíå éîìó ðiâíÿííÿ íà ìíîæèíi ÷àñîâèõ øêàë
Tλ, ùî ìà¹ âèãëÿä

x∆∆
λ + p(t)xλ = 0, (2)

äå t ∈ Tλ, xλ : Tλ → Rd, i x∆
λ (t) � äåëüòà-ïîõiäíà ôóíêöi¨ xλ(t) íà Tλ.

Ïðèïóñòèìî, ùî λ ∈ Λ ⊂ R, i λ = 0 ãðàíè÷íà òî÷êà ìíîæèíè Λ.
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Âèçíà÷èìî, ùî µλ := supt∈Tλ
µλ(t), äå µλ : Tλ → [0,∞) - ôóíêöiÿ

çåðíèñòîñòi. Ïðè÷îìó, ÿêùî µλ(t) → 0 ïðè λ → 0, òî Tλ çáiãà¹òüñÿ ç
íåïåðåðâíîþ øêàëîþ ÷àñó T0 = R.

Îçíà÷åííÿ 1.1 Ðîçâ'ÿçîê xλ(t) ðiâíÿííÿ (2) ìà¹ óçàãàëüíåíèé íóëü â
t ∈ Tλ, ÿêùî xλ(t) = 0 àáî ÿêùî t ¹ ðîçñiÿíîþ ñïðàâà i xλ(t) ·xλ (σ(t)) < 0.

Îçíà÷åííÿ 1.2 ßêùî íà äåÿêîìó iíòåðâàëi ðîçâ'ÿçîê xλ(t) ìàòèìå
íå ìåíøå äâîõ óçàãàëüíåíèõ íóëiâ, òî áóäåìî íàçèâàòè éîãî êîëèâíèì.

Îçíà÷åííÿ 1.3 Ðîçâ'ÿçêè x(t) i xλ ðiâíÿíü (1) i (2) íàçâåìî âiäïîâiä-
íèìè, ÿêùî x(t0) = xλ(t0) = x0.

Äîñëiäæåíî âçà¹ìîçâ'ÿçîê êîëèâíîñòi ðîçâ'ÿçêiâ ëiíiéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó òà êîëèâíîñòi ðîçâ'ÿçêiâ âiäïîâiäíîãî
äèíàìi÷íîãî ðiâíÿííÿ íà ïiâîñi.

Òåîðåìà 1. ßêùî ðîçâ'ÿçîê x(t) äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) êîëèâ-
íèé íà [0, a], òî äëÿ äîñòàòíüî ìàëèõ µλ ðîçâ'ÿçîê xλ(t) äèíàìi÷íîãî
ðiâíÿííÿ (2) òàêîæ êîëèâíèé íà [0, a]Tλ

.

Òåîðåìà 2. ßêùî ðîçâ'ÿçîê xλ(t) äèíàìi÷íîãî ðiâíÿííÿ (2) êîëèâíèé íà
âiäðiçêó [0, a]Tλ

äëÿ äîñòàòíüî ìàëèõ µλ, òî ðîçâ'ÿçîê x(t) äèôåðåíöi-
àëüíîãî ðiâíÿííÿ (1) òàêîæ êîëèâíèé íà [0, a].

Ó õîäi äîñëiäæåííÿ òàêîæ áóëî äîâåäåíî ðÿä äîïîìiæíèõ òâåðäæåíü.
Ðîçãëÿäàëèñü ðîçâ'ÿçêè äèíàìi÷íîãî ðiâíÿííÿ (2) ïðè t ∈ [0, a]Tλ

, a > 0
i p ∈ C([0, a]) ç ïî÷àòêîâèìè äàíèìè t0 = 0, xλ(0) = x0, x

∆
λ (0) = x1, äå

x2
0 + x2

1 = 1. (3)

Òîäi ñïðàâåäëèâi òàêi òâåðäæåííÿ.

Ëåìà 1. Iñíóþòü òàêi µ0 i B0, ùî ïðè âñiõ 0 < µλ ≤ µ0 i äëÿ áóäü-
ÿêîãî óçàãàëüíåíîãî íóëÿ tk äîâiëüíîãî ðîçâ'ÿçêó xλ(t) ðiâíÿííÿ (2) iç
ïî÷àòêîâèìè äàíèìè (3) âèêîíó¹òüñÿ íåðiâíiñòü∣∣x∆

λ (tk)
∣∣ ≥ ν(µλ). (4)

Ëåìà 2. Iñíóþòü ε > 0 i µ0 > 0, ùî ïðè âñiõ 0 < µλ ≤ µ0 äëÿ âñiõ
ðîçâ'ÿçêiâ xλ(t) ðiâíÿííÿ (2) iç ïî÷àòêîâèìè äàíèìè (3) i â ε-îêîëi âñiõ
óçàãàëüíåíèõ íóëiâ tk x

∆
λ (t) çáåðiãà¹ çíàê, òîáòî àáî

∀t ∈ [tk − ε; tk + ε] : x∆
λ (t) > 0, (5)

àáî
∀t ∈ [tk − ε; tk + ε] : x∆

λ (t) < 0, (6)
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Ëåìà 3. Äëÿ äîâiëüíîãî δ ≤ ε, äå ε ç ëåìè 2, iñíóþòü µ0 òà γ > 0 òàêi,
ùî äëÿ äîâiëüíîãî µλ ≤ µ0 i äîâiëüíîãî óçàãàëüíåíîãî íóëÿ t0 ðîçâ'ÿçêó
xλ(t) ðiâíÿííÿ (2) âèêîíó¹òüñÿ:

|xλ(tl)| ≥ γ òà |xλ(tr)| ≥ γ, (7)

äå tl = inf{t ∈ Tλ|t > t0 − δ}, tr = sup{t ∈ Tλ|t < t0 + δ}.

1. Liubarshchuk Ie., Bihun Ya., Cherevko I. Non-Stationary Di�erential-Di�erence
Games of Neutral Type // Dynamic Games and Applications. � 2019. � Vol. 9,
Is. 3. � Pp. 771�779.

2. Ñàìîéëåíêî À.Ì., Ïåðåñòþê Ì.Î., Ïàðàñþê I.Î. Äèôåðåíöiàëüíi ðiâíÿííÿ.
� Êè¨â: Ëèáiäü, 2003. � 600 ñ.

3. Samoilenko A., Petryshyn R. Multifrequency Oscillations of Nonlinear Systems.
� Dordrecht: Boston/London: Kluwer Academic Publishers. � 2004. � 317 p.
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Óìîâè ðîçâ'ÿçíîñòi çàäà÷i, îáåðíåíî¨ äî

iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà

ç âèðîäæåíèì ÿäðîì

Ñåðãié ×óéêî, Îëåêñié ×óéêî, Âëàäà Êóçüìiíà

chujko-slav@ukr.net

Äîíáàñüêèé äåðæ. ïåä. óí-ò, 84 112, Óêðà¨íà, Äîíåöüêà îáë., Ñëîâ'ÿíñüê

Àêòóàëüíiñòü âèâ÷åííÿ òåîði¨ iíòåãðàëüíî-äèôåðåíöiàëüíèõ ðiâíÿíü
òèïó Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì ïîâ'ÿçàíà ç ÷èñëåííèìè çàñòî-
ñóâàííÿìè â çàäà÷àõ ìåõàíiêè, àåðîäèíàìiêè, âiäíîâëåííÿ ïàðàìåòðiâ, à
òàêîæ òåîði¨ êîëèâàíü. Ó ðîáîòi ñóòò¹âî âèêîðèñòîâó¹òüñÿ àïàðàò ïñåâäî-
îáåðíåííÿ (çà Ìóðîì-Ïåíðîóçîì) ìàòðèöü. Çàïðîïîíîâàíi óìîâè iñíóâà-
ííÿ, à òàêîæ êîíñòðóêöiÿ ðîçâ'ÿçêó çàäà÷i, îáåðíåíî¨ äî çàäà÷i ïðî çíà-
õîäæåííÿ ðîçâ'ÿçêó iíòåãðàëüíî-äèôåðåíöiàëüíîãî ðiâíÿííÿ òèïó Ôðå-
äãîëüìà ç âèðîäæåíèì ÿäðîì. Çàïðîïîíîâàíà ñõåìà äîñëiäæåííÿ çàäà÷i,
îáåðíåíî¨ äî çàäà÷i ïðî çíàõîäæåííÿ ðîçâ'ÿçêó iíòåãðî-äèôåðåíöiàëüíîãî
ðiâíÿííÿ òèïó Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì ìîæå áóòè ïåðåíåñå-
íà íà çàäà÷i, îáåðíåíi äî çàäà÷i ïðî çíàõîäæåííÿ ðîçâ'ÿçêó iíòåãðàëü-
íî äèôåðåíöiàëüíîãî ðiâíÿííÿ òèïó Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì,
ÿêå ìiñòèòü äèôåðåíöiàëüíî-àëãåáðà¨÷íèé îïåðàòîð. Ç iíøîãî áîêó, ó ðà-
çi íåðîçâ'ÿçíîñòi çàäà÷i, îáåðíåíî¨ äî çàäà÷i ïðî çíàõîäæåííÿ ðîçâ'ÿçêó
iíòåãðàëüíî-äèôåðåíöiàëüíîãî ðiâíÿííÿ òèïó Ôðåäãîëüìà ç âèðîäæåíèì
ÿäðîì òàêó çàäà÷ó ìîæíà ðåãóëÿðèçóâàòè.

Íåòåðîâà êðàéîâà çàäà÷à äëÿ ëiíiéíîãî iíòåãðî-äèôåðåíöiàëüíîãî ðiâ-
íÿíííÿ òèïó Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì âïåðøå áóëà ðîçâ'ÿçàíà
ó ñòàòòi [1]. Îáåðíåíi çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿííü òèïó
Ôðåäãîëüìà ìàëî äîñëiäæåíi. Äîñëiäæó¹ìî çàäà÷ó, îáåðíåíó äî ëiíiéíî-
ãî àâòîíîìíîãî iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ òèïó Ôðåäãîëüìà ç
âèðîäæåíèì ÿäðîì

y′(t) = Ay(t) + Φ

∫ b

a

[
B y(s) + C y′(s)

]
ds (1)

çà âiäîìèì ðîçâ'ÿçêîì öi¹¨ çàäà÷i [1, 2]

y(t) := ϕ(t) ∈ D2[a; b], y′(t) := ϕ′(t) ∈ L2[a; b].

Òóò A,B,C,Φ ∈ Rn×n � íåâiäîìi ñòàëi ìàòðèöi. Ó íàñëiäîê àâòîíîìíîñòi
ðiâíÿííÿ (1) ìîæíà ïðèïóñòèòè, ùî Φ := In. Äîòðèìóþ÷èñü ñõåìè ìåòîäó
íàéìåíøèõ êâàäðàòiâ [3], âèìàãàòèìåìî ìiíiìiçàöi¨ âåëè÷èíè íåâ'ÿçêè

∆0 :=

∣∣∣∣∣∣∣∣ϕ′(t)−Aϕ(t)− Φ

∫ b

a

[
B ϕ(s) + C ϕ′(s)

]
ds

∣∣∣∣∣∣∣∣2
L2[a,b]

→ min .
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Ïîçíà÷èìî {
Ξj

}n2

j=1

∈ Rn×n

ïðèðîäíèé áàçèñ ïðîñòîðó Rn×n. Ïîçíà÷èìî òàêîæ îïåðàòîð

M[A] : Rm×n → Rm·n,

ÿê îïåðàòîð, ÿêèé ñòàâèòü ó âiäïîâiäíiñòü ìàòðèöi A ∈ Rm×n âåêòîð B :=
M[A], óòâîðåíèé ç n ñòîâïöiâ ìàòðèöi A, à òàêîæ îáåðíåíèé îïåðàòîð

M−1
[
B
]

: Rm·n → Rm×n,

ÿêèé ñòàâèòü ó âiäïîâiäíiñòü âåêòîðó B ∈ Rm·n ìàòðèöþ A ∈ Rm×n.
Ìàòðèöi A,B òà C øóêàòèìåìî ó âèãëÿäi ñóì

A =

p∑
j=1

Ξj αj , B =

q∑
j=1

Ξj βj , C =

r∑
j=1

Ξj γj , αj , βj , γj ∈ R1;

òóò
p ≤ n2, q ≤ n2, r ≤ n2.

Ïîçíà÷èìî ìàòðèöþ Ãðàìà

Γ0 :=

∫ b

a

Ω∗0(t)Ω0(t) dt ∈ R(p+q+r)×(p+q+r);

òóò

Ω0(t) :=

(
Ξ1 ϕ(t) ... Ξp ϕ(t) ,

∫ b

a
Ξ1 ϕ(t) dt ...

∫ b

a
Ξq ϕ(t) dt

∫ b

a
Ξ1 ϕ

′(t) dt ...
∫ b

a
Ξr ϕ

′(t) dt

)
.

Íåâiäîìèé âåêòîð γ0 ∈ R(p+q+r) âèçíà÷à¹ ðiâíÿííÿ

Γ0 γ0 =

∫ b

a

Ω∗0(t)ϕ′(t) dt, (2)

ðîçâ'ÿçíå çà óìîâè
det Γ0 6= 0. (3)

Çà óìîâè (3) ðiâíÿííÿ (2) ìà¹ ¹äèíèé ðîçâ'ÿçîê

γ0 = Γ−10

∫ b

a

Ω∗0(t)ϕ′(t) dt,
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ÿêèé âèçíà÷à¹ ìàòðèöi

A =M−1(P0 γ0), P0 :=
(
Ip O O

)
∈ Rp×(p+q+r),

B =M−1(P1 γ0), P1 :=
(
O Iq O

)
∈ Rq×(p+q+r)

òà
C =M−1(P2 γ0), P2 :=

(
O O Ir

)
∈ Rr×(p+q+r).

Óìîâà (3) ÿâëÿ¹ ñîáîþ íåîáõiäíó óìîâó ìiíiìiçàöi¨ âåëè÷èíè íåâ'ÿçêè ∆0;
äîñòàòíþ óìîâó ìiíiìiçàöi¨ âåëè÷èíè íåâ'ÿçêè ∆0 çàáåçïå÷ó¹ äîäàòíà âè-
çíà÷åíiñòü ìàòðèöi Ãðàìà Γ0. Â ñâîþ ÷åðãó, äîäàòíó âèçíà÷åíiñòü ìàòðèöi
Ãðàìà Γ0 çàáåçïå÷ó¹ âèêîíàííÿ êðèòåðiþ Ñèëüâåñòðà [4], à ñàìå, äîäà-
òíiñòü âèçíà÷íèêiâ âñiõ êâàäðàòíèõ äiàãîíàëüíèõ ìiíîðiâ ìàòðèöi Ãðàìà
Γ0. Òàêèì ÷èíîì, äîâåäåíî íàñòóïíó ëåìó.

Ëåìà 1. Çà óìîâè (3), ó ðàçi äîäàòíî¨ âèçíà÷åíîñòi ìàòðèöi Ãðàìà Γ0,
çàäà÷à ïðî âiäíîâëåííÿ àâòîíîìíîãî ëiíiéíîãî iíòåãðî-äèôåðåíöiàëüíîãî
ðiâíÿííÿ òèïó Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì (1) çà âiäîìèì ðîçâ'ÿçêîì
öi¹¨ çàäà÷i y(t) := ϕ(t) ∈ D2[a; b], y′(t) := ϕ′(t) ∈ L2[a; b] ìà¹ ¹äèíèé
ðîçâ'ÿçîê, ÿêèé ìiíiìiçó¹ âåëè÷èíó íåâ'ÿçêè ∆0 ó ñåíñi íàéìåíøèõ êâà-
äðàòiâ.

Ïðèêëàä. Óìîâè äîâåäåíî¨ ëåìè 1 ñïðàâäæóþòüñÿ ó çàäà÷i ïðî âiä-
íîâëåííÿ äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i äëÿ ëiíiéíîãî àâòîíîìíîãî iíòåã-
ðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ òèïó Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì

y′(t) = Ay(t) + Φ

∫ 1

0

[
B y(s) + C y′(s)

]
ds, M z(a) +N z(b) = α (4)

çà âiäîìèì ðîçâ'ÿçêîì
ϕ(t) :=

(
t 1

)∗
òà âiäîìèì âåêòîðîì

α :=
(

1 2
)∗
.

Ïðèðîäíèé áàçèñ ïðîñòîðó R2×2 ñêëàäàþòü ìàòðèöi

Ξ1 =

(
1 0
0 0

)
, Ξ2 =

(
0 0
1 0

)
, Ξ3 =

(
0 1
0 0

)
, Ξ4 =

(
0 0
0 1

)
.

Ïîêëàäåìî p := q = 2, r := 0. Òàêèì ÷èíîì, îòðèìó¹ìî íåâèðîäæåíó
äîäàòíî âèçíà÷åíó ìàòðèöþ

Γ0 =
1

12


4 0 3 0
0 4 0 3
3 0 3 0
0 3 0 3

 ,
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òîìó çàäà÷à ïðî âiäíîâëåííÿ àâòîíîìíîãî iíòåãðî-äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ òèïó Ôðåäãîëüìà (4) çà âiäîìèì ðîçâ'ÿçêîì z(t) := ϕ(t) îäíîçíà÷íî
ðîçâ'ÿçíà:

A =

(
0 0
0 0

)
, B =

(
2 0
0 0

)
, C =

(
0 0
0 0

)
.

Çàïðîïîíîâàíà ñõåìà äîñëiäæåííÿ çàäà÷i, îáåðíåíî¨ äî çàäà÷i ïðî çíà-
õîäæåííÿ ðîçâ'ÿçêó iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ òèïó Ôðåäãîëüìà
ç âèðîäæåíèì ÿäðîì ìîæå áóòè ïåðåíåñåíà íà çàäà÷i, îáåðíåíi äî çàäà÷i
ïðî çíàõîäæåííÿ ðîçâ'ÿçêó íåëiíiéíîãî iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿ-
ííÿ òèïó Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì, ÿêå ìiñòèòü äèôåðåíöiàëüíî-
àëãåáðà¨÷íèé îïåðàòîð [5]. Ç iíøîãî áîêó, ó ðàçi íåðîçâ'ÿçíîñòi çàäà÷i,
îáåðíåíî¨ äî çàäà÷i ïðî çíàõîäæåííÿ ðîçâ'ÿçêó iíòåãðî-äèôåðåíöiàëüíîãî
ðiâíÿííÿ òèïó Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì òàêó çàäà÷ó ìîæíà ðå-
ãóëÿðèçóâàòè [6].
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We consider the real polynomial di�erential systems

dx

dt
= p (x, y) ,

dy

dt
= q (x, y) , gcd(p, q) = 1 (1)

and the vector �elds X = p (x, y) ∂
∂x + q (x, y) ∂

∂y associated to systems (1).

Denote nnn = max {deg (p) ,deg (q)}. If nnn = 2 (respectively, nnn = 3, nnn = 4)
then the system (1) is called quadratic (respectively, cubic, quartic).

An algebraic curve f(x, y) = 0, f ∈ C[x, y] is said to be an invariant
algebraic curve of (1) if there exists a polynomial Kf ∈ C[x, y], deg(Kf ) ≤
n − 1 such that the identity X(f) ≡ f(x, y)Kf (x, y) holds. In particular, a
straight line L ≡ αx + βy + γ = 0, α, β, γ ∈ C is called invariant for the
system (1) if there exists a polynomial KL ∈ C[x, y] such that the identity

αp(x, y) + βq(x, y) ≡ (αx+ βy + γ)KL(x, y), (x, y) ∈ R2,

i.e. X(L) ≡ L(x, y)KL(x, y), (x, y) ∈ R2, holds.
In the work [1] there are introduced the following de�nitions of the multi-

plicity of an invariant algebraic curve: algebraic multiplicity, in�nitesimal
multiplicity, integrable multiplicity, geometric multiplicity and the relations
between these de�nitions are established.

In this paper we consider only the algebraic multiplicity.
An invariant algebraic curve f of degree d for the vector �eld X has

algebraic multiplicity k when k is the greatest positive integer such that the
k-th power of f divides Ed(X), where

Ed(X) = det


υ1 υ2 ... υl

X(υ1) X(υ2) ... X(υl)
... ... ... ...

Xl−1(υ1) Xl−1(υ2) ... Xl−1(υl)

 ,

and υ1, υ2, ..., υl is a basis of Cd[x, y]. If d = 1 then υ1 = 1, υ2 = x, υ3 = y
and E1(X) = p · X(q)− q · X(p).

Denote by M(nnn) the maximal multiplicity of a�ne invariant straight lines
in the class of polynomial di�erential systems of degree nnn.

We have M(2) = 4, M(3) = 7, M(4) = 10 and the evaluation

3nnn− 2 ≤M(nnn) ≤ 3nnn− 1, nnn ≥ 2.
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Let P (x, y, z), Q(x, y, z) the homogenized polynomials of p(x, y), q(x, y),
respectively, and denote X∞ = P (x, y, z) ∂

∂x +Q (x, y, z) ∂
∂y .

We say that the line at in�nity z = 0 has algebraic multiplicity ν + 1
if m is the greatest positive integer such that zν divides E∞(X∞), where
E∞(X∞) = P · X∞(Q)−Q · X∞(P ).

Denote by L∞ the line at in�nity z = 0, by m(L∞) the multiplicity of
L∞ and by M∞(nnn) the maximal multiplicity of the line at in�nity in the
class of polynomial di�erential systems of degree nnn. We have M∞(2) = 5 and
M∞(3) = 7 [4].

Classi�cation of cubic systems with a linear center and the line at

in�nity of multiplicity four and �ve.

Consider the real cubic system of di�erential equations ẋ = y + ax2 + cxy + fy2 + kx3 +mx2y + pxy2 + ry3 ≡ p (x, y) ,
ẏ = −(x+ gx2 + dxy + by2 + sx3 + qx2y + nxy2 + ly3) ≡ q (x, y) ,
gcd(p, q) = 1, (k, l,m, n, p, q, r, s) 6= 0.

(2)

The critical point (0, 0) of the system (2) is either a focus or a center. The
problem of distinguishing between a center and a focus is called the center
problem. It is well known that (0, 0) is a center if and only if the Lyapunov
quantities L1, L2, ..., Lj , ... vanish (see, for example, [2]).

We suppose that the in�nity is nondegenerate for (2), i.e.

sx4 + (k + q)x3y + (m+ n)x2y2 + (l + p)xy3 + ry4 6≡ 0. (3)

The homogeneous system associated to the system (2) has the form{
ẋ = yz2 + (ax2 + cxy + fy2)z + kx3 +mx2y + pxy2 + ry3 ≡ P,
ẏ = −(xz2 + (gx2 + dxy + by2)z + sx3 + qx2y + nxy2 + ly3) ≡ Q. (4)

For (4) the polynomial E∞ = P · X∞(Q)−Q · X∞(P ) has the form

E∞ = C2(x, y) + C3(x, y)z + C4(x, y)z
2 + · · ·+ C8(x, y)z

6,

where Cj(x, y), j = 2, ..., 8, are polynomial in x and y.
The line at in�nity z = 0 has multiplicity ν if C2(x, y) ≡ 0, ..., Cν(x, y) ≡ 0,

Cν+1(x, y) 6≡ 0, i.e. ν−1 is the greatest positive integer such that zν−1 divides
E∞. In particular, z = 0 has multiplicity �ve if the following relations

C2(x, y) + C3(x, y)z + C4(x, y)z
2 + C5(x, y)z

3 ≡ 0, C6(x, y) 6≡ 0, (5)

hold in z, i.e. C2(x, y) ≡ 0, C3(x, y) ≡ 0, C4(x, y) ≡ 0, C5(x, y) ≡ 0 and
C6(x, y) 6≡ 0. If C2(x, y) 6≡ 0, then we say that z = 0 has the multiplicity one.
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Let X = (x, y), A2 = (a, b, c, d, f, g), A3 = (k, l,m, n, p, q, r, s),
B2 = (A,B,C,D, F,G), U = (u, v), B3 = (K,L,M,N, P,Q,R, S) and X =
2−1M1U , A2 = 2−3M2B2, A3 = 2−4M3B3, where

M1 =

(
1 1
i −i

)
, M2 =


−i i −i i −i i
−1 −1 1 1 −1 −1
−2 −2 0 0 2 2
−2i 2i 0 0 2i −2i
i −i −i i i −i
1 1 1 1 1 1

 ,

M3 =



−i i −i i −i i −i i
i −i −i i i −i −i i
−3 −3 −1 −1 1 1 3 3
−3 −3 1 1 1 1 −3 −3
3i −3i −i i −i i 3i −3i
−3i 3i −i i i −i 3i −3i
1 1 −1 −1 1 1 −1 −1
1 1 1 1 1 1 1 1


,

detM1 = −2i, detM2 = −29i, detM3 = 216, i2 = −1.
We remark that, in general, the elements of U , B2, B3 are complex and

v = u, B = A, D = C, G = F , L = K, N =M, Q = P , S = R.
In u, v,A,B, ..., R, S the identity (5), up to a non zero factor, look as

M2(u, v) + M3(u, v)z + M4(u, v)z
2 + M5(u, v)z

3 ≡ 0, where
Mj(u, v)=2j−12(Nj(u, v) +Nj(u, v)), j=2, 3, 4, 5.

Solving in u and v the identities {M2(u, v) ≡ 0, M3(u, v) ≡ 0, M4(u, v) ≡
0} and {M2(u, v) ≡ 0, M3(u, v) ≡ 0, M4(u, v) ≡ 0, M5(u, v) ≡ 0} we obtain
the following two theorem, respectively,

Òåîðåìà 1. [3] The line at in�nity has the multiplicity at least four for cubic
system { (2),(3)} if and only if the coe�cients of { (2),(3)} verify one of the
following two set of conditions:

1)D = CS/K,F = BK/S,G = AS/K,L = −S4/K3,
M = S,N = R = −S3/K2, Q = −P = S2/K;

2)A = 2(K3L+ S4)/(S2(BK − FS))− S(BK − 2FS)/(KL),
R = KL/S, C = 2(K3L+ S4)/(KS(BK − FS))
−(BK4L− 2FK3LS − FS5)/(K2LS2),
D = (FK2L+BS3)/(K2L) + 2(K3L+ S4)/(K2(BK − FS)),
G = FS3/(K2L) + 2(K3L+ S4)/(KS(BK − FS)),
M = (K3L+ 2S4)/S3, N = (2K3L+ S4)/(K2S),
P = (2K3L+ S4)/(KS2), Q = (K3L+ 2S4)/(KS2).
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Òåîðåìà 2. The system { (2),(3)} has the line at in�nity of multiplicity �ve
if and only if its coe�cients verify one of the following three set of conditions:

1)C = D = 0, B = −AS3/K3, F = −AS2/K2, G = AS/K, M = S,
L = −S4/K3, N = R = −S3/K2, Q = −P = S2/K;

2)A=5F 3/B2, C=−6F 2/B,D=2F,G=−3F 2/B,K=F 5/B3, L=BF,
M=−3F 4/B2, N=−3F 2, P=Q=3F 3/B,R=−F 2, S=−F 4/B2, S 6= 0;

3)A = −K2(2BK − 3FS)/S3, C = −2K(BK − 2FS)/S2, D = 2F,
G = K(2FS −BK)/S2, L = S4/K3,M = 3S,N = 3S3/K2,
P = 3S2/K,Q = 3S2/K,R = S3/K2, K2(BK − FS)2 + 4S5 = 0.

In each of the sets of conditions of Theorem 2 the polynomial M6(u, v) is
not identical zero. This imply the following Theorem:

Òåîðåìà 3. In the class of systems { (2),(3)} the maximal multiplicity of the
line at in�nity is �ve.

Centers of cubic di�erential systems with the line at in�nity of

multiplicities four and �ve.

Òåîðåìà 4. The cubic system { (2),(3)} with the line at in�nity of multipli-
city four (�ve) has at the origin a center if and only if the �rst three Lyapunov
quantities (the �rst Lyapunov quantity)vanish L1 = L2 = L3 = 0 (the �rst
Lyapunov quantity vanishes L1 = 0).

Òåîðåìà 5. If for cubic system { (2),(3)} the line at in�nity (L∞) has multi-
plicity �ve (m(L∞) = 5) then the origin (0, 0) is a center if and only if the
divergence of associate vector �eld vanish, i.e. if { (2),(3)} has a polynomial
�rst integral.

Problem. Proof the following statement: If for system

ẋ = y + p2(x, y) + · · ·+ pn(x, y), ẏ = −x+ q2(x, y) + · · ·+ qn(x, y), n ≥ 4,

where pj and qj are homogeneous polynomials of degree j, the line at in�nity
(L∞) has maximal multiplicity then the origin (0, 0) is a center if and only if
the divergence of associate vector �eld vanish.

1. Christopher C., Llibre J., Pereira J.V. Multiplicity of invariant algebraic curves
in polynomial vector �elds. // Paci�c J. of Math. � 2007. � Vol. 229, Is. 1. �
Pp. 63�117.

2. Cozma D. Integrability of cubic systems with invariant straight lines and invari-
ant conics. � Chi�sin�au: �Stiin�ta, 2013, 240 p.

3. �Sub�a A. Center problem for cubic di�erential systems with the line at in�nity of
multiplicity four. // Carpathian. J. Math. � 2022. � Vol. 38, Is. 1. Pp. 217�222.

4. �Sub�a A., Vacara�s O. Cubic di�erential systems with an invariant straight line
of maximal multiplicity. // Annals of the University of Craiova, Mathematics
and Computer Science Series. � 2015. � Vol. 42, Is. 2. Pp. 427�449.
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Äåðæàâíèé òîðãîâåëüíî-åêîíîìi÷íèé óíiâåðñèòåò

Ñó÷àñíi òåõíîëîãi÷íi êîíñòðóêöi¨ (ðîáîòè, ìàíiïóëÿòîðè, ãiðîñêîïi÷íi
ïðèñòðî¨) ÿâëÿþòü ñîáîþ ñèñòåìó çâ'ÿçàíèõ òâåðäèõ òië, ÿêà â àíàëiòè-
÷íié ìåõàíiöi ìîäåëþ¹òüñÿ ãiðîñòàòîì. Ïiä ãiðîñòàòîì ðîçóìiþòü ñèñòåìó
çâ'ÿçàíèõ òâåðäèõ òië, ó ÿêèõ ðîçïîäië ìàñ íå çìiíþ¹òüñÿ iç ïëèíîì ÷àñó.

Â íàóêîâié ëiòåðàòóði ïî äèíàìiöi ãiðîñòàòà ôîðìóëþ¹òüñÿ çàäà÷à ïðî
ðóõ ãiðîñòàòà ïiä äi¹þ ïîòåíöiàëüíèõ i ãiðîñêîïi÷íèõ ñèë. Â.À. Ñò¹êëîâ
ðîçãëÿäàâ àíàëîãiþ ìiæ öi¹þ çàäà÷åþ i çàäà÷åþ ïðî ðóõ òiëà â iäåàëüíié,
íåñòèñëèâié ðiäèíi. Â ñòàòòi [1] Õ.Ì. ßõüÿ çà äîïîìîãîþ äàíèõ çàäà÷ çà-
ãàëüíèì ìåòîäîì, ÿêèé çàñòîñîâó¹òüñÿ â çàäà÷àõ àíàëiçó ïðîãðàìíèõ ðó-
õiâ ãiðîñòàòà, ¹ ìåòîä iíâàðiàíòíèõ ñïiââiäíîøåíü, ùî ðîçðîáèëè Ò. Ëåâi-
×iâiòà [2] òà Ï.Â. Õàðëàìîâ [3], îñîáëèâîñòi ÿêîãî âêàçàíi Ã.Â. Ãîððîì â
[4]. Â äàíié ðîáîòi îäåðæàíî íîâèé ðîçâ'ÿçîê çàäà÷i òà îòðèìàíî óìîâè
iñíóâàííÿ òðüîõ iíâàðiàíòíèõ ñïiââiäíîøåíü äëÿ ðiâíÿíü ðóõó ãiðîñòàòà çi
çìiííèì ãiðîñòàòè÷íèì ìîìåíòîì ïiä äi¹þ ïîòåíöiàëüíèõ i ãiðîñêîïi÷íèõ
ñèë.

Ðîçãëÿíåìî ñèñòåìó, ÿêà ñêëàäà¹òüñÿ iç íàìàãíi÷åíîãî òiëà-íîñiÿ, ùî
íåñå ïîçèòèâíi i íåãàòèâíi åëåêòðè÷íi çàðÿäè, òà ñèìåòðè÷íîãî ðîòî-
ðà. Ââàæà¹ìî, ùî ðîòîð íå íàìàãíi÷åíèé, íå ìà¹ çàðÿäiâ òà îáåðòà¹-
òüñÿ íàâêîëî îñi. Ãiðîñòàò ðóõà¹òüñÿ â ìàãíiòíîìó ïîëi i íà íüîãî äi-
þòü íüþòîíiâñüêi, êóëîíiâñüêi ñèëè òà ñèëè Ëîðåíöà. Ââåäåìî ïîçíà÷å-
ííÿ A = diag(A1, A2, A3) � òåíçîð iíåðöi¨ ãiðîñòàòà; B = diag(B1, B2, B3)
� ìàòðèöÿ, ÿêà õàðàêòåðèçó¹ ãiðîñêîïi÷íi ñèëè; C = diag(C1, C2, C3) �
ìàòðèöÿ, ùî õàðàêòåðèçó¹ ïîòåíöiàëüíi ñèëè; s = (s1, s2, s3) � âåêòîð
óçàãàëüíåíîãî öåíòðó ìàñ ãiðîñòàòà; λ = (0; 0;λ3) � ãiðîñòàòè÷íèé ìî-
ìåíò; ω = (ω1, ω2, ω3) � êóòîâà øâèäêiñòü ãiðîñòàòà; ν = (ν1, ν2, ν3) �
îäèíè÷íèé âåêòîð îñi ñèìåòði¨ ñèëîâîãî ïîëÿ, ùî ¹ ñóïåðïîçèöi¹þ íüþòî-
íiâñüêîãî, êóëîíiâñüêîãî òà ìàãíiòíîãî ïîëiâ; ñòðóìè Ôóêî â ïðîöåñi ðóõó
ãiðîñòàòà íå âèíèêàþòü. Ðiâíÿííÿ ðóõó ãiðîñòàòà ïðåäñòàâèìî ó âèãëÿäi:

A1ω̇1 = (A2−A3)ω2ω3−ω2λ3(t)+ω2B3ν3−ω3B2ν2+s2ν3−s3ν2+(C3−C2)ν2ν3,
(1)

A2ω̇2 = (A3−A1)ω3ω1+ω1λ3(t)+ω3B1ν1−ω1B3ν3+s3ν1−s1ν3+(C1−C3)ν3ν1,
(2)

A3ω̇3+λ̇3(t) = (A1−A2)ω1ω2+ω1B2ν2−ω2B1ν1+s1ν2−s2ν1+(C2−C1)ν1ν2,
(3)

ν̇1 = ω3ν2 − ω2ν3, ν̇2 = ω1ν3 − ω3ν1, ν̇3 = ω2ν1 − ω1ν2, (4)
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äå êðàïêîþ ïîçíà÷åíî ïîõiäíó çà ÷àñîì t.
Ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü (1)-(4) ¹ íåàâòîíîìíîþ ñèñòåìîþ i

äîïóñêà¹ äâà ïåðøèõ iíòåãðàëà

ν21 + ν22 + ν23 = 1,

A1ω1ν1 +A2ω2ν2 + (A3ω3ν3 + λ3(t))ν3 −
1

2
(B1ν

2
1 +B2ν

2
2 +B3ν

2
3) = k, (5)

äå k � äîâiëüíà ñòàëà. Ââàæà¹ìî, ùî

λ̇3(t) = L(t). (6)

äå L(t) � ïðîåêöiÿ ñèë i ìîìåíòiâ, ÿêi äiþòü íà ðîòîð ç áîêó òiëà-íîñiÿ.
Ôóíêöiÿ λ3(t) ìà¹ âèãëÿä

λ̇3(t) = D3(ω3 + ẋ(t)), (7)

äå D3 � ìîìåíò iíåðöi¨ ðîòîðà âiäíîñíî éîãî îñi îáåðòàííÿ, x(t) � éîãî
êóòîâà øâèäêiñòü.

Âèêîðèñòîâóþ÷è [5], çàäàìî äëÿ ðiâíÿíü (1)-(4) òðè iíâàðiàíòíèõ ñïiâ-
âiäíîøåííÿ

ω1 = ν1ε(ν3)+β1g(ν3), ω2 = ν2ε(ν3)+β2g(ν3), ω3 = ν3ε(ν3)+β3g(ν3), (8)

äå βi(i = 1, 3) � ñòàëi ïàðàìåòðè; ε(ν3), g(ν3) � ôóíêöi¨ çìiííî¨ ν3, ÿêi
ìîæíà äèôåðåíöiþâàòè. Ó âåêòîðíîìó âèãëÿäi iç (8) ñëiäó¹

ω = ε(ν3)ν + g(ν3)β. (9)

Òóò âåêòîð β = (β1, β2, β3) íå ìà¹ íóëüîâèõ êîìïîíåíòiâ. Ç ðiâíÿííÿ Ïó-
àññîíà (4) îäåðæèìî β ·ν = C0, òîáòî ïðîòÿãîì âñüîãî ÷àñó ðóõó ãiðîñòàòà
êóò ìiæ âåêòîðàìè β i ν ñòàëèé. Ðóõè ãiðîñòàòà, äëÿ ÿêèõ âèêîíó¹òüñÿ
öÿ âëàñòèâiñòü, íàçèâàþòü ïðåöåñi¹þ âiäíîñíî âåðòèêàëi. Ïðåöåñiéíi ðóõè
ãiðîñòàòà [6], [7] ¹ íàéáiëüø âàæëèâèìè ðåæèìàìè äëÿ òåõíi÷íèõ êîíñòðó-
êöié.

Ïðè öüîìó ôóíêöi¨ ν1(ν3), ν2(ν3) ìàþòü âèãëÿä:

ν1(ν3) =
1

x20
[β2(C0 − β3ν3)− β1

√
F (ν3)],

ν2(ν3) =
1

x20
[β1(C0 − β3ν3)− β2

√
F (ν3)], (10)

äå x20 = β2
1 +β2

2 , F (ν3) = −β2
0ν

2
3 +2C0β3ν3 +(x20 −C2

0 ), (β
2
0 = β2

1 +β2
2 +β2

3).
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Çàëåæíiñòü çìiííî¨ ν3 âiä ÷àñó t îäåðæó¹ìî ç iíòåãðàëüíîãî ñïiââiäíî-
øåííÿ

ν3∫
ν
(0)
3

dν3

g(ν3)
√
F (ν3)

= t− t0. (11)

Ðîçãëÿíåìî iíâàðiàíòíi ñïiââiäíîøåííÿ (8) ó âèïàäêó ε(ν3) =
ε0, g(ν3) = g0

ω1 = ε0ν1 + β1g0, ω2 = ε0ν2 + β2g0, ω3 = ε0ν3 + β3g0, (12)

Âèêîðèñòîâóþ÷è ôóíêöiþ F (ν3), îäåðæèìî

ν1(ψ) = h0 + h1 cosψ + h2 sinψ, ν2(ψ) = r0 + r1 cosψ + r2 sinψ, (13)

ν3(ψ) = a0 + a2 sinψ,

äå ψ = β0g0t. Òóò ââåäåíi ïîçíà÷åííÿ

h0 =
C0β1(x0β0µ0 − β2

3)

x20γ0β
2
0

, h1 = −γ0β2
x20

, h2 = −γ0β1β3
x20β0

,

r0 =
C0β2(x0β0µ0 − β2

3)

x20γ0β
2
0

, r1 = −γ0β1
x20

, r2 = −γ0β2β3
x20β0

, (14)

a0 =
C0β3
γ0β2

0

, a2 =
γ0
β0
, µ0 =

√
β2
0 − C2

0 .

Òàêèì ÷èíîì, ðiâíÿííÿ (4) íà iíâàðiàíòíèõ ñïiââiäíîøåííÿõ (12) ïðî-
iíòåãðîâàíi â åëåìåíòàðíèõ ôóíêöiÿõ ÷àñó, ÿêi ïîäàíi ôîðìóëàìè (13) ç
ïîçíà÷åííÿìè (14).

Äëÿ âèçíà÷åííÿ óìîâ iñíóâàííÿ îäåðæàíîãî ðîçâ'ÿçêó äèôåðåíöiàëü-
íèõ ðiâíÿíü ðóõó ãiðîñòàòà ïðîâåäåíà ðåäóêöiÿ âèõiäíèõ ðiâíÿíü äî ñè-
ñòåìè òðüîõ äèôåðåíöiàëüíèõ ðiâíÿíü ùîäî ôóíêöié ε(ν3), g(ν3), λ3(ν3).
Ïiñëÿ ïiäñòàíîâêè â íèõ (12), (13), âèìàãà¹ìî, ùîá îäåðæàíå ðiâíÿííÿ
áóëî òîòîæíiì ïî çìiííié ψ. Òîäi âèêîíóþòüñÿ ðiâíîñòi

A2 = A1, B2 = B1, C2 = C1, (15)

s1β2 − s2β1 = 0, (16)

s3 = −g0β3(A1ε0 +B1), ε0 =
2(C3 − C1)

B3 −B1
, (17)

λ3(ψ) = − g0
2β0

[B1 −B3 + 2ε0(A3 −A1)] sinψ + λ0, (18)

λ0 = − C0β3
2γ0β2

0

[2ε0(A3 −A1) +B1 −B3]. (19)
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Äîñëiäæåííÿ óìîâ (15)�(19) iñíóâàííÿ òðüîõ ëiíiéíèõ iíâàðiàíòíèõ
ñïiââiäíîøåíü ïðèâîäèòü äî âèñíîâêiâ:
1)A = diag(A1, A2, A3), B = diag(B1, B2, B3), C = diag(C1, C2, C3), òîìó
åëiïñî¨äîì iíåðöi¨ ¹ åëiïñî¨ä îáåðòàííÿ A1(x

2 + y2) +A3z
2 = σ2

1 , åëiïñî¨äè
B1(x

2 + y2) + A3z
2 = σ2

2 , C1(x
2 + y2) + C3z

2 = σ2
3 òàêîæ ¹ åëiïñî¨äàìè

îáåðòàííÿ (σ1, σ2, σ3 � ñòàëi ïàðàìåòðè);
2)s1 = d0β1, s2 = d0β2, äå d0 = −g0(2ε0A1 + B1 + B3)/2 � ñòàëèé ïàðà-
ìåòð, òîìó âåêòîðè β = (β1, β2, β3) i s = (s1, s2, s3) (s = (d0β1, d0β2, d0β3))
¹ êîëiíåàðíèìè i çíàõîäÿòüñÿ â îäíié ïëîùèíi, àëå íå ëåæàòü â åêâàòîði-
àëüíié ïëîùèíi åëiïñî¨äà iíåðöi¨;
3) ïàðàìåòð g0 ìîæíà ââàæàòè äîâiëüíèì.

Ïðîåêöiÿ ñèë i ìîìåíòiâ, ÿêi äiþòü íà ðîòîð ç áîêó òiëà-íîñiÿ, ìà¹
âèãëÿä

L(t) =
g20
a
[B3 −B1 − 2ε0(A3 −A1)] cos(g0β0t), (20)

à øâèäêiñòü ẋ(t) ðîòîðà, ÿêèé íåñå ãiðîñòàò, çíàõîäÿòü ç ðiâíÿííÿ

g0
2β0

[B1 −B3 − 2ε0(A3 −A1)] sin(g0β0t) = D3(ω3(t) + ẋ(t)), (21)

äå ω3(t) = ε0a2 sin(g0β0t) + β3g0.
Òàêèì ÷èíîì, â ðîáîòi ðîçãëÿíóòî óìîâè iñíóâàííÿ òðüîõ iíâàðiàíòíèõ

ñïiââiäíîøåíü ðiâíÿíü ðóõó ãiðîñòàòà ïiä äi¹þ ïîòåíöiàëüíèõ i ãiðîñêîïi-
÷íèõ ñèë ó âèïàäêó çìiííîãî ãiðîñòàòè÷íîãî ìîìåíòó. Äàíi iíâàðiàíòíi
ñïiââiäíîøåííÿ õàðàêòåðèçóþòü ïðåöåñi¨ çàãàëüíîãî âèäó ãiðîñòàòà âiä-
íîñíî âåðòèêàëi. Ó âèïàäêó ε(ν3) = ε0, g(ν3) = g0, äå ε0 i g0 � ñòàëi ïà-
ðàìåòðè, ïîáóäîâàíî íîâèé ðîçâ'ÿçîê ðiâíÿíü êëàñó Êiðõãîôà-Ïóàññîíà,
ÿêèé õàðàêòåðèçó¹òüñÿ åëåìåíòàðíèìè ôóíêöiÿìè ÷àñó.
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There are investigated the issues of existence and uniqueness of continuous
(for t ∈ < ) solutions of the systems of nonlinear functional equations of the
form

x (t) = F (t, x (q1t + f1 (t, x (t))) , ..., x (qkt + fk (t, x (t)))) , (1)

where F : < × <n × ... × <n → <n, qi = const 6= 0, fi : < × <n → <,
i = 1, ..., k. For certain classes of the systems of equations of the form (1)
these issues were studied by many mathematicians and currently researched
well enough. However, it cannot be said about the existence of continuous
solutions of the systems (1) in general. Therefore it is of interest a theorem
proved here on su�ciently wide assumptions regarding the functions F, fi,
i = 1, ..., k.

Òåîðåìà 1. Let the conditions be ful�lled:

1. qi, i = 1, 2, ..., k, - positive integers;

2. the vector-function F
(
t, x1, ..., xk

)
and the functions fi (t, x), i = 1, 2, ..., k,

are continuous for every t ∈ <, xi ∈ <n, i = 1, ..., k, x ∈ <n and there
is the relation

sup
t∈<,xi∈<,i=1,k

∣∣F (t, x1, ..., xk
)∣∣ = M <∞;

3. the vector-function F
(
t, x1, ..., xk

)
and the functions fi (t, x), i = 1, 2, ..., k,

satisfy the conditions

∣∣F (t̄, x̄1, ..., x̄k
)
− F

(¯̄t, ¯̄x1, ..., ¯̄xk
)∣∣ ≤ L0

∣∣t̄− ¯̄t
∣∣+

k∑
i=1

Li

∣∣x̄i − ¯̄xi
∣∣ ,

∣∣fi (t̄, x̄)− fi
(¯̄t, ¯̄x

)∣∣ ≤ l′i
∣∣t̄− ¯̄t

∣∣+ l′′i |x̄− ¯̄x| , i = 1, 2, ..., k,
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where Li, i = 0, k, l′i, l
′′
i , i = 1, k - some su�ciently small positive constant,(

t̄, x̄1, ..., x̄k
)
,
(¯̄t, ¯̄x1, ..., ¯̄xk

)
∈ < × <kn.

Then the system of equations (1) has a unique continuous solution which
satis�es the condition ∣∣x(t̄)− x(¯̄t)

∣∣ ≤ l
∣∣t̄− ¯̄t

∣∣ ,
where t̄, ¯̄t ∈ <.
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Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

Ðîçãëÿäà¹òüñÿ êðàéîâà çàäà÷à äëÿ àáñòðàêòíîãî ãiïåðáîëi÷íîãî ðiâíÿ-
ííÿ ó ñåïàðàáåëüíîìó ïðîñòîði Ãiëüáåðòà H

y′′(t, ε) +A(t)y(t, ε) = εZ(t, y(t, ε), y′(t, ε)) + f(t), (1)

l(y(·, ε), y′(·, ε)) = α, (2)

äå âåêòîð-ôóíêöiÿ y ∈ C2(J,H), J = [0, w] ⊂ R, çàìêíåíà ñèëüíî íåïå-
ðåðâíà îïåðàòîð-ôóíêöiÿ A(t) äi¹ iç J ó ùiëüíó îáëàñòü D = D(A(t)) ⊂ H,
ùî íå çàëåæèòü âiä t, íåëiíiéíiñòü Z(t, y(t, ε), y′(t, ε)) çàäîâîëüíÿ¹ óìîâè:

Z(·, y(t, ε), y′(t, ε)) ∈ C(J,H),

Z(t, ·, y′(t, ε)) ∈ C1[‖y − y0‖ ≤ q], Z(t, y(t, ε), ·) ∈ C1[‖y − y0‖ ≤ q],

äå q � äîñòàòíüî ìàëà êîíñòàíòà, ε << 1 � ìàëèé ïàðàìåòð, âåêòîð-
ôóíêöiÿ f ∈ C(J,H), l : C2[J,H] → H1 � ëiíiéíèé îáìåæåíèé îïåðàòîð,
α ∈ H1.

Ñïèðàþ÷èñü íà ìåòîäèêó äîñëiäæåííÿ êðàéîâèõ çàäà÷ äåòàëüíî îá-
ãðóíòîâàíó â [1], âèâ÷à¹òüñÿ ïèòàííÿ iñíóâàííÿ ðîçâ'ÿçêó y(t, ε) çàäà÷i
(1), (2), ÿêèé ïåðåòâîðþ¹òüñÿ ïðè ε = 0 â îäèí iç ðîçâ'ÿçêiâ y0(t) ïîðî-
äæóþ÷î¨ çàäà÷i

y′′0 (t) +A(t)y0(t) = f(t), l(y0(·), y′0(·)) = α. (3)

Ðîçâ'ÿçîê y0(t) áóäåìî íàçèâàòè ïîðîäæóþ÷èì ðîçâ'ÿçêîì çàäà÷i (1), (2).
Ñôîðìóëþ¹ìî êðèòåðié iñíóâàííÿ ðîçâ'ÿçêiâ çàäà÷i (3). Äëÿ öüîãî ïå-

ðåïèøåìî ¨¨ ó âèãëÿäi êðàéîâî¨ çàäà÷i äëÿ îïåðàòîðíî¨ ñèñòåìè

x′0(t) = B(t)x0(t) + g(t), (4)

lx0(·) = α, (5)

x01(t) = y0(t), x02(t) = y′0(t), x0(t) = col(x01(t), x
0
2(t)),

B(t) =

(
0 I

−A(t) 0

)
, g(t) = col(0, f(t)),

I � îäèíè÷íèé îïåðàòîð ó ïðîñòîði H.
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Ìíîæèíà ðîçâ'ÿçêiâ ðiâíÿííÿ (4) ìà¹ âèãëÿä

x0(t, c) = U(t)c+

t∫
0

U(t)U−1(τ)g(τ)dτ, (6)

äå U(t) � åâîëþöiéíèé îïåðàòîð îäíîðiäíî¨ ñèñòåìè

U ′(t) = B(t)U(t), U(0) = I.

Ïiäñòàâëÿþ÷è (6) â êðàéîâó óìîâó (5), îòðèìà¹ìî îïåðàòîðíå ðiâíÿííÿ

Qc = g1,

Q = lU(·) : H → H1, g1 = α− l
·∫

0

U(·)U−1(τ)g(τ)dτ.

Ñïðàâåäëèâèé íàñòóïíèé ðåçóëüòàò [2].

Òåîðåìà 1. Êðàéîâà çàäà÷à (4), (5) ìà¹ ñèëüíi óçàãàëüíåíi ðîçâ'ÿçêè
òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà

PHQ
g1 = 0. (7)

Çà óìîâè (7), ìíîæèíà ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i (4), (5) ìà¹ âèãëÿä

x0(t, c) = U(t)PN(Q)c+ (G[g, α])(t), ∀c ∈ H, (8)

äå

(G[g, α])(t) = U(t)Q
+
g1 +

t∫
0

U(t)U−1(τ)g(τ)dτ

� óçàãàëüíåíèé îïåðàòîð Ãðiíà êðàéîâî¨ çàäà÷i (4), (5), ðîçøèðåíèé íà
H, ùî ¹ ïîïîâíåííÿì H çãiäíî âiäïîâiäíî¨ íîðìè, PHQ

� îðòîïðî¹êòîð

íà ïiäïðîñòið HQ, PN(Q) � îðòîïðî¹êòîð íà ÿäðî îïåðàòîðà Q, Q
+
�

ïñåâäîîáåðíåíèé çà Ìóðîì-Ïåíðîóçîì äî îïåðàòîðà Q, H = HQ ⊕R(Q).

Ïåðåïèøåìî êðàéîâó çàäà÷ó (1), (2) ó âèãëÿäi îïåðàòîðíî¨ ñèñòåìè

x′(t, ε) = B(t)x(t, ε) + εH(t, x(t, ε)) + g(t), lx(·, ε) = α, (9)

x(t, ε) = col(x1(t, ε), x2(t, ε)), x1(t, ε) = y(t, ε), x2(t, ε) = y′(t, ε),

H(t, x(t, ε)) = col(0, Z(t, x(t, ε))).

Áóäåìî øóêàòè ðîçâ'ÿçîê x(t, ε) êðàéîâî¨ çàäà÷i (9), ÿêèé ïðè ε = 0
ïåðåòâîðþ¹òüñÿ íà îäèí iç ðîçâ'ÿçêiâ x0(t, c) ïîðîäæóþ÷î¨ êðàéîâî¨ çàäà÷i
(4), (5). Íåîáõiäíà óìîâà ðîçâ'ÿçíîñòi êðàéîâî¨ çàäà÷i (9) áóäå ìàòè òàêèé
âèãëÿä.
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Òåîðåìà 2. Íåõàé êðàéîâà çàäà÷à (9) ìà¹ ñèëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê
x(t, ε), ÿêèé ïðè ε = 0 ïåðåòâîðþ¹òüñÿ íà îäèí ç ðîçâ'ÿçêiâ x0(t, c

0) ïî-
ðîäæóþ÷î¨ êðàéîâî¨ çàäà÷i (4), (5) ç åëåìåíòîì c = c0. Òîäi c0 ïîâèíåí
çàäîâîëüíÿòè îïåðàòîðíå ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ åëåìåíòiâ

F (c) = PHQ
l

·∫
0

U(·)U−1(τ)H(τ, x0(τ, c))dτ = 0. (10)

Äëÿ îòðèìàííÿ äîñòàòíüî¨ óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i
(9) çðîáèìî çàìiíó çìiííèõ

x(t, ε) = y(t, ε) + x0(t, c
0), (11)

äå åëåìåíò c0 çàäîâîëüíÿ¹ îïåðàòîðíå ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ åëå-
ìåíòiâ (10). Ïiñëÿ çàìiíè (11) òà ðîçêëàäó íåëiíiéíîñòi H ó îêîëi ïîðî-
äæóþ÷îãî ðîçâ'ÿçêó, êðàéîâà çàäà÷à (9) áóäå ìàòè âèãëÿä

y′(t, ε) = B(t)y(t, ε) + ε(H(t, x0(t, c
0) +H ′x(t, x0(t, c

0))y(t, ε) +R(t, y(t, ε)),

ly(·, ε) = 0.

Íåîáõiäíà òà äîñòàòíÿ óìîâà ðîçâ'ÿçíîñòi öi¹¨ çàäà÷i, âðàõóâàâøè (10), ¹
íàñòóïíîþ:

PHQ
l

·∫
0

U(·)U−1(τ)
(
H ′x
(
τ, x0

(
τ, c0

))
y(τ, ε) +R(τ, y(τ, ε)))

)
dτ = 0, (12)

à ìíîæèíà ¨¨ ðîçâ'ÿçêiâ ìà¹ âèãëÿä

y(t, ε) = U(t)PN(Q)c+ εG[H(·, y + x0), 0](t). (13)

Ïiäñòàâëÿþ÷è ðîçâ'ÿçîê (13) â óìîâó (12), ïðèõîäèìî äî îïåðàòîðíîãî
ðiâíÿííÿ âiäíîñíî åëåìåíòà c:

B0c = b, (14)

B0 = PHQ
l

·∫
0

U(·)U−1(τ)H ′x
(
τ, x0

(
τ, c0

))
U(τ)PN(Q)dτ,

b = − PHQ
l

·∫
0

U(·)U−1(τ)
(
R(τ, y(τ, ε))

+ εH ′x
(
τ, x0

(
τ, c0

))
G[H(·, y + x0), 0](τ)

)
dτ.
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Çà âèêîíàííÿ äîñòàòíüî¨ óìîâè ðîçâ'ÿçíîñòi

PHB0

PHQ
= 0, (15)

ðiâíÿííÿ (14) áóäå ìàòè ñèëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê c = B
+

0 b, äå

PHB0

� îðòîïðî¹êòîð íà ïiäïðîñòið HB0
(HB0

= H̃Q 	 R(B0), H̃Q � ïî-

ïîâíåííÿHQ çãiäíî âiäïîâiäíî¨ íîðìè), B
+

0 � ïñåâäîîáåðíåíèé çà Ìóðîì-

Ïåíðîóçîì äî îïåðàòîðà B0.
Ñïðàâåäëèâèé íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 3. Íåõàé ïîðîäæóþ÷à äëÿ çàäà÷i (1), (2) çàäà÷à (4), (5), çà
âèêîíàííÿ óìîâè (7), ìà¹ ìíîæèíó ðîçâ'ÿçêiâ x0(t, c) (8). Òîäi, äëÿ êî-
æíîãî äiéñíîãî çíà÷åííÿ âåêòîðà c = c0, ùî çàäîâîëüíÿ¹ îïåðàòîðíå
ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ åëåìåíòiâ (10) òà ïðè (15), êðàéîâà çàäà÷à
(1), (2) ìà¹ ñèëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê x(t, ε), ÿêèé ïåðåòâîðþ¹-
òüñÿ ïðè ε = 0 â ïîðîäæóþ÷èé ðîçâ'ÿçîê x0(t, c). Öåé ðîçâ'ÿçîê ìîæíà
çíàéòè çà äîïîìîãîþ çáiæíîãî iòåðàöiéíîãî ïðîöåñó:

yk+1(t, ε) = U(t)PN(Q)ck + yk+1(t, ε), yk+1(t, ε) = εG[H(·, yk + x0), 0](t),

ck = −B+

0 PHQ
l

·∫
0

U(·)U−1(τ)
(
H ′x
(
τ, x0

(
τ, c0

))
yk(τ, ε) +R(τ, yk(τ, ε))

)
dτ,

xk(t, ε) = yk(t, ε) + x0
(
t, c0

)
, x(t, ε) = lim

k→∞
xk(t, ε), y0(t, ε) = y0(t, ε) = 0,

R(t, yk(t, ε)) = H
(
t, yk(t, ε) + x0

(
t, c0

))
−H

(
t, x0

(
t, c0

))
−H ′x

(
t, x0

(
t, c0

))
yk(t, ε).

1. Boichuk A.A., Samoilenko A.M. Generalized Inverse Operators and Fredholm
Boundary-Value Problems. � Berlin: De Gruyter, second ed. � 2016. � 314 p.

2. Boichuk A.A., Pokutnyi O.O. Bifurcation of Solutions of the Second Order
Boundary-Value Problems in Hilbert Spaces // Miskolc Mathematical Notes. �
2019. � Vol. 20, Is. 1. � Pp. 139�152.

Ðîáîòà âèêîíàíà çà ïiäòðèìêè ïðî¹êòó ¾Êðàéîâi çàäà÷i òà iìïóëüñíi
çáóðåííÿ íåëiíiéíèõ åâîëþöiéíèõ ðiâíÿíü ó íåñêií÷åííîâèìiðíèõ ïðîñòî-
ðàõ¿ (ÇÌ-2022).
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Ôîðìóëè iíòåãðóâàííÿ ÷àñòèíàìè äëÿ ôóíêöié
ç óçàãàëüíåíèõ ïðîñòîðiâ Ñîáîë¹âà

Îëåã Áóãðié, Ìàð'ÿíà Õîìà

mariana.khoma@lnu.edu.ua, oleh.buhrii@lnu.edu.ua

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü ç ëiïøèöåâîþ ìåæåþ ∂Ω, n ∈ N,
T > 0, Qs,τ := Ω× (s, τ), 0 ≤ s < τ ≤ T . Äîñëiäæåííÿ áàãàòüîõ çàäà÷ äëÿ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ñïèðà¹òüñÿ íà ôîðìóëó iíòåãðóâàííÿ
÷àñòèíàìè, íàïðèêëàä, òàêîãî âèãëÿäó:∫

Qs,τ

wt z dxdt =

∫
Ω

w(x, t) z(x, t) dx

∣∣∣∣t=τ
t=s

−
∫

Qs,τ

w zt dxdt, (1)

â ÿêié ôóíêöi¨ w, z íàëåæàòü ïåâíèì ôóíêöiéíèì ïðîñòîðàì, ùî ïðî-
äèêòîâàíi âèãëÿäîì ðiâíÿííÿ. Ðiâíÿííÿ çi çìiííèìè ïîêàçíèêàìè íåëi-
íiéíîñòi âèìàãàþòü âèêîðèñòàííÿ àíàëîãiâ öi¹¨ ôîðìóëè äëÿ ôóíêöié ç
óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà òà Ñîáîë¹âà. Âàðiàíòè ôîðìóë òèïó (1)
äîâåäåíî, íàïðèêëàä â [1], [2]. ßêùî ïîêàçíèê q íåëiíiéíîñòi ðiâíÿííÿ (à,
îòæå, i iíòåãðîâíîñòi ôóíêöié) çàëåæèòü âiä ïðîñòîðîâî¨ òà ÷àñîâî¨ çìií-
íèõ (x, t) ∈ Q0,T , òî (1) äîâåäåíî çà óìîâè îáìåæåíîñòi i ãåëüäåðîâîñòi
ôóíêöi¨ q îäíî÷àñíî çà âñiìà çìiííèìè (x, t) (äèâ. [3], [4]). Â íàøié ïðàöi
ìè äîâåäåìî (1) äëÿ ñîëåíî¨äàëüíèõ ôóíêöié, ùî íàëåæàòü óçàãàëüíåíèì
ïðîñòîðàì Ñîáîë¹âà ç îáìåæåíèì ïîêàçíèêîì q, ÿêèé çàäîâîëüíÿ¹ óìîâó
Ëiïøèöÿ ëèøå çà ÷àñîâîþ çìiííîþ t.

Ââåäåìî ïîçíà÷åííÿ. Íåõàé B+(O) := {q∈L∞(O) | ess inf
y∈O

q(y)>0}, äå

O ⊂ RN . Äëÿ êîæíî¨ ôóíêöi¨ q ∈ B+(O) ââåäåìî òàêi ïîçíà÷åííÿ:

q0 := ess inf
y∈O

q(y), q0 := ess sup
y∈O

q(y),

ρq(v;O) :=

∫
O

|v(y)|q(y) dy, v : O → R.

Íåõàé q ∈ B+(O), q0 > 1, Lq(y)(O) := {v : O → R | ρq(v;O) < +∞}
� óçàãàëüíåíèé ïðîñòið Ëåáåãà, ÿêèé, ÿê âiäîìî, ¹ áàíàõîâèì ïðîñòîðîì
ñòîñîâíî íîðìè Ëþêñåìáóðãà ||v;Lq(y)(O)|| := inf{λ > 0 | ρq(v/λ;O) ≤ 1}.

Íåõàé Λt(Q0,T ) � ìíîæèíà ôóíêöié q : Q0,T → R äëÿ ÿêèõ iñíó¹ ïðî-
äîâæåííÿ (ïîçíà÷èìî éîãî çíîâó q) çîâíi Q0,T , ùî çàäîâîëüíÿ¹ óìîâè:
(i) q ∈ C(Rt;L∞(Rnx)) ∩ B+(Rn+1

x,t ); (ii) q0 > 1; (iii) iñíó¹ L > 0 òàêå, ùî

|q(x, t)− q(x, s)| ≤ L|t− s|, x ∈ Rn, t, s ∈ R.

107



Ìíîæèíó ôóíêöié p : (0, T ) → R, ÿêi çàäîâîëüíÿþòü âiäïîâiäíi óìîâè
(i)-(iii) áåç çìiííî¨ x, ìè ïîçíà÷èìî ÷åðåç Λt(0, T ).

Íåõàé u = (u1, . . . , un), div u := ∂u1

∂x1
+ ∂u2

∂x2
+ . . . + ∂un

∂xn
. Ðîçãëÿíåìî

ìíîæèíó ãëàäêèõ ñîëåíî¨äàëüíèõ ôóíêöié

Cdiv := {u ∈ [D(Ω)]n | div u = 0}.

Äëÿ âñiõ s ∈ N íåõàé Zs ¹ çàìèêàííÿì Cdiv â ïðîñòîði [Hs
0(Ω)]n.

Äëÿ ôóíêöi¨ q ∈ Λt (Q0,T ) âèçíà÷èìî óçàãàëüíåíi ïðîñòîðè Ñîáîë¹âà
ñîëåíî¨äàëüíèõ ôóíêöié

V t := Z1 ∩ [Lq(x,t)(Ω)]n äëÿ âñiõ t ∈ [0, T ],

U(Q0,T ) := L2(0, T ;Z1) ∩ [Lq(x,t)(Q0,T )]n,

çi ñòàíäàðòíèìè íîðìàìè äëÿ ïåðåòèíó íîðìîâàíèõ ïðîñòîðiâ. Íåõàé

W (Q0,T ) := {u ∈ U(Q0,T ) | ut ∈ [U(Q0,T )]∗},

ïðè÷îìó, ||u;W (Q0,T )|| := ||u;U(Q0,T )||+ ||ut; [U(Q0,T )]∗||.
Îñíîâíèì ðåçóëüòàòîì öi¹¨ ïðàöi ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1. ßêùî q ∈ Λt (Q0,T ), òî êîæíà ôóíêöiÿ u ∈ W (Q0,T ) íàëå-

æèòü äî ïðîñòîðó u ∈ C([0, T ];H) òà çàäîâîëüíÿ¹ ðiâíiñòü

〈ut, χt1,t2u〉U(Q0,T ) =
1

2

∫
Ω

|u(x, t2)|2 dx− 1

2

∫
Ω

|u(x, t1)|2 dx (2)

äëÿ 0 ≤ t1 < t2 ≤ T , äå χt1,t2(t) =

{
1, t ∈ [t1, t2];
0, t /∈ [t1, t2].

Òâåðäæåííÿ öi¹¨ òåîðåìè ó ñòàíäàðòíîìó âèïàäêó ñòàëîãî ïîêàçíèêà
iíòåãðîâíîñòi q(x, t) ≡ 2 ìîæíà çíàéòè, íàïðèêëàä, â [5, p. 84]. Íà æàëü
íàì íå âäàëîñÿ çíàéòè éîãî (i, îñíîâíå, éîãî äîâåäåííÿ) äëÿ ïðîñòîðiâ ñî-
ëåíî¨äàëüíèõ ôóíêöié íàâiòü ÿêùî çìiííèé ïîêàçíèê iíòåãðîâíîñòi q(x, t)
çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ ÷è Ãåëüäåðà çà âñiìà ñâî¨ìè çìiííèìè. Äå-
ÿêi âàðiàíòè òàêîãî òâåðäæåííÿ íåÿâíî âèêîðèñòàíî, íàïðèêëàä, â [6] äëÿ
òàêèõ q. Âèïàäîê ëiïøèöü- (÷è ãåëüäåð-) íåïåðåðâíîñòi ëèøå çà îäíi¹þ
÷àñîâîþ çìiííîþ âèâ÷åíî â íàøié ïðàöi âïåðøå íàâiòü êîëè u íå ¹ ñîëå-
íî¨äàëüíîþ ôóíêöi¹þ.

Êëþ÷îâèì ôàêòîì äëÿ äîâåäåííÿ Òåîðåìè 1 ¹ âñòàíîâëåííÿ ìîæëèâî-
ñòi íàáëèæåííÿ ôóíêöi¨ ç ïðîñòîðó W (Q0,T ) ïîñëiäîâíiñòþ ãëàäêèõ ôóí-
êöié ñïåöiàëüíîãî âèãëÿäó. Ùîá äîâåñòè öåé ôàêò, òðàäèöiéíî, âèêîðè-
ñòîâó¹òüñÿ ïîíÿòòÿ óñåðåäíåííÿ ôóíêöi¨. Ïðèïóñòèìî, ñïåðøó, ùî âèêî-
íó¹òüñÿ óìîâà
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(Z): ζε(t) :=
1

ε
ζ
( t
ε

)
, t ∈ R, ε > 0, äå

ζ(t) :=

 ζ0e
t2

t2−R2 , 0 ≤ |t| < R,

0, |t| ≥ R,
(3)

à ñòàëi ζ0, R > 0 çàäîâîëüíÿþòü óìîâó íîðìàëiçàöi¨∫
R

ζ(t) dt =

∫
|t|≤R

ζ(t) dt = 1.

Çðîçóìiëî, ùî ¹ òàêèé çâ'ÿçîê ìiæ ζ0 òà R: ζ0 = ζ0(R) −→
R→+∞

+0. Äëÿ

ïðîäîâæåíî¨ íóëåì çîâíi [0, T ] ôóíêöi¨ z = z(t) ðîçãëÿíåìî ¨¨ óñåðåäíåííÿ

zε(t) :=

∫
R

ζε(t− s)z(s) ds =

t+εR∫
t−εR

ζε(t− s)z(s) ds, t ∈ R.

Ëåìà 1. ßêùî p ∈ Λt(0, T ), âèêîíó¹òüñÿ óìîâà (Z), ñòàëà ζ0 çàäîâîëü-

íÿ¹ (3), ôóíêöiÿ z ∈ Lp(t)([0, T ]) çàäîâîëüíÿ¹ óìîâó

T∫
0

|z(t)| dt ≤ 1

ζ0
, (4)

òî äëÿ âñiõ ε ∈ (0, 1) âèêîíó¹òüñÿ îöiíêà∫
R

|zε(t)|p(t) dt ≤ (eLR + 1)
{∫
R

|z(t)|p(t) dt+

∫
R

|z(t)| dt
}
, (5)

äå L > 0 � ñòàëà Ëiïøèöÿ äëÿ ôóíêöi¨ p, ÷èñëî R > 0 âçÿòî ç (3).

Ó çâ'ÿçêó ç äîâîëi ñêëàäíèì âèãëÿäîì íîðìè â óçàãàëüíåíîìó ïðî-
ñòîði Ëåáåãà Lp(t)(0, T ), ïåðåõiä âiä (5) äî âiäïîâiäíî¨ îöiíêè äëÿ íîðìè
óñåðåäíåííÿ ôóíêöi¨ ¹ íå çîâñiì òðèâiàëüíèì. Ìà¹ ìiñöå òàêà ëåìà.

Ëåìà 2. ßêùî âèêîíóþòüñÿ óìîâè Ëåìè 1, òî äëÿ âñiõ ε ∈ (0, 1
R ) ìà-

òèìåìî, ùî

||zε;Lp(t)(0, T )|| ≤ (2 eL + 3)
{
||z;Lp(t)(0, T )||+ ||z;L1(0, T )||

}
.

Êðiì òîãî, zε −→
ε→+0

z ñèëüíî â ïðîñòîði Lp(t)(0, T ).
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Ïîâåðíåìîñÿ òåïåð äî ôóíêöié áàãàòüîõ çìiííèõ. Íåõàé q ∈ Λt(Q0,T ),
z ∈ Lq(x,t)(Q0,T ), z ïðîäîâæåíî íóëåì ïðè t 6∈ [0, T ]. Òîäi

∫
Ω

( T∫
0

|z(x, t)|q(x,t) dt
)
dx =

∫
Q0,T

|z(x, t)|q(x,t) dxdt ≤ C1.

Çðîçóìiëî, ùî ç öi¹¨ îöiíêè çîâñiì íå âèïëèâà¹, ùî äëÿ âñiõ x ∈ Ω âè-

êîíó¹òüñÿ
∫ T

0
|z(x, t)|q(x,t) dt ≤ C2. Òîìó ìè íå ìîæåìî ãàðàíòóâàòè iñíó-

âàííÿ ñïiëüíî¨ äëÿ âñiõ x ∈ Ω ñòàëî¨ ζ0, äëÿ ÿêî¨ âèêîíó¹òüñÿ îöiíêà
òèïó (4). À, îòæå, äîâåñòè çáiæíiñòü ïîñëiäîâíîñòi óñåðåäíåíèõ (ëèøå çà
çìiííîþ t) ôóíêöié äî ôóíêöi¨ ç ïðîñòîðó Lq(x,t)(Q0,T ) ïîêè íå âäà¹òüñÿ.
Ïðîòå, ÿêùî ñïåðøó ïîáóäóâàòè ïîñëiäîâíiñòü çðiçàþ÷èõ ôóíêöié äëÿ
z ∈ Lq(x,t)(Q0,T ), à âæå êîæíó çðiçêó (òîáòî, îáìåæåíó ôóíêöiþ) íàáëè-
çèòè óñåðåäíåííÿì ç âiäïîâiäíèì ÿäðîì, òî ìîæíà äîâåñòè òàêó ëåìó.

Ëåìà 3. ßêùî q ∈ Λt(Q0,T ), òî äëÿ êîæíîãî u ∈ W (Q0,T ) iñíó¹ òàêà

ïîñëiäîâíiñòü {um}m∈N ⊂ C1([0, T ];Cdiv ), ùî

um −→
m→∞

u ñèëüíî â U(Q0,T ), umt −→
m→∞

ut ñëàáêî â [U(Q0,T )]∗.

Ïiñëÿ öüîãî äîâåäåííÿ Òåîðåìè 1 ïðîâîäèòüñÿ ñòàíäàðòíèì øëÿõîì.
Ç (2) ëåãêî îòðèìó¹ìî àíàëîã ôîðìóëè iíòåãðóâàííÿ ÷àñòèíàìè (1).
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Ïðî ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i

äëÿ åâîëþöiéíèõ ðiâíÿíü iç ïñåâäîäèôåðåíöiàëüíèìè

îïåðàòîðàìè ó ïðîñòîðàõ òèïó S

Âàñèëü Ãîðîäåöüêèé, Ðóñëàíà Êîëiñíèê, Îëüãà Ìàðòèíþê

o.martynyuk@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ

∂u(t, x)/∂t+ B̂u(t, x) = 0, (t, x) ∈ (0,+∞)× R ≡ Ω, (1)

B̂ = Bp,ω/S
1/ω
2 (ω ∈ (0, 1], p ∈ N � ôiêñîâàíi), ïðè öüîìó B̂ = F−1[ϕp,ω ·F ].

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (1) ðîçóìi¹ìî ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà
âîëîäi¹ âëàñòèâîñòÿìè: 1) u(t, ·) ∈ C1(0,+∞) ïðè êîæíîìó x ∈ R; 2)
u(·, x) ∈ S1/ω

2 ïðè êîæíîìó t ∈ (0,+∞); 3) u(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹
ðiâíÿííÿ (1).

Äëÿ ðiâíÿííÿ (1) çàäàìî íåëîêàëüíó áàãàòîòî÷êîâó çà ÷àñîì çàäà÷ó:
çíàéòè ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (1) òà óìîâó

µ lim
t→+0

u(t, ·)−
m∑
k=1

µkBku(tk, ·) = f, f ∈ (S
1/ω
2,∗ )′, (2)

äå ãðàíè÷íå ñïiââiäíîøåííÿ (2) ðîçãëÿäà¹òüñÿ ó ïðîñòîði (S
1/ω
2 )′, {µ, µ1,

. . . , µm} ⊂ (0,+∞), {t1, . . . , tm} ⊂ (0,∞), m ∈ N � ôiêñîâàíi ÷èñëà,

0 < t1 < t2 < · · · < tm < +∞, µ >

m∑
k=1

µk, B1, . . . , Bm � ïñåâäîäèôåðåí-

öiàëüíi îïåðàòîðè, ïîáóäîâàíi çà ôóíêöiÿìè (ñèìâîëàìè) gk: R → (0,∞)
âiäïîâiäíî: Bk = F−1[gk(σ)F ], k ∈ {1, . . . ,m}. Ôóíêöi¨ gk, k ∈ {1, . . . ,m},
çàäîâîëüíÿþòü óìîâè: gk ∈ C∞(R); ∀ε > 0∀σ ∈ R : gk(σ) ≤ exp{ε|σ|},
∃Mk > 0 ∀s ∈ N : |Ds

σgk(σ)| ≤Ms
ks!.

Òåîðåìà 1. Çàäà÷à (1), (2) ¹ ðîçâ'ÿçíîþ, ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ

u(t, x) = f ∗G(t, x), (t, x) ∈ Ω,

äå G(t, x), (t, x) ∈ Ω, � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê áàãàòîòî÷êîâî¨ çàäà-

÷i äëÿ ðiâíÿííÿ (1), u(t, ·) ∈ S1/ω
2 ïðè êîæíîìó t > 0.

Çàóâàæåííÿßêùî â óìîâi (2) B1 = · · · = Bm = I (I � îäèíè÷íèé îïå-
ðàòîð), òî ìîæíà äîâåñòè, ùî òîäi çàäà÷à (1), (2) êîðåêòíî ðîçâ'ÿçíà,

ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ u(t, x) = f ∗ G(t, x), f ∈ (S
1/ω
1,∗ )′, (t, x) ∈ Ω,

G(t, x) = F−1[Q(t, ·)], Q(t, σ) = e−ta(σ)
(
µ−

m∑
k=1

µke
−tka(σ)

)−1
, G(t, ·) ∈ S1/ω

1

ïðè êîæíîìó t > 0.

1



Ïðî íåëîêàëüíó çà ÷àñîì çàäà÷ó äëÿ ñèíãóëÿðíîãî

ïàðàáîëi÷íîãî ðiâíÿííÿ

Âàñèëü Ãîðîäåöüêèé, Îëüãà Ìàðòèíþê, Ðîìàí Ïåòðèøèí

o.martynyuk@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þðiÿ Ôåäüêîâè÷à

Íåõàé α � ôiêñîâàíå ÷èñëî ç ìíîæèíè (1,+∞)\{2, 3, 4, . . . }. Ñèìâîëîì
Φα ïîçíà÷èìî ñóêóïíiñòü ôóíêöié ϕ ∈ C(R) ∩C∞(R \ {0}), ÿêi çàäîâîëü-
íÿþòü óìîâó

∃a = a(ϕ) > 0 ∀k ∈ Z+ ∃ck = ck(ϕ) > 0 ∀σ ∈ R\{0} : |σk$(k)(σ)| ≤ cke−a|σ|
α

(ÿêùî k = 0, òî σ ∈ R).
Ñèìâîëîì Ψα ïîçíà÷èìî Ôóð'¹-îáðàç ïðîñòîðó Φα ïðè ïåðåòâîðåííi

Áåññåëÿ Ψα = FBν
[Φα], F )Bν [ϕ] � ïàðíà i îáìåæåíà íà R ôóíêöiÿ.

Ñèìâîëîì Ψ′α ïîçíà÷àòèìåìî ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóí-
êöiîíàëiâ, âèçíà÷åíèõ íà ïðîñòîði îñíîâíèõ ôóíêöié Ψα çi ñëàáêîþ çái-
æíiñòþ, à éîãî åëåìåíòè íàçèâàòèìåìî óçàãàëüíåíèìè ôóíêöiÿìè.

Ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ

∂u(t, x)

∂t
+Au(t, x) = 0, (t, x) ∈ (0,+∞)× R ≡ Ω, (1)

äå A � ïñåâäîáåññåëåâèé îïåðàòîð ó ïðîñòîði Ψα, ðîçãëÿíóòèé ó ï. 1 (A =
F−1Bν

[|σ|αFBν ]).
Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (1) ðîçóìi¹ìî ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà:

1) íåïåðåðâíî äèôåðåíöiéîâíà çà çìiííîþ t; 2) u(t, ·) ∈ D(A) ≡ Ψα ïðè
êîæíîìó t > 0; 3) u(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (1).

Íåëîêàëüíó áàãàòîòî÷êîâó çà ÷àñîì çàäà÷ó äëÿ ðiâíÿííÿ (1) ìîæíà
ñòàâèòè òàê: çíàéòè ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ
(1) i óìîâó

µ lim
t→+0

u(t, ·)−
m∑
k=1

µku(tk, ·) = f, f ∈ Ψ′α,∗, (2)

äå Ψ′α,∗ � êëàñ çãîðòóâà÷iâ ó ïðîñòîði Ψα, m ∈ N, {µ, µ1, . . . , µm} ⊂
(0,+∞), {t1, . . . , tm} ⊂ (0,+∞) � ôiêñîâàíi ÷èñëà, 0 < t1 < t2 < · · · <

tm < +∞, µ >

m∑
k=1

µk.

Òåîðåìà 1. Íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à (1), (2) êîðå-
êòíî ðîçâ'ÿçíà, ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ

u(t, x) = f ∗G(t, x), (t, x) ∈ Ω,

u(t, ·) ∈ Ψα ïðè êîæíîìó t > 0.
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About the fundamental matrix of solutions of the Cauchy problem

for a parabolic system of IDEs with an operator of

Volterra-Fredholm type

Ivan Danyliuk

i.danyluk@chnu.edu.ua

Yuriy Fedkovych Chernivtsi National University

The theory of the correct solvability of the Cauchy problem and the
boundary value problems is almost completely developed for general Petrovsky
parabolic systems [1]�[5]. The considerable theoretical interest is the further
study of problems for parabolic systems, including those that contain integro-
di�erential operators (IDOs) [6]�[8]. Such operators arise in mathemati-
cal modeling of processes in control theory, problems of �nancial theory,
thermomechanics, acoustics, viscoelasticity, mathematical biology, where it
is assumed that there is a global mechanism that a�ects the process itself.
Parabolic IDOs also arise in problems associated with stochastic Markov-
Feller processes with jumps.

Here the fundamental matrix of solutions (FMS) of the Cauchy problem
for a parabolic system of IDEs with an operator of Volterra-Fredholm type is
investigated. Using the method of reduction to a system of integral equations
with the kernel that is expressed through the kernel of the IDO of the system
and the FMS of the corresponding parabolic system, the FMS of the Cauchy
problem in classical H�older spaces Cm+α(Π) is constructed. This is the class
of functions u(t, x), that have in Π = (0, T )×Rn continuous derivatives Dk

xu,
Dk
xu ≡ Dk1

x1
· · ·Dkn

xnu, k = (k1, ..., kn), |k| = k1 + ...+ kn, up to and including
m, elder derivatives are H�older with exponent α, 0 < α < 1, and the norm

|u|m+α =
∑
|k|≤m

sup
(t,x)∈Π

|Dk
xu(t, x)|+

∑
|k|=m

sup
(t,x),(t,x+∆x)∈Π

|∆xD
k
xu(t, x)|
|∆x|α

,

|∆x| = (∆x2
1 + ...+ ∆x2

n)1/2

is �nite.
In the domain Π = (0, T ) × Rn we consider the Cauchy problem for the

uniformly parabolic system of N IDEs

L(t, x,D,B)u ≡ ∂u

∂t
−
∑
|k|≤2b

Ak(t, x)Dk
xu−

−
t∫

0

dτ

∫
Rn

∑
|s|≤p

Bs(t, τ, x, ξ)D
s
ξu(τ, ξ) dξ = f(t, x),

(1)

u
∣∣
t=0

= ϕ(x), x ∈ Rn, 0 ≤ p ≤ 2b− 1. (2)
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The de�nition of uniform parabolicity of the system (1), only without
Volterra-Fredholm-type IDOs, is given in [1].
Theorem. Suppose that the system (1) is uniformly parabolic, the coe�cients

of the system Ak(t, x) are de�ned in the domain Π, continuous in t and uni-

formly in x for |k| = 2b, Ak ∈ Cαx (Π). The kernels of the IDOs of the system

Bs =
(
Bsij
)N
i,j=1

, |s| ≤ p, are continuous for t > τ , x, ξ ∈ Rn and satisfy the

inequalities

|Dm
x Bs(t, τ, x, ξ)| ≤ Cms(t− τ)−

n+2b+|m|−α
2b e−cρ(t,τ,x,ξ),

t > τ, x, ξ ∈ Rn, |m| = 0, 1, |s| ≤ p.
Then there is the FMS of the system (1)

Γ(t, τ, x, ξ) = Z(t, τ, x, ξ) +

t∫
τ

dβ

∫
Rn

Z(t, β, x, z)R(β, τ, z, ξ) dz ≡ Z +W,

which for t > τ satis�es a homogeneous system. Here R is the resolvent of

the corresponding system of Volterra-Fredholm integral equations of the second

kind, the repeated kernels of which are expressed through the kernels Bs of the
IDOs of the system (1) and the FMS Z of the corresponding parabolic system

∂u

∂t
−
∑
|k|≤2b

Ak(t, x)Dk
xu = y(t, x),

where y(t, x) � is an unknown N -vector-function, which is obtained during

the FMS construction. For the derivatives of the volume potential W , the

estimates

|Dk
xW (t, τ, x, ξ)| ≤ C(t− τ)−

n+|k|+p−2b−α
2b e−cρ(t,τ,x,ξ), t > τ, x, ξ ∈ Rn.

are correct.

Thus, in this work, for the parabolic system of IDEs with Volterra-
Fredholm type IDO, the estimates of the FMS Γ for the Cauchy problem
are constructed and obtained. The construction of the FMS Γ is preserved
similar to the construction the FMS Z of a uniformly parabolic system. The
main term is the FMS Z of the uniformly parabolic system. The additional
term is an integral with the kernel Z and density, which is the resolvent of
the system of Volterra-Fredholm integral equations of the second kind, the
repeated kernels of which are expressed through the kernels of the IDOs Bs
of the parabolic system of IDEs and FMS Z of the corresponding parabolic
system.

At the same time, the smoothness of the solution of the Cauchy problem
depends not only on the smoothness of the initial function, but also on the
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di�erential properties of the kernels of the IDOs of the parabolic system of
IDEs [9].
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Ïîëiñüêèé íàöiîíàëüíèé óíiâåðñèòåò

Ðîçãëÿíåìî iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ Ôðåäãîëüìà ç âèðîäæå-
íèì ÿäðîì ç êåðóâàííÿì

ż(t)−
b∫
a

[
P (t)W (s)z(s) +Q(t)V (s)ż(s)

]
ds = f(t) +

b∫
a

K(t, s)u(s)ds, (1)

äå P (t) òà Q(t) � (n × m)-âèìiðíi ìàòðèöi, à W (t) òà V (t) � (m × n)-
âèìiðíi ìàòðèöi, K(t, s) � (n× q)-âèìiðíà ìàòðèöÿ, âèçíà÷åíà ó êâàäðàòi
I × I, f(t) � (n × 1)-âèìiðíèé âåêòîð-ñòîâï÷èê, u(t) � (q × 1)-âèìiðíèé
âåêòîð-ñòîâï÷èê, åëåìåíòè ÿêèõ íàëåæàòü ïðîñòîðó L2[a, b].

Ðîçâ'ÿçêîì z(t) iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ ç êåðóâàííÿì (1)
áóäåìî íàçèâàòè ïàðó âåêòîð-ôóíêöié z(t) òà u(s), ÿêi çàäîâîëüíÿþòü
ðiâíÿííÿ (1). Ïðè öüîìó z(t) ∈ D2([a, b],R

n), ż(t) ∈ L2([a, b],R
n), u(s) ∈

L2([a, b],R
q).

Çàñòîñîâóþ÷è òåîðiþ ïñåâäîîáåðíåíèõ îïåðàòîðiâ [1, 2] îòðèìà¹ìî óìî-
âè ðîçâ'ÿçíîñòi òà çàãàëüíèé âèãëÿä ðîçâ'ÿçêiâ ðiâíÿííÿ (1) áåç êåðóâàííÿ
(u(s) = 0).

Ïiñëÿ òðàäèöiéíî¨ çàìiíè ż(t) = y(t) òà ïîçíà÷åíü

M(t) =
[
P (t), Q(t)

]
, N(s) = col

[
W̃ (s), V (s)

]
, (2)

g(t) = f(t) + P (t)Wc, W̃ (s) =

b∫
s

W (τ)dτ, W = W̃ (a) (3)

iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ (1) áåç êåðóâàííÿì (u(s) = 0) çâîäèìî
äî iíòåãðàëüíîãî ðiâíÿííÿ

(L1y)(t) := y(t)−M(t)

b∫
s

N(s)y(s)ds = g(t), (4)

äå M(t) òà N(s) âiäïîâiäíî (n× 2m)- òà (2m× n)-âèìiðíi ìàòðèöi.

ÒîäiD = I2m−A, A =
b∫
a

N(s)M(s) ds òà îðòîïðîåêòîðè PN(D), PN(D∗)

[2, c. 61] áóäóòü (2m× 2m)-âèìiðíèìè ìàòðèöÿìè.
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Íåõàé rankD = n1. Ïîçíà÷èìî ÷åðåç PNr(D) � (2m × r)-âèìiðíó ìà-
òðèöþ, ÿêà ñêëàäåíà ç r = 2m−n1 ëiíiéíî íåçàëåæíèõ ñòîâïöiâ ìàòðèöi-
îðòîïðîåêòîðà PN(D), à ÷åðåç PNr(D∗) � (r × 2m)-âèìiðíó ìàòðèöþ, ÿêà
ñêëàäåíà ç r ëiíiéíî íåçàëåæíèõ ðÿäêiâ ìàòðèöi-îðòîïðîåêòîðà PN(D∗),
D+ � ïñåâäîîáåðíåíó ìàòðèöþ äî ìàòðèöi D.

Âiäîìî [2], ùî ïðè âèêîíàííi r ëiíiéíî íåçàëåæíèõ óìîâ

PNr(D∗)

b∫
a

N(s)g(s)ds = PNr(D∗)

b∫
a

N(s)
[
f(s) + P (s)Wc

]
ds = 0 (5)

i ëèøå ïðè íèõ iíòåãðàëüíå ðiâíÿííÿ (4) ìà¹ ñiì'þ r ëiíiéíî íåçàëåæíèõ
ðîçâ'ÿçêiâ

y(t) =M(t)PNr(D)ĉr + (L+
1 g)(t), (6)

äå ĉr � äîâiëüíèé åëåìåíò åâêëiäîâîãî ïðîñòîðó Rr, L+
1 � ïñåâäîîáåðíå-

íèé çà Ìóðîì-Ïåíðîóçîì îïåðàòîð äî iíòåãðàëüíîãî îïåðàòîðà L.
Ç ðiâíÿííÿ (5) îòðèìà¹ìî àëãåáðà¨÷íå ðiâíÿííÿ

Sc = f0, (7)

äå

S = PNr(D∗)

b∫
a

N(s)P (s)Wds, f0 = −PNr(D∗)

b∫
a

N(s)f(s)ds = 0.

Íåõàé rankS = n2. Ïîçíà÷èìî ÷åðåç PNµ(S) � (n × µ)-âèìiðíó ìà-
òðèöþ, ÿêà ñêëàäåíà ç µ = n − n2 ëiíiéíî íåçàëåæíèõ ñòîâïöiâ ìàòðèöi-
îðòîïðîåêòîðà PN(S), à ÷åðåç PNν(S∗) � (ν × r)-âèìiðíó ìàòðèöþ, ÿêà
ñêëàäåíà ç ν = r − n2 ëiíiéíî íåçàëåæíèõ ðÿäêiâ ìàòðèöi-îðòîïðîåêòîðà
PN(S∗) òà S

+ : Rr → Rn � ïñåâäîîáåðíåíó ìàòðèöþ äî ìàòðèöi S.
Âiäîìî [2], ùî ïðè âèêîíàííi ν ëiíiéíî íåçàëåæíèõ óìîâ

PNν(S∗)PNr(D∗)

b∫
a

N(s)f(s)ds = 0,

ðiâíÿííÿ áåç êåðóâàííÿ (1) ìà¹ ñiì'þ ðîçâ'ÿçêiâ

z(t) =
[
X1(t), X2(t)

] [ ĉr
ĉµ

]
+ (L̃+

1 f)(t) + (L̃+
1 P )(t)WS+f0 + S+f0,

äå

X1(t) =

t∫
a

M(s)PNr(D)ds, X2(t) = (L̃+
1 P )(t)WPNµ(S) + PNµ(S),
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(L̃+
1 f)(t) =

t∫
a

(L+
1 f)(s)ds, (L̃+

1 P )(t) =

t∫
a

(L+
1 P )(s)ds. (8)

Ïðèïóñòèìî, ùî PNν(S∗)PNr(D∗)

b∫
a

N(s)f(s)ds 6= 0, òîáòî ðiâíÿííÿ (1)

áåç êåðóâàííÿ íå ìà¹ ðîçâ'ÿçêiâ.
Òîäi ðiâíÿííÿ (1) ç êåðóâàííÿì ìà¹ ðîçâ'ÿçêè äëÿ òèõ i ëèøå òèõ ïðà-

âèõ ÷àñòèí, ÿêi çàäîâîëüíÿþòü ν ëiíiéíî íåçàëåæíi óìîâè [2]

PNν(S∗)PNr(D∗)

b∫
a

N(s)
[
f(s) +

b∫
a

K(s, τ)u(τ)dτ
]
ds = 0. (9)

Ç (9) îòðèìà¹ìî ðiâíÿííÿ âiäíîñíî êåðóâàííÿ u(s)

b∫
a

Ψ(s)u(s)ds = PNν(S∗)f0, (10)

äå Ψ(s) = PNν(S∗)PNr(D∗)

b∫
a

N(τ)K(τ, s)dτ � (ν × q)-âèìiðíà ìàòðèöÿ.

Ðîçâ'ÿçîê ðiâíÿííÿ (10) áóäåìî øóêàòè ó âèãëÿäi

u(s) = Ψ∗(s)c1, (11)

äå Ψ∗(s) � (q × ν)-âèìiðíà ìàòðèöÿ òðàíñïîíîâàíà äî ìàòðèöi Ψ(s), c1 ∈
Rν � íåâiäîìèé âåêòîð, ÿêèé òðåáà çíàéòè.

Ïiâäñòàâèâøè (11) ó (10) îòðèìà¹ìî àëãåáðà¨÷íå ðiâíÿííÿ

Hc1 = PNν(S∗)f0, (12)

äå H =
b∫
a

Ψ(s)Ψ∗(s)ds � (ν × ν)-âèìiðíà ìàòðèöÿ.

Íåõàé rankH = n3. Ïîçíà÷èìî ÷åðåç PNp(H) � (ν × p)-âèìiðíó ìà-
òðèöþ, ÿêà ñêëàäåíà ç p = ν − n3 ëiíiéíî íåçàëåæíèõ ñòîâïöiâ ìàòðèöi-
îðòîïðîåêòîðà PN(H), à ÷åðåç PNp(H∗) � (p × ν)-âèìiðíó ìàòðèöþ, ÿêà
ñêëàäåíà ç p ëiíiéíî íåçàëåæíèõ ðÿäêiâ ìàòðèöi-îðòîïðîåêòîðà PN(H∗),
H+ � ïñåâäîîáåðíåíà çà Ìóðîì-Ïåíðîóçîì ìàòðèöÿ äî ìàòðèöi H [1, 2].

Àëãåáðà¨÷íà ñèñòåìà (12) ìà¹ ðîçâ'ÿçîê âiäíîñíî âåêòîðà c1 ∈ Rν òîäi
i ëèøå òîäi, êîëè âèêîíó¹òüñÿ óìîâà

PNp(H∗)PNν(S∗)f0 = −PNp(H∗)PNν(S∗)PNr(D∗)

b∫
a

N(s)f(s)ds = 0, (13)
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ïðè âèêîíàííi ÿêî¨ âîíà ìà¹ p-ïàðàìåòðè÷íó ñiì'þ ëiíiéíî íåçàëåæíèõ
ðîçâ'ÿçêiâ

c1 = PNp(H)ĉp +H+PNν(S∗)f0, ĉp ∈ Rp. (14)

Ïiñëÿ ïiäñòàíîâêè (14) ó (11) îòðèìà¹ìî p-ïàðàìåòðè÷íó ñiì'þ ëiíiéíî
íåçàëåæíèõ êåðóâàíü

u(s) = Ψ∗(s)PNp(H)ĉp + Ψ∗(s)H+PNν(S∗)f0, (15)

ïðè ÿêèõ iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ (1) áóäå ìàòè ñiì'þ ðîçâ'ÿçêiâ

z(t) =
[
X1(t), X2(t), X3(t)

] ĉr
ĉµ
ĉp

+
(
L̃+
1 f
)
(t)+

+
(
L̃+
1 [KΨ

∗]
)
(t)H+PNν(S∗)f0 + (L̃+

1 P )(t)WS+f0 + S+f0,

äå [KΨ∗](t) =
b∫
a

K(t, s)Ψ∗(s)ds, X3(t) =
(
L̃+
1 [KΨ

∗]
)
(t)PNp(H), ĉr ∈ Rr, ĉµ ∈

Rµ, ĉp ∈ Rp � äîâiëüíi ñòàëi,
(
L̃+
1 [KΨ

∗]
)
(t) =

t∫
a

(
L+
1 [KΨ

∗]
)
(s)ds.

Òåîðåìà. Íåõàé rankD = n1, rankS = n2, rankH = n3.
Òîäi ïðè âèêîíàííi p ëiíiéíî íåçàëåæíèõ óìîâ (13) i ëèøå ïðè íèõ

iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ ç êåðóâàííÿì (1) ìà¹ ñiì'þ r + µ + p
(r = 2m− n1, ν = n− n2, p = ν − n3) ðîçâ'ÿçêiâ

z(t) =
[
X1(t), X2(t), X3(t)

] ĉr
ĉµ
ĉp

+
(
L̃+
1 f
)
(t)+

+
(
L̃+
1 [KΨ

∗]
)
(t)H+PNν(S∗)f0 + (L̃+

1 P )(t)WS+f0 + S+f0,

äå ĉr ∈ Rr, ĉµ ∈ Rµ òà ĉp ∈ Rp � äîâiëüíi ñòàëi.
Ïðè öüîìó âîíî ìà¹ p-ïàðàìåòðè÷íó ñiì'þ ëiíiéíî íåçàëåæíèõ äîïó-

ñòèìèõ êåðóâàíü

u(s) = Ψ∗(s)PNp(H)ĉp + Ψ∗(s)H+PNr(D∗)f0.

1. A. A. Boichuk, A. M. Samoilenko,Generalized Inverse Operators and Fredholm
Boundary-Value Problems. 2nd edition, Berlin, De Gruyter (2016).

2. À. À. Áîé÷óê, Â. Ô. Æóðàâëåâ, À. Ì. Ñàìîéëåíêî, Íîðìàëüíî ðàçðåøè-

ìûå êðàåâûå çàäà÷è, Íóêîâà äóìêà, Êèåâ (2019).
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Óìîâè ðîçâ'ÿçíîñòi ðiâíÿíü ç (2× 2)-âèìiðíèìè îïåðàòîðíèìè

ìàòðèöÿìè ó ãiëüáåðòîâèõ ïðîñòîðàõ

Âàëåðié Æóðàâëüîâ, Iðèíà Ñëþñàðåíêî

vfz2008@ukr.net, islusarenko62@gmail.com

Ïîëiñüêèé íàöiîíàëüíèé óíiâåðñèòåò

Â ðîáîòi îòðèìàíî óìîâè ðîçâ'ÿçíîñòi òà ôîðìóëè çàãàëüíèõ ðîçâ'ÿçêiâ
îïåðàòîðíèõ ðiâíÿíü ç (2×2)-âèìiðíèìè îïåðàòîðíèìè ìàòðèöÿìè ó ãiëü-
áåðòîâèõ ïðîñòîðàõ.

Ðîçãëÿíåìî ðiâíÿííÿ ç îïåðàòîðíîþ ìàòðèöåþ

L0

[
c
d

]
=

 L11 L12

L21 L22

[ c
d

]
=

[
y1
y2

]
, (1)

äå L11 : H1 → H3, L12 : H2 → H3, L21 : H1 → H4 L22 : H2 → H4 � ëiíiéíi
îáìåæåíi îïåðàòîðè.

Ìåòà ðîáîòè: çíàéòè ôîðìóëè äëÿ ïîáóäîâè ïðîåêòîðiâ òà óçàãàëüíåíî
îáåðíåíî¨ ìàòðèöi L−

0 äî îïåðàòîðíî¨ ìàòðèöi L0, à òàêîæ âñòàíîâèòè
óìîâè iñíóâàííÿ òà âèãëÿä ðîçâ'ÿçêó ðiâíÿííÿ (1).

Çàïèøåìî ðiâíÿííÿ (1) ó âèãëÿäi ñèñòåìè îïåðàòîðíèõ ðiâíÿíü L11c + L12d = y1,

L21c + L22d = y2.
(2)

Íåõàé îïåðàòîð L11 � íîðìàëüíî ðîçâ'ÿçíèé. Òîäi iñíóþòü îðòîïðî-
¹êòîðè: PN(L11) � íà íóëü-ïðîñòið N(L11) îïåðàòîðà L11, PN(L∗

11)
� íà

íóëü-ïðîñòið N(L∗
11) ñïðÿæåíîãî äî L11 îïåðàòîðà L∗

11 òà ïñåâäîîáåðíå-
íèé îïåðàòîð L+

11 äî îïåðàòîðà L11.
Òîäi ïåðøå ðiâíÿííÿ ñèñòåìè (2) ìà¹ ðîçâ'ÿçîê âiäíîñíî c ∈ H1 òîäi i

ëèøå òîäi, êîëè âèêîíó¹òüñÿ óìîâà [1, 2]

PN(L∗
11)

[
y1 − L12d

]
= 0, (3)

ïðè âèêîíàííi ÿêî¨ âîíî ìà¹ ñiì'þ ðîçâ'ÿçêiâ

c = PN(L11)c̄ + L+
11

[
y1 − L12d

]
, (4)

äå c̄ � äîâiëüíèé åëåìåíò áàíàõîâîãî ïðîñòîðó H1.
Ïiäñòàâèìî çíàéäåíå c ç (4) ó äðóãå ðiâíÿííÿ ñèñòåìè (2)

L21

{
PN(L11)c̄ + L+

11

[
y1 − L12d

]}
+ L22d = y2,
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àáî
L̃22d = y2 − L21L

+
11y1 − L21PN(L11)c̄, (5)

äå L̃22 = L22 − L21L
+
11L12 � ëiíiéíèé îáìåæåíèé îïåðàòîð.

Íåõàé îïåðàòîð L̃22 � íîðìàëüíî ðîçâ'ÿçíèé. Òîäi ðiâíÿííÿ (5) ìà¹
ðîçâ'ÿçîê âiäíîñíî d ∈ H2 òîäi i ëèøå òîäi, êîëè âèêîíó¹òüñÿ óìîâà [1, 2]

PN(L̃∗
22)

[
y2 − L21L

+
11y1 − L21PN(L11)c̄] = 0, (6)

ïðè âèêîíàííi ÿêî¨ âîíî ìà¹ ñiì'þ ðîçâ'ÿçêiâ

d = PN(L̃22)
d̄ + L̃+

22

[
y2 − L21L

+
11y1 − L21PN(L11)c̄

]
, (7)

äå PN(L̃∗
22)

� îðòîïðî¹êòîð íà íóëü-ïðîñòið N(L̃∗
22) ñïðÿæåíîãî äî L̃22

îïåðàòîðà L̃∗
22, PN(L̃22)

� îðòîïðî¹êòîð íà íóëü-ïðîñòið N(L̃22) îïåðàòîðà

L̃22, L̃
+
22 � ïñåâäîîáåðíåíèé îïåðàòîð äî îïåðàòîðà L̃22.

Äëÿ îòðèìàííÿ óìîâè ðîçâ'ÿçêó ïåðøîãî ðiâíÿííÿ ñèñòåìè (2), ïiä-
ñòàâèìî (7) ó (3)

PN(L∗
11)

L12L̃
+
22L21PN(L11)c̄− PN(L∗

11)
L12PN(L̃22)

d̄+

+
(
PN(L∗

11)
+ PN(L∗

11)
L12L̃

+
22L21L

+
11

)
y1 − PN(L∗

11)
L12L̃

+
22y2 = 0.

(8)

Ïîçíà÷èìî B̂+
22 = L12L̃

+
22L21.

Ïiäñòàâèâøè (7) ó (4), îòðèìà¹ìî

c =
[
PN(L11) + L+

11B̂
+
22PN(L11)

]
c̄− L+

11L12PN(L̃22)
d̄+

+
[
L+
11 + L+

11B̂
+
22L

+
11

]
y1 − L+

11L12L̃
+
22y2.

(9)

Ç óìîâ (8) òà (6) îòðèìà¹ìî óìîâè ðîçâ'ÿçíîñòi ìàòðè÷íîãî îïåðàòîð-
íîãî ðiâíÿííÿ (2) PN(L∗

11)
B̂+

22PN(L11) −PN(L∗
11)

L12PN(L̃22)

−PN(L̃∗
22)

L21PN(L11) 0

[ c̄
d̄

]
+

(10)

+

 PN(L∗
11)

+ PN(L∗
11)

B̂+
22L

+
11 −PN(L∗

11)
L12L̃

+
22

−PN(L̃∗
22)

L21L
+
11 PN(L̃∗

22)

[ y1
y2

]
= 0,
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à ç (7) òà (9), îòðèìà¹ìî çàãàëüíèé ðîçâ'ÿçîê îïåðàòîðíî¨ ñèñòåìè (1)

[
c
d

]
=

 PN(L11) + L+
11B̂

+
22PN(L11) −L+

11L12PN(L̃22)

−L̃+
22L21PN(L11) PN(L̃22)

[ c̄
d̄

]
+

+

 L+
11 + L+

11B̂
+
22L

+
11 −L+

11L12L̃
+
22

−L̃+
22L21L

+
11 L̃+

22

[ y1
y2

]
,

(11)
äå c̄ ∈ H1, d̄ ∈ H2 � åëåìåíòè, ÿêi çàäîâîëüíÿþòü óìîâó (10).

Ïîçíà÷èìî îïåðàòîðè

K =

 −PN(L∗
11)

B̂+
22PN(L11) PN(L∗

11)
L12PN(L̃22)

PN(L̃∗
22)

L21PN(L11) 0

 ,

L̃0 = L0 −K,

PN(L̃0)
=

 PN(L11) + L+
11B̂

+
22PN(L11) −L+

11L12PN(L̃22)

−L̃+
22L21PN(L11) PN(L̃22)

 , (12)

PYL̃0
=

 PN(L∗
11)

+ PN(L∗
11)

B̂+
22L

+
11 −PN(L∗

11)
L12L̃

+
22

−PN(L̃∗
22)

L21L
+
11 PN(L̃∗

22)

 , (13)

L̃−
0 =

 L+
11 + L+

11B̂
+
22L

+
11 −L+

11L12L̃
+
22

−L̃+
22L21L

+
11 L̃+

22

 .

Òîäi óìîâó (10) çàïèøåìî ó âèãëÿäi

PYL̃0

[
y1
y2

]
−K

[
c̄
d̄

]
= 0,

à çàãàëüíèé ðîçâ'ÿçîê (11) � ó âèãëÿäi[
c
d

]
= PN(L̃0)

[
c̄
d̄

]
+ L̃−

0

[
y1
y2

]
.
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Â ðîáîòi ïîêàçàíî, ùî îïåðàòîðè (12), (13) ¹ îáìåæåíèìè ïðîåêòîðàìè

âiäïîâiäíî íà íóëü-ïðîñòið N(L̃0) ⊂ H1 ×H2 òà ïiäïðîñòið YL̃0
= H3 ×

H4 	R(L̃0).
Îáìåæåíèé ïðî¹êòîð PN(L̃0)

ðîçáèâà¹ ãiëüáåðòîâèé ïðîñòið H1 ×H2

íà äîïîâíþâàëüíi ïiäïðîñòîðè N(L̃0) òà XL̃0
[3]

H1 ×H2 = N(H̃0)⊕XH̃0
.

Îñêiëüêè L0PN(L̃0)
= K, òî XL̃0

⊆ XL0
, äå XL0

= H1 ×H2 	N(L0).

Äàëi ïîêàçàíî, ùî îïåðàòîð L̃0 ¹ çâóæåííÿì îïåðàòîðà L0 íà ïiäïðî-
ñòið XL̃0

, òîáòî L0x = L̃0x äëÿ âñiõ x ∈ XL̃0
, à îïåðàòîðíà ìàòðèöÿ

L̃−
0 =

 L+
11 + L+

11B̂
+
22L

+
11 −L+

11L12L̃
+
22

−L̃+
22L21L

+
11 L̃+

22

 (14)

çàäîâîëüíÿ¹ âëàñòèâîñòi, ÿêi âèçíà÷àþòü óçàãàëüíåíî îáåðíåíó îïåðàòîð-
íó ìàòðèöþ

1. L0L̃
−
0 L0 = L0.

2. L̃−
0 L0L̃

−
0 = L̃−

0 ,

òîáòî ¹ îáìåæåíîþ óçàãàëüíåíî îáåðíåíîþ äî îïåðàòîðíî¨ ìàòðèöi L0.

Òåîðåìà 1. Íåõàé îïåðàòîðè L11 òà L̃22 � íîðìàëüíî ðîçâ'ÿçíi.
Òîäi ïðè âèêîíàííi óìîâè

PYL̃0

[
y1
y2

]
= 0

îïåðàòîðíå ðiâíÿííÿ (1) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê[
c
d

]
= L̃−

0

[
y1
y2

]
,

äå L̃−
0 � óçàãàëüíåíî îáåðíåíà ìàòðèöÿ äî îïåðàòîðíî¨ ìàòðèöi L0.
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3. Ïîïîâ Ì. Ì. Äîïîâíþâàëüíi ïðîñòîðè i äåÿêi çàäà÷i ñó÷àñíî¨ ãåîìåòði¨
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Ïðî çàäà÷ó Êîøi äëÿ ïàðàáîëi÷íèõ çà Åéäåëüìàíîì ñèñòåì

Iâàñþê Ã.Ï., Ôðàòàâ÷àí Ò.Ì.

h.ivasjuk@chnu.edu.ua, t.fratavchan@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi äëÿ ïàðàáîëi÷íî¨ çà Åéäåëüìàíîì ñèñòåìè
N äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè âèãëÿäó

A(t, x, ∂αt,x)u(t, x) :=
(
IN∂t−

∑
‖α‖≤2b

Aα(t, x)∂αx

)
u(t, x) = f(t, x), (t, x) ∈ ΠT ,

u(t, x)|t=0 = ϕ(x), x ∈ Rn, (1)

äå n, N , b1, . . . , bn� çàäàíi íàòóðàëüíi ÷èñëà, IN � îäèíè÷íà ìàòðèöÿ ïî-
ðÿäêó N , b � íàéìåíøå ñïiëüíå êðàòíå ÷èñåë b1, . . . , bn;m := (m1, . . . ,mn),

m0 := 2b, mj := 2b/(2bj), j ∈ {1, . . . , n}; ‖α‖ :=
n∑
j=0

mjαj , ÿêùî α :=

(α0, α1, . . . , αn) ∈ Zn+1
+ ; ‖α‖ :=

n∑
j=1

mjαj , ÿêùî α := (α1, . . . , αn) ∈ Zn+;

M :=
n∑
j=0

mj ; ∂
α
x := (∂α1

x1
, . . . , ∂αnxn ), ∂αt,x := (∂α0

t , ∂αx ); u := col(u1, . . . , uN )

� íåâiäîìà, f := col(f1, . . . , fN ), ϕ := col(ϕ1, . . . , ϕN ) � çàäàíi âåêòîð-

ôóíêöi¨; ΠT := {(t, x) ∈ Rn+1
∣∣∣t ∈ (0, T ], x ∈ Rn}, äå T � çàäàíå äîäàòíå

÷èñëî.
Çàäà÷à (1) ó ïîçèòèâíèõ ïðîñòîðàõ Ãåëüäåðà îáìåæåíèõ òà ñïåöiàëü-

íèì ÷èíîì øâèäêîçðîñòàþ÷èõ ôóíêöié íà äàíèé ÷àñ äîñèòü äîáðå âèâ÷å-
íà. Ó òåîði¨ òàêèõ çàäà÷ âàæëèâó ðîëü âiäiãðà¹ ôóíäàìåíòàëüíà ìàòðèöÿ
ðîçâ'ÿçêiâ (ÔÌÐ) òà ¨¨ âëàñòèâîñòi. Ôóíäàìåíòàëüíîþ â òåîði¨ òàêèõ çà-
äà÷ ¹ ïðàöÿ Ñ.Ä. Iâàñèøåíà òà Ñ.Ä. Åéäåëüìàíà [1]. Â íié îäåðæàíî äîñèòü
òî÷íi âëàñòèâîñòi ÔÌÐ çàäà÷i Êîøi òà ïîðîäæåíèõ íåþ ïîòåíöiàëiâ, çíà-
éäåíî êëàñè êîðåêòíîñòi çàäà÷i Êîøi äëÿ ëiíiéíèõ ñèñòåì ïðè ðiçíèõ ïðè-
ïóùåííÿõ ùîäî íåîäíîðiäíîñòåé ñèñòåìè i ïî÷àòêîâèõ ôóíêöié. Çîêðåìà,
çà óìîâ

A: ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü çàäà÷i (1) ¹ ðiâíîìiðíî ïàðàáî-
ëi÷íà çà Åéäåëüìàíîì [1] â øàði ΠT ;

Á: êîåôiöi¹íòè ñèñòåìè çàäà÷i (1) îáìåæåíi, çàäîâîëüíÿþòü ðiâíîìið-
íó óìîâó Ãåëüäåðà çà x, íåïåðåðâíi çà t, ïðè öüîìó íåïåðåðâíiñòü çà t
êîåôiöi¹íòiâ Aα(t, x), ‖α‖ = 2b, ðiâíîìiðíà âiäíîñíî x ∈ Rn;
iñíó¹ ôóíäàìåíòàëüíà ìàòðèöÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi (1) Γ(t, x; τ, ξ) =
(Γkj(t, x; τ, ξ))Nk,j=1 òà âiäîìi ¨¨ îöiíêè

|∂αt,xΓkj(t, x; τ, ξ)| ≤ Cα(t− τ)1−(M−‖α‖)/(2b)Ec(t− τ, x− ξ), (2)
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0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, ‖α‖ ≤ 2b, {k, j} ⊂ {1, . . . , n},

äå Ec(t, x) := exp{−c
n∑
j=0

t1−qj |xj |qj}, Cα > 0, c > 0. Ó ìîíîãðàôi¨ [2]

ïiäñóìîâóþòüñÿ âñi îñíîâíi ðåçóëüòàòè, îäåðæàíi äî 2004 ðîêó â òåîði¨
−→
2b-

ïàðàáîëi÷íèõ (ïàðàáîëi÷íèõ çà Åéäåëüìàíîì) ñèñòåì, çîêðåìà, êîðåêòíà
ðîçâ'ÿçíiñòü çàäà÷i Êîøi ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Îñíîâíèì ðåçóëüòàòîì äîïîâiäi ¹ äîâåäåííÿ òåîðåìè ïðî êîðåêòíó
ðîçâ'ÿçíiñòü çàäà÷i (1) ó ââåäåíèõ íåãàòèâíèõ ïðîñòîðàõ Ãåëüäåðà. Äëÿ
öüîãî ñïî÷àòêó ïîáóäóâàíî ñïðÿæåíi îïåðàòîðè Ãðiíà, äîñëiäæåíî ¨õ âëà-
ñòèâîñòi ó ïîçèòèâíèõ ïðîñòîðàõ Ãåëüäåðà ñïåöiàëüíî ïiäiáðàíèõ ñïàäíèõ
ôóíêöié, ïîòiì çà äîïîìîãîþ íîðì ñïðÿæåíèõ îïåðàòîðiâ ó ïîçèòèâíèõ
ïðîñòîðàõ Ãåëüäåðà ââåäåíî íåãàòèâíi ïðîñòîðè Ãåëüäåðà. Âiäïîâiäíi ðå-
çóëüòàòè äëÿ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì ïàðàáîëi÷íèõ çà
Ïåòðîâñüêèì áóëè îäåðæàíi Ñ.Ä. Iâàñèøåíèì ó ïðàöi [3].

Ùîá ñôîðìóëþâàòè îñíîâíèé ðåçóëüòàò, íàâåäåìî îçíà÷åííÿ ïîçèòèâ-
íèõ òà âiäïîâiäíèõ íåãàòèâíèõ ïðîñòîðiâ Ãåëüäåðà. Ïðè öüîìó çà ïî-
çèòèâíi ïðîñòîðè âiçüìåìî ïðîñòîðè, â ÿêèõ äiþòü ñïðÿæåíi îïåðàòî-
ðè. Íåõàé T1 > T , c1 = c/2, äå c � ñòàëà ç îöiíîê (2); l i λ � çàäà-
íi ÷èñëà âiäïîâiäíî ç ìíîæèí Z1

+ i (0, 1); 4τt f(t, ·) := f(t, ·) − f(τ, ·);
4yjxjf(·, x) := f(·, x) − f(·, x(yj)), x(yj) := (x1, . . . , xj−1, yj , xj+1, . . . , xn),
j ∈ {1, . . . , n}.

×åðåç H l+λ
c1 ïîçíà÷èìî ïðîñòið ôóíêöié u : ΠT → CN1, ÿêi ìàþòü

íåïåðåðâíi ïîõiäíi ∂αt,x, ‖α‖ ≤ l, i ìàþòü ñêií÷åííó íîðìó

‖u‖l+λc1 :=
∑

0≤l−‖α‖≤2b

sup
{t,β}⊂[0,T ],
t 6=β,x∈Rn

(
|4βt ∂αt,xu(t, x)|×

×|t− β|−(l−‖α‖+λ)/(2b)(Ec1(T1 − t, x) + Ec1(T1 − β, x))−1

)
+

+

n∑
j=1

∑
0≤l−‖α‖≤mj

sup
(t,x)∈ΠT ,
yj∈R,xj 6=yj

(
|4yjxj∂

α
t,xu(t, x)|×

×|xj − yj |−(l−‖α‖+λ)/mj (Ec1(T1 − t, x) + Ec1(T1 − t, x(yj)))
−1

)
+

+

l∑
j=0

∑
‖α‖=j

sup
(t,x)∈ΠT

(
| ∂αt,xu(t, x)|(Ec1(T1 − t, x))−1

)
;

Cl+λc1 � ïðîñòið ôóíêöié v : Rn → CN1, äëÿ ÿêèõ iñíóþòü íåïåðåðâíi
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ïîõiäíi ∂αx , ‖α‖ ≤ l, i ¹ ñêií÷åííîþ íîðìà

|v|l+λc1 :=

n∑
j=1

∑
0≤l−‖α‖≤mj

sup
x∈Rn,

yj∈R,xj 6=yj

(
|4yjxj∂

α
x v(x)|×

×|xj − yj |−(l−‖α‖+λ)/mj (Ec1(T1, x) + Ec1(T1, x(yj)))
−1

)
+

+

l∑
j=0

∑
‖α‖=j

sup
x∈Rn

(
| ∂αx v(x)|(Ec1(T1, x))−1

)
;

Ḣ l+λ
c1 � ñóêóïíiñòü ôóíêöié ç ïðîñòîðó H l+λ

c1 , ÿêi çàäîâîëüíÿþòü óìîâó
∂α0
t u|t=T = 0, α0 ∈ {0, . . . , [(l+λ)/(2b)]}; H l+λ i Cl+λ � ïðîñòîðè Ãåëüäåðà
îáìåæåíèõ ôóíêöié, ÿêi îçíà÷åíi â [2].

Äëÿ íåïåðåðâíèõ i îáìåæåíèõ ôóíêöié u : ΠT → CN1 âèçíà÷èìî òàêi
íåãàòèâíi íîðìè

||u||−(l+λ) := sup
g∈Ḣl+λc1

|(u, g)L2(
∏
T )|

||g||l+λc1

,

|u|t=0|−(l+λ) := sup
g∈Cl+λc1

|[u|t=0, g]L2(Rn)|
|g|l+λc1

,

äå

(u, g)L2(
∏
T ) :=

T∫
0

dt

∫
Rn
u′(t, x)g(t, x)dx,

[u|t=0, g]L2(Rn) :=

∫
Rn
u′(0, x)g(x)dx,

òóò øòðèõ îçíà÷à¹ òðàíñïîíóâàííÿ, à ðèñêà � êîìïëåêñíó ñïðÿæåíiñòü.
×åðåç H−(l+λ) ïîçíà÷èìî çàìèêàííÿ ïðîñòîðó H2b+λ ôóíêöié u :=

col(u1, ..., uN ) çà íîðìîþ

|||u|||−(l+λ) :=

N∑
j=1

(||uj ||−(l+λ) + |uj |t=0|−(l+2b+λ)).

Äëÿ −∞ < −(l + λ) < −2b ÷åðåç H−(l+λ) ïîçíà÷èìî çàìèêàííÿ ìíî-
æèíè Hλ ×C2b+λ ôóíêöié F := col(f1, ..., fN , ϕ1, ..., ϕN ), äå fj ∈ Hλ, ϕj ∈
C2b+λ, j ∈ {1, ..., N}, çà íîðìîþ

||F ||−(l+λ)
A :=

N∑
j=1

(
||fj ||−(l+λ) + |ϕj |−(l+λ)

)
.
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Òåîðåìà. Íåõàé Aα, ||α|| ≤ 2b,� îáìåæåíi òà íåñêií÷åííî äèôåðåíöi-

éîâíi ôóíêöi¨ â ΠT . Òîäi äëÿ êîæíîãî íåöiëîãî s, |s| > 2b çàìèêàííÿ çà

íåïåðåðâíiñòþ îïåðàòîðà A çäiéñíþ¹ âçà¹ìíî îäíîçíà÷íå òà íåïåðåðâíå

âiäîáðàæåííÿ ìiæ ïðîñòîðàìè Hs òà Hs−2b.
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Backward heat equation has various applications in the di�erent �elds:
image processing, signal processing, eliminating of di�usion. Thus, e�ective
numerical solution is an important problem besides the variety of di�erent
approaches.

Some of the methods [1] can provide factorial convergence and relatively
high accuracy of approximated solution [2, 3]. For instance, the Generalized
method of Lie-algebraic discrete approximations (GMLADA) provides factori-
al convergence rate for all variables: for space and for the time variable as well
[4].

According to [5], computational properties of [4] can be enhanced via Di-
rect method of Lie-algebraic discrete approximations (DMLADA), so we can
construct the numerical scheme for solving heat equation having the same
accuracy with signi�cantly less arithmetic operations [6].

Considering a bounded domain Ω := (a, b) ∈ R, time limit T < +∞,
cylinder QT = Ω × (0, T ] we take the Banach space V = W∞,∞ (QT ) and
formulate the following Cauchy problem:

�nd function u = u(x, t) ∈ V such, that:
∂u

∂t
= −a∂

2u

∂x2
, ∀(x, t) ∈ QT ,

u|t=0 = ϕ,ϕ ∈W∞,∞ (QT ) , (1)

where the constant a ∈ R, a > 0 denotes the heat conduction coe�cient and
ϕ = ϕ(x) denotes the initial condition, and space W∞,∞ (QT ) denotes the
functional space in which all functions and its derivatives up to arbitrary order
are bounded in the domain QT , i.e.:

W∞,∞ (QT ) = {u : QT → R : Dαu ∈ L∞(QT ),∀α ∈ N} .

In general, current problem is ill posed.
The main prerequisite of the Lie-algebraic method is that di�erential ope-

rator of the equation should be the element of universe enveloping Heisenberg-
Weyl's algebra with basis elements from the Lie algebra {1, x, d/dx}, i.e. di-
�erential operator for the problem must be superposition and/or linear combi-
nation of these base elements of Lie algebra.

As a next step we introduce the �nite dimensional discrete quasi represen-
tations of G = {1, x, d/dx} as matrices Gh = {I,X,Z} acting in the �nite
dimensional space. Matrix Z approximates the di�erential operator d/dx.
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The idea of DMLADA consists in the use of analytical approaches [5],
in particular the method of a small parameter, to construct an approximate
analytic solution of a problem (1) in the form of a power series in a time
variable:

un/2(x, t) =

n/2∑
k=0

(
ũk
tk

k!

)
= ϕ−aϕ′′t+a2ϕ(4) t

2

2!
+ ...+(−1)n/2an/2ϕ(n) tn/2

(n/2)!
.

(2)
The corresponding discrete series was constructed for (2) using the �nite di-
mensional quasi-representations Gh = {1, Z,X} of elements of the Lie algebra
G = {1, ∂/∂x, x}:

un/2,h(t) =

n/2∑
k=0

(
ũk,h

tk

k!

)
=

= ϕh − aZ2ϕht+ a2Z4ϕh
t2

2!
+ ...+ (−1)n/2an/2Znϕh

tn/2

(n/2)!
.

(3)

The series (3) is �nite, since the matrix Z is nilpotent [2].
Let us consider the cylinder norm for the function v = v(x) : R→ R as a

following functional:

‖v‖2Vh
=

1

n+ 1

n∑
i=0

v2(xi),

being a norm in the �nite dimensional space Vh. One can verify that the
following inequality holds [5]:

‖v‖Vh
≤ ‖v‖∞.

Òåîðåìà 1. (Convergence of the direct Lie-algebraic numerical scheme). Let
u = u(x, t) be the solution of the problem (1),

un =

n/2∑
k=0

(
(−1)kakϕ(2k) t

k

k!

)
be the Taylor expansion of the solution and

uh =

n∑
j=0

n/2∑
k=0

(
(−1)kakZ2kϕh

tk

k!

) lj(x)


be the �nite dimensional solution. Then built numerical scheme (3) is conver-
gent having the factorial rate of convergence:

‖u− uh‖Vh
≤ Tn/2+1(

n
2 + 1

)
!

∥∥∥∥∂n+1u

∂tn+1

∥∥∥∥
∞

+
(2 max {a, diamΩ, T})n+1

4 (n/2− 1)!

∥∥∥ϕ(n+1)
∥∥∥
∞
.
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Computational experiments have shown that with the same accuracy and
convergence indicators that are characteristic for the generalized method of
Lie-algebraic discrete approximations, we succeeded in signi�cantly reducing
the number of arithmetic operations using our approach.
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Bifurcation of cycles in parabolic systems with weak di�usion
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The existence of countably many cycles in hyperbolic systems of di�erential
equations with transformed argument were considered in [6]. The existence
and stability of an arbitrarily large �nite number of cycles for the equation
of spin combustion with delay were considered in [7]. We study the existence
and stability of an arbitrarily large �nite number of cycles for a parabolic
system with delay and weak di�usion. Similar problems for partial di�erential
equations were studied in numerous works (see, e.g., [1]�[7]).

1. Traveling waves for parabolic equations with weak di�usion.

Consider a system

∂u1
∂t

= εγ
∂2u1
∂x2

− εδ ∂
2u2
∂x2

− ω0u2 + ε(αu1 − βu2) + (d0u1 − c0u2)(u21 + u22),

∂u2
∂t

= εγ
∂2u2
∂x2

+ εδ
∂2u1
∂x2

+ω0u1 + ε(αu2 +βu1) + (d0u2 + c0u1)(u21 +u22) (1)

with periodic condition

u1(t, x+ 2π) = u1(t, x), u2(t, x+ 2π) = u2(t, x), (2)

where ε is a small positive parameter, ω0 > 0, α > 0, γ > 0, d0 < 0.
Passing to the complex variables u = u1 + iu2 and ū = u1− iu2, we arrive

at the equation

∂u

∂t
= iω0u+ ε

[
(γ + iδ)

∂2u

∂x2
+ (α+ iβ)u

]
+ (d0 + ic0)u2u. (3)

In the present paper, we investigate the existence and stability of the wave
solutions of problem (1), (2). The solution of equation (3) is sought in the form
of traveling wave u = θ(y), y = σt + x, where the function θ(y) is periodic
with period 2π. We arrive at the equation

σ
dθ

dy
= iω0θ + ε

[
(γ + iδ)

d2θ

dy2
+ (α+ iβ)θ

]
+ (d0 + ic0)θ2θ.

By the change of variables
dθ

dy
= θ1, this equation is reduced to the following

system:

dθ

dy
= θ1, σθ1 = iω0θ + ε

[
(γ + iδ)

dθ1
dy

+ (α+ iβ)θ

]
+ (d0 + ic0)θ2θ. (4)
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The integral manifold of system (4) can be represented in the form

θ1 =
iω0

σ
θ + ε

[
α+ iβ

σ
θ − ω2

0

σ3
(γ + iδ)θ

]
+
d0 + ic0

σ
θ2θ̄ + . . . .

Here, we keep the terms of order O(ε) in the linear terms and the terms of
order O(1) in the nonlinear terms. The equation on this manifold takes the
form

dθ

dy
=
iω0

σ
θ + ε

[
α+ iβ

σ
θ − ω2

0

σ3
(γ + iδ)θ

]
+
d0 + ic0

σ
θ2θ̄ + . . . . (5)

Passing to the polar coordinates θ = r exp(iϕ) in Eq. (5), we get

dr

dy
= ε

(α
σ
− γ

σ3
ω2
0

)
r +

d0
σ
r3. (6)

Let d0 < 0 and let the inequality α >
γ

σ2
ω2
0 be true. Then Eq. (6) possesses

the stationary solution

r =
√
εR0, R0 =

√(
α− γ

σ2
ω2
0

)
|d0|−1,

hence, the periodic solution of Eq. (5) takes the form θ =
√
εR0 exp

(
iω0

σ
y

)
+

O(ε). Since the function θ is periodic with period 2π, we get σ =
ω0

n
+O(ε),

n = ±1,±2, . . .. Thus, the periodic solution of Eq. (3) takes the form

un = un(t, x) =
√
εrn exp(i(χn(ε)t+ nx)) +O(ε), (7)

where rn =
√

(α− n2γ) |d0|−1, χn(ε) = ω0 + εβ+ εc0r
2
n− εδn2, n ∈ Z. Thus,

the periodic solution of problem (1), (2) takes the form

u1 =
√
εrn cos(χn(ε)t+ nx), u2 =

√
εrn sin(χn(ε)t+ nx), n ∈ Z. (8)

The following statement is true:
Theorem 1. Let ω0 > 0, α > 0, γ > 0, d0 < 0 and let the inequality

α > γn2 be true for some integer n. Then there exists ε0 > 0 such that, for
0 < ε < ε0, problem (1), (2) has solutions (8) periodic in t.

2. Stability of periodic solutions. The equation in variations in the
vicinity of the solution (7) of equation (3) takes the form

∂v

∂t
= iω0v + ε

[
(γ + iδ)

∂2v

∂x2
+ (α+ iβ)v

]
+ ε(d0 + ic0)(2r2nv + w2

nv̄), (9)
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where wn = rn exp(i(χn(ε)t+ nx)), χn(ε) = ω0 + εβ + εc0r
2
n − εδn2. By the

change of variables v = w exp(iχn(ε)t) in Eq. (9), we �nd

∂w

∂t
= ε

[
(γ + iδ)

∂2w

∂x2
+ ηnw + (d0 + ic0)r2n(w + w exp(2inx))

]
, (10)

where ηn = α+ iδn2 + d0r
2
n.

We seek the solution of Eq. (10) in the form of Fourier series in the complex
form

w(t, x) =

∞∑
k=−∞

yk(t) exp(ikx), w(t, x) =

∞∑
k=−∞

vk(t) exp(ikx). (11)

Substituting (11) in (10) and equating the coe�cients of exp(ikx), we obtain
the equations for the coe�cients of the Fourier series

dyk+n

dt
= ε[ηnyk+n− (γ+ iδ)(k+n)2yk+n + (d0 + ic0)r2n(yk+n + vk−n)]. (12)

Similarly, substituting (11) in the equation adjoint to (10), we get

dvk−n
dt

= ε[ηnvk−n− (γ− iδ)(k−n)2vk−n + (d0− ic0)r2n(vk−n + yk+n)]. (13)

The stability of the wave solutions of problem (1), (2) is determined by
the stability of system (12), (13) with a parameter k ∈ Z. By the change of
variables yk+n = zk+n exp(−2iεδkn), vk−n = wk−n exp(−2iεδkn) in system
(12), (13), we get a linear system with the matrix

εA =

(
εa11 εa12
εa21 εa22

)
.

The matrix A has an eigenvalue equal to zero for k = 0. Since the sum of di-
agonal elements of the matrix A is negative, a = a11 +a22 < 0, for the orbital
exponential stability of the periodic solution un(t, x), it is necessary and su�-
cient that the condition a2c > f2, where c = Re(det(A)), f = Im(det(A)),
f = 4γkn(c0r

2
n − δk2), be satis�ed for k 6= 0, i.e.

(d0r
2
n− γk2)2(γ2k2 + δ2k2− 2γd0r

2
n− 4γ2n2− 2δc0r

2
n) > 4γ2n2(c0r

2
n− δk2)2,

(14)
where r2n = (γn2 − α)/d0.

Theorem 2. The traveling waves un(t, x) of problem (1), (2) are exponenti-
ally orbitally stable if and only if condition (14) is satis�ed for all k ∈ Z\{0}.

As an example, we consider a system (1), where δ = 0, c0 = 0. Hence,
Theorem 1 implies that the periodic solution

un =
√
ε(α− γn2)|d0|−1

(
cos(ω0t+ nx)
sin(ω0t+ nx)

)
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exists for d0 < 0 and γn2 < α. By Theorem 2, the traveling waves un(t, x)

are exponentially orbitally stable if and only if n2 <
1

6γ
(γ + 2α).
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè

∂tu(t;x) = {A0(t; i∂x) +A1(t, x; i∂x)}u(t;x), (t;x) ∈ Π(0;T ], (1)

â ÿêîìó u � íåâiäîìà ôóíêöiÿ, ΠQ = {(t;x) : t ∈ Q, x ∈ Rn}, à

A0(t; i∂x) =
∑
|k|≤p

a0,k(t)i|k|∂kx , A1(t, x; i∂x) =
∑
|k|≤p1

a1,k(t;x)i|k|∂kx

� äèôåðåíöiàëüíi âèðàçè ïîðÿäêiâ âiäïîâiäíî p i p1. Ïðè öüîìó ââàæàòè-
ìåìî, ùî ðiâíÿííÿ

∂tu(t;x) = A0(t; i∂x)u(t;x), (t;x) ∈ Π(0;T ], (2)

� ïàðàáîëi÷íå çà Øèëîâèì íà ìíîæèíi Π[0;T ] ç ïîêàçíèêîì ïàðàáîëi÷íîñòi
h, 0 < h ≤ p, i ðîäîì µ < 0, à ïîðÿäîê p1 ãðóïè ìîëîäøèõ ÷ëåíiâ ðiâíÿííÿ
(1) ìåíøèé çà h: 0 ≤ p1 < h.

Êðiì öüîãî, ïðèïóñêàòèìåìî, ùî êîåôiöi¹íòè a0,k(t) i a1,k(t;x) ðiâíÿí-
íÿ (1) íà ìíîæèíi Π[0;T ] íåïåðåðâíi çà çìiííîþ t, íåñêií÷åííî äèôåðåíöi-
éîâíi çà çìiííîþ x i îáìåæåíi ðàçîì çi ñâî¨ìè ïîõiäíèìè êîìïëåêñíîçíà÷íi
ôóíêöi¨.

Íàãàäà¹ìî, ùî ðiâíÿííÿ (2) íà ìíîæèíi Π[0;T ] íàçèâà¹òüñÿ ïàðàáîëi-
÷íèì çà Øèëîâèì, àáî {p, h}-ïàðàáîëi÷íèì, ÿêùî [1]

∃δ0 > 0 ∃δ ≥ 0 ∀(t; ξ) ∈ Π[0;T ] : ReA0(t; ξ) ≤ −δ0‖ξ‖h + δ.

Äëÿ {p, h}-ïàðàáîëi÷íîãî ðiâíÿííÿ (2) çãiäíî ç òåîðåìàìè òèïó Ôðàãìåíà-
Ëiíäåëüîôà [2] iñíó¹ îáëàñòü

Kν = {ζ = ξ + iη ∈ Cn : ‖η‖ ≤ K(1 + ‖ξ‖)ν}

iç ν ç [1− (p− h); 1] i äîäàòíîþ ñòàëîþ K, â ÿêié

ReA0(t; ζ) ≤ −δ0‖ξ‖h + δ, t ∈ (0;T ]. (3)

Ðîäîì µ {p, h}-ïàðàáîëi÷íîãî ðiâíÿííÿ (2) íàçèâà¹òüñÿ òî÷íà âåðõíÿ ìåæà
iíäåêñiâ ν, ç ÿêèìè â îáëàñòi Kν âèêîíó¹òüñÿ îöiíêà (3).

Ôóíêöi¹þ Ãðiíà çàäà÷i Êîøi (ÔÃÇÊ) äëÿ {p, h}-ïàðàáîëi÷íîãî ðiâíÿ-
ííÿ (2) ïîçíà÷èìî ÷åðåç G:

G(t, τ ;x) = F−1[θtτ (ξ)](t, τ ;x),
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äå θtτ (ξ) = exp{
∫ t
τ
A0(β; ξ)dβ}.

Ïðàâèëüíå íàñòóïíå òâåðäæåííÿ [3].

Òåîðåìà 1. Äëÿ {p, h}-ïàðàáîëi÷íîãî ðiâíÿííÿ (2) ç ðîäîì µ < 0 iñíóþòü
äîäàòíi ñòàëi c, B i δ òàêi, ùî äëÿ âñiõ k ∈ Zn+, x ∈ Rn, τ ∈ [0;T ) i
t ∈ (τ ;T ] âèêîíó¹òüñÿ îöiíêà

|∂kxG(t, τ ;x)| ≤ cB|k|k kh (t− τ)−
n+|k|
h e−δ

|̃x|λ

(t−τ)γ (4)

(òóò |̃x|
λ

:= |x1|λ + . . .+ |xn|λ, λ := 1
1−µ/h i γ := 1

h−µ) .

Îçíà÷åííÿ. ÔÃÇÊ äëÿ ðiâíÿííÿ (1) íàçâåìî ôóíêöiþ Z(t, x; τ, ξ), âè-
çíà÷åíó íà Π2

T := {(t, x; τ, ξ)| 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn} òàêó, ùî:
1) Z ÿê ôóíêöiÿ (t;x) çàäîâîëüíÿ¹ ðiâíÿííÿ (1) íà ìíîæèíi Π(τ ;T ],

τ ∈ [0;T );
2) âèêîíó¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

Z(t, x; τ, ·) −→
t→τ+0

δ(· − x)

ó ðîçóìiííi ñëàáêî¨ çáiæíîñòi â ïðîñòîði S′ ðîçïîäiëiâ Øâàðöà (òóò δ(·)
� äåëüòà-ôóíêöiÿ Äiðàêà).

ÔÃÇÊ äëÿ ðiâíÿííÿ (1) äîöiëüíî áóäóâàòè ó âèãëÿäi

Z(t, x; τ, ξ) = G(t, τ ;x− ξ) +

t∫
τ

dβ

∫
Rn

G(t, β;x− y)Φ(β, y; τ, ξ)dy, (5)

äå G � ÔÃÇÊ äëÿ ðiâíÿííÿ (2), à Φ � ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ

Φ(t, x; τ, ξ) = K(t, x; τ, ξ) +

t∫
τ

dβ

∫
Rn

K(t, x;β, y)Φ(β, y; τ, ξ)dy, (6)

â ÿêîìó
K(t, x; τ, ξ) = A1(t, x; i∂x)G(t, τ ;x− ξ).

Ðîçâ'ÿçóþ÷è ðiâíÿííÿ (6) ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü, îäåðæèìî
òàêå çîáðàæåííÿ äëÿ Φ:

Φ(t, x; τ, ξ) =

∞∑
l=1

Kl(t, x; τ, ξ), (7)

äå K1 = K, à

Kl(t, x; τ, ξ) =

t∫
τ

dβ

∫
Rn

K1(t, x;β, y)Kl−1(β, y; τ, ξ)dy, l > 1.
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Îöiíêè (4) ôóíêöi¨ G äîçâîëÿþòü îáðãóíòóâàòè ïðàâèëüíiñòü íàñòó-
ïíîãî òâåðäæåííÿ.

Ëåìà. Ôóíêöiéíèé ðÿä (7) àáñîëþòíî çáiãà¹òüñÿ íà ìíîæèíi Π2
T . Éîãî

ñóìà Φ(t, x; τ, ξ) íà Π2
T ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ ôóíêöi¹þ çà êî-

æíîþ ïðîñòîðîâîþ çìiííîþ x i ξ, äëÿ ïîõiäíèõ ÿêî¨ ïðàâèëüíi íàñòóïíi
îöiíêè: ∣∣∂rξ∂qxΦ(t, x; τ, ξ)

∣∣ ≤ c1(t− τ)−
n+p1+|r+q|

h e−δ∗
|̃x−ξ|

λ

(t−τ)γ ,∣∣∂rξΦ(t, η + ξ; τ, ξ)
∣∣ ≤ c2(t− τ)−

n+p1
h e−δ∗

|̃η|λ

(t−τ)γ , η ∈ Rn

(òóò {r, q} ⊂ Zn+, a îöiíî÷íi âåëè÷èíè c1, c2 i δ∗ íå çàëåæàòü âiä t, τ, x, ξ
òà η ïðè öüîìó, δ∗ � ùå é âiä r i q).

Îñíîâíèé ðåçóëüòàò ñôîðìóëþ¹ìî ó âèãëÿäi íàñòóïíîãî òâåðäæåííÿ.

Òåîðåìà 2. Ôóíêöiÿ Z, ÿêà âèçíà÷à¹òüñÿ ðiâíiñòþ (5), ¹ ÔÃÇÊ äëÿ ðiâ-
íÿííÿ (1). Öÿ ôóíêöiÿ íà ìíîæèíi Π2

T äèôåðåíöiéîâíà çà t òà íåñêií-
÷åííî äèôåðåíöiéîâíà çà êîæíîþ ïðîñòîðîâîþ çìiííîþ x i ξ, ïðè÷îìó

∃δ > 0 ∀{r, q} ⊂ Zn+ ∃c > 0 ∀(t, x; τ, ξ) ∈ Π2
T :

|∂rξ∂qxZ(t, x; τ, ξ)| ≤ c(t− τ)−
n+|r+q|

h e−δ
|̃x−ξ|

λ

(t−τ)γ .

.

Çàçíà÷èìî, ùî íàÿâíiñòü ÔÃÇÊ âiäêðèâà¹ øèðîêi ìîæëèâîñòi äëÿ ðîç-
áóäîâè òåîði¨ çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âiä'¹ìíèì ðîäîì i
çìiííèìè êîåôiöi¹íòàìè çà àíàëîãi¹þ äî âèïàäêó ðiâíÿíü ç íåâiä'¹ìíèì
ðîäîì [4], ÿêà ïðèðîäíî ðîçøèðèòü é óçàãàëüíèòü êëàñè÷íó òåîðiþ çàäà÷i
Êîøi äëÿ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ðiâíÿíü.
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óíiâåðñèòåò

Äëÿ ðiâíÿííÿ äèôóçi¨

u
(β)
t −∆u = F0(x)g(t), (x, t) ∈ Rn × (0, T ] := Q

ç äðîáîâîþ ïîõiäíîþ Äæðáàøÿíà-Íåðñåñÿíà-Êàïóòî ïîðÿäêó β ∈ (0, 1)
ðîçãëÿäà¹ìî äâi îáåðíåíi çàäà÷i ç iíòåãðàëüíèìè óìîâàìè ïåðåâèçíà÷åííÿ
ó ïðîñòîðàõ ðåãóëÿðíèõ i óçàãàëüíåíèõ ôóíêöié.

Çàäà÷à 1 ïîëÿãà¹ ó çíàõîäæåííi ïàðè ôóíêöié (u, g), ùî çàäîâîëüíÿ¹
ðiâíÿííÿ òà óìîâè

u(x, 0) = F1(x), x ∈ Rn,∫
Rn

u(x, t)ϕ0(x)dx = F (t), t ∈ [0, T ], (1)

äå F0, F1, F, ϕ0 � çàäàíi ôóíêöi¨.
Çàäà÷à 2 ïîëÿãà¹ ó çíàõîäæåííi ïàðè ôóíêöié (u, F0), ùî çàäîâîëüíÿ¹

ðiâíÿííÿ òà óìîâè
u(x, 0) = F1(x), x ∈ Rn,

T∫
0

u(x, t)η0(t)dt = F (x), t ∈ [0, T ], (2)

äå g, F1, F, η0 � çàäàíi ôóíêöi¨.
Íåõàé C2,β(Q̄) = {v ∈ C(Q̄) : Av,Dβ

t v ∈ C(Q)}.
Çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ é ¹äèíîñòi êëàñè÷íîãî (iç C2,β(Q̄))

ðîçâ'ÿçêó êîæíî¨ ç çàäà÷.
Çà äîïîìîãîþ âåêòîð-ôóíêöi¨ Ãðiíà (G0(x, t), G1(x, t)) çàäà÷à 1 çâîäè-

òüñÿ äî ðîçâ'ÿçàííÿ iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó ç
iíòåãðîâíèì ÿäðîì, à çàäà÷à 2 � äî ðîçâ'ÿçàííÿ iíòåãðàëüíîãî ðiâíÿííÿ
Ôðåäãîëüìà äðóãîãî ðîäó ùîäî íåâiäîìî¨ u(x, t). Íåâiäîìà F0 âèçíà÷à¹-
òüñÿ ÷åðåç u(x, t) [1].

Iñíóâàííÿ òà öiíêè êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà îäåðæàíi, çîêðå-
ìà, â [2, 3].

Çàïðîïîíîâàíî ìåòîä ïîáóäîâè ÷èñåëüíèõ ðîçâ'ÿçêiâ ç âèêîðèñòàííÿì
îäåðæàíèõ òåîðåòè÷íèõ ðåçóëüòàòiâ i ïåðåòâîðåííÿ Ôóð'¹ çà ïðîñòîðîâè-
ìè çìiííèìè. Âðàõîâó¹ìî, ùî â îäåðæàíèõ iíòåãðàëüíèõ ðiâíÿííÿõ ¹ çãîð-
òêè ç êîìïîíåíòàìè âåêòîð-ôóíêöi¨ Ãðiíà, à ¨õ ïåðåòâîðåííÿ Ôóð'¹ çíà÷íî
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ïðîñòiøi äëÿ îá÷èñëåíü (âèðàæàþòüñÿ ÷åðåç ôóíêöi¨ Ìiòòàã-Ëåôëåðà, â
òîé ÷àñ ÿê ñàìi êîìïîíåíòè âåêòîð-ôóíêöi¨ Ãðiíà ïîäàíi çà äîïîìîãîþ
H-ôóíêöié Ôîêñà):

Fx→ξ[G0](ξ, t) = tβ−1Eβ,β(−|ξ|2tβ),

Fx→ξ[G1](ξ, t) = Eβ,1(−|ξ|2tβ).

Îäåðæàíi òàêîæ [4, 5, 6] äîñòàòíi óìîâè iñíóâàííÿ é ¹äèíîñòi óçàãàëü-
íåíîãî ðîçâ'ÿçêó êîæíî¨ ç òàêèõ çàäà÷ ó âèïàäêó äàíèõ iç ïðîñòîðiâ óçà-
ãàëüíåíèõ ôóíêöié iç êîìïàêòíèìè íîñiÿìè ÷è ðîçïîäiëiâ òèïó Øâàðöà.
Ïðè öüîìó äîäàòêîâà óìîâà (1) ó âèïàäêó çàäà÷i 1 íàáóâà¹ âèãëÿäó

T∫
0

(
u(·, t), ϕ(·))η0(t)dt = F (x)

äëÿ êîæíî¨ îñíîâíî¨ ôóíêöi¨ ϕ, à óìîâó (2) çàäà÷i 2 ðîçóìi¹ìî ÿê

(u(·, t), ϕ0(·)) = F (t), t ∈ [0, T ].

×åðåç (f, ϕ) ïîçíà÷åíî çíà÷åííÿ óçàãàëüíåíî¨ ôóíêöi¨ f íà îñíîâíié ϕ.
Âiäçíà÷èìî, ùî ó âèïàäêó çàäà÷i 1 òåîðåìè ¹äèíîñòi ¹ ãëîáàëüíèìè, à

äëÿ çàäà÷i 2 îäåðæàíî ëîêàëüíó çà ÷àñîì ¹äèíiñòü ðîçâ'ÿçêó.

1. Ëîïóøàíñüêà Ã.Ï., Ëîïóøàíñüêèé À.Î. Ðåãóëÿðíèé ðîçâ'ÿçîê îáåðíåíî¨ çà-
äà÷i ç iíòåãðàëüíîþ óìîâîþ äëÿ ðiâíÿííÿ ç äðîáîâîþ ïîõiäíîþ çà ÷àñîì
// Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. � 2020. � Ò. 8, no 2. � C. 103-113.

2. Eidelman S.D., Ivasyshen S.D., Kochubei A.N. Analytic methods in the theory
of di�erential and pseudo-di�erential equations of parabolic type. � Basel-
Boston-Berlin: Birkhauser Verlag, 2004.

3. Ìàòié÷óê Ì.I. Ïðî çâ'ÿçîê ìiæ ôóíäàìåíòàëüíèìè ðîçâ'ÿçêàìè ïàðàáîëi-
÷íèõ ðiâíÿíü i ðiâíÿíü ç äðîáîâèìè ïîõiäíèìè // Áóêîâèíñüêèé ìàòåìàòè-
÷íèé æóðíàë. � 2016. � Âèï. 4, 3-4.� C. 101-114.

4. Lopushansky A.,Lopushanska H. Inverse source Cauchy problem to a time
fractional di�usion-wave equation with distributions // Electronic J. Di�. Equ.
� 2017. � Vol. 2017, no 182. � Pp. 1-14.

5. Lopushanska H., Lopushansky A. Inverse problem with a time-integral conditi-
on for a fractional di�usion equation // Math. Meth. Appl. Sci. � 2019. � Vol.
42, no 6. � Pp. 3327-3340.

6. Lopushanska H., Lopushansky A. Inverse problems for a time fractional di�usi-
on equation in the Schwartz-type distributions // Math. Meth. Appl. Sci. �
2021. � Vol. 44, no 3. � Pp. 2381-2392.
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Íåõàé m, n � çàäàíi íàòóðàëüíi ÷èñëà òàêi, ùî m ≤ n; N := m + n;
X := (x, y), ÿêùî x := (x1, ..., xn) ∈ Rn i y := (y1, ..., ym) ∈ Rm, T > 0.
Ðîçãëÿäàþòüñÿ ðiâíÿííÿ âèãëÿäó(
∂t −

m∑
j=1

xj∂yj −
n∑

j,l=1

ajl(t, x)∂xj∂xl
−

n∑
j=1

aj(t, x)∂xj − a0(t, x)
)
u(t,X) = 0,

t ∈ (0, T ], X ∈ RN , (1)

Ðiâíÿííÿ (1) ¹ âèðîäæåíèì ðiâíÿííÿè Êîëìîãîðîâà äðóãîãî ïîðÿäêó,
éîãî êîåôiöi¹íòè ajl, {j, l} ⊂ {1, ..., n}, aj , j ∈ {1, ..., n}, i a0 íå çàëåæàòü
âiä çìiííèõ âèðîäæåííÿ yj , j ∈ {1, ...,m}.

Ó ïðàöi [1] äëÿ íüîãî ïîáóäîâàíî ôóíäàìåíòàëüíèé ðîçâ'çîê çàäà÷i
Êîøi ó âèïàäêó, êîëè êîåôiöi¹íòè ¹ îáìåæåíèìè ôóíêöiÿìè. Ïðè öüîìó
óìîâè íà êîåôiöi¹íòè ðiâíÿííÿ ¹ òàêèìè, ÿê ó âèïàäêó íåâèðîäæåíèõ
ðiâíÿíü.

Ó ïðàöi [2] ðîçãëÿíóòî ðiâíÿííÿ (1), ó ÿêîìó ajl(t, x) = ajl, {j, l} ⊂
{1, ..., n}, i aj = β xj , j ∈ {1, ..., n}, a0(t, x) = 0, ïðè÷îìó ajl = alj i β � äié-
ñíi ñòàëi. Ó öüîìó âèàäêó çíàéäåíî ÿâíó ôîðìóëó äëÿ ôóíäàìåíòàëüíîãî
ðîç'ÿçêó çàäà÷i Êîøi.

Òóò ðîçãëÿäà¹òüñÿ ðiâíÿííÿ, êîåôiöi¹íòè ÿêîãî ìîæóòü çðîñòàòè âiä-
ïîâiäíèì ÷èíîì.

Ïðèïóñêà¹òüñÿ, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè íà êîåôiöi¹íòè ðiâíÿ-
ííÿ (1).

A1. Ðiâíÿííÿ áåç âèðîäæåííÿ(
∂t −

n∑
j,l=1

ajl(t, x)∂xj
∂xl
−

n∑
j=1

aj(t, x)∂xj
− a0(t, x)

)
u(t, x) = 0,

t ∈ (0, T ], x ∈ Rn,

¹ [3, 4] äèñèïàòèâíèì ïàðàáîëi÷íèì ç õàðàêòåðèñòèêîþ äèñèïàöi¨ D.
Çàçíà÷èìî, ùî D : Rn → [1,∞) íåîáìåæåíî çðîñòà¹ ïðè |x| → ∞.
A2. Iñíóþòü íåïåðåðâíi ïîõiäíi ∂

k
xajl, {j, l} ⊂ {1, ..., n}, ∂lxaj , j ∈ {1, ..., n},

∂kxa0, |k| ≤ 2, äëÿ ÿêèõ ñïðàâäæóþòüñÿ îöiíêè
|∂kxajl(t, x)| ≤ C(D(x))|k|(1−ε),
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|∂kxaj(t, x)| ≤ C(D(x))1+|k|(1−ε),
|∂kxa0(t, x)| ≤ C(D(x))2+|k|(1−ε), t ∈ [0, T ], x ∈ Rn,

äå C > 0, ε ∈ (0, 1); ôóíêöi�� ajl(t, x), {j, l} ⊂ {1, ..., n}, bj(t, x) ≡ aj(t, x)×
×D(x)−1, j ∈ {1, ..., n}, b0(t, x) ≡ a0(t, x)D(x)−2, x ∈ Rn, t > 0, íåïåðåðâíi
çà t ðiâíîìiðíî ùîäî x ∈ Rn.

A3. Ïîõiäíi ∂
k
xajl, {j, l} ⊂ {1, ..., n}, ∂kxaj , j ∈ {1, ..., n}, ∂kxa0, |k| ≤ 2,

çàäîâîëüíÿþòü ëîêàëüíó óìîâó Ãåëüäåðà çà x ç ïîêàçíèêîì λ ∈ (0, 1)
ðiâíîìiðíî ùîäî t ∈ [0, T ].

Çà öèõ óìîâ çíàéäåíî îöiíêó ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi
äëÿ ðiâíÿííÿ (1) òà éîãî ïîõiäíèõ. Îäåðæàíi îöiíêè ìîæíà âèêîðèñòîâó-
âàòè äî äîñëiäæåííÿ ðîçâ'ÿçíîñòi çàäà÷i Êîøi.

1. Iâàñèøåí Ñ.Ä., ÌåäèíñüêèéI.Ï. Êëàñè÷íèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê âè-
ðîäæåíîãî ðiâ-íÿííÿ Êîëìîãîðîâà, êîåôiöi¹íòè ÿêîãî íå çàëåæàòü âiä çìií-
íèõ âèðîäæåííÿ // Áóêîâèíñüêèé ìàò. æóðí. � 2014. � 2, � 2�3. � Ñ. 94�106.

2. Áàáè÷ O.Î., Iâàñèøåí Ñ.Ä., Ïàñi÷íèê Ã.Ñ. Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çà-
äà÷i Êîøi äëÿ âèðîäæåíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ çi çðîñòàþ÷èìè êîå-
ôiöi¹íòàìè ãðóïè ìîëîäøèõ ÷ëåíiâ // Íàóê. âiñíèê ×åðíiâåöü. íàö. óí-òó
iì. Þ. Ôåäüêîâè÷à. Ñåð.: ìàòåìàòèêà: çá. íàóê. ïð. � ×åðíiâöi: ×åðíiâåöü.
íàö. óí-ò, 2011. � 1, � 1�2. � C.13�24.

3. Iâàñèøåí Ñ.Ä., Ïàñi÷íèê Ã.Ñ. Ïðî ôóíäaìåíòàëüíó ìàòðèöþ ðîçâ'ÿçêiâ çà-

äà÷i Êîøi äëÿ äèñèïàòèâíèõ
−→
2b-ïàðàáîëi÷íèõ ñèñòåì ç âèðîäæåííÿì íà

ïî÷àòêîâié ãiïåðïëîùèíi // Äîï. ÍÀÍ Óêðà��íè. � 1999. � N 6. � C. 18�22.

4. Eidelman S.D., Ivasyshen S.D., Kochubei A.N. Analytic methods in the theory
of di�erential and pseudo-di�erential equations of parabolic type // Operator
Theory: Adv. and Appl. � 2004. � 152. � 390 p.
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Íåõàé D îáìåæåíà îáëàñòü â Rn ç ìåæåþ ∂D, dimD = n, Ω � äåÿêà
îáìåæåíà îáëàñòü, Ω ⊂ D, dim Ω ≤ n− 1. Ðîçãëÿíåìî â îáëàñòi D çàäà÷ó
çíàõîäæåííÿ ôóíêöié (u(x, q1(x), q2(x)), q1(x), q2(x)) íà ÿêèõ ôóíêöiîíàë

I(q1, q2) =

∫
D

F1(x;u(x, q1(x), q2(x)), q1(x))dx+

+

∫
∂D

F2(x, u(x, q1(x), q2(x)), q2(x))dxS (1)

äîñÿãà¹ ìiíiìóìó â êëàñi ôóíêöié q ∈ V = {q|q1 ∈ Cα(D), q2 ∈ C1+α(D),
ν11(x) ≤ q1(x) ≤ ν12(x), ν21(x) ≤ q2(x) ≤ ν22(x)} iç ÿêèõ u(x, q1(x), q2(x))
çàäîâîëüíÿ¹ ïðè x ∈ D\Ω ðiâíÿííÿ ç ïàðàìåòðîì µ[ n∑

i,j=1

Aij(x)∂xi
∂xj

+

n∑
i=1

Ai(x)∂xi
+A0(x)+µ

]
u(x, q1, q2) = f(x, q1(x)), (2)

à íà ìåæi îáëàñòi ∂D êðàéîâó óìîâó

lim
x−→z∈∂D

[ n∑
k=1

Bk(x)∂xk
u+B0(x)u− ϕ(x, q2(x))

]
= 0. (3)

Ïîðÿäîê îñîáëèâîñòåé êîåôiöi¹íòiâ ðiâíÿííÿ (2) i êðàéîâî¨ óìîâè (3)
ó òî÷öi P (x) ∈ D õàðàêòåðèçóâàòèìóòü ôóíêöi¨ s(βi, x): s(βi, x) = ρβi(x)
ïðè ρ(x) ≤ 1, s(βi, x) = 1 ïðè ρ(x) ≥ 1, βi ∈ (−∞,∞), β = (β1, . . . , βn),
ρ(x) = inf

z∈Ω
|x− z|.

Îçíà÷èìî ïðîñòîðè, â ÿêèõ âèâ÷à¹òüñÿ çàäà÷à (1)�(3). Cl(γ;β; a;D)
� ìíîæèíà ôóíêöié u: x ∈ D, ÿêi ìàþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi â
îáëàñòi D\Ω âèãëÿäó ∂kx , |k| ≤ [l], äëÿ ÿêèõ ñêií÷åííà íîðìà

||u; γ;β; a;D||l =
∑
|k|≤[l]

||u; γ;β; a;D||k + 〈u; γ;β; a;D〉l,
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äå

||u; γ;β; a;D||k = sup
P∈D

s((a+ |k|)γ;x)|∂kxu(P )|
n∏
i=1

s(−kiβi, x),

∂kx = ∂k1x1
, ..., ∂knxn

, |k| = k1 + · · ·+ kn.
Ùîäî çàäà÷i (1)�(3) ââàæà¹ìî âèêîíàíèìè óìîâè:
a) êîåôiöi¹íòè ðiâíÿííÿ (1) Aij(x)s(βi, x)s(βj , x) ∈ Cα(γ;β; 0;D),

Ai(x)s(µi, x) ∈ Cα(γ;β; 0;D), µi ≥ 0, A0(x)s(µ0;x) ∈ Cα(γ;β; 0;D), µ0 ≥ 0,
A0(x) ≤ 0 i âèêîíó¹òüñÿ óìîâà ðiâíîìiðíî¨ åëiïòè÷íîñòi

C1|ξ|2 ≤
n∑

i,j=1

Aij(x)s(βi, x)s(βj , x)ξiξj ≤ C2|ξ|2,

á)Bk(x)s(βk, x) ∈ C1+α(γ;β; 0;D),B0(x)s(δ0, x) ∈ C1+α(γ;β; 0;D), δ0 ≥
0, B0(x)|∂D > 0, âåêòîð b(s) = {s(β1, x)b1(x), ..., s(βn, x)bn(x)} óòâîðþ¹ ç
íàïðÿìêîì çîâíiøíüî¨ íîðìàëi −→n äî ∂D â òî÷öi P (x) ∈ ∂D êóò ìåíøèé
çà π

2 ;
â) ôóíêöi¨ f(x, q1) ∈ Cα(γ;β; 2;D), ϕ(x, q2) ∈ C1+α(γ;β; 1;D), γ =

max{max
i
βi,max

i
(µi − βi), δ0, µ0

2 }.
Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé äëÿ çàäà÷i (2) � (3) âèêîíàíi óìîâè à)�â). Òîäi iñíó¹
¹äèíèé ðîçâ'ÿçîê çàäà÷i (2) � (3) iç ïðîñòîðó C2+α(γ;β; 0;D) i ñïðàâäæó-
¹òüñÿ íåðiâíiñòü

‖u; γ;β; 0;D‖2+α ≤ c‖f ; γ;β; 2;D‖α + ‖ϕ; γ;β; 1;D‖1+α. (4)

ßêùî f ∈ Cα(γ;β; 0;D), ϕ ∈ C1+α(γ;β; 0;D) i äëÿ çàäà÷i âèêîíóþòüñÿ
óìîâè à)�á), òî ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2), (3) â îáëàñòi D âèçíà÷à¹-
òüñÿ iíòåãðàëîì Ñòiëòü¹ñà ç áîðåëiâñüêîþ ìiðîþ

u(x) =

∫
D

Z1(x, dξ), f(ξ, q1(ξ)) +

∫
∂D

Z2(x, dξS), ϕ(ξ, q2(ξ)).

.

Íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1) � (3) âñòà-
íîâëþþòüñÿ çà äîïîìîãîþ ìåòîäèêè ïðàöi [1].

1. Ïóêàëüñüêèé I., ßøàí Á. Áàãàòîòî÷êîâà êðàéîâà çàäà÷à îïòèìàëüíîãî êå-
ðóâàííÿ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿì // Ìàò. ìåòîäè òà ôiç.-
ìåõ. ïîëÿ. � 2020. � Òîì. 63, � 4. � Ñ. 17�33.
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Äèíàìi÷íå ðiâíÿííÿ âèïàäêîâèõ àìïëiòóä íà ïîâåðõíi ðiäêîãî

ïiâïðîñòîðó

Âiêòîð Òóðòóðiêà

v.turturika@gmail.com

Öåíòðàëüíîóêðà¨íñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi

Âîëîäèìèðà Âèííè÷åíêà

Â äàíié ðîáîòi îïèñàíî äîñëiäæåííÿ ïîøèðåííÿ âèïàäêîâèõ ïîâåðõíå-
âèõ ãðàâiòàöiéíèõ õâèëü iäåàëüíî¨ íåñòèñíî¨ ðiäèíè ó òðèâèìiðíîìó ïiâ-
ïðîñòîði.

Äîñëiäæó¹òüñÿ çàäà÷à ïðî ïîøèðåííÿ âèïàäêîâèõ âíóòðiøíiõ õâèëü
ó òðèâèìiðíîìó ïiâïðîñòîði. Íåõàé Ω � øàð ðiäèíè ç ãóñòèíîþ ρ, òîäi
z = η(−→x , t) � ïîëå âiäõèëåííÿ âiëüíî¨ ïîâåðõíi −→x = (x, y). Ñèëà òÿæiííÿ
íàïðàâëåíà ïåðïåíäèêóëÿðíî ïîâåðõíi ó âiä'¹ìíîìó z-íàïðÿìêó, ðiäèíà
ââàæàþòüñÿ íåñòèñëèâîþ.

Øâèäêiñòü ïîøèðåííÿ ïàêåòiâ ðiäèíè çàäà¹òüñÿ ÿê ïîâíèé ïîòåíöiàë
ϕ(−→x , z, t) ïîëÿ òå÷i¨ u(−→x , z, t) òà ìà¹ çàäîâîëüíÿòè ðiâíÿííÿ

∂2ϕ

∂x2
+
∂2ϕ

∂y2
+
∂2ϕ

∂z2
= 0 (1)

äèíàìi÷íà óìîâà

∂ϕ

∂t
+ α

1

2

[(
∂ϕ

∂x

)2

+

(
∂ϕ

∂y

)2

+

(
∂ϕ

∂z

)2
]

= −η − P, z = αη (2)

êiíåìàòè÷íà óìîâà

∂η

∂t
+ α

[(
∂η

∂x

∂ϕ

∂x

)
+

(
∂η

∂y

∂ϕ

∂y

)]
=
∂ϕ

∂z
, z = αη (3)

ãðàíè÷íà óìîâà

ϕ(~x, t) = 0, z → −∞ (4)

òóò α � ìàëèé ïàðàìåòð.
Äëÿ ðîçâ'ÿçêó çàñòîñîâó¹òüñÿ ðîçâèíåííÿ óñiõ âèïàäêîâèõ ïîëiâ ó ðÿäè

Ôóð'¹-Ñòiëòü¹ñà â íàñòóïíîìó âèãëÿäi

η(~x, t) =

∫
eiχBqdq (5)

ϕ(~x, z, t) =

∫
eiχ+|~k|zAqdq (6)
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P (~x, t) =

∫
eiχCqdq (7)

òóò χ = ~k~x − ωt � ôàçîâà çìiíà, ~k = (kx, ky) � ãîðèçîíòàëüíèé õâè-

ëüîâèé âåêòîð, k =
∣∣∣~k∣∣∣ � ìîäóëü õâèëüîâîãî âåêòîðà (õâèëüîâå ÷èñëî),

q = (~k, ω) � óçàãàëüíåíà ôàçîâà çìiííà Ôóð'¹ ðîçâèíåííÿ, äëÿ äèôåðåíöi-

àëó ÿêîãî ïðèéíÿòî ïîçíà÷åííÿ dq = d~kω. Âåëè÷èíè Aq ≡ A(q), Bq ≡ B(q)
òà Cq ≡ C(q) � ñòîõàñòè÷íi àìïëiòóäè âiäïîâiäíèõ ïîëiâ.

Â ðåçóëüòàòi ðîçâ'ÿçàííÿ çàäà÷i (1) - (4) ç óðàõóâàííÿì (5) - (7) îòðè-
ìó¹ìî íàñòóïíå äèíàìi÷íå ðiâíÿííÿ(

1− ω2

|~k|

)
Bq + Cq = α

∫
f2(~q,−→q1)BqBq−q1d

−→q1+

+α2

∫∫
f3(~q,−→q1 ,−→q2)Bq1Bq2Bq−q1−q2d

−→q1d−→q2

äå ó ïîçíà÷åííÿõ, çàïðîïîíîâàíèõ ó ñòàòòi [1], ïiäiíòåãðàëüíi ôóíêöi¨
ìàþòü âèãëÿä

f2(~q,
−→q1) =

1

2
[ω(ω − ω1) < ~k,~k −

−→
k1 > −ωω1 < ~k,

−→
k1 > −

−ω2
1 − ω2 + ωω1+ <

−→
k1, ~k −

−→
k1 > ω1(ω − ω1)]

f3(~q,
−→q1 ,−→q2) =

1

4

(
ω2
1

−→
k1 + ω2

2

−→
k2
)
−

1

4

(
|
−→
k1|2

|~k|
ωω1 +

|
−→
k2|2

|~k|
ωω2

)
−

−
1

2
(ω1 + ω2)|

−→
k1 +

−→
k2|
{
<
−→
k1,
−→
k1 +

−→
k2 > ω1+ <

−→
k2,
−→
k1 +

−→
k2 > ω2

}
−

−
1

2
ω
|
−→
k1
−→
k2|
|~k|

<
−→
k1
−→
k2 > (ω1 + ω2)+

+
1

2
|
−→
k1 +

−→
k2| < ~k,

−→
k1 +

−→
k2 > ω

{
<
−→
k1,
−→
k1 +

−→
k2 > ω1+ <

−→
k2,
−→
k1 +

−→
k2 > ω2

}
−

−
1

2

(
<
−→
k1,
−→
k2 > −1

)
ω1ω2(|

−→
k1|+ |

−→
k2|)+

ω1ω2

{
|~k −

−→
k1|
(
<
−→
k1,
−→
k2 > − <

−→
k2, ~k −

−→
k1 >

)
+ |~k −

−→
k2|
(
<
−→
k1,
−→
k2 > − <

−→
k1, ~k −

−→
k2 >

)}
(8)

Ó îòðèìàíîìó âèðàçi (8) ìiñòÿòüñÿ äâà íîâèõ äîäàíêè

−1

2

(
<
−→
k1,
−→
k2 > −1

)
ω1ω2(|

−→
k1|+ |

−→
k2|)

ω1ω2

{
|~k −

−→
k1|
(
<
−→
k1,
−→
k2 > − <

−→
k2, ~k −

−→
k1 >

)
+ |~k −

−→
k2|
(
<
−→
k1,
−→
k2 > − <

−→
k1, ~k −

−→
k2 >

)}
à òàêîæ äîäàíîê − 1

4

(
|
−→
k1|2

|~k|
ωω1 + |

−→
k2|2

|~k|
ωω2

)
, ÿêèé âiäðiçíÿ¹òüñÿ âiä íà-

âåäåíîãî ó ñòàòòi [1].
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Îòæå, ó ðåçóëüòàòi àíàëiçó ïðîáëåìè ïðî ïîøèðåííÿ âèïàäêîâèõ ïî-
âåðõíåâèõ õâèëü ó ïiâïðîñòîði ó ñëàáêî ëiíiéíié ïîñòàíîâöi ó òðèâèìið-
íîìó âèïàäêó ìåòîäîì âèïàäêîâèõ ïîëiâ iç ðîçâèíåííÿì ó ðÿäè Ôóð'¹-
Ñòiëòü¹ñà áóëî îòðèìàíî äèíàìi÷íå ðiâíÿííÿ âiäíîñíî âèïàäêîâèõ àìïëi-
òóä âiäõèëåííÿ ïîâåðõíi ç äîäàíêàìè, ÿêi óòî÷íþþòü ðåçóëüòàòè ïîïåðå-
äíiõ äîñëiäíèêiâ.

1. Masuda A., Kuo Y., Mitsuyasu H. On the dispersion relation of random gravity
waves. Pt 1. // J. Fluid Mech.- 1979.- 92, N 4.- P. 717-730
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Àíäðié Áîìáà, Ñåðãié Áàðàíîâñüêèé
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Íàöiîíàëüíèé óíiâåðñèòåò âîäíîãî ãîñïîäàðñòâà òà

ïðèðîäîêîðèñòóâàííÿ, ì. Ðiâíå

Ìàòåìàòè÷íi ìîäåëi, ÿêi øèðîêî âèêîðèñòîâóþòüñÿ äëÿ äîñëiäæåííÿ
ïðîöåñiâ iìóííîãî çàõèñòó îðãàíiçìó òà îïèñóþòü áàçîâi ìåõàíiçìè ðåàãó-
âàííÿ iìóííî¨ ñèñòåìè íà õâîðîáîòâîðíi ìiêðîîðãàíiçìè, ÿê ïðàâèëî, ïî-
áóäîâàíi íà îñíîâi çàãàëüíèõ ïðèíöèïiâ âiäîìî¨ êëîíàëüíî-ñåëåêöiéíî¨ òå-
îði¨ Ô.Áåðíåòà [1]. Òàêi ìîäåëi ïðåäñòàâëÿþòüñÿ ñèñòåìîþ íåëiíiéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü, ùî ìîæóòü âèçíà÷àòè äèíàìiêó çíà÷íî¨ êiëüêîñòi
äiþ÷èõ ôàêòîðiâ. Çîêðåìà, ó íàéïðîñòiøié ìîäåëi Ìàð÷óêà Ã.I. ðîçâèòîê
ïðîöåñó iíôåêöiéíîãî çàõâîðþâàííÿ âèçíà÷à¹òüñÿ ÷îòèðìà äèôåðåíöiàëü-
íèìè ðiâíÿííÿìè iç çàïiçíåííÿì, ÿêi îïèñóþòü äèíàìiêó êîíöåíòðàöié àí-
òèãåíiâ, ïëàçìàòè÷íèõ êëiòèí, àíòèòië òà ìiðè óðàæåííÿ îðãàíó-ìiøåíi.
Â ðàìêàõ öi¹¨ ìîäåëi ñòàí çäîðîâîãî îðãàíiçìó îïèñàíî ïåâíèì àñèìïòî-
òè÷íî ñòiéêèì ñòàöiîíàðíèì ðîçâ'ÿçêîì, ÿêèé çáåðiãà¹ òàêó ñòiéêiñòü ïðè
íåâåëèêèõ äîçàõ çàðàæåííÿ àíòèãåíîì, ùî íå ïåðåâèùó¹ âiäïîâiäíîãî ðiâ-
íÿ iìóíîëîãi÷íîãî áàð'¹ðó V ∗. Âèêîðèñòàíi ó íàéïðîñòiøié ìîäåëi iíôå-
êöiéíîãî çàõâîðþâàííÿ áàçîâi ïiäõîäè ðîçâèíåíi òà ðîçøèðåíi â ìîäåëÿõ
ïðîòèâiðóñíî¨ òà ïðîòèáàêòåðiàëüíî¨ iìóííî¨ âiäïîâiäi, â ÿêèõ ïîðÿä ç ìå-
õàíiçìîì ãóìîðàëüíî¨ iìóííî¨ âiäïîâiäi âðàõîâàíî ùå é ìåõàíiçì iìóííîãî
çàõèñòó êëiòèííîãî òèïó [1].

ßê i â íàéïðîñòiøié ìîäåëi iíôåêöiéíîãî çàõâîðþâàííÿ, òàê i â ìîäå-
ëÿõ ïðîòèâiðóñíî¨ i ïðîòèáàêòåðiàëüíî¨ iìóííî¨ âiäïîâiäi, íèçöi ¨õ ïîäàëü-
øèõ ìîäèôiêàöié i óçàãàëüíåíü íå âðàõîâó¹òüñÿ âïëèâ íà ðîçâèòîê çà-
õâîðþâàííÿ, çîêðåìà, åôåêòiâ ïðîñòîðîâî-äèôóçiéíèõ ïåðåðîçïîäiëiâ. Â
ðîáîòàõ [2]�[3] ïðåäñòàâëåíî ïiäõiä äëÿ óðàõóâàííÿ ìàëèõ äèôóçiéíèõ
ïåðåðîçïîäiëiâ íà äèíàìiêó iíôåêöiéíîãî çàõâîðþâàííÿ, à â [4]�[5] âiä-
ïîâiäíó ìîäåëü ìîäèôiêîâàíî äëÿ óðàõóâàííÿì äèôóçiéíèõ çáóðåíü â
óìîâàõ ôàðìàêî- òà iìóíîòåðàïi¨. Ó íàéïðîñòiøié ìîäåëi iíôåêöiéíîãî
çàõâîðþâàííÿ çðîñòàííÿ ïîïóëÿöi¨ àíòèãåíiâ âèçíà÷à¹òüñÿ ïðîïîðöiéíèì
íàÿâíié êiëüêîñòi ¨õ ðîçìíîæåííÿì. �äèíèì ìîäåëüíèì ìåõàíiçìîì, ùî
ñòðèìó¹ íåîáìåæåíå çðîñòàííÿ ïîïóëÿöi¨ àíòèãåíiâ ¹ ¨õ íåéòðàëiçàöiÿ àí-
òèòiëàìè. Ïðèðîäíî ââàæàòè, ùî íàâiòü çà âiäñóòíîñòi àíòèòië çðîñòà-
ííÿ ïîïóëÿöi¨ àíòèãåíiâ íå ìîæå áóòè íåîáìåæåíèì, îñêiëüêè çà áóäü-
ÿêèõ óìîâ íàÿâíi â îðãàíiçìi ðåñóðñè äëÿ ðîçìíîæåííÿ âiðóñíèõ àíòèãå-
íiâ ¹ îáìåæåíèìè. Äëÿ çàáåçïå÷åííÿ âèìîãè îáìåæåíîãî çðîñòàííÿ ïî-
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ïóëÿöi¨ àíòèãåíiâ çàìiíèìî ó áàçîâié ìîäåëi iíôåêöiéíîãî çàõâîðþâàííÿ
äîäàíîê, ùî îïèñó¹ ïðîïîðöiéíå íàÿâíié êiëüêîñòi ðîçìíîæåííÿ àíòèãå-
íiâ âiäïîâiäíîþ ëîãiñòè÷íîþ çàëåæíiñòþ i îïèøåìî ïðîñòîðîâî-÷àñîâó
äèíàìiêó ïðîöåñó ç óðàõóâàííÿì äèôóçiéíèõ çáóðåíü òà iìóíîòåðàïi¨ â
îáëàñòi GZ = {(x, t) : −∞ < x < +∞, 0 < t < +∞} òàêîþ ñèíãóëÿðíî-
çáóðåíîþ ñèñòåìîþ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (iç çàïiçíåííÿì):

V ′t = ωV + βV
(
1− V

V ∗

)
− γFV + εDV V

′′
xx,

C ′t = ξ(m)αF (t− τ) · V (t− τ)− µ(C − C∗)+ ε2DCC
′′
xx,

F ′t = ωF + ρC − (µf + ηγV ) · F + εDFF
′′
xx,

m′t = σ · V − µmm+ ε2Dmm
′′
xx,

(1)

çà óìîâ

C(x, 0) = C0(x), m(x, 0) = m0(x), V (x, t̃) = V 0(x, t̃),
F (x, t̃) = F 0(x, t̃), −τ ≤ t̃ ≤ 0,

(2)

äå V (x, t), C(x, t), F (x, t),m(x, t) � âiäïîâiäíî êîíöåíòðàöi¨ àíòèãåíiâ, ïëà-
çìàòè÷íèõ êëiòèí, àíòèòië òà çíà÷åííÿ âiäíîñíî¨ õàðàêòåðèñòèêè óðàæå-
ííÿ îðãàíó ìiøåíi â òî÷öi x â ìîìåíò ÷àñó t, β � òåìï ðîçìíîæåííÿ
àíòèãåíiâ; V ∗ � ìàêñèìàëüíå çíà÷åííÿ êîíöåíòðàöi¨ àíòèãåíiâ; γ � êîå-
ôiöi¹íò, ùî âðàõîâóþòü ðåçóëüòàò âçà¹ìîäi¨ àíòèãåíiâ ç àíòèòiëàìè; τ �
çàïiçíåííÿ â ÷àñi; µC � âåëè÷èíà, îáåðíåíà òðèâàëîñòi æèòòÿ ïëàçìàòè-
÷íèõ êëiòèí; α � êîåôiöi¹íò ñòèìóëþâàííÿ iìóííî¨ ñèñòåìè; C∗ � ðiâåíü
êîíöåíòðàöi¨ ïëàçìàòè÷íèõ êëiòèí ó çäîðîâîìó îðãàíiçìi; ρ � øâèäêiñòü
âèðîáíèöòâà âëàñíèõ àíòèòië îäíi¹þ ïëàçìàòè÷íîþ êëiòèíîþ; µf � âå-
ëè÷èíà, îáåðíåíà òðèâàëîñòi iñíóâàííÿ àíòèòië; η � âèòðàòè àíòèòië íà
íåéòðàëiçàöiþ îäíîãî àíòèãåíó; σ � òåìï óðàæåííÿ êëiòèí îðãàíó-ìiøåíi;
µm � øâèäêiñòü âiäíîâëåííÿ îðãàíó-ìiøåíi; εDV , εDF , ε

2DC , ε
2Dm �

êîåôiöi¹íòè ïðîñòîðîâî äèôóçiéíîãî ïåðåðîçïîäiëó âiäïîâiäíî àíòèãåíiâ,
àíòèòië, ïëàçìàòè÷íèõ òà óðàæåíèõ êëiòèí, ε � ìàëèé ïàðàìåòð, ÿêèé
õàðàêòåðèçó¹ ìàëèé âïëèâ âiäïîâiäíèõ êîìïîíåíò ó ïîðiâíÿííi ç iíøè-
ìè (äîìiíóþ÷èìè) ñêëàäîâèìè ïðîöåñó; C0(x), m0(x), V 0(x, t̃), F 0(x, t̃) �
îáìåæåíi äîñòàòíüî ãëàäêi ôóíêöi¨. Ôóíêöiÿ

ξ(m) =

{
1, 0 ≤ m ≤ m∗,
(1−m)/(1−m∗) , m∗ < m < 1,

ïðèçíà÷åíà äëÿ óðàõóâàííÿ åôåêòó çíèæåííÿ åôåêòèâíîñòi ôóíêöiîíóâà-
ííÿ iìóíîëîãi÷íîãî îðãàíó ïðè çíà÷íîìó óðàæåííi, äå m∗ � ìàêñèìàëüíå
çíà÷åííÿ ìiðè óðàæåííÿ îðãàíó-ìiøåíi, ïðè ÿêîìó ùå ìîæëèâå íîðìàëü-
íà ðîáîòà iìóííî¨ ñèñòåìè (ξ(m)=1). Ïðè m∗ ≤ m < 1 ïðîäóêòèâíiñòü
âèðîáíèöòâà àíòèòië iìóíîëîãi÷íèì îðãàíîì çíèæó¹òüñÿ (ξ(m)<1). Ôóí-
êöi¨ äæåðåëà ωV (x, t), ωF (x, t), ùî îïèñóþòü, çîêðåìà, çîñåðåäæåíi çìi-
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íè êîíöåíòðàöié àíòèãåíiâ òà àíòèòië, ïðåäñòàâèìî ó âèãëÿäi òî÷êîâî-
iìïóëüñíèõ ôóíêöié äæåðåëà [5].

Ñêîðèñòàâøèñü ìåòîä êðîêiâ, ðîçâ'ÿçîê ìîäåëüíî¨ çàäà÷i (1)-(2) iç çà-
ïiçíåííÿì çâåäåìî äî ïîñëiäîâíîñòi ðîçâ'ÿçêiâ ñèíãóëÿðíî çáóðåíèõ çàäà÷
áåç çàïiçíåííÿ, äëÿ çíàõîäæåííÿ ÿêèõ çàñòîñó¹ìî àñèìïòîòè÷íèé ìåòîä
[2]-[5]. Ïðè÷îìó ïåðåõiä âiä ¾íåçáóðåíèõ¿ çàäà÷ äî ¾çáóðåíèõ¿ çäiéñíèìî
òàê, ùîá áàçîâi ôîðìè çàêîíîìiðíîñòåé, ÿêi îïèñóþòü ïðîöåñ iíôåêöié-
íîãî çàõâîðþâàííÿ, ëèøèëèñü ïî÷àòêîâî ïðèéíÿòíèìè, i, íå ïî÷èíàþ÷è
¾ñïî÷àòêó¿, îòðèìàíi áàçîâi ¾íåçáóðåíi¿ ðîçâ'ÿçêè äîïîâíþâàòè ðiçíèìè
ïîïðàâêàìè [6].

Çà ðåçóëüòàòàìè êîìï'þòåðíîãî ìîäåëþâàííÿ ïðîäåìîíñòðîâàíî, ùî
åôåêò äèôóçiéíîãî ¾ïåðåðîçïîäiëó¿ ïðîòÿãîì âiäíîñíî íåâåëèêîãî ïðî-
ìiæêó ÷àñó ïðèçâîäèòü äî çìåíøåííÿ ìàêñèìàëüíèõ íàäêðèòè÷íèõ çíà-
÷åíü êîíöåíòðàöi¨ àíòèãåíiâ â åïiöåíòði çàðàæåííÿ, à, îòæå, ¨õ ïîäàëüøà
íåéòðàëiçàöiÿ â çîíi çàðàæåííÿ ìîæå áóòè çàáåçïå÷åíà íèæ÷èì ðiâíåì
iìóííîãî çàõèñòó, àáî çà íåîáõiäíîñòi çàñòîñóâàííÿ iìóíîòåðàïi¨ ïîòðåáó-
âàòèìå âèêîðèñòàííÿ ìåíøî¨ êiëüêîñòi äîíîðñüêèõ àíòèòië. Òàêèì ÷èíîì,
ó ðàìêàõ ïðåäñòàâëåíî¨ ìîäåëi âíàñëiäîê åôåêòó äèôóçiéíîãî ¾ïåðåðîç-
ïîäiëó¿ ïðîòiêàííÿ iíôåêöiéíîãî çàõâîðþâàííÿ ìàòèìå ìåíø ¾ãîñòðèé¿
õàðàêòåð.
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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Ðîçãëÿíåìî íàáëèæåíå ðîçâ'ÿçóâàííÿ îäíîâèìiðíî¨ íåñòàöiîíàðíî¨
çàäà÷i Êîøi. Çà äîïîìîãîþ ïåðåòâîðåííÿ Ëàãåððà âèõiäíó çàäà÷ó ðåäóêî-
âàíî äî ïîñëiäîâíîñòi ñòàöiîíàðíèõ çàäà÷ Êîøi, ÿêi äèñêðåòèçîâàíî çà
äîïîìîãîþ ìåòîäó ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ (ÌÔÐ).

Ïîñòàíîâêà çàäà÷i òà äèñêðåòèçàöiÿ ïî ÷àñîâié çìiííié

Ðîçãëÿíåìî àëãîðèòì äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ îäíîâèìiðíî¨ íå-
ñòàöiîíàðíî¨ çàäà÷i Êîøi: au′′tt + bu′t − u′′xx = 0 â (0, 1)× (0,∞),

u(1, ·) = ϕ1, u′(1, ·) = ϕ̃1 íà (0,∞),
u(·, 0) = 0, au′t(·, 0) = 0 íà (0, 1),

(1)

äå a, b ≥ 0, a + b > 0 � çàäàíi ïîñòiéíi, ϕ1, ϕ̃1 � âiäîìi äîñòàòíüî ãëàäêi
ôóíêöi¨. Çàäà÷à ïîëÿãà¹ ó çíàõîäæåííi çíà÷åíü íåâiäîìî¨ ôóíêöi¨ u íà
(0, 1)× (0,∞) i ðåêîíñòðóêöi¨ íåâiäîìèõ äàíèõ Êîøi íà {0} × (0,∞).

Çà äîïîìîãîþ ôîðìóëþâàííÿ (1) ðîçãëÿäà¹ìî êëàñ ïàðàáîëi÷íèõ i ãi-
ïåðáîëi÷íèõ çàäà÷ Êîøi, ÿêi øèðîêî äîñëiäæóþòüñÿ i ìàþòü ïðàêòè÷íå
çàñòîñóâàííÿ. Âiäîìî, ùî çàäà÷à Êîøi (1) ¹ íåêîðåêòíî ïîñòàâëåíîþ, à
íåêîðåêòíiñòü ïðîÿâëÿ¹òüñÿ ó âiäñóòíîñòi ñòiéêîñòi. Ïðî õàðàêòåðèñòèêè
ïîñòàâëåíî¨ çàäà÷i àáî iñíóþ÷i ÷èñåëüíi ìåòîäè äèâ. ó [2, 3].

Äëÿ ÷àñòêîâî¨ äèñêðåòèçàöi¨ ïî ÷àñîâié çìiííié âèêîðèñòà¹ìî ïåðå-
òâîðåííÿ Ëàããåðà. Â ðåçóëüòàòi îòðèìà¹ìî ïîñëiäîâíiñòü çàäà÷ Êîøi äëÿ
íåîäíîðiäíîãî ðiâíÿííÿ Êëåéíà-Ãîðäîíà, äëÿ ÿêî¨ ¹ âiäîìà ïîñëiäîâíiñòü
ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ. Ðîçâ'ÿçîê ïîñëiäîâíîñòi åëiïòè÷íèõ çàäà÷
Êîøi çíàõîäèìî çà ÌÔÐ. Â ðåçóëüòàòi îäåðæó¹ìî ïîñëiäîâíiñòü ðåêóðåí-
òíèõ íåêîðåêòíèõ ñèñòåì àëãåáðà¨÷íèõ ðiâíÿíü ç îäíàêîâîþ ìàòðèöåþ,
àëå iç çìiííîþ ïðàâîþ ÷àñòèíîþ. Äî îñòàííüî¨ çàñòîñîâó¹ìî ìåòîä ðåãó-
ëÿðèçàöi¨ Òiõîíîâà. Äàíèé ïiäõiä ãàðàíòó¹ îäåðæàííÿ ñòiéêîãî ðîçâ'ÿçêó
ó âèïàäêó òî÷íèõ i çáóðåíèõ äàíèõ, ùî ïiäòâåðäæó¹òüñÿ ÷èñåëüíèìè åêñ-
ïåðèìåíòàìè, à òàêîæ ¹ øâèäêèì i ïðîñòèì â ðåàëiçàöi¨.

Ïåðåòâîðåííÿ Ëàãåððà äëÿ ôóíêöi¨ u(x, t) ìà¹ âèãëÿä

u(x, t) = κ

∞∑
p=0

up(x)Lp(κt), (2)

äå up � êîåôiöi¹íòè Ôóð'¹-Ëàãåððà, Lp � ïîëiíîìè Ëàãåððà ïîðÿäêó p,
çàäàíi ÿê ó [1], κ > 0 � âèáðàíèé ìàñøòàáóþ÷èé ìíîæíèê.
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Âèêîðèñòîâóþ÷è âëàñòèâîñòi ïîëiíîìiâ Ëàãåððà íå ñêëàäà¹ òðóäíîùiâ
äîâåñòè òàêå òâåðäæåííÿ.

Òåîðåìà 1. Ôóíêöiÿ u, çàäàíà ó (2), ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1), ÿêùî
êîåôiöi¹íòè Ôóð'¹-Ëàãåððà up ¹ ðîçâ'ÿçêîì ïîñëiäîâíîñòi çàäà÷ Êîøi: u′′p − γ2up =

p−1∑
m=0

βp−mum íà (0, 1),

up(1) = ϕ1,p, u′p(1) = ϕ̃1,p p = 0, 1, . . . ,

(3)

äå βp = aκ2(p + 1) + bκ, p = 0, 1, ... i γ2 = β0, ϕ1,p, ϕ̃1,p � îá÷èñëåíi êîåôi-
öi¹íòè Ôóð'¹-Ëàãåððà äëÿ ôóíêöié ϕ1, ϕ̃1 âiäïîâiäíî.

Áiëüøå iíôîðìàöi¨ ïðî (3), àëå äëÿ äâîâèìiðíîãî âèïàäêó, äèâ. ó [3].
Íàáëèæåíèé ðîçâ'ÿçîê îòðèìó¹ìî iç ÷àñòêîâî¨ ñóìè â (2) äëÿ ïàðàìåòðó
N > 0.

ÌÔÐ äëÿ ïîñëiäîâíîñòi (3)
Äëÿ ïîñëiäîâíîñòi íåîäíîðiäíèõ ðiâíÿíü Êëåéíà-Ãîðäîíà ç (3) ïîáóäó-

¹ìî ïîñëiäîâíiñòü ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ (äèâ. [3]).

Òåîðåìà 2. Ïîñëiäîâíiñòü ôóíêöié {Φp}Np=0, ÿêà äëÿ p = 0, 1, ... ìà¹ âè-
ãëÿä

Φp(x, y) = e−γ|x−y|vp(|x− y|), x, y ∈ R, x 6= y,

äå ïîëiíîìè vp çàäàíi:

vp(r) =

p∑
m=0

ap,mr
m,

à êîåôiöi¹íòè ap,m âèçíà÷àþòüñÿ ç òàêèõ ðåêóðåíòíèõ ñïiââiäíîøåíü:

ap,p = − 1

2γp
β1ap−1,p−1,

ap,k =
1

2γk

{
k(k + 1)ap,k+1 −

p−1∑
m=k−1

βp−mam,k−1

}
, k = p− 1, . . . , 1

íàçèâàþòüñÿ ôóíäàìåíòàëüíîþ ïîñëiäîâíiñòþ äëÿ (3).

Ïîõiäíà âiä ôóíêöié {Φp}Np=0 äëÿ p = 0, 1, ... ìà¹ âèãëÿä:

Φ′p,x(x, y) =
x− y
|x− y|

e−γ|x−y|(−γvp(|x− y|) + ṽp(|x− y|)), x 6= y,

äå

ṽp(r) =

p∑
m=1

map,mr
m−1.

152



Íàáëèæåíèé ðîçâ'ÿçîê çàäà÷ (3) ïîäà¹ìî ó âèãëÿäi ëiíiéíèõ êîìáiíàöié
çâóæåíü ôóíäàìåíòàëüíî¨ ïîñëiäîâíîñòi

up(x) ≈ ũp(x) =

p∑
m=0

(α1,mΦp−m(x, y1) + α2,mΦp−m(x, y2)) , x ∈ (0, 1), (4)

äå α`,m ∈ R � íåâiäîìi êîåôiöi¹íòè, y` /∈ [0, 1] � âèáðàíi òî÷êè äæåðåëà,
` = 1, 2.

Íåâiäîìi êîåôiöi¹íòè α`,m çíàõîäèìî ç êðàéîâèõ óìîâ â (3). Îòðèìà¹-
ìî ïîñëiäîâíiñòü ðåêóðåíòíèõ ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü, p = 0, 1, ...

α1,pΦ0(1, y1) + α2,pΦ0(1, y2) = ϕ1,p −
p−1∑
m=0

2∑
`=1

α`,mΦp−m(1, y`),

α1,pΦ
′
0,x(1, y1) + α2,pΦ

′
0,x(1, y2) = ϕ̃1,p −

p−1∑
m=0

2∑
`=1

α`,mΦ′p−m,x(1, y`).

(5)
Ñèñòåìà (5) ¹ íåêîðåêòíîþ, òîìó çàñòîñîâó¹ìî ìåòîä ðåãóëÿðèçàöi¨ Òiõî-
íîâà, ïàðàìåòð ðåãóëÿðèçàöi¨ âèáèðà¹ìî çà ìåòîäîì L-êðèâèõ.

Âiäïîâiäíî äî (2) òà (4) íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i Êîøi (1) îá÷è-
ñëèìî çà:

u(x, t) ≈ κ
N∑
p=0

Lp(κt)

p∑
m=0

2∑
`=1

α`,mΦp−m(x, y`), x ∈ (0, 1), t ∈ (0,∞). (6)

Íà îñíîâi (6) îá÷èñëþ¹ìî âèãëÿä íåâiäîìèõ äàíèõ Êîøi íà {0} × (0,∞).
×èñåëüíi åêñïåðèìåíòè

Ðîçãëÿíåìî çàñòîñóâàííÿ çàïðîïîíîâàíîãî ìåòîäó äëÿ ðiâíÿííÿ òåïëî-
ïðîâiäíîñòi. Òîìó ó (1) âèáèðà¹ìî a = 0, b = 1. Òàêîæ âèáèðà¹ìî κ = 1,
ôiíàëüíèé ÷àñ T = 4 i òî÷êè äæåðåëà äëÿ ÌÔÐ: y1 = −1 i y2 = 2. Â
ðîëi òî÷íîãî ðîçâ'ÿçêó çàäà÷i ðîçãëÿäà¹ìî çâóæåííÿ ôóíäàìåíòàëüíîãî
ðîçâ'ÿçêó äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi:

u(x, t) =
1

2
√
πt
e−

(x−4)2

4t , x ∈ [0, 1], t ∈ (0, T ].

Ó âèïàäêó çáóðåíèõ äàíèõ ðiâåíü øóìó 5%. Ïàðàìåòðè ðåãóëÿðèçàöi¨ âè-
áðàíi ðiâíèìè 1.0e− 10 i 1.0e− 3 äëÿ òî÷íèõ i çáóðåíèõ äàíèõ âiäïîâiäíî.
Âiäíîñíi L2 ïîõèáêè â îáëàñòi (0, 1) × (0, T ), äëÿ âèïàäêó N = 50 äîðiâ-
íþþòü âiäïîâiäíî 1.0e − 3 òà 2.3e − 2 äëÿ òî÷íèõ i çáóðåíèõ äàíèõ. Íà
ðèñ. 1 òà ðèñ. 2 íàâåäåíi ãðàôiêè òî÷íèõ i ðåêîíñòðóéîâàíèõ äàíèõ Êîøi
äëÿ ðiçíèõ ïàðàìåòðiâ äèñêðåòèçàöi¨ N äëÿ òî÷íèõ i çáóðåíèõ äàíèõ.
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à) á)

Ðèñ. 1: Çíà÷åííÿ ðåêîíñòðóéîâàíèõ äàíèõ Êîøi: à) u i á) u′ íà (0, ·) äëÿ
òî÷íèõ âõiäíèõ äàíèõ.

à) á)

Ðèñ. 2: Çíà÷åííÿ ðåêîíñòðóéîâàíèõ äàíèõ Êîøi: à) u i á) u′ íà (0, ·) äëÿ
çáóðåíèõ âõiäíèõ äàíèõ.

Îòæå, çà äîïîìîãîþ ïåðåòâîðåííÿ Ëàãåððà âèõiäíà çàäà÷à ðåäóêîâàíà
äî ïîñëiäîâíîñòi çàäà÷ Êîøi äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi
÷èñåëüíî ðîçâ'ÿçàíi çà ÌÔÐ. Çàçâè÷àé çàñòîñóâàííÿ ÌÔÐ äëÿ âèïàäêó
íåîäíîðiäíèõ ðiâíÿíü âèìàãà¹ çàñòîñîâóâàííÿ ìåòîäó ðàäiàëüíèõ ôóíêöié
äëÿ ïîøêó ÷àñòêîâîãî ðîçâ'ÿçêó, à äëÿ çàïðîïîíîâàíîãî àëãîðèòìó öå íå
ïîòðiáíî. Àëãîðèòì ¹ øâèäêèì (ñåðåäíié ÷àñ âèêîíàííÿ äî 1 ñåê) i ïðî-
ñòèì â ðåàëiçàöi¨, à ðåçóëüòàòè ÷èñåëüíèõ åêñïåðèìåíòiâ ïiäòâåðäæóþòü
çàñòîñîâíiñòü äàíîãî ïiäõîäó.

1. Abramowitz M., Stegun I.A. Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Tables // National Bureau of Standards
Applied Mathematics Series. � 1972. � Washington D. C.

2. Alosaimi M., Lesnic D., Johansson B.T. Solution of the Cauchy problem for
the wave equation using iterative regularization // Inverse Problems in Science
and Engineering. � 2021. � Vol. 29. � Pp. 2757�2771.

3. Borachok I., Chapko R., Johansson B.T. A method of fundamental solutions for
heat and wave propagation from lateral Cauchy data // Numerical Algorithms.
� 2022. � Vol. 89. � Pp. 431�449.
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Áåçïåðåðâíî-äèñêðåòíà ìîäåëü GeoSEIR äëÿ ìîäåëþâàííÿ òà

àíàëiçó ãåîãðàôi÷íîãî ïîøèðåííÿ COVID-19

ßðîñëàâ Âèêëþê, Äåíèñ Íåâiíñüêèé

vyklyuk@ukr.net, denys.v.nevinskyi@lpnu.ua

ÍÓ ¾Ëüâiâñüêà ïîëiòåõíiêà¿

Êîæíîãî ðîêó ëþäñòâî ñòèêà¹òüñÿ ç ðiçíèìè âèäàìè âiðóñíî¨ iíôåêöi¨
àáî ç ðiçíèìè øòàìàìè iíôåêöié, òàêèìè ÿê, íàïðèêëàä, COVID-19 [1].

Ó ðîáîòi çàïðîïîíîâàíà áåçïåðåðâíî-äèñêðåòíà ìîäåëü GeoSEIR íà
îñíîâi âäîñêîíàëåííÿ ìóëüòèàãåíòíî¨ ñèñòåìè äëÿ ìîäåëþâàííÿ ãåîïðî-
ñòîðîâîãî ïîøèðåííÿ âiðóñíî¨ iíôåêöi¨, òàêî¨ ÿê COVID-19, íà îñíîâi ìî-
áiëüíèõ êëiòèííèõ àâòîìàòiâ[2]. Çîêðåìà, çàïðîïîíîâàíî ìåòîä ãåíåðà-
öi¨ âíóòðiøíüî¨ ñòðóêòóðè ìiñòà òà ïîâ'ÿçóâàííÿ äèíàìi÷íèõ ïàðàìåòðiâ
ìóëüòèàãåíòíî¨ ìîäåëi SEIR(D) ç ðåàëüíèì ÷àñîì i òàêèìè ïîêàçíèêà-
ìè, ÿê êiëüêiñòü àêòèâíèõ ïàöi¹íòiâ, ðiâåíü ñìåðòíîñòi, åôåêòèâíà ðåïðî-
äóêòèâíå ÷èñëî. Òàêîæ áóëî çàïðîïîíîâàíî ñïîñiá íàíåñåííÿ ñèñòåìè íà
ðåàëüíó ãðàôi÷íó êàðòó. Öå äîçâîëèëî çìîäåëþâàòè òà îöiíèòè ÿê ãåîïðî-
ñòîðîâå ïîøèðåííÿ âiðóñíî¨ iíôåêöi¨, òàê i îñíîâíi ñòàòèñòè÷íi ïîêàçíèêè
ïàíäåìi¨ íà ïðèêëàäi ìiñòà Ëüâiâ, Óêðà¨íà. Ìîäåëü ïîêàçàëà äîñòàòíié
ðiâåíü àäåêâàòíîñòi òà äîçâîëèëà âiäîáðàçèòè ðåçóëüòàòè ïðîãíîçóâàííÿ
ïîøèðåííÿ ïàíäåìi¨ íà ãåîãðàôi÷íié êàðòi (ðèñ.1).

Çàïðîïîíîâàíî àëãîðèòì iíiöiàëiçàöi¨ àãåíòiâ òà ñòâîðåííÿ ðîçêëàäó
ïåðåáóâàííÿ òà âçà¹ìîäi¨ àãåíòiâ ïðîòÿãîì äîáè. Çàïðîïîíîâàíî ñïîñîáè
çàðàæåííÿ çáóäíèêàìè â ïðèìiùåííÿõ ç ïîñòiéíèì ñóñiäñòâîì, òàêèõ ÿê
ðîáî÷i ìiñöÿ òà áóäèíêè, à òàêîæ äëÿ ìiñöü ç ðiçíèìè ñóñiäàìè, òàêèõ
ÿê òðàíñïîðò i ãðîìàäñüêi ìiñöÿ. Öå äîçâîëèëî ìàêñèìàëüíî ðåàëiñòè÷íî
çìîäåëþâàòè ðîáî÷èé äåíü ïåðåñi÷íî¨ ëþäèíè.

Çàïðîïîíîâàíi ïðàâèëà âèçíà÷åííÿ ðiâíÿ êîíòàãiîçíîñòi ëþäèíè íà
îñíîâi íå÷iòêî¨ ëîãiêè. Öå äîçâîëèëî ðåàëiñòè÷íî çìîäåëþâàòè ïðîöåñ çà-
ðàæåííÿ òà ïåðåáiã çàõâîðþâàííÿ iíôiêîâàíîãî àãåíòà. Çàïðîïîíîâàíî
ìîäåëü âèçíà÷åííÿ éìîâiðíîñòi çàðàæåííÿ àãåíòà çàëåæíî âiä òèïó ëîêà-
öi¨, íà ÿêié âií çíàõîäèòüñÿ, òà êiëüêîñòi îòî÷óþ÷èõ iíôiêîâàíèõ àãåíòiâ,
÷àñó ïåðåáóâàííÿ òà iíøèõ ôàêòîðiâ. Öå äîçâîëèëî ïåðåéòè âiä ìîäåëþ-
âàííÿ ìîáiëüíèõ êëiòèííèõ àâòîìàòiâ äî ñòàòèñòè÷íîãî ïðîãíîçóâàííÿ
çàðàæåííÿ çáóäíèêiâ, ÿêi ðàçîì ïåðåáóâàþòü ó çàêðèòîìó ïðèìiùåííi ÷è
òðàíñïîðòi, ùî äàëî çìîãó çíà÷íî ïðèñêîðèòè ðîçðàõóíîê ïðè çáåðåæåííi
àäåêâàòíîñòi òà òî÷íîñòi ðîçðàõóíêó.

Çàïðîïîíîâàíî ìåòîäè âðàõóâàííÿ ðiçíîìàíiòíî¨ ïîâåäiíêè òà âëàñòè-
âîñòåé àãåíòiâ, çîêðåìà: âðàõóâàííÿ âàêöèíàöi¨, içîëÿöi¨, êàðàíòèíó âèõi-
äíîãî äíÿ, âòðàòè iìóíiòåòó. Öå äîçâîëèëî çìîäåëþâàòè òà îöiíèòè åôå-
êòèâíiñòü ðiçíèõ ìåòîäiâ çàïîáiãàííÿ ïîøèðåííþ åïiäåìi¨.

Âñå öå â êîìïëåêñi äîçâîëèëî ïåðåéòè âiä äèñêðåòíèõ êëiòèííèõ àâ-
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òîìàòiâ ìîäåëi SEIR(D) äî ìîäåëi ç íåïåðåðâíî-äèñêðåòíèìè ñòàíàìè.
Òîáòî ìè îòðèìàëè ñèñòåìó ç äèñêðåòíèìè àãåíòàìè, ÿêi ïåðåìiùóþòüñÿ
â äèñêðåòíi îáëàñòi ïiä ÷àñ äèñêðåòíèõ iòåðàöié, ó âèçíà÷åíi ðîáî÷i äíi.
Îäíàê ñòàí çäîðîâ'ÿ àãåíòiâ âèçíà÷à¹òüñÿ íåïåðåðâíèìè ïîêàçíèêàìè, òà-
êèìè ÿê ðiâåíü iíôiêóâàííÿ, ÷àñ âiä çàðàæåííÿ òà ðiâåíü iìóíiòåòó àãåíòà.
Äèñêðåòíi æ ñòàíè àãåíòà (SEIR(D)) âèçíà÷àþòüñÿ íà îñíîâi çàçíà÷åíèõ
íåïåðåðâíèõ ïîêàçíèêiâ. Ïðåäñòàâëåíå ïîäàííÿ ìîäåëi GeoSEIR ó âèãëÿäi
áëîê-ñõåìè äîçâîëÿ¹ áåçïîñåðåäíüî çðîçóìiòè ¨¨ ôóíêöiîíóâàííÿ.

Ðèñ. 1: Ïðîãíîç ãåîïðîñòîðîâîãî ïîøèðåííÿ COVID-19 íà ïðèêëàäi ìi-
ñòà Ëüâiâ íà îñíîâi ðîçðîáëåíî¨ áåçïåðåðâíî-äèñêðåòíî¨ ìîäåëi

GeoSEIR.

Çàïðîïîíîâàíà ìîäåëü áóëà ïðîòåñòîâàíà äëÿ ìîäåëþâàííÿ ïîøèðå-
ííÿ âiðóñó COVID-19 ó ìiñòi Ëüâiâ, Óêðà¨íà. Ïåðåâiðÿëè ÿê äèíàìiêó
ñòàòèñòè÷íèõ ïîêàçíèêiâ, òàê i ïðîñòîðîâèé ðîçïîäië çáóäíèêiâ iíôåêöié
íà ðåàëüíié êàðòi ìiñòà. Ìåòîäèêà ïîêàçàëà äîñòàòíié ðiâåíü àäåêâàòíî-
ñòi. Çàïðîïîíîâàíi ìåòîäè âðàõóâàííÿ ðiçíî¨ ïîâåäiíêè àãåíòiâ äîçâîëèëè
ïðîâåñòè åêñïåðèìåíòè ç âàðiàíòàìè âèêîðèñòàííÿ òà ïîðiâíÿòè åôåêòèâ-
íiñòü ðiçíèõ çàõîäiâ äëÿ çàïîáiãàííÿ ïîøèðåííþ åïiäåìié. Çîêðåìà, àïðî-
áîâàíî òàêi çàõîäè, ÿê: ðiçíà ñòðóêòóðà ïiäïðè¹ìñòâ ìiñòà, ìàñêîâèé ðå-
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æèì, âïëèâ òðàíñïîðòó òà âiäâiäóâàííÿ ãðîìàäñüêèõ ìiñöü. Äîñëiäæóâà-
ëàñü ïîÿâà äðóãî¨, òðåòüî¨ òà iíøèõ õâèëü åïiäåìi¨ âíàñëiäîê âòðàòè iìóíi-
òåòó àáî ïîÿâè íîâîãî âiðóñó ÷è íîâîãî øòàìïó iñíóþ÷îãî âiðóñó (ðèñ.2).
Òàêi çàõîäè, ÿê âàêöèíàöiÿ, êàðàíòèí âèõiäíîãî äíÿ, ñóâîðèé êàðàíòèí
áóëè ïðîòåñòîâàíi òà ïðîàíàëiçîâàíi. Íàïðèêiíöi ðîáîòè áóëà çàïðîïî-
íîâàíà êîìïëåêñíà ñòðàòåãiÿ çàïîáiãàííÿ ïîøèðåííþ âiðóñíî¨ iíôåêöi¨ â
ìiñòi.

Ðèñ. 2: Äèíàìiêà ÷èñëà iíôiêîâàíèõ i çäîðîâèõ àãåíòiâ äëÿ ó âèïàäêó
ìàñêîâîãî ðåæèìó, 10% âèêîðèñòàííÿ ãðîìàäñüêîãî òðàíñïîðòó òà 20%
âiäâiäóâàííÿ ãðîìàäñüêèõ ìiñöü.

Çàïðîïîíîâàíó ìîäåëü ìîæíà ëåãêî ðîçøèðèòè òà àäàïòóâàòè äî íî-
âèõ ïàðàìåòðiâ àãåíòiâ, òàêèõ ÿê: âiê, ðiçíi çîíè âiäâiäóâàííÿ, ðiçíèé ÷àñ
âiäâiäóâàííÿ, ðiçíèé iìóíiòåò òà iíøi îñîáèñòi ôàêòîðè. Òàêîæ öÿ ìîäåëü
ìîæå áóòè ëåãêî ðîçøèðåíà äëÿ ìîäåëþâàííÿ ïîøèðåííÿ åïiäåìi¨ â ðåãiî-
íi, êðà¨íi òà ñâiòi â öiëîìó. Öÿ ìîäåëü ïî¹äíó¹ â ñîái øâèäêiñòü ñòàòè÷íèõ
êëiòèííèõ àâòîìàòiâ, ãíó÷êiñòü ðóõîìèõ êëiòèííèõ àâòîìàòiâ iç ìîæëèâi-
ñòþ âiçóàëiçàöi¨ ðåçóëüòàòiâ íà ãåîãðàôi÷íié êàðòi, çäàòíiñòü ñïîñòåðiãàòè
òà ìîäåëþâàòè äèíàìiêó òà îöiíþâàòè ðiçíi çàõîäè ïðîôiëàêòèêè åïiäåìi¨
äëÿ ðiçíèõ øòàìïiâ âiðóñiâ.

1. World health statistics 2022: monitoring health for the SDGs, sustainable
development goals ISBN 978-92-4-005114-0 (electronic version), ISBN 978-92-
4-005115-7 (print version).

2. Fujita, S., Kiguchi, R., Yoshida, Y. et al. Determination of optimal prevention
strategy for COVID-19 based on multi-agent simulation. Jpn J Stat Data Sci 5,
339�361 (2022). https://doi.org/10.1007/s42081-022-00163-1.
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Elastostatics describes the processes of linear elasticity. We assume that D
is a doubly connected bounded domain in R2 with the boundary ∂D consisting
of two disjoint closed C2 curves Γ1 and Γ2 such that Γ1 is contained in the
interior of Γ2. The direct elastostatics problem is: Given a vector function
f on Γ2 consider the Dirichlet problem for a vector function u ∈ C2(D)∩C(D̄)
satisfying the Navier equation and the boundary conditions

µ∆u+ (λ+ µ) grad div u = 0 in D, (1)

u = 0 on Γ1, (2)

u = f on Γ2, (3)

where µ and λ (µ > 0, λ > −µ) are given Lam�e coe�cients.
The inverse problem is: Given the Dirichlet data f on Γ2 with f 6= 0

and the Neumann data
Tu = g on Γ2, (4)

determine the shape of the interior boundary Γ1. Here Tu = λdivu ν +
2µ(ν · grad)u+µdiv(Qu)Qν, where ν is an outward unit normal vector to the
boundary, and Q is a rotational matrix.

To ensure the existence of the stress operator T on Γ2, assume that bound-
aries and input data are smooth enough. Let Γ2 ∈ C2, g ∈ H−1/2(Γ2),
f ∈ H1/2(Γ2), and f 6= 0.

As opposed to the direct boundary value problem, the inverse problem is
nonlinear and ill-posed. The issue of uniquenes of the unknown curve Γ1

from the Cauchy data on Γ2 is settled by the following theorem.

Òåîðåìà 1. Let Γ1 and Γ̃1 be two closed curves contained in the interior

of Γ2 and denote by u and ũ the solutions to the Dirichlet problem (1)�(2)

for the interior boundaries Γ1 and Γ̃1, respectively. Assume that f 6= 0 and

Tu = T ũ on an open subset of Γ2. Then Γ1 = Γ̃1.

The proof of the theorem is similar to that for the Laplace equation whicn is
provided in [7].

In order to reduce problem to the system of nonlinear integral equations,
we de�ne functional

G(U) =

∫
Γ2

(TUf − Ug) ds, (5)
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where f and g are given data from (3) and (4) respectively, U ∈ H1(D) is
a vector function that satis�es the Navier equation (1). As a consequence of
Green's second theorem for the elastostatics equation (given in [1]), we obtain

G(U) =

∫
Γ1

Uhds. (6)

Here h = Tu determines the stress on the inner boundary Γ1. Using (5)
and (6), we introduce their counterparts with a fundamental solution. Matrix
Φ(x, y) is a fundamental solution of the Navier equation (1) provided in [1].

Assume that the boundary curves Γ1 and Γ2 can be presented in the para-
metric form Γi := {xi(t) = (xi1(t), xi2(t)), t ∈ [0, 2π]} (i = 1, 2). To simplify
calculations, consider the case when the inner curve is so-called "star-like"
curve and has a parametric representation x1(t) = r(t)(cos t, sin t), where
r : R→ (0,∞) is the radial distance from the origin that to be calculated.

Using provided parameterization, integral operators and potentials can be
written via mapping L2[0, 2π]→ L2[0, 2π] :

(Siϕ)(t) =
1

2π

∫ 2π

0

Ki1(t, τ)ϕ(τ)dτ, i = 1, 2,

(S̃2ϕ)(t) = (S2ϕ)(t) + [I − Φ(x2(t), 0)]

∫ 2π

0

ϕ(τ)dτ,

wi(t) =
1

2π

∫ 2π

0

{Ni2(t, τ)f2(τ)−Ki2(t, τ)g2(τ)} dτ +
1− i

2

f2(t)

|x′2(t)| , i = 1, 2,

w̃2(t) = w2(t)− [I − Φ(x2(t), 0)]

∫ 2π

0

g2(τ)dτ.

Here we have used the notations

ϕ(t) = ϕ(x1(t))|x′1(τ)|, f2(τ) = f(x2(τ))|x′2(τ)|, g2(τ) = g(x2(τ))|x′2(τ)|,
Kij(t, τ) = 2πΦ(xi(t), xj(τ)), Nij(t, τ) = 2π

[
Txj(τ)Φ(xi(t), xj(τ))

]>
.

Formulas for the kernels Nij are obtained by imposing the operator T to the
matrix Φ by the second argument. In addition, these results are shown in [1],
[2], [4] and [5]. The kernels Kii, Nii (for i = 1, 2) contain singularities, so the
corresponding integrals should be treated as improper. These singularities
was allocated explicitly in form of special weight functions (see [4]). The
given operators and potentials depend on the function r. We use the notation
Sj(r, ϕ), S̃2(r, ϕ), wj(r) to emphasize this.

It can be shown that inverse boundary value problem (1), (3), (4) is equiv-
alent to the system of nonlinear integral equations{

S1(r, ϕ) = w1(r),

S̃2(r, ϕ) = w̃2.
(7)
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The proof is analogous to the provided in [7]. A similar approach of reducing
the problem to a system of nonlinear equations is also highlighted in [3], [6].

System (7) can be linearized. It is essential to calculate the Fr�echet deriva-
tives of the nonlinear operators S1(r, ϕ), S̃2(r, ϕ) and the potential w1(r) with
respect to the radial function r. For the corresponding derivatives we use fol-
lowing notations w′1(r; q)(t), S′1(r, ϕ; q)(t), S̃′2(r, ϕ; q)(t). Linear representation
of the system (7) has the form{

S1(r, ϕ) + S1(r, ψ) + S′1(r, ϕ; q) = w1(r) + w′1(r; q),

S̃2(r, ϕ) + S̃2(r, ψ) + S̃′2(r, ϕ; q) = w̃2.
(8)

For solving (8), iteration scheme is applied:

� Choose an initial approximation r. Solve the correct problem S1ϕ = w1

respectively ϕ.

� For given r and ϕ, solve the problem (8) with respect to q and ψ.

� Recalculate a new approximation of the radial function r := r + q and
the unknown density ϕ := ϕ+ ψ.

� Iterate the last two steps until a certain stopping criteria is met.

Note that the system (8) is linear, but still remains incorrect due to the
incorrectness of the initial problem. To obtain a stable numerical solution,
the Tikhonov regularization can be applied at each iteration.

Approximation of the correction q can be repsented in a �nite-dimensional
space. We apply quadrature method to partially discretize system of integral
equations. For full discretization, we collocate the obtained relations in nodes
of quadrature formulas. As a result, we get an overdetermined system of linear
equations. To hande this, least squares approach can be used. For the case of
a discrete problem, the method of least squares gives us a regularized system
of linear equations.

Example. To ensure that input data for the example are consistent, let's
�rst calculate the value of the stress on the exterior boundary by solving the
direct Dirichlet problem (1)-(3), where f is given as f(x) = (x1 + x2, 5x1 −
x2)>, x = (x1, x2) ∈ Γ2. We choose λ = 2, µ = 1 as Lam�e parameters.

Let the exterior boundary be a circle of radius 6 centered at the ori-
gin. The interior boundary has the following parametric representation Γ1 ={
x2(t) = (1.8 cos t, 1.68 sin t+ 1.4 cos2 t) : t ∈ [0, 2π]

}
. As an initial approxi-

mation, we choose a circle of radius 3, with the center at the origin. Figure 1
shows the results for the accurate input data and data with 3% of noise. The
regularization parameters were chosen by comparing the discrepancy at each
step of the iteration. However, another approach can be used: automatically
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recalculate these parameters at each iteration, making a hard link to the it-
eration number (see [7]). Or, as shown in [6], use the same values at each
iteration, having previously determined them at the �rst iteration.
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Figure 1: Reconstruction of the boundary ( ) and its exact value (� � �)
with accurate input data (a) and with a noise level of δ = 0.03 (b).

The presented results demonstrate the e�ectiveness of the method both for
accurate and for noisy input data. The main advantage of the proposed
approach is that it is enough to measure certain data on the outside, in order
to accurately reproduce the internal state of the environment.

1. Kupradze V. D., Potential methods in the theory of elasticity. � Jerusalem:
Israel Program for Scienti�c Translations. � 1965. � 472 p.

2. Chapko R. On the numerical solution of a boundary value problem in the plane
elasticity for a double-connected domain // Mathematics and Computers in
Simulation. � 2004. � Vol. 66. � Pp. 425�438.

3. Chapko R., Ivanyshyn O., Kanafotskyy T. On the non-linear integral equa-
tion approaches for the boundary reconstruction in double-connected planar
domains // Journal of Numerical & Applied Mathematics. � 2016. � Vol. 122.
� Pp. 7�20.

4. Chapko R., Johansson B. T., Shkolyk M. On a boundary integral equation
method for elastostatic Cauchy problems in annular planar domains // Journal
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6. Ivanyshyn O., Kress R. Nonlinear integral equations for solving inverse bound-
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2006. � Vol. 18. � Pp. 13�38.
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Ïðî ÷àñîíåçâîðîòíiñòü óçàãàëüíåíèõ êiíåìàòèê Õàññàíi

ßðîñëàâ Ãðóøêà

grushka@imath.kiev.ua

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

Â äîïîâiäi, áàçóþ÷èñü íà iäåÿõ àëæèðñüêîãî ôiçèêà Ì.Å.Õàññàíi, áó-
äóòü ââåäåíi óçàãàëüíåíi ïðîñòîðîâî-÷àñîâi ïåðåòâîðåííÿ Õàññàíi â äié-
ñíîìó ãiëüáåðòîâîìó ïðîñòîði. Îðèãiíàëüíi ïåðåòâîðåííÿ Ì.Å. Õàññàíi [1]
¹ ÷àñòèííèì âèïàäêîì ïåðåòâîðåíü, ââåäåíèõ â äàíié äîïîâiäi. Ìîæíà
äîâåñòè, ùî â çàãàëüíîìó âèïàäêó óçàãàëüíåíi ïåðåòâîðåííÿ Õàññàíi íå
óòâîðþþòü ãðóïó îïåðàòîðiâ [2]. Âèêîðèñòîâóþ÷è óçàãàëüíåíi ïåðåòâîðå-
ííÿ Õàññàíi, à òàêîæ òåîðiþ ìiíëèâèõ ìíîæèí òà óíiâåðñàëüíèõ êiíåìà-
òèê, ìîæíà ïîáóäóâàòè íàäñâiòëîâi óçàãàëüíåíi êiíåìàòèêè Õàññàíi. Âè-
êîðèñòîâóþ÷è àáñòðàêòíó òåîðåìó ïðî íåïîâåðíåííÿ äëÿ óíiâåðñàëüíèõ
êiíåìàòèê [3] ìîæíà äîâåñòè, ùî ÷àñîïîçèòèâíi óçàãàëüíåíi êiíåìàòèêè
Õàññàíi ¹ áåçóìîâíî ÷àñîíåçâîðîòíèìè (îñíîâíèé ðåçóëüòàò äîïîâiäi). Ç
ôiçè÷íî¨ òî÷êè çîðó çàçíà÷åíèé ðåçóëüòàò îçíà÷à¹, ùî â áóäü-ÿêié ÷àñî-
ïîçèòèâíié óçàãàëüíåíié êiíåìàòèöi Õàññàíi âiäñóòíÿ ïîòåíöiéíà ìîæëè-
âiñòü çìiíèòè âëàñíå ìèíóëå øëÿõîì �ïåðåõîäiâ� ç îäíi¹¨ ñèñòåìè âiäëiêó
äî iíøî¨.

1. Mohamed Hassani. Foundations of Superluminal Relativistic Mechanics //
Communications in Physics. � 2015 � Vol. 24, Is. 4. � Pp. 313�332.

2. Ya. I. Grushka. On some properties of Hassani transforms // Matematychni
Studii. � 2022. � Vol. 57, Is. 1. � Pp. 79�91.

3. Ya.I. Grushka. Theorem of Non-Returning and Time Irreversibility of Tachyon
Kinematics // Progress in Physics. � 2017. � Vol. 13, Is. 4. � Pp. 218�228.
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Êëàñòåðèçàöiÿ ñòîðiíîê âåá-ðåñóðñó iç çàñòîñóâàííÿì îá'¹êòíî¨

ìîäåëi

Ñòàíiñëàâ Äèõàíîâ, Íàòàëiÿ Ãóê

dykhanovstas@gmail.com, natalyguk29@gmail.com

Äíiïðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Îëåñÿ Ãîí÷àðà

Íà ñüîãîäíi ìåðåæà Iíòåðíåò øèðîêî çàñòîñîâó¹òüñÿ äëÿ ðîçòàøóâà-
ííÿ ðiçíîìàíiòíî¨ iíôîðìàöi¨, çà äîïîìîãîþ ìåðåæè ðîçïîâñþäæóþòüñÿ
íîâèíè, çäiéñíþ¹òüñÿ ïðîäàæ òà ðåêëàìà òîâàðiâ, íàäàþòüñÿ îñâiòíi ïî-
ñëóãè òîùî.

Òîìó àêòóàëüíîþ ¹ ðîçðîáêà íîâèõ ìîäåëåé òà ìåòîäiâ, ÿêi äîçâîëÿþòü
øâèäêî íàäàâàòè ðåëåâàíòíó äî çàïèòiâ êîðèñòóâà÷à iíôîðìàöiþ. Ïîäiáíi
çàäà÷i âèíèêàþòü ïiä ÷àñ ðîçðîáêè ðåêîìåíäàöiéíèõ ñèñòåì, ïðè àíàëiçi
ñòðóêòóðè âåá-ñàéòiâ ç ìåòîþ ïîêðàùåííÿ çðó÷íîñòi ïîøóêó íåîáõiäíî¨
iíôîðìàöi¨.

Êëàñòåðèçàöiÿ ñòîðiíîê âåá-ñàéòiâ ¹ iíñòðóìåíòîì äëÿ ïåðåâiðêè éîãî
ñòðóêòóðè, îñêiëüêè îòðèìàíå ðîçáèòòÿ ñòîðiíîê íà êëàñòåðè çà äåÿêèìè
îçíàêàìè äîçâîëÿ¹ çðîçóìiòè, ÷è âiðíî ðîçòàøîâàíi ñòîðiíêè, ÷è âiðíî
íàëàãîäæåíi çâ'ÿçêè ìiæ íèìè.

Â ðîáîòi äëÿ çäiéñíåííÿ ïðîöåäóðè êëàñòåðèçàöi¨ ïðîïîíó¹òüñÿ çàñòî-
ñóâàííÿ îá'¹êòíî¨ ìîäåëi âåá-ðåñóðñó � DOM (Document Object Model).
Çàçíà÷åíà ìîäåëü áóäó¹òüñÿ ç HTML-òåãiâ çà äîïîìîãîþ ñïåöiàëüíèõ çà-
ïèòiâ. DOM ìîäåëü âåá-ðåñóðñó ¹ äåðåâîì, éîãî êîðåíåì <html> ¹ çà-
ãîëîâîê HTML-äîêóìåíòó (ïîñèëàííÿ íà ñàéò). Ëiâå ïiääåðåâî <head>
çáåðiãà¹ ìåòà-òåãè äëÿ áðàóçåðiâ òà ïîøóêîâèõ ñèñòåì, íàçâó äîêóìåíòó,
ñêðèïòè òà ñòèëi, à ïðàâå ïiääåðåâî <body> çáåðiãà¹ êîíòåíò âåá-ñòîðiíêè
(òåêñò, çîáðàæåííÿ, ìåäià-ôàéëè), òîáòî iíôîðìàöiþ, ÿêà âiäîáðàæà¹òüñÿ
ó âiêíi áðàóçåðà.

Çàçíà÷åíà ìîäåëü ïiäòðèìó¹ îá'¹êòíî-îði¹íòîâàíå ïðåäñòàâëåííÿ âåá-
ñòîðiíêè òà äîçâîëÿ¹ ïîðiâíþâàòè ñòðóêòóðè âåá-ðåñóðñiâ ìiæ ñîáîþ.

Äëÿ ïîðiâíÿííÿ ñòðóêòóð äâîõ äåðåâ çàñòîñó¹òüñÿ ìåòîä âèðiâíþâàí-
íÿ äåðåâ ç âèêîðèñòàííÿì ïîíÿòòÿ âiäñòàíi ðåäàãóâàííÿ äåðåâ (Tree Edit
Distance) â ÿêîñòi ìåòðèêè [1].

Âiäñòàíü ìiæ äåðåâàìè Ò1 òà Ò2 äîðiâíþ¹ êiëüêîñòi îïåðàöié, ÿêi íå-
îáõiäíî âèêîíàòè, ùîá ïåðåòâîðèòè äåðåâî Ò1 íà äåðåâî Ò2. Ìíîæèíà
îïåðàöié, ÿêi ìîæíà âèêîíóâàòè íàä äåðåâîì, ñêëàäà¹òüñÿ ç îïåðàöié ïå-
ðåéìåíóâàííÿ âóçëà (Remove), âèäàëåííÿ âóçëà (Remote) òà äîäàâàííÿ
âóçëà (Update).

Çíà÷åííÿ ¾âàðòîñòi¿ ïîâ'ÿçàíå ç ïîñëiäîâíiñòþ âèêîíàíèõ îïåðàöié
ïî çìiíi äåðåâà, íåîáõiäíèõ äëÿ ïåðåòâîðåííÿ éîãî iç ïî÷àòêîâîãî ñòà-
íó äî ¾âèðiâíÿíîãî¿. Îñêiëüêè êiëüêiñòü ðåäàãóâàíü äåðåâà íå îáìåæåíà,
òî çäiéñíþ¹òüñÿ íîðìàëiçàöiÿ ¾âàðòîñòi¿ øëÿõîì âñòàíîâëåííÿ êðèòåðiþ
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ìàêñèìóìó, à ñòðóêòóðíà ñõîæiñòü äâîõ DOM äåðåâ îá÷èñëþ¹òüñÿ ó òàêèé
ñïîñiá:

Sstruct = 1− TED(T1, T2)

ymax(|T1|+ |T2|)
(1)

äå ymax � ìàêñèìàëüíà êiëüêiñòü îïåðàöié Remote, Remove òà Update.
Çàçíà÷åíó ìåòðèêó âèêîðèñòàíî äëÿ çäiéñíåííÿ êëàñòåðèçàöi¨ ñòîði-

íîê âåá-ðåñóðñó. Äëÿ îá÷èñëåííÿ âiäñòàíi ìiæ äåðåâàìè çàñòîñîâó¹òüñÿ
àëãîðèòì [1].

Äëÿ ïðàêòè÷íî¨ ðåàëiçàöi¨ çàïðîïîíîâàíîãî ïiäõîäó áóëî çàñòîñîâàíî
ìîâó ïðîãðàìóâàííÿ Python, ñïåöiàëüíi áiáëiîòåêè òà ìåòîäè. Áiáëiîòåêè
Lxml òà urllib âèêîðèñòîâóâàëàñü äëÿ îáðîáêè HTML ôàéëiâ, çâåðíåííÿ
äî URL-àäðåñ ñàéòiâ, ïàðñèíãó âåá-ñòîðiíîê, áiáëiîòåêà Pandas äëÿ ðåà-
ëiçàöi¨ ìåòîäiâ î÷èùåííÿ äàíèõ, ìîäóëü di�ib çàñòîñîâàíî äëÿ ïîøóêó é
îáðîáêè ðîçáiæíîñòåé ó ïîñëiäîâíîñòÿõ, áiáëiîòåêó sklearn äëÿ ðåàëiçàöi¨
ìåòîäiâ êëàñòåðèçàöi¨.

Ðîçâ'ÿçàíî çàäà÷i êëàñòåðèçàöi¨ âåá-ñòîðiíîê ñàéòiâ iíòåðíåò-ìàãàçèíó
òà çàêëàäó îñâiòè çà ¨õ DOM ìîäåëÿìè. Ñàéòè ìàþòü äåðåâîâèäíó ñòðó-
êòóðó, iíòåðíåò-ìàãàçèí ìà¹ ãîëîâíó ñòîðiíêó, ñòîðiíêè ç êàòåãîðiÿìè òî-
âàðiâ, êàðòêè òîâàðiâ. Â ðåçóëüòàòi êëàñòåðèçàöi¨ áóëî îòðèìàíî ðîçáèòòÿ
çà òèïàìè ñòîðiíîê: óòâîðèëèñü êëàñòåðè ç ãîëîâíî¨ ñòîðiíêè, ñòîðiíîê êà-
òåãîðié òîâàðiâ, ñòîðiíîê òîâàðiâ. Ïîäiáíiñòü ìiæ åëåìåíòàìè îäíîãî êëà-
ñòåðó ¹ íàäçâè÷àéíî âèñîêîþ òà ñòàíîâèòü 95-97%. Öå îáóìîâëåíî òèì,
ùî âåá-ñòîðiíêè îäíîãî ñàéòó ìàþòü ìàéæå iäåíòè÷íó ñòðóêòóðó, âîíè
ôîðìóþòüñÿ äèíàìi÷íî, à êîíòåíò ÿêèì âîíè íàïîâíåíi, çáåðiãà¹òüñÿ ó
áàçi äàíèõ òà çìiíþ¹òüñÿ ó ðiçíèõ HTML-òåãàõ ïðè ïåðåõîäi íà ïåâíå ïî-
ñèëàííÿ ç òîâàðîì àáî êàòåãîði¹þ òîâàðiâ.

Ñàéò çàêëàäó îñâiòè óòâîðþ¹òüñÿ ç ãîëîâíî¨ ñòîðiíêè, ñòîðiíîê êà-
ôåäð, ñòîðiíîê ç iíôîðìàöi¹þ ïðî íàâ÷àííÿ íà ðiçíèõ ðiâíÿõ îñâiòè, ñòî-
ðiíîê äëÿ àáiòóði¹íòiâ, íîâèí. Ðîçáèòòÿ, ÿêå áóëî îòðèìàíî, âiäïîâiäà¹
çàçíà÷åíî¨ ñòðóêòóði ñàéòó, àëå ïîäiáíiñòü ìiæ åëåìåíòàìè îäíîãî êëà-
ñòåðó âèÿâèëàñü íèæ÷îþ, íiæ ó iíòåðíåò-ìàãàçèíó, òà ñòàíîâèëà 68-72%.
Àíàëiç ñòîðiíîê â ñåðåäèíi êîæíîãî ç êëàñòåðiâ ïîêàçàâ, ùî â ¨õ DOM äå-
ðåâàõ ïðèñóòíi HTML-òåãè, ÿêi âiäðiçíÿþòüñÿ äëÿ âåá-ñòîðiíîê â ñåðåäèíi
îäíîãî êëàñòåðó. Òàêèìè åëåìåíòàìè ¹ äîäàòêîâi ïàíåëi, ùî ç'ÿâëÿþòüñÿ
ëèøå íà ïåâíèõ âåá-ñòîðiíêàõ, òà äîäàòêîâi îïöi¨, ÿêi ïðèñóòíi íà äåÿêèõ
ñòîðiíêàõ, àëå âiäñóòíi íà iíøèõ.

Ïðîâåäåíèé àíàëiç ìîæå áóòè êîðèñíèì ïiä ÷àñ ðåiíæèíiðèíãó iñíóþ-
÷èõ ñàéòiâ òà íàëàøòóâàííi ïîñèëàíü ìiæ ñòîðiíêàìè â ñåðåäèíi ñàéòó.

1. Kaizhong Zhang, Dennis Shasha Simple Fast Algorithms for the Editing Di-
stance Between Trees and Related Problems December. � SIAM Journal on
Computing 18(6). � 1989. � Pp. 1245-1262. DOI:10.1137/021808

164
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Di�usion of income means the process of income distribution in a given
socio-economic system, as well as from one system to another.

Our research is based on the application of di�usion models adapted to
the object of research - the monetary income of the population and their
connection with income inequality and social comparison criteria [1].

Modeling allows to determine the possible e�ects of the external envi-
ronment on the state of the study object in order to develop a real and e�ecti-
ve program of socio-economic development. The results of model calculations
taking into account strategic guidelines are the basis for the formation of a
system of objectives of integrated development programs.

Phases of the di�usion process can be considered as a process of learni-
ng of this socio-economic system, represented by the population groups [2].
The learning process includes innovative perception, evaluation and decision-
making, i.e. a range of cognitive factors.

Consideration of aspects of the di�usion process in our study is based on
the analysis of the impact of di�usion on forms of consumption, leisure and
on lifestyle changes in general.

We consider the function of social comparison, which describes the relati-
onship between reference groups by income level and the possibility of transiti-
on from one group to another (income mobility), as well as to characterize the
relationship between inequality and income mobility with economic growth.

Let u(t) be a function of the level of cash income of the population. The
model of di�usion of cash income of the population can be represented in the
form of a di�erential equation:

du(t)

dt
= G(m− u(t)) + γ(t, α)u(t)(m− u(t)), (1)

where G is the Gini coe�cient, m is the potential level of cash income by
broad group of citizenship and γ(t, α) is an in�nitely di�erentiate function,
that depends on the parameter α.

The essence of γ(t, α) is that the income of the reference groups of the
population of di�erent regions is compared with the income of their closest
"neighbors" in hierarchical income levels.

We use the analytical theory of continuous fractions to �nd a solution of
the model of di�usion of cash income of the population [3]. More exactly,
we �nd the solution of the di�erential equation (1) in the form of a formal
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functional continuous fraction

b0(z) +
a1(z)

b1(z) +
a2(z)

b2(z) +
a3(z)

b3(z)+. . .

,

where an(z) and bn(z) are the functions of real variable z.
The values of the approach fractions of a continuous fraction, which descri-

bes the dynamics of changes in the level of cash income of the population, give
an approximation of real values with almost predetermined, arbitrarily high
accuracy. It allows allows us to qualitatively describe the general dynamics of
the process of di�usion of cash income.

1. Dmytryshyn L.I. Conceptual approach to modelling of spatial-structural di-
�erentiation of population's money incomes // Actual Problems of Economics.
� 2013. � Is. 6(144). � Pp. 114�122.

2. Rogers, Everett M. Di�usion of Innovations. Third Edition. � N.Y.: Free Press.
� 1983. � 453 p.

3. Lorentzen L., Waadeland H. Continued Fraction with Applications. � N.Y.:
North-Holland. � 1992. � 606 p.
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Premium Calculator � ïiëîòíå ïðîãðàìíå çàáåçïå÷åííÿ äëÿ

àíàëiçó âàðòîñòi iíäèâiäóàëüíèõ ñòðàõîâèõ êîíòðàêòiâ

Äðîçäåíêî Â.Î.1 òà Ïðàöüîâèòèé Ì.Â.2

drozdenko0408@gmail.com prats4444@gmail.com
1 Áiëîöåðêiâñüêèé íàöiîíàëüíèé àãðàðíèé óíiâåðñèòåò

2 Íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iì. Ì.Ï. Äðàãîìàíîâà

Ó äîïîâiäi ïðåäñòàâëÿòèìåòüñÿ ðîçðîáëåíå â ñåðåäîâèùi MatLab GUI
ïiëîòíå ïðîãðàìíå çàáåçïå÷åííÿ äëÿ àíàëiçó âàðòîñòi iíäèâiäóàëüíèõ ñòðà-
õîâèõ êîíòðàêòiâ ó âèïàäêó âiäîìèõ ðîçïîäiëiâ ðîçìiðó ñòðàõîâèõ çáè-
òêiâ.

Íåõàé âåëè÷èíà X âiäîáðàæà¹ ðîçìið ñòðàõîâî¨ êîìïåíñàöi¨ ïîâ'ÿçàíî¨
ç ïåâíîþ ñòðàõîâîþ óãîäîþ, òîáòî X ïðèéìàòèìå çíà÷åííÿ 0 ó ðàçi íå-
íàñòàííÿ ñòðàõîâî¨ ïîäi¨, òà áóäå ðiâíîþ ðîçìiðó ñòðàõîâî¨ êîìïåíñàöi¨ ó
ðàçi ïîÿâè ñòðàõîâîãî âèïàäêó. Òó ñóìó, ÿêó ïðè óêëàäàííi óãîäè êëi¹íò
ïëàòèòü îáðàíié ñòðàõîâié êîìïàíi¨, íàçèâàòèìåìî öiíîþ êîíòðàêòó àáî
æ ïðåìi¹þ.

Íåâiä'¹ìíó âèïàäêîâó âåëè÷èíó X ÷àñòî çðó÷íî ïðåäñòàâëÿòè ó âèãëÿ-
äi p�ñóìiøi âèïàäêîâèõ âåëè÷èí X0 òà X+, òîáòî íàäàëi ââàæàòèìåìî ùî
X = (1− p)X0 + pX+, äå p � ði÷íà éìîâiðíiñòü íàñòàííÿ ñòðàõîâî¨ ïîäi¨
(îäíi¹¨ àáî äåêiëüêîõ), X0 � âèðîäæåíà é ñêîíöåíòðîâàíà â íóëi âèïàä-
êîâà âåëè÷èíà, X+ � âåëè÷èíà, ùî âiäîáðàæà¹ ñóìàðíèé ðîçìið ði÷íèõ
çáèòêiâ ïðè óìîâi ïîÿâè ñòðàõîâî¨ ïîäi¨ (çíîâó æ òàêè, îäíi¹¨ àáî äåêiëü-
êîõ).

Íà äàíîìó åòàïi â ïðîãðàìó âêëþ÷åíî íàñòóïíi âèïàäêè ðîçïîäiëiâ
âåëè÷èíè X+: âèðîäæåíèé ðîçïîäië (ôiêñîâàíà ñòàëà âèïëàòà ó ðàçi íà-
ñòàííÿ ñòðàõîâî¨ ïîäi¨), åêñïîíåíöiéíèé òà ãiïåðåêñïîíåíöiéíèé ðîçïîäië
(ç äâîìà ñòóïåíÿìè ñâîáîäè), ðiâíîìiðíèé ðîçïîäië íà (âiäîêðåìëåíîìó
âiä íóëÿ) âiäðiçêó òà çñóíóòèé íîðìîâàíèé ïóàñîíiâñüêèé ðîçïîäië.

Â ÿêîñòi iíäèâiäóàëüíèõ ïðèíöèïiâ / ìåòîäiâ ïiäðàõóíêó âàðòîñòi ñòðà-
õîâèõ êîíòðàêòiâ, íà äàíîìó åòàïi äî ïðîãðàìè âêëþ÷åíî: íåòî ïðèíöèï,
ïðèíöèï ìàòåìàòè÷íîãî ñïîäiâàííÿ, äèñïåðñíèé ïðèíöèï, ïðèíöèï ñå-
ðåäíüîêâàäðàòè÷íîãî âiäõèëåíÿ, åêñïîíåíöiéíèé ïðèíöèï, ïðèíöèï ñåðå-
äíüîãî çíà÷åííÿ, êâàíòiëüíèé ïðèíöèï, ïðèíöèï ìàêñèìàëüíèõ çáèòêiâ,
ìåòîä Åñøåðà, ïðèíöèï âiäðåãóëüîâàíèé ðèçèêîì, à òàêîæ ïðèíöèïè åêâi-
âàëåíòíî¨ / íóëüîâî¨ êîðèñíîñòi ñòðàõîâèêà òà êëi¹íòà.

Â ïîäàëüøîìó äî ïðîãðàìè ïëàíó¹òüñÿ äîäàòè øâåéöàðñüêèé ïðèíöèï
iíäèâiäóàëüíîãî ñòðàõîâîãî îöiíþâàííÿ òà iñòîòíî çáiëüøèòè ïåðåëiê îöi-
íþâàíèõ ðîçïîäiëiâ âåëè÷èíè X+ (î÷iêóâàíîãî ðîçìiðó ñòðàõîâèõ âèïëàò
çà óìîâè íàñòàííÿ ñòðàõîâîãî âèïàäêó).

Ïðîãðàìà ¹ iíòó¨òèâíî çðîçóìiëîþ òà äîñèòü ïðîñòîþ ó âèêîðèñòàííi.
Äëÿ îòðèìàííÿ âàðòîñòi iíäèâiäóàëüíîãî ñòðàõîâîãî êîíòàêòó, â ïðîãðàìi
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Ðèñ. 1: Iíòåðôåéñ ïðîãðàìè Premium Calculator.

äîñòàòíüî îáðàòè ðîçïîäië âåëè÷èíè X+ (âêàçàâøè ïðè öüîìó çíà÷åííÿ
ïàðàìåòðiâ ðîçïîäiëó), âêàçàòè éìîâiðíiñòü íàñòàííÿ ñòðàõîâî¨ ïîäi¨ p,
îáðàòè îäèí ç ðåàëiçîâàíèõ â ïðîãðàìi ìåòîäiâ îá÷èñëåíü (â ðàçi ïîòðåáè,
âêàçàâøè çíà÷åííÿ ïàðàìåòðiâ) òà íàòèñíóòè êëàâiøó Calculate. Ïîòî÷íà
âåðñiÿ ãðàôi÷íîãî iíòåðôåéñó êîðèñòóâà÷à ïðîãðàìè Premium Calculator
ïðåäñòàâëåíà íà ðèñóíêó 1.

Ç ìàòåìàòè÷íèì îïèñîì çàñòîñîâàíèõ â ïðîãðàìi iíäèâiäóàëüíèõ ìå-
òîäiâ ñòðàõîâîãî îöiíþâàííÿ, à òàêîæ ïåðåëiêîì òà îïèñîì áàæàíèõ âëà-
ñòèâîñòåé, ÿêèìè îêðåìî îáðàíèé ìåòîä ìîæå âîëîäiòè àáî íå âîëîäiòè,
ìîæíà îçíàéîìèòèñü, ñêàæiìî â íàâ÷àëüíî�ìåòîäè÷íîìó ïîñiáíèêó [1].
Òàì æå çäiéñíåíî áiëüø äåòàëüíèé îïèñ äàíî¨ ïðîãðàìè òà ïðåäñòàâëåíî
âàðiàöiéíi òàáëèöi çíà÷åíü îòðèìàíèõ ðåçóëüòàòiâ, ç âèêîðèñòàííÿì äàíî¨
ïðîãðàìè, äëÿ ðåàëiçîâàíèõ â ïðîãðàìi ìåòîäiâ ïiäðàõóíêó äëÿ äåêiëüêîõ
ðîçïîäiëiâ ðîçìiðó çáèòêiâ.

Iìïëåìåíòîâàíi â ïðîãðàìi iíäèâiäóàëüíi ïðèíöèïè ñòðàõîâîãî îöiíþ-
âàííÿ òàêîæ äîñëiäæóâàëèñü àâòîðàìè àíàëiòè÷íî. Ðåçóëüòàòè âiäïîâiä-
íèõ äîñëiäæåíü áóëè îïóáëiêîâàíi çîêðåìà â ðîáîòàõ [2]�[5].

1. Äðîçäåíêî Â.Î., Ïðàöüîâèòèé Ì.Â. Ìåòîäè ïiäðàõóíêó âàðòîñòi ñòðàõîâèõ
êîíòðàêòiâ ïðè âiäîìèõ ðîçïîäiëàõ çáèòêiâ (íàâ÷àëüíî-ìåòîäè÷íèé ïîñi-
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systems

Danylo Yehoshkin, Natalia Huk

KnightDanila@i.ua, natalyguk29@gmail.com

Oles Honchar Dnipro National University

Nowadays, large data sets have been accumulated in various branches of
human activity. Analyzing and making decisions based on this data requires
experts who can make the right conclusions. To automate the decision-making
process, it is customary to use arti�cial intelligence systems. The following
types of AI are used to solve problems of intelligent systems: expert systems,
fuzzy logic, neural networks, genetic algorithms, and others. An expert system
based on fuzzy rules uses fuzzy linguistic variables to express the level of
quality assessment and expert criteria. Such fuzzy rules and fuzzy sets are well
suited for processing incomplete and formalized data, and their application in
knowledge search processes is really useful in terms of human interpretability.

The article [1] presents the design and veri�cation of two expert systems
for level control in vertical two-tank systems. The structure of a proportional
integral fuzzy controller with multiple inputs and multiple outputs is consi-
dered. The Mamdani inference mechanism and experimental approximation
based on the least squares method for non-linear data were used. The paper
[2] considers the solution of problems with a large number of input data and a
large number of output data. Also, the input data is highly coherent and not
separable without speci�c information. In such a case, two di�erent modeli-
ng strategies can be used, with the option of creating either a single MIMO
model or a set of MISO models.

Afterwards, the input data can be multivariate data set with di�erent di-
mensions depending on the task, and the expected output of the expert may
have a dimension higher than one. Therefore, the fuzzy expert system can take
a data set as multivariate input. Afterwards the return output of the system
should consist of one consiquent or multivariate consiquent (output dimensi-
on). Such systems are called MISO and MIMO. The term MISO itself means
�Multiple-Input and Single-Output�, and the term MIMO means �Multiple-
Input and Multiple-Output� [3][4].

The decomposition of the MIMO system into MISO systems is used to
speed up the veri�cation process for MIMO rule systems on completeness
and correctness, Also, decomposition allows us to consider the investigated,
complex rules system with multiple outputs, as a system consisting of separate,
interconnected, simple subsystems. In the general theory of expert systems,
it has been proven that most systems can be decomposed using three basic
representations of subsystems [5]. Basic representations of subsystems are:
cascade, parallel connection of elements, as well as connection by feedback wi-
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th closure. Systems created by combining multiple representations are called
hierarchical fuzzy systems. They also allow the rule to be decomposed into
sub-levels for sequential application.

The main task of this article is to automatically generate a full knowledge
base consisting of production rules. And reduce rules by di�erent levels of
quality. According to the fuzzy approximation theorem [6], any arbitrarily
complex mathematical dependence can be approximated by a system based
on fuzzy logic. The automatically generated knowledge base consists of terms
combination. And presented as an Antecedent matrix. Meanwhile, the rule
Consequences are presented as a vector. The consequence vector was built
by training data set. Evaluating the quality of the model, it is necessary to
compare the conclusions obtained using the model with training data or with
the results of a real process (object) using the following metrics: accuracy,
precision, recall, f1-score [7]. Afterward, the algorithm uses rules with a lower
quality. If a satisfactory output is not received, the system switches to rules wi-
th higher quality, this allows to speed up the decision-making process, in addi-
tion, the rules calculated at the previous stage do not need to be recalculated.
The development of hierarchical expert systems for problems is an important
task and allows you to automate the decision-making process in problems with
multivariate data and processes.

1. Claudia-Adina Bojan-Dragos, Elena-Lorena Hedrea, Radu-Emil Precup,
Alexandra-Iulia Szedlak-Stinean and Raul-Cristian Roman ¾MIMO Fuzzy
Control Solutions for the Level Control of Vertical Two Tank Systems¿ //
Department of Automation and Applied Informatics, Politehnica University
Timisoara, Bd. V. Parvan 2, Timisoara, Romania. � 2019. � Pp. 810-817.

2. G. Castellano, C. Castiello, A.M. Fanelli, C. Mencar �Knowledge discovery by a
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of Bari, Via Orabona, 4, Bari 70126, Italy. � 2005. � Pp. 187-207.
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6. Kosko B. Fuzzy systems as universal approximators. IEEE Trans. on
Computers. � 1994. 43, N 11. � Pp 1329-1333. DOI: 10.1109/12.324566.

7. Eli Stevens, Deep Learning with PyTorch / Eli Stevens, Luca Antiga, Thomas
Viehmann / Manning Publications Co. Shelter Island, NY, � 2020. � Pp. 520.

171



Equilibrium states of the dynamical con�ict system for three
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We study the mathematical model of an abstract society in the form of a
complex dynamical system with a con�ict interaction between its elements.
New existence conditions for equilibrium (compromise) states (�xed points)
in the presence of a permanent environment in�uence were found. The main
results concern systems with three elements (players). In this case, a descri-
ption of all equilibrium states is given and their stability is investigated with
depending on the parameter of external in�uence. Besides basins of attraction
for point attractors are partially described. All results are illustrated by the
computer examples.

1. V.D. Koshmanenko, Spectral theory of dynamic con�ict systems, Naukova
Dumka, Kyiv (2016)(in ukrainian).

2. T. Karataieva, V. Koshmanenko, M.J. Krawczyk, K. Kulakowski, Mean �eld

model of a game for power. Physica A: Statistical Mechanics and its Applicati-
ons, 525, 535-547 (2019); https://doi.org/10.1016/j.physa.2019.03.110
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Ìîäåëþâàííÿ êàíòîðâàëiâ çà äîïîìîãîþ óçàãàëüíåíèõ

ïîñëiäîâíîñòåé Ôiáîíà÷÷i

Äìèòðî Êàðâàöüêèé

karvatsky@imath.kiev.ua

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

Íàãàäà¹ìî, ùî êîëè M ∈ 2N , àáî iíøèìè ñëîâàìè M ⊆ N , òî ÷èñëî

x = x (M) =
∑
n∈M

un =

∞∑
n=1

εnun, (1)

äå

εn =

{
1, ïðè n ∈M,
0, ïðè n /∈M,

íàçèâà¹òüñÿ íåïîâíîþ ñóìîþ (ïiäñóìîþ) ðÿäó. Ìíîæèíà óñiõ ÷èñåë âè-
äó (1) ïîçíà÷à¹òüñÿ ÿê E{un} òà íàçèâà¹òüñÿ ìíîæèíîþ íåïîâíèõ ñóì
âiäïîâiäíîãî ðÿäó

∑
un.

Ó 1988 ðîöi àìåðèêàíñüêi ìàòåìàòèêè Äæ. Ãàòði òà Äæ. Íiìàí äîâåëè
[4], ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó

3

4
+

2

4
+

3

42
+

2

42
+ · · ·+ 3

4n
+

2

4n
+ . . . (2)

ìiñòèòü âiäðiçîê [3/4, 1], ïðîòå íå ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêà. Òà-
êà ìíîæèíà ïî¹äíóâàëà ó ñîái âëàñòèâîñòi íiäå íå ùiëüíî¨ ìíîæèíè òà
íåñêií÷åííîãî îá'¹äíàííÿ âiäðiçêiâ, áóëà ¨õ ñóìiøøþ. Òàêi ìíîæèíè ñòà-
ëè íàçèâàòèñÿ êàíòîðâàëàìè, âîíè òàêîæ çóñòði÷àþòüñÿ ïðè âèâ÷åííi
àðèôìåòè÷íèõ ñóì äâîõ ìíîæèí êàíòîðiâñüêîãî òèïó.

Çãiäíî äî [6], êàíòîðâàëîì íàçèâà¹òüñÿ äîñêîíàëà ïiäìíîæèíà ÷èñëî-
âî¨ ïðÿìî¨ R òàêà, ùî êîæíèé ñóìiæíèé iíòåðâàë öi¹¨ ìíîæèíè íàêîïè÷ó¹
ïî îáèäâi ñòîðîíè íåñêií÷åííó êiëüêiñòü ñâî¨õ íåòðèâiàëüíèõ êîìïîíåíòiâ
çâ'ÿçíîñòi òà ñóìiæíèõ iíòåðâàëiâ.

Òàêîæ êàíòîðâàë ìîæíà îçíà÷èòè ÿê

X ≡ C ∪
∞⋃

n=1

G2n−1 = [0, 1] \
∞⋃

n=1

G2n,

äå C � êëàñè÷íà ìíîæèíà Êàíòîðà, Gk � îá'¹äíàííÿ óñiõ öåíòðàëüíèõ òðå-
òèí, ÿêi âèëó÷àþòüñÿ iç âiäðiçêà [0, 1] íà k-îìó êðîöi ïîáóäîâè ìíîæèíè
Êàíòîðà. Áiëüøå òîãî, óñi êàíòîðâàëè ¹ ãîìåîìîðôíèìè ìiæ ñîáîþ.

Ó ðîáîòàõ [4] òà [5] âñòàíîâëåíî, ùî ìíîæèíà íåïîâíèõ ñóì äîâiëüíîãî
çáiæíîãî äîäàòíîãî ðÿäó ¹ îäíi¹þ ç òðüîõ òèïiâ:
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� ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ;

� ãîìåîìîðôíîþ äî ìíîæèíè Êàíòîðà;

� M-êàíòîðâàëîì (ñèìåòðè÷íèì êàíòîðâàëîì).

Íà ñüîãîäíiøíié äåíü íåîáõiäíi i äîñòàòíi óìîâè òîãî, ùî ìíîæèíà
íåïîâíèõ ñóì çáiæíîãî äîäàòíîãî ðÿäó ¹ êàíòîðâàëîì àáî ¹ ãîìåîìîð-
ôíîþ äî ìíîæèíè Êàíòîðà (ç äîäàòíîþ ìiðîþ Ëåáåãà àáî íóëåâî¨ ìiðè
Ëåáåãà òà äðîáîâî¨ ðîçìiðíîñòi Ãàóñäîðôà-Áåçèêîâè÷à) çàëèøàþòüñÿ íå-
âiäîìèìè. Òîìó íàóêîâöi ðîçâ'ÿçóþòü öþ çàäà÷ó äëÿ ïåâíèõ êëàñiâ ðÿäiâ
(áiãåîìåòðè÷íèõ, ìóëüòèãåîìåòðè÷íèõ [2], ÷ëåíè ÿêèõ óòâîðþþòü ëiíiéíi
ðåêóðåíòíi ïîñëiäîâíîñòi, òîùî).

Îñêiëüêè êàíòîðâàë ìiñòèòü öiëi âiäðiçêè, òî ïðèðîäíiì ÷èíîì âèíèêà-
þòü ïèòàííÿ ïðî ìiðó Ëåáåãà òàêî¨ ìíîæèíè. Ñòðóêòóðà êàíòîðâàëó X,
ùî ¹ ìíîæèíîþ íåïîâíèõ ñóì ðÿäó (2), âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè
ìiæ X-iíòåðâàëàìè òà X-äiðàìè (äåòàëüíiøå ó [3]). Äëÿ òàêîãî êàíòîð-
âàëó äîáðå âèâ÷åíi òîïîëîãi÷íi òà ìåòðè÷íi âëàñòèâîñòi. Çîêðåìà, âñòà-
íîâëåíî, ùî ÷àñòèíè ìíîæèíè ¹ àôiííèìè êîïiÿìè ñàìî¨ ìíîæèíè X ç
êîåôiöi¹íòîì ïîäiáíîñòi 1/4n. Íà îñíîâi öüîãî áóëà îá÷èñëåíà ìiðà Ëåáåãà
òàêîãî êàíòîðâàëà (L(X) = 1). Îêðiì êàíòîðâàëó X, ÿêèé ìà¹ âiäíîñíî
ïðîñòó òîïîëîãi÷íó ñòðóêòóðó, çàðóáiæíèìè òà âiò÷èçíÿíèìè ìàòåìàòè-
êàìè àêòèâíî âåäóòüñÿ äîñëiäæåííÿ áiëüø ñêëàäíèõ êàíòîðâàëiâ [1], [2].

Ïiäñóìîâóþ÷è îñòàíí¹, iíòåðåñ äî âèâ÷åííÿ êàíòîðâàëiâ çàðàç äîñèòü
âèñîêèé. Çîêðåìà, äëÿ êàíòîðâàëóX, ùî ïîðîäæåíèé ðÿäîì Ãàòði-Íiìàíà
ðîçâ'ÿçàíèé ðÿä òîïîëîãi÷íèõ, ìåòðè÷íèõ òà éìîâiðíiñíèõ çàäà÷. Ó öüîìó
êîíòåêñòi áóäü-ÿêi ìîäèôiêàöi¨ ðÿäó (2) ïîòåíöiéíî ìîæíà âèêîðèñòàòè
äëÿ ìîäåëþâàííÿ êàíòîðâàëiâ òà ïîäàëüøîãî ¨õ äîñëiäæåííÿ.

Êëàñè÷íà ïîñëiäîâíiñòü Ôiáîíà÷÷i òà äåÿêi ¨¨ óçàãàëüíåííÿ øèðîêî
âèêîðèñòîâóþòüñÿ ó ðiçíèõ ðîçäiëàõ ìàòåìàòèêè, çîêðåìà, äëÿ ïðåäñòàâ-
ëåííÿ äiéñíèõ ÷èñåë, ìîäåëþâàííÿ òà äîñëiäæåííÿ ôðàêòàëüíèõ ìíîæèí,
ñèíãóëÿðíèõ ôóíêöié òà ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí [7].

Ïîñëiäîâíiñòü äiéñíèõ ÷èñåë (un) ≡ (un)∞n=1, ÿêà ìà¹ âëàñòèâiñòü

un+2 = pun+1 + sun,

äå u1, u2, p, s � ôiêñîâàíi äiéñíi ÷èñëà, íàçèâàòèìåìî óçàãàëüíåíîþ ïîñëi-
äîâíiñòþ Ôiáîíà÷÷i.

Äëÿ çàãàëüíîãî ÷ëåíà óçàãàëüíåíî¨ ïîñëiäîâíîñòi Ôiáîíà÷÷i ìà¹ ìiñöå
ðiâíiñòü (ôîðìóëà òèïó Áiíå)

un =

 Φn−1 (u2 − u1Ψ)−Ψn−1 (u2 − u1Φ)

Φ−Ψ
ïðè Φ 6= Ψ,

Φn−1
(
u1 + (n− 1)

(u2

Φ
− u1

))
ïðè Φ = Ψ,
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äå

Φ =
p +

√
p2 + 4s

2
òà Ψ =

p−
√

p2 + 4s

2
.

Ó äîïîâiäi áóäóòü âèâ÷àòèñÿ ìåòðè÷íi òà òîïîëîãi÷íi âëàñòèâîñòi êàí-
òîðâàëó, ùî ¹ ìíîæèíîþ íåïîâíèõ ñóì ðÿäó(

3

4
± 3

q

)
+

(
2

4
± 2

q

)
+

(
3

42
± 3

q2

)
+ · · ·+

(
3

4n
± 3

qn

)
+

(
2

4n
± 2

qn

)
+ . . . ,

äëÿ äåÿêèõ çíà÷åíü ïàðàìåòðó q ∈ N . Òàêèé ðÿä ¹ ïåâíèì çáóðåííÿì
ðÿäó Ãàòði-Íiìàíà (2), éîãî ÷ëåíè óòâîðþþòü óçàãàëüíåíó ïîñëiäîâíiñòü
Ôiáîíà÷÷i.

Âñòàíîâëåíî, ùî ìiðà Ëåáåãà êàíòîðâàëó X+
i , ùî ¹ ìíîæèíîþ íåïîâ-

íèõ ñóì çáiæíîãî äîäàòíîãî ðÿäó(
3

4
+

3

4i

)
+

(
2

4
+

2

4i

)
+

(
3

42
+

3

42i

)
+· · ·+

(
3

4n
+

3

4ni

)
+

(
2

4n
+

2

4ni

)
+. . . ,

äå i ∈ N , i ≥ 2 îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

L(X+
i ) = 1 +

1

4i − 3
.

Êðiì òîãî, îòðèìàíi âåðõíi òà íèæíi îöiíêè ìiðè Ëåáåãà äëÿ iíøèõ êàí-
òîðâàëiâ, ùî ïîðîäæóþòüñÿ ðiçíèìè ìîäèôiêàöiÿìè ðÿäó Ãàòði-Íiìàíà.

1. Banakiewicz M. The Lebesgue measure of some M-Cantorval // Journal of
Mathematical Analysis and Applications. � 2019. � Vol. 471. � P. 170-179.

2. Bartoszewicz A., Filipczak M., Szymonik E. Multigeometric sequences and
Cantorvals // Central European Journal of Mathematics. � 2014. � Vol. 12,
� 7. � P. 1000-1007.

3. Bielas W., Plewik S., Walczy�nska M. On the center of distances // European
Journal of Mathematics. � 2018. � Vol. 4. P. 687�698.

4. Guthrie J., Nymann J. The topological structure of the set of subsums of an
in�nite series // Colloq. Math. � 1988. � Vol. 55, � 2. � P. 323-327.

5. Nymann J., Saenz R. On a paper of Guthrie and Nymann on subsums of in�nite
series // Colloq. Math. � 2000. � Vol. 83, � 1. � P. 1-4.

6. Mendes P., Oliveira F. On the topological structure of the arithmetic sum of
two cantor sets // Nonlinearity. � 1994. � Vol. 7, � 2, � P. 329-343.

7. Pratsiovytyi M., Makarchuk O., Karvatsky D. Lebesgue structure of asymmetric
Bernoulli convolution based on Jacobsthal�Lucas sequence // Random
Operators and Stochastic Equations. � 2020. � Vol. 28, � 2. � P. 123-130.
https://doi.org/10.1515/rose-2020-2033

175



Iìiòàöiÿ ïîøèðåííÿ COVID-19 ìåòîäîì êëiòèííèõ àâòîìàòiâ

Iãîð Êîñîâè÷

kosovych.ihor@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þ. Ôåäüêîâè÷à

Ç êiíöÿ 2019 ðîêó, çi ñïàëàõîì íîâîãî âiðóñó COVID-19, ñâiò ïîâíiñòþ
çìiíèâñÿ â áàãàòüîõ àñïåêòàõ: ïàíäåìiÿ âïëèíóëà íà åêîíîìiêó, îñâiòó òà
íàóêó, ñèñòåìó îõîðîíè çäîðîâ'ÿ òà ãëîáàëüíå ñóñïiëüñòâî. Øâèäêà ãëî-
áàëiçàöiÿ, ÷àñòi ïîäîðîæi òà êîíòàêòè ìiæ ëþäüìè â ðiçíèõ äåðæàâàõ
ïðèçâîäÿòü äî òîãî, ùî iíôåêöiéíi çàõâîðþâàííÿ ìîæóòü ïîøèðþâàòèñÿ
ç íåéìîâiðíîþ øâèäêiñòþ.

Îñêiëüêè ïðîöåñ ïîøèðåííÿ iíôåêöiéíèõ õâîðîá íå ìîæå áóòè äîñëi-
äæåíèé åêñïåðèìåíòàëüíî â íàøîìó ñóñïiëüñòâi, òîìó ìàòåìàòè÷íi ií-
ñòðóìåíòè, áåçóìîâíî, çàáåçïå÷óþòü ðåàëüíó àëüòåðíàòèâó äîñëiäæåííÿ
ìåõàíiçìó ¨õ ïîøèðåííÿ äëÿ åôåêòèâíîãî êîíòðîëþ øëÿõîì òåîðåòè÷íîãî
ìîäåëþâàííÿ òà êîíòðîëþ.

Áiëüøiñòü iñíóþ÷èõ ìàòåìàòè÷íèõ ìîäåëåé äëÿ ìîäåëþâàííÿ åïiäå-
ìié áàçóþòüñÿ íà âèêîðèñòàííi àïàðàòó äèôåðåíöiàëüíèõ ðiâíÿííÿõ [1].
Öi ìîäåëi íå âðàõîâóþòü iíäèâiäóàëüíî¨ ïîâåäiíêè iíäèâiäiâ òà ¨õ çìiííó
ñïðèÿòëèâiñòü.

Ó ðîáîòi çàâäÿêè àíàëiçó åïiäåìi÷íèõ ïðîöåñiâ âäîñêîíàëåíî ìóëüòè-
àãåíòíó ìîäåëü äèíàìiêè ðîçïîâñþäæåííÿ åïiäåìi÷íèõ ïðîöåñiâ. Ìîäåëü
áàçó¹òüñÿ íà êîíöåïöi¨ åïiäåìi÷íîãî ïðîöåñó: íàÿâíiñòü äæåðåëà iíôåêöi¨,
ìåõàíiçìó ïåðåäà÷i i ñïðèéíÿòëèâîãî îðãàíiçìó äëÿ çàõâîðþâàííÿ. Âè-
êîðèñòîâó¹òüñÿ óçàãàëüíåíà ìàòåìàòè÷íà SIR ìîäåëü i ìîäåëþâàííÿ êëi-
òèííèõ àâòîìàòiâ äëÿ âèâ÷åííÿ äèíàìiêè iíôåêöiéíèõ çàõâîðþâàíü â êîí-
òåêñòi ïîøèðåííÿ COVID-19 [2, 3]. Öå äîçâîëèëî ìàêñèìàëüíî íàáëèçèòè
ïîâåäiíêó îá'¹êòiâ ìîäåëi äî ðåàëüíî¨ ïîâåäiíêè àãåíòiâ â ðåãiîíi òà áiëüø
ðåàëiñòè÷íî ìîäåëþâàòè ïåðåáiã åïiäåìi÷íèõ ïðîöåñiâ. Çàâäÿêè çàñòîñó-
âàííþ äàíîãî ïiäõîäó ìîæíà çäiéñíþâàòè ðiçíi ñöåíàði¨ ìîäåëþâàííÿ [4].

Ðåçóëüòàòè ìîäåëþâàííÿ äèíàìiêè êiëüêîñòi iíôiêîâàíèõ àãåíòiâ ïðè
ðiçíèõ ñöåíàðiÿõ ïðåäñòàâëåíi íà ðèñ. 1.

Ñöåíàðié (Ìîäåëþâàííÿ 1), äå ðîçãëÿíóòî òiëüêè ìàñêîâèé ðåæèì ìà¹
íàéáiëüøèé ïiê çàõâîðþâàíîñòi ñåðåä óñiõ ïðåäñòàâëåíèõ ñöåíàði¨â ìî-
äåëþâàíü. Ïðè òàêîìó ñöåíàðiþ êiëüêiñòü iíôiêîâàíèõ àãåíòiâ ðiçêî çðî-
ñòà¹, êðèòè÷íî íàâàíòàæóþ÷è ìåäè÷íó ñèñòåìó. Öå îçíà÷à¹, ùî íàÿâíà
åïiäåìiÿ ç ïåðåïîâíåíiñòþ. Ïiñëÿ îäóæàííÿ ÷àñòèíè àãåíòiâ i íàáóòòÿ íè-
ìè iìóíiòåòó âiäáóâà¹òüñÿ ñïàä êiëüêîñòi iíôiêîâàíèõ àãåíòiâ. Ó äàíîìó
âèïàäêó ðåçóëüòàòè íåñïðèÿòëèâi äëÿ ðåãiîíó, çàïðîâàäæåííÿ òiëüêè ìà-
ñêîâîãî ðåæèìó ¹ íåäîñòàòíüîþ ìiðîþ.
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Ðèñ. 1: Äèíàìiêà êiëüêîñòi iíôiêîâàíèõ àãåíòiâ ïðè ðiçíèõ ñöåíàðiÿõ

Ïðè âðàõóâàííi òiëüêè ðåæèìó âàêöèíàöi¨ (Ìîäåëþâàííÿ 2), êiëüêiñòü
iíôiêîâàíèõ àãåíòiâ ìà¹ òàêîæ îäèí ç íàéáiëüøèõ ïiêiâ. Ñïîñòåðiãà¹ìî,
ùî êiëüêiñòü iíôiêîâàíèõ àãåíòiâ ðiçêî çðîñòà¹ i ¹ ïîòåíöiéíå íàâàíòàæå-
ííÿ íà ìåäè÷íó ñèñòåìó.

Ïîòiì âiäáóâà¹òüñÿ ñïàä êiëüêîñòi iíôiêîâàíèõ àãåíòiâ âíàñëiäîê îäó-
æàííÿ ÷àñòèíè àãåíòiâ òà íàáóòòÿ íèìè iìóíiòåòó â ðåçóëüòàòi âàêöèíàöi¨.
Äàíèé ñöåíàðié ìîäåëþâàííÿ ¹ íåñïðèÿòëèâèì äëÿ ðåãiîíó i éîãî ïîòåí-
öiéíi íàñëiäêè ìîæóòü áóòè íåïåðåäáà÷óâàíèìè. Ðåæèì âàêöèíàöi¨ áåç
çàïðîâàäæåííÿ iíøèõ îáìåæåíü ¹ íååôåêòèâíèì.

Ó íàñòóïíîìó âèïàäêó (Ìîäåëþâàííÿ 3) ðîçãëÿäà¹òüñÿ ñöåíàðié â
ÿêîìó âðàõîâó¹òüñÿ êîìáiíàöiÿ ìàñêîâîãî ðåæèìó i âàêöèíàöi¨. Ïiê êiëü-
êîñòi iíôiêîâàíèõ àãåíòiâ ïðè öüîìó òàêîæ ¹ îäíèì iç íàéáiëüøèõ. Îäíà,
ñïîñòåðiãà¹òüñÿ øâèäêèé ñïàä êiëüêîñòi iíôiêîâàíèõ àãåíòiâ âíàñëiäîê
îäóæàííÿ ÷àñòèíè àãåíòiâ i íàáóòòÿ íèìè iìóíiòåòó â ðåçóëüòàòi âàêöè-
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íàöi¨, ùî ïðèçâåäå äî ïîñòóïîâîãî ðîçâàíòàæåííÿ ìåäè÷íî¨ ñèñòåìè.
Ðîçãëÿíåìî ñöåíàðié âðàõóâàííÿ ñàìîiçîëÿöi¨ ó âèïàäêó õâîðîáè i ìà-

ñêîâèé ðåæèì (Ìîäåëþâàííÿ 4). Ó öüîìó âèïàäêó îäåðæó¹ìî, ùî íå ìà¹
âåëèêîãî ïiêó êiëüêîñòi iíôiêîâàíèõ àãåíòiâ, ðîçâèòîê õâîðîáè ïðîõîäèòü
ïëàâíiøå. Äàíà êîìáiíàöiÿ îáìåæåíü äîçâîëèëà çìåíøèòè íàâàíòàæåííÿ
íà ìåäè÷íó ñèñòåìó i óíèêíóòè ïåðåïîâíåííÿ. Çàïðîâàäæåííÿ ðåæèìó
ñàìîiçîëÿöi¨ çàáåçïå÷ó¹ øâèäêèé ñïàä êiëüêîñòi iíôiêîâàíèõ àãåíòiâ.

Ó âèïàäêó (Ìîäåëþâàííÿ 5) ðîçãëÿäàþòüñÿ ðåæèìè ñàìîiçîëÿöi¨ ó âè-
ïàäêó õâîðîáè òà âàêöèíàöiÿ. Ç ãðàôiêó ìîæíà çðîáèòè âèñíîâîê, ùî íå
ìà¹ ñòðiìêîãî ïiêó êiëüêîñòi iíôiêîâàíèõ àãåíòiâ, ÿê â ïåðøèõ òðüîõ ñöå-
íàðiÿõ ìîäåëþâàííÿõ i ðîçâèòîê õâîðîáè ïðîõîäèòü ïëàâíiøå íà ïî÷àòêó
¨¨ ïîøèðåííÿ. Äàíà êîìáiíàöiÿ îáìåæåíü äîçâîëèëà çìåíøèòè íàâàíòàæå-
ííÿ íà ìåäè÷íó ñèñòåìó i óíèêíóòè ïåðåïîâíåííÿ òà ¹ áiëüø ñïðèÿòëèâîþ
äëÿ ðåãiîíó.

Íàéêðàùó ñèòóàöiþ ìè ìîæåìî ñïîñòåðiãàòè â îñíîâíîìó ñöåíàðiþ
(Ìîäåëþâàííÿ 6). Òóò íåìà òàêîãî ñòðiìêîãî ïiêó êiëüêîñòi iíôiêîâàíèõ
àãåíòiâ i ðîçâèòîê õâîðîáè ïðîõîäèòü ïëàâíiøå. Ïiê åïiäåìi¨ äåùî çìiùó-
¹òüñÿ â ÷àñi â ïîðiâíÿííi ç íàéãiðøèìè ñöåíàðiÿìè. Â îñíîâíîìó ñöåíàði¨
ìîäåëþâàííi êiëüêiñòü iòåðàöié, ÿêi ïîòðiáíi äëÿ çàâåðøåííÿ ñèìóëÿöi¨
ïðèêëàäíî¨ ïðîãðàìè ¹ áiëüøîþ, íiæ â iíøèõ ðåæèìàõ ìîäåëþâàííÿ. Öå
îçíà÷à¹, ùî åïiäåìi÷íèé ïðîöåñ ðîçòÿãó¹òüñÿ â ÷àñi. Îòæå ¹ ìîæëèâiñòü
ïiäãîòóâàòèñÿ òà ðîçâàíòàæèòè ìåäè÷íó ñèñòåìó i íå ìàòè êðèòè÷íîñòi
ç ïåðåïîâíåíiñòþ. Ðåçóëüòàòè äàíîãî ìîäåëþâàííÿ äîçâîëÿþòü çðîáèòè
âèñíîâîê, ùî çàïðîâàäæåííÿ âàêöèíàöi¨, ñàìîiçîëÿöi¨ òà ìàñêîâîãî ðåæè-
ìó â êîìïëåêñi ¹ îäíèì iç êëþ÷îâèõ çàñîáiâ ñòðèìóâàííÿ ïàíäåìi¨.
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Solving modern machine learning tasks requires development of new meth-
ods of solving corresponding inverse problems. Majority of real-world inverse
problems are ill-posed and therefore require regularization. For some digital
signal processing tasks, such as image de-noising, image restoration, super-
resolution, image improvement, the choice of regularization technique is non-
trivial, whereas signi�cantly in�uences the corresponding solution.

In our work we study di�usion model for inversion of image transforms.
For inverse problem

Ax = y (1)

we consider Bayesian approach, or maximum a posteriori probability (MAP)
estimate, which �nds such an x, that maximises the conditional probability
p(x|y). According to Bayes rule

p(x|y) = p(x, y)

p(y)
=

p(y|x)p(x)∫
p(y|x)p(x)dx

∝ p(y|x)p(x),

therefore maximisation of p(x|y) corresponds to the following problem:

argmin
x

(− log p(y|x)− log p(x)).

Obviously, real probability distribution functions are unknown. Therefore
instead of it we solve the following heuristics

x̂ = argmin
x
{l(x, y) + αρ(x)}, (2)

where l(x, y) is a loss function and ρ(x) is a regularization term.
Let's slightly modify (2):

x̂ = argmin
x,v

{l(x, y) + αρ(v)}, x = v.

It allows us to apply Alternating Direction Method of Multipliers (ADMM)
from the paper [2], using Lagrangian:

Lλ(x, v, u) = l(x, y) + αρ(v) +
λ

2
‖x− v + u‖2 − λ

2
‖u‖2.
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It leads to iterative solving following minimization tasks till convergence:

x̂←− argmin
x

L(x, v̂, u)

v̂ ←− argmin
x

L(x̂, v, u)

u←−u+ (x̂− v̂)

or in terms of (2)

x̂ =min
x
l(x, y) + β‖x− v‖2,

v̂ =min
v
αρ(v) + β‖x− v‖2.

In such a way, instead of one inverse problem with regularization scheme
we've got two interconnected minimization problems, iterative solving of which
allows us to �nd solution for the initial problem. Having some initial x0 and
v0 we iterate

xi+1 =min
x
l(x, y) + β‖x− vi‖2,

vi+1 =min
v
αρ(v) + β‖xi − v‖2.

Let's consider some operator D : X 7→ X, that preserves x as a solution,
i.e.

AD(x, σ) = y,

for example, for super-resolution task instead of D a denoising operator may
be used.

For di�usion model regularization term ρ(x) is αρ(x) = αxT [x−D(x, σ)].
Under mild conditions (di�erentiability, local homogeneity, and symmetric
Jacobian for D) we may apply gradient descent:

xk+1 = xk − µ[AT (Axk − y)− α[xk −D(xk, σ)]].

In our work we study convergence rates of the proposed di�usion model
and approximation error, illustrating it with numerical experiments.

1. Regev C., Michael E., Peyman M. Regularization by Denoising via Fixed-
Point Projection (RED-PRO) // SIAM Journal on Imaging Sciences. So-
ciety for Industrial and Applied Mathematics. � 2021. � Vol. 14, Is. 3.
doi:10.1137/20M1337168

2. Boyd S., Parikh N., Chu E., Peleato B., Eckstein J. Distributed optimization
and statistical learning via the alternating direction method of multipliers. //
Found. Trends Mach. Learn. � 2011. � Vol. 3, Is. 1. � Pp:1�122.

3. Pereverzyev S. Selected Topics of the Regularization Theory. � Springer Inter-
national Publishing. Cham. � 2014.
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Ïîðiâíÿëüíèé àíàëiç îïòèìiçàöi¨ ãiïåðïàðàìåòðiâ íåéðîííèõ

ìåðåæ

Þëiÿ Ëiòâií÷óê
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Íåéðîííi ìåðåæi (ÍÌ) ¹ îäíèì iç íàéïîòóæíiøèõ çàñîáiâ ïîáóäîâè
ïðîãíîçiâ äëÿ ðåãåðåñiéíèõ ìîäåëåé òà êëàñèôiêàòîðiâ. Ïðè öüîìó, íà-
ëàøòóâàííÿ ïàðàìåòðiâ [1, 2, 3] ÍÌ ¹ îäíi¹þ iç íàéáiëüø òðóäîìiñòêèõ
çàäà÷ ïîáóäîâè îïòèìàëüíî¨ ìîäåëi. Íàäàëi ïàðàìåòðè ìîäåëi áóäåìî ïî-
çíà÷àòè ÷åðåç

θ = θ(X,M), (1)

äå X - íàáið äàíèõ, çà ÿêèìè çäiéñíþ¹òüñÿ îïòèìiçàöiÿ ìîäåëi; M - êëàñ
(ñóêóïíiñòü, ñiì'ÿ) ìîäåëåé, â ìåæàõ ÿêèõ âiäáiâà¹òüñÿ îïòìiçàöiÿ.

Çàçâè÷àé, çàãàëüíà ñõåìà îöiíêè îïòèìàëüíîãî çíà÷åííÿ ïàðàìåòðiâ θ̂
âiäáóâà¹òüñÿ çãiäíî íàñòóïíèõ êðîêiâ:

1. Âèáið êëàñó ìîäåëåé M , â ÿêîìó áóäå ïðîâåäåíî ïîøóê îïòèìàëü-
íîãî ïàðàìåòðà θ̂;

2. Âèáið öiëüîâî¨ ôóíêöi¨;

3. Âèáið ìåòîäó ïîøóêó (îïòèìiçàöi¨) ïàðàìåðó θ̂;

4. Ïîáóäîâà àïðiîðíîãî ðîçïîäiëó ïàðàìåòðó θ;

5. Ïîáóäîâà àïîñòåðiîðíîãî ðîçïîäiëó ïàðàìåòðó θ òà îöiíêà îïòèìàëü-
íîãî ïàðàìåòðó θ̂.

Çàóâàæèìî, ùî êðîêè 4 òà 5 ó ïîïåðåäíüîìó àëãîðèòìi áåçïîñåðåäíüî
âiäíîñÿòüñÿ äî ìåòîäó Áàé¹ñà [4, 5, 6] îöiíêè îïòèìàëüíîãî çíà÷åííÿ ïà-

ðàìåòðó θ̂. Â öèõ ðîáîòàõ àâòîðàìè çðîáëåíî ïðèïóùåííÿ, ùî àïðiîðíèé
ðîçïîäië ãiïåðïàðàìåòðiâ ¹ ðiâíîìiíèé, òîáòî

θ ∼ Unif(B),

äå B - îáëàñòü çíà÷åíü ãiïåðïàðàìåòðiâ. Ó ðîáîòi [3] ðîçãëÿíóòî êëà-
ñ÷íi ãðàäi¹íòíî-îði¹íòîâàíi ìåòîäè îöiíêè ïàðàìåòðà θ, ïðîòå äëÿ âå-
ëèêî¨ êiëüêîñòi ïàðàìåòðiâ ðîçìiðíiñòü θ ìîæå áóòè äóæå âåëèêîþ. ßê
çàçíà÷åíî â ðîáîòi [7] ðîçìiðíiñòü çãîðêîâèõ ÍÌ ìîæå ñÿãàòè ∼ 103, òîìó
âèêîðèñòàííÿ êëàñè÷íèõ ìåòîäiâ, íàïðèêëàä ìåòîäó Íüþòîíà, ¹ çàíàä-
òî ÷àñîçàòðàòíèì. Òîìó áiëüøiñòü àëãîðèòìiâ äëÿ ïîøóêó îïòèìàëüíèõ
ïàðàìåòðiâ θ ãðóíòó¹òüñÿ íà ãåíåòè÷íèõ àëãîðèòìàõ [2, 7]. Ó ðîáîòi [7]
ðîçãëÿíóòî ìîäèôiêîâàíèé ìåòîä ðîþ ÷àñòèíîê ïîøóêó θ, ïðè÷îìó ðîáè-
òüñÿ ïðèïóùåííÿ ïðî ðiâíîìiðíèé àïðiîðíèé ðîçïîäië. Äàíå ïðèïóùåííÿ
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¹ äóæå ñïðîùåíå, îñêiëüêè çíà÷åííÿ öiëüîâî¨ ôóíêöi¨ ¹ íåîäíîðiäíèì â
ïðîñòîði ïàðàìåòðiâ (Ðèñ. 1.)

Ðèñ. 1: Çíà÷åííÿ òî÷íîñòi ìîäåëi äëÿ çãîðòêîâî¨ ÍÌ ó ñiòêîâîìó ïîøóêó

Òîìó, äëÿ ìiíiìiçàöi¨ iòåðàöié â ãåíåòè÷íèõ àëãîðèòìàõ çàïðîïîíîâàíî
âèêîðèñòàííÿ ãàóñiâñüêèõ ñóìiøåé íà ïðîñòîði ïàðàìåòðiâ θ. Äàíèé ìåòîä
äà¹ çìîãó ëîêàëiçàöi¨ ìàêñèìóìiâ öiëüîâî¨ ôóíêöi¨ òà âèêîðèñòàííÿ íîâîãî
ðîçïîäiëó

θ ∼ Dist(B),

äå Dist(B) ¹ ãàóññiâñüêîþ ñiìiøøþ ç ïàðàìåòðàìè

(N,µ1, ..., µN ,Σ1, ...,ΣN , w)

:

f(θ|µ1, µ2, ..., µN ,Σ1, ...,ΣN ) =

N∑
i=1

win(θ|µi,Σi), (2)

n(θ|µ,Σ) - ùiëüíiñòü íîðìàëüíîãî ðîçïîäiëó N(µ,Σ).
Áóëî âèÿâëåíî, ùî âèêîðèñòàííÿ ðîçïîäiëó (2) ÿê àïðiîðíîãî ðîçïîäi-

ëó â áàé¹ñüâñüêèõ òà ãåíåòè÷íèõ àëãîðèòìàõ çìåíøó¹ êiëüêiñòü iòåðàöié
íà 2%− 15%.

1. D. Tian, Z. Shi, Mpso: modi�ed particle swarm optimization and its applicati-
ons, Swarm Evolut. Comput. - 2018. Pp 49�68.

2. Y. Chen, L. Li, X. Zhao, J. Xiao, Q. Wu, Y. Tan, Simpli�ed hybrid �reworks
algorithm, Knowl. Based Syst. - 2019.-173 p.

3. Y. Lecun, L. Bottou, Y. Bengio, P. Ha�ner, Gradient-based learning applied to
document recognition, Proc. IEEE. 1998 - Pp. 2278�2324.

4. Donald R Jones, Matthias Schonlau, and William J Welch. E�cient global
optimization of expensive black-box functions. Journal of Global optimization,
13(4).- 1998.- Pp. 455�492.
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Processing Systems. - 2012. Pp.2951�2959.
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- Pp. 114-123.
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On the probabilistic basis (Ω,F, F,P) [2], consider a stochastic dynamic
system of a random structure given by the stochastic Ito di�erential equation
with Poisson perturbations

dx(t) = a(t−, ξ(t−), x(t−), u(t−))dt+ b(t−, ξ(t−), x(t−), u(t−))dw(t)+∫
Rm

(c(t−, ξ(t−), x(t−), u(t−), z))ν̃(dz, dt), t ∈ R+\K, (1)

with Markov switches

∆x(t)
∣∣∣
t=tk

= g(tk−, ξ(tk−), ηk, x(tk−)), tk ∈ K = {tn ⇑} (2)

for which lim
n→+∞

tn = +∞ and initial conditions

x(0) = x0 ∈ Rm, ξ(0) = y ∈ Y, ηk0 = k ∈ H. (3)

Assume that ξ(t), t ≥ 0, is a homogeneous continuous Markov process with
a �nite number of states Y := {y1, ..., yN} and a generator Q; {ηk, k ≥ 0} is a
Markov chain with values in the spaceH and the transition probability matrix
PH ; x : [0,+∞)×Ω→ Rm; w(t) is anm-dimensional standard Wiener process;
ν̃(dz, dt) = ν(dz, dt)− Eν(dz, dt); processes w, ν, ξ and η are independent [2],
[3].

The process x(t), t ≥ 0 is a càdlàg - processes; control u(t) := u(t, x(t)) :
[0, T ]×Rm → Rm is an m-dimensional function with of the class of admissible
controls U [1].

Maps a : R+ × Y × Rm × Rm → Rm, b : R+ × Y × Rm × Rm → Rm ,
c : R+×Y×Rm×Rm×Rm → Rm and the function g : R+×Y×H×Rm → Rm
are measurable functions and satisfy the Lipshitz condition:

|a(t, y, x1, u)− a(t, y, x2, u)|+ |b(t, y, x1, u)− b(t, y, x2, u)|+

+

∫
Rm

|c(t, y, x1, u, z)− c(t, y, x2, u, z)|Π(dz)+
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+|g(t, y, h, x1)− g(t, y, h, x2)| ≤ L|x1 − x2|, (4)

where Π(dz) is given by relation Eν(dz, dt) = Π(dz)dt, L > 0, x1, x2 ∈ Rm
for ∀t ≥ 0, y ∈ Y, h ∈ H, and the condition

|a(t, y, 0, u)|+ |b(t, y, 0, u)|+
∫
Rm

|c(t, y, 0, u, z)|Π(dz)+

|g(t, y, h, 0)| ≤ C <∞,
De�nition. A random structure system (1)-(3) is called exponential mean-

square stable (in l.i.m.) if exist δ > 0 that the inequality |x| < δ follows
inequality

E |x(t, t0, y, h, x, u)|2 ≤Me−γ(t−t0) |x|2

for some M > 0, γ > 0 for any y ∈ Y, h ∈ H, t ≥ t0 ≥ 0.

Òåîðåìà 1. Let

� sequence tk, k ≥ 0 satisfy inequality

0 < |tk+1 − tk| ≤ ∆, k ≥ 0

for some ∆ > 0;

� the Lipshitz condition (4) hold;

� exist the Lyapunov functions vk(y, h, x) and ak(y, h, x), k ≥ 0 such that,

based on the system, the inequality hold

(lvk)(y, h, x(t)) ≤ −ak(y, h, x(t)), k ≥ 0;

� the Lyapunov functions {vk}, {ak}, k ≥ 0 satisfy next conditions

c1 |x|2 ≤ vk(y, h, x) ≤ c2 |x|2 ,

c3 |x|2 ≤ ak(y, h, x) ≤ c4 |x|2

for some ci > 0, i = 1, 4 for all k ∈ N, y ∈ Y, h ∈ H, x ∈ Rm;

� exists a constant ∆1 > 0 such that

|tk+1 − tk| ≥ ∆1

for all k ∈ N.
Then the random structure system (1)-(3) is exponentially stable in l.i.m..

1. Andreeva E.A., Kolmanovskii V.B., Shaikhet L.E. Control of hereditary
systems. Nauka, Moskow, 1992. (in Russian)

2. Dynkin E.B. Markov Processes. Academic Press, New York, 1965.

3. Oksendal B. Stochastic Di�erential Equation. Springer, New York, 2013.
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×èñëîâèé àíàëiç åïiäåìiîëîãi÷íèõ ìîäåëåé iç çàïiçíåííÿì
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Â ðîáîòi ðîçðîáëåíî ïðèêëàäíèé âåá-çàñòîñóíîê äëÿ àâòîìàòèçàöi¨ ìî-
äåëþâàííÿ ïî÷àòêîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü. Ïðî-
âåäåíî ÷èñëîâèé àíàëiç äèíàìi÷íèõ SIR ìîäåëåé iç çàïiçíåííÿì, ùî îïè-
ñóþòü ïàíäåìiþ Covid-19.

1. Ðiçíèöåâi ñõåìè äëÿ ïî÷àòêîâèõ çàäà÷ äèôåðåíöiàëüíî-ðiç-

íèöåâèõ ðiâíÿíü

Ó áàãàòüîõ ðåàëüíèõ ïðèêëàäíèõ ïðîöåñàõ â áiîëîãi¨, åêîëîãi¨, ìåäè-
öèíi òà iíøèõ òåõíîëîãi÷íèõ ïðîöåñàõ âiäáóâàþòüñÿ ÷àñîâi çàòðèìêè (çà-
ïiçíåííÿ). Âîíè ïîâ'ÿçàíi iç òðèâàëiñòþ ïåâíèõ ïðèõîâàíèõ ïðîöåñiâ (ií-
êóáàöiéíi ïåðiîäè) â ìåäèöèíi, âèêîðèñòàííÿ ðiçíîìàíiòíèõ äàò÷èêiâ äëÿ
âèìiðþâàííÿ òà ïåðåäà÷i ñèãíàëiâ â òåõíiöi òîùî. Ââåäåííÿ åôåêòó çà-
ïiçíåííÿ â äèôåðåíöiàëüíi ðiâíÿííÿ, ùî îïèñóþòü òàêi ïðîöåñè ¹ íåîáõi-
äíèì äëÿ ïîáóäîâè àäåêâàòíèõ ìàòåìàòè÷íèõ ìîäåëåé ó âèãëÿäi ñèñòåì
äèôåðåíöiàëüíî-ðiçíèöåâèõ òà äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü
[1]-[3].

Çíàéòè òî÷íèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü âäà¹òüñÿ
òiëüêè ó íàéïðîñòiøèõ âèïàäêàõ, òîìó ìåòîäè ïîáóäîâè íàáëèæåíèõ ðîç-
â'ÿçêiâ òàêèõ ðiâíÿíü ìàþòü âàæëèâå çíà÷åííÿ. Ó äàíié ðîáîòi äëÿ ÷èñëî-
âîãî ìîäåëþâàííÿ ïî÷àòêîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç çà-
ïiçíåííÿì âèêîðèñòîâóþòüñÿ íàáëèæåíi àëãîðèòìè, ÿêi ¹ óçàãàëüíåííÿì
ðiçíèöåâèõ ñõåì äëÿ ðîçâ'ÿçóâàííÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
[4]. Ðiçíi ïiäõîäè äî ïîáóäîâè àíàëîãi÷íèõ ðiçíèöåâèõ ñõåì ðîçãëÿäàëèñÿ
â ïðàöÿõ [5]-[6].

Áóäåìî ðîçãëÿäàòè ïî÷àòêîâó çàäà÷ó äëÿ äèôåðåíöiàëüíî-ðiçíèöåâîãî
ðiâíÿííÿ çàïiçíþþ÷îãî òèïó

ẋ(t) = f(t, x(t), x(t− τ)), (1)

x(t) = ϕ(t), t ∈ Et0 , (2)

äå t ∈ R, x(t) ∈ Rn, τ > 0, Et0 = [t0, t0 − τ ] � ïî÷àòêîâà ìíîæèíà.
Ââåäåìî ðiâíîìiðíó ñiòêó

ω =

{
tn = nh, n = −m,−m− 1, . . . ,−1, 0, 1, 2, . . . , k, k =

T

h
,m =

τ

h

}
.

Áóäåìî ïîçíà÷àòè ÷åðåç yn íàáëèæåíå çíà÷åííÿ òî÷íîãî ðîçâ'ÿçêó x(tn)
â òî÷öi t = tn.
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Ó ðîáîòi [4] îäåðæàíî ñiì'þ θ ðiçíèöåâèõ ñõåì äëÿ çàäà÷i (1)�(2)

yn+1 = yn + h [(1− θ)f(tn, yn, vn) + θf(tn+1, yn+1, vn+1)] , (3)

äå vn =

{
ϕ(tn − τ), ÿêùî n < m,
yn−m, ÿêùî n ≥ m.

ßêùî θ = 0, òîäi îäåðæó¹ìî yn+1 = yn + hf(tn, yn, vn) óçàãàëüíåííÿ
ÿâíî¨ ðiçíèöåâî¨ ñõåìè Åéëåðà. Ó âèïàäêó θ = 1 äiñòà¹ìî óçàãàëüíåííÿ
íåÿâíî¨ ðiçíèöåâî¨ ñõåìè Åéëåðà yn+1 = yn+hf(tn+1, yn+1, vn+1), à ïðè θ =
1

2
ìà¹ìî óçàãàëüíåííÿ ðiçíèöåâî¨ ñõåìè òðàïåöié (íåÿâíà ðiçíèöåâà ñõåìà

Àäàìñà äðóãîãî ïîðÿäêó) äëÿ iíòåãðóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç
çàïiçíåííÿì.

Çàóâàæåííÿ 1. ßêùî çàïiçíåííÿ τ òà êðîê h íå ¹ ðàöiîíàëüíî çà-
ëåæíèìè, òî àïðîêñèìàöiÿ x(t − τ) â òî÷öi t = tn çäiéñíþ¹òüñÿ çà
ïðàâèëîì

x(tn − τ) ≈ vn =

{
ϕ(tn − τ), ÿêùî tn − τ < 0,
vin, ÿêùî tn − τ ≥ 0.

Çíà÷åííÿ vin îá÷èñëþ¹òüñÿ çà òàêèì àëãîðèòìîì:
1) çíàõîäèìî íîìåð i òàêèé, ùî ti ≤ ti − τ < ti+1;
2) çíà÷åííÿ vin çíàõîäèìî âèêîðèñòîâóþ÷è ëiíiéíó iíòåðïîëÿöiþ çà

òî÷êàìè (ti, xi), (ti+1, xi+1):

vin =
tn − τ − ti

h
yi+1 +

ti+1 − tn + τ

h
yi.

Òåîðåìà. [4] ßêùî ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i (1)�(2) äâi÷i íåïåðåðâ-
íî äèôåðåíöiéîâàíà ôóíêöiÿ, òî ðiçíèöåâà ñõåìà (3) çáiæíà ç ïåðøèì
ïîðÿäêîì ìàëîñòi ïî h.

2. Êîìï'þòåðíå ìîäåëþâàííÿ SIR ìîäåëåé iç çàïiçíåííÿì

Äëÿ àâòîìàòèçàöi¨ ìîäåëþâàííÿ ñèñòåì iç çàïiçíåííÿì çà äîïîìîãîþ
íàâåäåíèõ â ðîáîòi ÷èñëîâèõ àëãîðèòìiâ ðîçðîáëåíî ïðèêëàäíå ïðîãðàì-
íå çàáåçïå÷åííÿ. Äëÿ éîãî ðîçðîáêè âèêîðèñòàíî ìîâó ïðîãðàìóâàííÿ
Python òà ôðåéìâîðê Python Flask Framework. Ðîçðîáëåíèé äîäàòîê ïðåä-
ñòàâëÿ¹ ñîáîþ íàáið ñòðóêòóðîâàíèõ ñòîðiíîê äëÿ ðîçâ'ÿçàííÿ äèôåðåí-
öiàëüíî-ðiçíèöåâèõ ðiâíÿíü òà ïîáóäîâè ãðàôiêiâ çíàéäåíèõ ðîçâ'ÿçêiâ.
Äëÿ êåðóâàííÿ äîäàòêîì ðîçðîáëåíî iíòåðàêòèâíå ìåíþ, ùî çàáåçïå÷ó¹
ìîæëèâiñòü âèáîðó çàäà÷i òà ââiä ïî÷àòêîâèõ äàíèõ. Îñîáëèâó âëàñòè-
âiñòü ìà¹ ïîëå �Ïî÷àòêîâà ôóíêöiÿ�, ÿêå äîçâîëÿ¹ ââåñòè íå ïðîñòî ÷è-
ñëîâå çíà÷åííÿ, à ôîðìóëó ç äîòðèìàííÿì ñèíòàêñèñó Python i ââåäåíå
ñïiââiäíîøåííÿ áóäå âèêîðèñòîâóâàòèñü ÿê ïîâíîöiííà ÷àñòèíà êîäó.
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Ðîçãëÿíåìî ìîäèôiêîâàíó åïiäåìiîëîãi÷íó ìîäåëü Êåðìàêà�Ìàêåíäði-
êà, âðàõóâàâøè iíêóáàöiéíèé ïåðiîä ïåðåáiãó çàõâîðþâàííÿ τ2, à òàêîæ,
ùî ÷åðåç ÷àñ τ1 íàáóòèé iìóíiòåò âòðà÷à¹òüñÿ i îñîáèíè çíîâó ìîæóòü
çàðàçèòèñü [7]:

y′1(x) = −y1(x)y2(x− τ1) + y2(x− τ2),
y′2(x) = y1(x)y2(x− τ1)− y2(x),
y′3(x) = y2(x)− y2(x− τ1).
Çà äîïîìîãîþ ðîçðîáëåíîãî äîäàòêó çíàéäåíî íàáëèæåíi ðîçâ'ÿçêè

ìîäåëi Êåðìàêà�Ìàêåíäðiêà ç ðiçíèìè êîìáiíàöiÿìè çàïiçíåíü τ1, τ2 òà
ïî÷àòêîâèìè óìîâàìè y1(0) = 5, y2(0) = 1, y3(x) = 0. Iç îòðèìàíèõ
ðîçâ'ÿçêiâ ìîæåìî çðîáèòè âèñíîâîê, ùî ïåðiîäè÷íi ñïàëàõè iíôåêöi¨ (ïðè
ôiêñîâàíîìó iíêóáàöiéíîìó ïåðiîäi τ1 = 1) âèíèêàþòü, ÿêùî iìóíiòåò
âòðà÷à¹òüñÿ çà ÷àñ τ2 ≥ 7. Åïiäåìiÿ ñòàáiëiçó¹òüñÿ, ÿêùî τ2 ≤ 6.

Äîñëiäæåíî SIR ìîäåëü, ùî îïèñó¹ ïîøèðåííÿ çàõâîðþâàííÿ Covid-19
â ïîïóëÿöi¨ ðîçìiðó N , ÿêà ìiñòèòü òðè �êîìïàðòìåíòè�: S(t) � êiëüêiñòü
ñïðèéíÿòëèâèõ îñiá, ÿêi ùå íå iíôiêîâàíi õâîðîáîþ, I(t) � êiëüêiñòü iíôå-
êöiéíèõ îñiá, R(t) � êiëüêiñòü îñiá, ÿêi îäóæàëè òà ìàþòü iìóíiòåò

dS

dt
= −βS(t− τ1)I(t− τ1),

dI

dt
= βS(t− τ1)I(t− τ1)− γI(t− τ2)− aI(t),

dR

dt
= γI(t− τ2).

Ââàæà¹ìî, ùî õâîðîáà ìà¹ iíêóáàöiéíèé ïåðiîä âiðóñó τ1 > 0 (îði¹í-
òîâíî 3 äíi), à ïåðiîä âiäíîâëåííÿ τ2 > 0 (îði¹íòîâíî 1-3 òèæíi). Åôåêòèâ-
íiñòü ìîäåëi ïåðåâiðÿëàñÿ â ðîáîòi [8] øëÿõîì ïîðiâíÿííÿ ¨¨ ïðîãíîçiâ ç
ðåàëüíèìè äàíèìè â Íiìå÷÷èíi, Iòàëi¨, Êóâåéòi òà Îìàíi ó ëèïíi 2020.
Ïàðàìåòðè β, γ i α çìiíþþòüñÿ äëÿ îïòèìàëüíîãî ïiäãîíêè äàíèõ.

Çà äîïîìîãîþ ðîçðîáëåíîãî äîäàòêó çíàéäåíî íàáëèæåíèé ðîçâ'ÿçîê
öi¹¨ ìîäåëi ç ïî÷àòêîâèìè ïàðàìåòðàìè β = 0, 17, γ = 0, 03, α = 0, 01,
τ1 = 3, τ2 = 9 òà ïî÷àòêîâèìè ôóíêöiÿìè ϕ(x) = 1, ψ(x) = 0, 1, ξ(x) = 0
äëÿ êðà¨íè Íiìå÷÷èíà.

Îäåðæàíi ÷èñëîâi ðåçóëüòàòè äîáðå óçãîäæóþòüñÿ iç ðåàëüíèìè äàíè-
ìè 2020 ðîêó â Íiìå÷÷èíi òà îäåðæàíèìè ðåçóëüòàòàìè â ðîáîòi [8].
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Ìàòåìàòè÷íå ìîäåëþâàííÿ ïîïåðå÷íèõ êîëèâàíü áàëêè

ç äèñêðåòíî�íåïåðåðâíèì ðîçïîäiëîì ïàðàìåòðiâ

Âiêòîð Ìàçóðåíêî

viktor.mazurenko@pnu.edu.ua

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà,

Iâàíî-Ôðàíêiâñüê, Óêðà¨íà

Ó äîïîâiäi ìîâà éòèìå ïðî íåñòàöiîíàðíó ïî÷àòêîâî�êðàéîâó çàäà÷ó,
ùî ìîäåëþ¹ ïîïåðå÷íi êîëèâàííÿ ïðóæíî¨ áàëêè (äîâæèíà l ÿêî¨ çíà-
÷íî ïåðåâèùó¹ äâà iíøi ïîïåðå÷íi ðîçìiðè), ñêëàäåíî¨ ç n êóñêiâ çìiííîãî
ïåðåðiçó, ç äèñêðåòíî-íåïåðåðâíèì ðîçïîäiëîì ìàñè i çîâíiøíüîãî íàâàí-
òàæåííÿ.

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ ïîïåðå÷íèõ êîëèâàíü áàëêè áåç
âðàõóâàííÿ òåðòÿ i ïîçäîâæíüî¨ ñèëè

∂2

∂x2

(
α(x)

∂2w

∂x2

)
+m(x)

∂2w

∂t2
= q(x) sinωt. (1)

Òóò w(x, t) îçíà÷à¹ ïðîãèí áàëêè â òî÷öi x ∈ [0, l] ó ìîìåíò ÷àñó t ≥ 0,
α(x) = EI(x) � æîðñòêiñòü íà çãèí (E � ìîäóëüÞíãà, I � ìîìåíò iíåðöi¨
ïîïåðå÷íîãî ïåðåðiçó), m(x) = ρA(x) � ïîãîííà ìàñà (ρ � ãóñòèíà ìàòå-
ðiàëó, A � ïëîùà ïîïåðå÷íîãî ïåðåðiçó), q(x) i ω � àìïëiòóäíà ôóíêöiÿ
i ÷àñòîòà âèìóøåíèõ ãàðìîíi÷íèõ êîëèâàíü, ïðè÷îìó

α(x) =

n−1∑
k=0

αk(x)θk(x), m(x) =

n−1∑
k=0

[
mk(x)θk(x) + µk+1δk+1(x)

]
,

q(x) =

n−1∑
k=0

[
qk(x)θk(x) + Pk+1δk+1(x) +Mk+1δ

′
k+1(x)

]
,

äå αk,mk, qk ∈ C[xk, xk+1], 0 = x0 < x1 < . . . < xn−1 < xn = l, θk � õàðà-
êòåðèñòè÷íà ôóíêöiÿ ïiâiíòåðâàëó [xk, xk+1), µk, Pk,Mk � çîñåðåäæåíi ó
ïåðåðiçàõ x = xk (1 ≤ k ≤ n) ìàñè, ñèëè i ìîìåíòè, δk � ôóíêöiÿ Äiðàêà
(îäèíè÷íèé iìïóëüñ) ç íîñi¹ì xk.

Ðiâíÿííÿ (1) ðîçãëÿäà¹ìî ðàçîì ç ïî÷àòêîâèìè óìîâàìè

w(x, 0) = ϕ(x),
∂w

∂t
(x, 0) = ψ(x), 0 ≤ x ≤ l, (2)

äå ôóíêöi¨ ϕ,ψ ∈ C[0, l] âèçíà÷àþòü ïî÷àòêîâèé ïðîãèí i ïî÷àòêîâèé ðîç-
ïîäië øâèäêîñòåé, òà ëîêàëüíèìè (òàêèé âèïàäîê íàé÷àñòiøå çóñòði÷à¹-
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òüñÿ ó çàñòîñóâàííÿõ) êðàéîâèìè óìîâàìè

4∑
j=1

βijw
[j−1]
x (0, t) = βi(t), i = 1, 2,

4∑
j=1

βijw
[j−1]
x (l, t) = βi(t), i = 3, 4,

t ≥ 0, (3)

äå βij � çàäàíi äiéñíi ÷èñëà, βi ∈ C2[0,∞), w
[j−1]
x (x, t) � êâàçiïîõiäíi

ðîçâ'ÿçêó w(x, t) çà çìiííîþ x, ùî ìàþòü âèãëÿä

w[0]
x = w, w[1]

x =
∂w

∂x
, w[2]

x = −α(x)∂
2w

∂x2
, w[2]

x = − ∂

∂x

(
α(x)

∂2w

∂x2

)
i âèçíà÷àþòü âiäïîâiäíî ïðîãèí áàëêè, êóò ïîâîðîòó, çãèíàëüíèé ìîìåíò
i ïåðåðiçóþ÷ó (ïîïåðå÷íó) ñèëó â òî÷öi x ó ìîìåíò ÷àñó t.

Ìàòåìàòè÷íà ìîäåëü (1)�(3) äîçâîëÿ¹ îõîïèòè øèðîêå êîëî âèïàäêiâ
ïîïåðå÷íèõ êîëèâàíü: áàëêè çi çìiííèì ïîïåðå÷íèì ïåðåðiçîì [1, 2], ñõiä-
÷àñòi áàëêè [3], áàëêè iç çîñåðåäæåíèìè ìàñàìè [4] ïðè ðiçíèõ êîìáiíà-
öiÿõ çàêðiïëåííÿ êiíöiâ (æîðñòêå çàêðiïëåííÿ, øàðíiðíà îïîðà, âiëüíèé
êiíåöü, ïëàâàþ÷å çàêðiïëåííÿ, êiíåöü iç çîñåðåäæåíîþ ìàñîþ).

Ðîçâ'ÿçîê ìîäåëi (1)�(3) áóäó¹òüñÿ ìåòîäîì Ôóð'¹ ó âèãëÿäi ñóïåðïî-
çèöi¨ ãîëîâíèõ êîëèâàíü iç çàñòîñóâàííÿì òåîði¨ êâàçiäèôåðåíöiàëüíèõ
ðiâíÿíü [5] äëÿ ïîáóäîâè âëàñíèõ ôîðì êîëèâàíü. Ïðè öüîìó åôåêòèâ-
íî âèêîðèñòîâó¹òüñÿ iäåÿ ââåäåííÿ êâàçiïîõiäíèõ, ÿêà äîçâîëÿ¹ îìèíó-
òè ïðîáëåìó ìíîæåííÿ ðîçïîäiëiâ i, òàêèì ÷èíîì, ïîñëàáèòè âèìîãè íà
ãëàäêiñòü êîåôiöi¹íòiâ ðiâíÿííÿ (1). Â ðîáîòi [6] òàêèé ïiäõiä çàñòîñîâà-
íèé äëÿ ìîäåëþâàííÿ ïîçäîâæíiõ êîëèâàíü ñòðèæíÿ ç êóñêîâî�ñòàëèì
ïîïåðå÷íèì ïåðåðiçîì i δ-îñîáëèâîñòÿìè.

1. Abrate S. Vibration of non-uniform rods and beams, J. Sound Vibr., 185 (1995),
703�716.

2. Ece M.C., Aydogdu M., Taskin V. Vibration of a variable cross-section beam,
Mech. Res. Commun., 34 (2007), 78�84.

3. Mao Q. Free vibration analysis of multiple�stepped beams by using Adomian
decomposition method, Math. Comput. Modelling, 54 (2011), 756�764.

4. Torabi K., Afshari H., Sadeghi M., Toghian H. Exact closed�form solution for
vibration analysis of truncated conical and tapered beams carrying multiple
concentrated masses, J. Solid Mech., Vol. 9, No. 4 (2017), 760�782.

5. Òàöié Ð.Ì., Ñòàñþê Ì.Ô., Ìàçóðåíêî Â.Â., Âëàñié Î.Î. Óçàãàëüíåíi êâàçi-
äèôåðåíöiàëüíi ðiâíÿííÿ. � Äðîãîáè÷: Êîëî, 2011. � 301 ñ.

6. Tatsij R.M., Chmyr O.Yu., Karabyn O.O., The total �rst boundary value
problem for equation of hyperbolic type with piecewise constant coe�cients
and δ-singularities, Res. Math. Mech., Vol. 24, No. 1 (2019), 86�102.
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Àíàëiç íåïåðåðâíèõ ìîäåëåé äèíàìiêè âiêîâî¨ ñòðóêòóðè

áiîëîãi÷íèõ ïîïóëÿöié

Âàñèëü Ìàöåíêî

v.matsenko@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Çàñòîñóâàííÿ ìåòîäiâ ìàòåìàòè÷íîãî ìîäåëþâàííÿ íåîäíîðàçîâî äî-
âîäèëî äîñòàòíüî âèñîêó åôåêòèâíiñòü. Îñòàííiì ÷àñîì çíà÷íèõ óñïiõiâ â
áiîëîãi¨, åêîëîãi¨ äîñÿãíóòî ñàìå çà ðàõóíîê ðîçðîáêè òà äîñëiäæåííÿ ìà-
òåìàòè÷íèõ ìîäåëåé. Ðîçâèíóëàñÿ ìàòåìàòè÷íà åêîëîãiÿ, ÿêà áàçó¹òüñÿ
íà  ðóíòi âîëüòåðîâñüêèõ ìîäåëåé, ùî îïèñóþòü äèíàìiêó ÷èñåëüíîñòi
ïîïóëÿöié.

Äîâãèé ÷àñ îá'¹êòîì äîñëiäæåííÿ ìàòåìàòè÷íî¨ åêîëîãi¨ áóëè ìîäåëi
ç çîñåðåäæåíèìè ïàðàìåòðàìè, àëå äëÿ áiëüø òî÷íîãî îïèñó äèíàìiêè
÷èñåëüíîñòi ïîòðiáíî âðàõîâóâàòè ðîçïîäië îñîáèí â ïîïóëÿöi¨ çà òi¹þ ÷è
iíøîþ îçíàêîþ, i â ïåðøó ÷åðãó çà âiêîì.

Ó äàíié ðîáîòi ðîçãëÿäàþòüñÿ íåïåðåðâíi ìîäåëi äèíàìiêè âiêîâî¨ ñòðó-
êòóðè, ùî ïðèâîäÿòü äî âèâ÷åííÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííè-
ìè ïîõiäíèìè ïåðøîãî ïîðÿäêó ç íåêëàñè÷íîþ êðàéîâîþ óìîâîþ. Ïiñëÿ
äîñëiäæåííÿ öèõ ìàòåìàòè÷íèõ ìîäåëåé äà¹òüñÿ çìiñòîâíà iíòåðïðåòàöiÿ
îäåðæàíèõ ðåçóëüòàòiâ.

Ó âèïàäêó ðîçïîäiëåíèõ ñèñòåì çà âiêîì âiêîâà ñòðóêòóðà îïèñó¹òüñÿ

ôóíêöi¹þ x(τ, t), äå τ � âiê îñîáèí, t � ìîìåíò ÷àñó, òàê ùî

∞∫
0

x(τ, t)dτ =

N(t) äà¹ çàãàëüíó ÷èñåëüíiñòü îñîáèí â ìîìåíò ÷àñó t.
Ïðè öüîìó ðiâíÿííÿ äèíàìiêè âiêîâîãî ñêëàäó ìàþòü âèãëÿä

∂x

∂t
+
∂x

∂τ
= −D(τ, t, x), t, τ > 0,

x(0, t) =

∞∫
0

B(τ, t, x)dτ, t > 0,

x(τ, 0) = ϕ(τ), τ ≥ 0,

(1)

äå x(τ, t) � âiêîâà ùiëüíiñòü, D(τ, t, x), B(τ, t, x) � ôóíêöi¨, ùî îïèñóþòü
ïðîöåñè âèæèâàííÿ òà íàðîäæóâàííÿ, âiäïîâiäíî, ϕ(τ) � ïî÷àòêîâèé âi-
êîâèé ðîçïîäië îñîáèí â ïîïóëÿöi¨. Ïåðøå ðiâíÿííÿ â (1) íàçèâàþòü ðiâ-
íÿííÿì âèæèâàííÿ, à äðóãå � ðiâíÿííÿì íàðîäæóâàíîñòi.

Ìîäåëü (1) âèâ÷à¹òüñÿ ïðè ðiçíèõ ãiïîòåçàõ ïðî âçà¹ìîäiþ îñîáèí â
ïîïóëÿöi¨, òîáòî ïðè êîíêðåòèçàöiÿõ ôóíêöié D(·) òà B(·), ÿêi ñêëàäíî
çàëåæàòü âiä ùiëüíîñòi ðîçïîäiëó x(τ, t).

Â ïðîñòiùîìó ëiíiéíîìó âèïàäêó ìîäåëü (1) ðîçãëÿäàëàñÿ â [1], ïðè
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öüîìó D(·) = d(τ)x(τ, t), B(·) = b(τ)x(τ, t), äå d(τ), b(τ) � êîåôiöi¹íòè
ñìåðòíîñòi òà íàðîäæóâàííÿ.

Äëÿ òàêî¨ ñòàöiîíàðíî¨ ìîäåëi âñòàíîâëåíi óìîâè âèæèâàííÿ ïîïóëÿöi¨
ó âèãëÿäi

H =

∞∫
0

b(τ) exp
(
−

τ∫
0

d(ξ)dξ
)
dτ > 1. (2)

Âåëè÷èíó H íàçèâàþòü áiîëîãi÷íèì ïîòåíöiàëîì. Îòæå, âèæèâàííÿ
âèäiâ âèçíà÷à¹òüñÿ ÷èñëîâèì çíà÷åííÿì âåëè÷èíè H.

Àëå áiëüø ðåàëiñòè÷íèì ¹ âèïàäîê, êîëè êîåôiöi¹íò ñìåðòíîñòi d(·)
çàëåæèòü i âiä ùiëüíîñòi x(τ, t). Çà àíàëîãi¹þ ç ìîäåëëþ Ôåðõþëüñòà-
Ïiðëà öþ ôóíêöiþ ñïî÷àòêó ìîæíà ââàæàòè ëiíiéíîþ i òîäi ðiâíÿííÿ
âèæèâàííÿ â (1) ìàòèìå âèãëÿä

∂x

∂t
+
∂x

∂τ
= −(d(τ) + p(τ)x(τ, t))x(τ, t), τ, t > 0, (3)

äå p(τ) � êîåôiöi¹íò ëiìiòóâàííÿ âñåðåäèíi ãðóïè îñîáèí âiêó τ , òîáòî â
öié ãðóïi íàÿâíà ìiæâiêîâà êîíêóðåíöiÿ.

Â ïðàöi [2] äîâåäåíà òåîðåìà ïðî iñíóâàííÿ òà ¹äèíiñòü íåâiä'¹ìíîãî
ðîçâ'ÿçêó òàêî¨ ïîïóëÿöiéíî¨ çàäà÷i, à òàêîæ òåîðåìà ïðî iñíóâàííÿ òà
ñòiéêiñòü öüîãî ñòàöiîíàðíîãî ðîçâ'ÿçêó. Âñòàíîâëåíî, ùî ïðè óìîâi (2)
íåòðèâiàëüíèé ñòàöiîíàðíèé ðîçâ'ÿçîê ïîïóëÿöiéíî¨ çàäà÷i ¹ ñòiéêèì.

Â ïðàöi [3] ðîçãëÿäà¹òüñÿ ìîäåëü âiêîâî¨ ñòðóêòóðè ç óðàõóâàííÿì âíó-
òðiøíüîâèäîâî¨ êîíêóðåíöi¨. Ðiâíÿííÿ âèæèâàííÿ ïðè öüîìó ìà¹ âèãëÿä

∂x

∂t
+
∂x

∂τ
= −

(
d(τ) +

∞∫
0

a(τ, s)x(s, t)ds
)
x, τ, t > 0,

äå ôóíêöiÿ a(t, s) îïèñó¹ êîíêóðåíòíèé âïëèâ îñîáèí âiêó s íà îñîáèíè
âiêó τ .

Äëÿ òàêî¨ ìîäåëi ïðè óìîâi (2) òàêîæ iñíó¹ ¹äèíèé äîäàòíié ñòàöiîíàð-
íèé ðîçâ'ÿçîê, ÿêèé ¹ ñòiéêèì [4].

Óçàãàëüíåíà íåëiíiéíà ìîäåëü âèãëÿäó

∂x

∂t
+
∂x

∂τ
= −d(τ, S1(t))x, τ, t > 0,

x(0, t) =

∞∫
0

b(τ, S2(t))x(τ, t)dτ, t > 0,

x(τ, 0) = ϕ(τ), τ ≥ 0,

(4)
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äå S1(t) =

∞∫
0

γ1(s)x(s, t)ds, S2(t) =

∞∫
0

γ2(s)x(s, t)ds � çâàæåíi ÷èñåëüíîñòi,

âèâ÷àëàñÿ â [5].
Äëÿ ìîäåëi (4) ðîçãëÿíóòî äåÿêi ÷àñòèííi âèïàäêè, â ÿêèõ îòðèìàíi

áiëüø êîíêðåòíi ðåçóëüòàòè.
Âàæëèâèì êëàñîì ìîäåëåé äëÿ äèíàìiêè âiêîâî¨ ñòðóêòóðè ¹ ìîäåëi

âiäáîðó

∂xi
∂t

+
∂xi
∂τ

= −(di(τ) +D(x1, x2, . . . , xn))xi(τ, t), τ, t > 0,

xi(0, t) =

∞∫
0

(bi(τ) +B(x1, x2, . . . , xn))xi(τ, t)dτ, t > 0,

xi(τ, 0) = ϕi(τ), τ ≥ 0, i = 1, 2, . . . , n.

(5)

Öi ìîäåëi âèâ÷àþòüñÿ çà óìîâè ñòàëîñòi çàãàëüíî¨ êiëüêîñòi îñîáèí â
óñié åêîñèñòåìi, òîáòî

n∑
i=1

∞∫
0

xi(τ, t)dτ = const. (6)

Öå îçíà÷à¹, ùî âiäáóâà¹òüñÿ ëèøå ïåðåðîçïîäië ÷èñåëüíîñòåé ìiæ ði-
çíèìè âèäàìè, ÿêi ñêëàäàþòü åêîñèñòåìó.

Äëÿ âèêîíàííÿ óìîâè (6) ôóíêöi¨ D(·) òà B(·) ïîòðiáíî ñêîíñòðóþâà-
òè. Ïîáóäîâà öèõ ôóíêöié òà äîñëiäæåííÿ âiäïîâiäíèõ ìîäåëåé ïðîâåäåíi
â ïðàöi [5]. Çîêðåìà îäåðæàíi óìîâè âèæèâàííÿ âèäó ïðè îêðåìîìó ðåãó-
ëþâàííi ïðîöåñiâ âèæèâàííÿ òà íàðîäæóâàííÿ, à òàêîæ ïðè îäíî÷àñíîìó
ðåãóëþâàííi öèõ ïðîöåñiâ.

Íà ìîäåëüíèõ ïðèêëàäàõ ïîêàçàíî, ùî â ðåçóëüòàòi âiäáîðó âèæèâà-
þòü âèäè, â ÿêèõ íàðîäæóâàíiñòü ¹ âèùîþ äëÿ ìîëîäøèõ âiêiâ, õî÷à öÿ
ãðóïà îñîáèí ìà¹ i âèùó ñìåðòíiñòü. Ïåðåâàãà â íàðîäæóâàíîñòi äëÿ îñî-
áèí ñòàðøèõ âiêiâ íå çáiëüøó¹ øàíñiâ íà âèæèâàííÿ.

1. Von Foester H. Some remarks on changing population // Kinetics of Cellular
Proliferation. � New York: Grune and Stratton. � 1959. � P. 382�407.

2. Ìàöåíêî Â.Ã. Îá îäíîì êëàññå óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè, âîçíè-
êàþùèõ â äèíàìèêå áèîëîãè÷åñêèõ ìàêðîñèñòåì // Æóðí. âû÷èñ. ìàòåì.
è ìàòåì. ôèç. � 1981. � 21, � 1. � Ñ. 69�79.

3. Ìàöåíêî Â.Ã. Iñíóâàííÿ òà ¹äèíiñòü â çàäà÷àõ äèíàìiêè âiêîâî¨ ñòðóêòóðè
áiîëîãi÷íèõ ïîïóëÿöié ç âíóòðiøíüîâèäîâîþ êîíêóðåíöi¹þ // Áóêîâ. ìàò.
æóðí. � 2014. � 2, � 2�3. � Ñ. 167�171.
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âiêîâî¨ ñòðóêòóðè ïîïóëÿöié ç âíóòðiøíüîâèäîâîþ êîíêóðåíöi¹þ // Áóêîâ.
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Íåëiíiéíi êîëèâàííÿ. � 2003. � 6, � 3. � Ñ. 357�367.

6. Ìàöåíêî Â.Ã. Ìîäåëþâàííÿ ïðîöåñiâ âiäáîðó â ñèñòåìàõ ç âiêîâîþ ñòðó-
êòóðîþ // Íàóê. âiñí. Óæãîðîäñüêîãî óíiâåðñèòåòó. Ñåð. ìàòåì. i iíôîðì.
� Óæãîðîä: ÓæÍÓ. � 2010. � 20. � Ñ. 90�97.
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Çàñòîñóâàííÿ àëãîðèòìó NSA â ñèñòåìi çàõèñòó êîìï'þòåðíî¨

ìåðåæi

Ãàëèíà Ìåëüíèê

g.melnik@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ùîðîêó ìiëüéîíè ëþäåé ñòðàæäàþòü âiä çáî¨â ó ñèñòåìi êiáåðáåçïåêè
â ðiçíèõ ãàëóçÿõ, à ñåðåäíÿ ði÷íà âàðòiñòü çáèòêiâ òiëüêè ó ÑØÀ ñÿãà¹
6,5 ìiëüéîíiâ äîëàðiâ. Î÷iêó¹òüñÿ, ùî ñêëàäíiñòü i ìàñøòàáè êiáåðçàãðîç
áóäóòü çðîñòàòè, àëå íàøi çàñîáè çàõèñòó çàëèøàþòüñÿ ðóäèìåíòàðíèìè.
Ó ïåðåâàæíié áiëüøîñòi ïîòî÷íà ñòðàòåãiÿ ïîëÿãà¹ ó âèçíà÷åííi çàãðîç, à
ïîòiì ó ïîáóäîâi ñèñòåì çàõèñòó, ÿêi çäåáiëüøîãî çîñåðåäæåíi íà çàïîái-
ãàííi ïðîíèêíåííþ íåñàíêöiîíîâàíèõ êîðèñòóâà÷iâ, âiðóñiâ àáî ïðîãðàì.
Ïðîòå, êîëè çëîâìèñíèêè ïðîõîäÿòü ÷åðåç çàõèñíèé áàð'¹ð, iíôîðìàöiÿ
¹ âiäêðèòîþ äëÿ óøêîäæåííÿ ÷è âèêðàäåííÿ. Áåç äåÿêèõ çàñîáiâ âiäñòå-
æåííÿ øêiäëèâèõ äié, ùî áóëè á âïðîâàäæåíi â ñèñòåìó, ïîòî÷íi çàñîáè
çàõèñòó íå â çìîçi ïîäàòè ñèãíàë òðèâîãè, àæ ïîêè íå ñòà¹ ÿâíîþ àêòèâ-
íiñòü çëîâìèñíèêà.

Â ïðåäñòàâëåíèõ äîñëiäæåííÿõ àâòîð ïðîïîíó¹ çâåðíóòèñÿ äî áiîëîãi¨.
Çàâäÿêè åâîëþöi¨ ïðèðîäà ñòâîðèëà ç ëþäèíè íàäçâè÷àéíî ñêëàäíó ôîð-
òåöþ, ÿêà áëîêó¹ çîâíiøíi ÷óæîðiäíi ìiêðîîðãàíiçìè i æîðñòîêî àòàêó¹
âíóòðiøíi çàãðîçè. Öi åïi÷íi áèòâè âåäóòüñÿ íà êiëüêà ôðîíòiâ. Ïîäiáíî
äî áðàíäìàóåðà, íàøà øêiðà ¹ ìiöíîþ, àäàïòèâíîþ i ïîñòiéíî îíîâëþ¹-
òüñÿ äëÿ ïîñèëåííÿ ñâî¹¨ ìiöíîñòi. Õî÷à, âñi ñòiíè ìîæëèâî çðóéíóâàòè. Ó
êiáåðáåçïåöi âòðà÷åíà ñòiíà, øâèäøå çà âñå, îçíà÷à¹ ïðîãðàíó áèòâó. Áiî-
ëîãi÷íà âiéíà ìàëþ¹ çîâñiì iíøó êàðòèíó. ßê òiëüêè çëîâìèñíèêè ïðîðè-
âàþòüñÿ, íàø âíóòðiøíié çàõèñò, � iìóííà ñèñòåìà � ïî÷èíà¹ àêòèâiçóâà-
òèñÿ. Âîíà âèâ÷à¹ òà çàïàì'ÿòîâó¹ òå, ùî ¹ íîðìàëüíèì. Òîìó, êîëè òðà-
ïëÿþòüñÿ âiäõèëåííÿ, ÿêèìè á ñêëàäíèìè ÷è íåçíàéîìèìè âîíè íå áóëè,
iìóííà ñèñòåìà çíà¹ ÿê ðåàãóâàòè. Ïîäiáíiñòü ìiæ êiáåð- òà áiîëîãi÷íîþ
âiéíîþ âàæêî iãíîðóâàòè: â îáîõ âèïàäêàõ ìè ìà¹ìî ñïðàâó ç ñóïðîòèâ-
íèêàìè, ùî ðîçâèâàþòüñÿ, óñêëàäíþþòüñÿ òà ïîñòóïîâî çìiíþþòü çàñîáè
àòàêè.

Ç ïî÷àòêó 1980-õ ðîêiâ íàóêîâöi ïðàöþâàëè íàä iäå¹þ êiáåðiìóíiòåòó.
Ç ïðîãðåñîì ó ÀI òà ãëèáîêîìó íàâ÷àííi ïîáóäîâàíi àëãîðèòìè ïî÷èíà-
þòü âiäòâîðþâàòèñÿ äâi îñíîâíi õàðàêòåðèñòèêè øòó÷íî¨ iìóííî¨ ñèñòåìè
(AIS) � íàâ÷àííÿ òà ïàì'ÿòü [1]. Ìåòà äîñëiäæåííÿ àâòîðà ïîëÿãà¹ ó ïå-
ðåâiðöi äîöiëüíîñòi âèêîðèñòàííÿ ìîäåëi AIS â êîìï'þòåðíèõ ìåðåæàõ
çàäëÿ âèÿâëåííÿ íåñàíêöiîíîâàíèõ äié òà àíîìàëüíî¨ ïîâåäiíêè ìåðåæå-
âèõ äàíèõ. Ó äîïîâiäi ïðåäñòàâëåíî êîíöåïöiþ ìîäåëi AIS äëÿ âèÿâëåííÿ
âòîðãíåíü, ùî âèêîðèñòîâó¹ íàáið äàíèõ øòó÷íîãî çàõîïëåííÿ ïàêåòiâ
òà çàãàëüíi Iíòåðíåò-ïðîòîêîëè. Äëÿ ðåàëiçàöi¨ ñèñòåìè çàõèñòó ìåðåæi
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ïðîïîíó¹òüñÿ âèêîðèñòîâóâàòè àëãîðèòì íåãàòèâíîãî âiäáîðó (NSA). Âè-
ÿâëåííÿ âiäõèëåíü çà äîïîìîãîþ NSA áàçó¹òüñÿ íà ñòâîðåííi äåòåêòîðiâ,
ÿêi ïîòiì âèêîðèñòîâóþòüñÿ äëÿ ïîøóêó ìîäåëåé àíîìàëié ó ìåðåæi.

Êîíöåïòóàëüíî öåé ïiäõiä ìîæíà îïèñàòè íàñòóïíèì ÷èíîì. Íà êðî-
öi iíiöiàëiçàöi¨ ôîðìó¹òüñÿ íàáið äàíèõ, ùî ìiñòèòü óñi ðåïðåçåíòàòèâíi
âèáiðêè. Äàëi âèïàäêîâèì ÷èíîì ãåíåðóþòüñÿ êàíäèäàòè-äåòåêòîðè i ïî-
ðiâíþþòüñÿ ç ðåïðåçåíòàòèâíèì íàáîðîì. Çàóâàæèìî, ùî, ÿê i â áiîëîãi-
÷íîìó íåãàòèâíîìó âiäáîði Ò-êëiòèí, çáåðiãàþòüñÿ ëèøå òi äåòåêòîðè, ÿêi
íå âiäïîâiäàþòü æîäíîìó åëåìåíòó íàáîðó ðåïðåçåíòàòèâíèõ çðàçêiâ.

Ïîêëàäåìî [x1, x2, . . . , xL] òà [w1, w2, . . . , wL] � äâà äiéñíi âåêòîðè, ùî
âèçíà÷àþòü ðåïðåçåíòàòèâíó (¾âëàñíó¿) âèáiðêó òà äåòåêòîð-êàíäèäàò,
âiäïîâiäíî, äå L ¹ ¨õíiì ñïiëüíèì ïîðÿäêîì. Ñòóïiíü âiäïîâiäíîñòi d ìiæ
[x1, x2, . . . , xL] i [w1, w2, . . . , wL] ìîæíà îá÷èñëèòè íà îñíîâi âiäñòàíi Åâ-
êëiäà:

d =

√√√√ L∑
i=1

(xi − wi)
2
. (1)

Íà íàñòóïíîìó êðîöi d ïîðiâíþ¹òüñÿ ç ïîïåðåäíüî âñòàíîâëåíèì ïî-
ðîãîì λ, i îòðèìó¹òüñÿ ïîõèáêà óçãîäæåííÿ äåòåêòîðà E:

E = d− λ. (2)

ßêùî E > 0, òîäi äåòåêòîð [w1, w2, . . . , wL] íå âiäïîâiäà¹ ðåïðåçåí-
òàòèâíîìó çðàçêó [x1, x2, . . . , xL]. ßêùî æ [w1, w2, . . . , wL] íå âiäïîâiäà¹
âñiì ïðåäñòàâëåíèì çðàçêàì, éîãî áóäå âêëþ÷åíî äî íàáîðó äåòåêòîðà.
Ç iíøîãî áîêó, ÿêùî E > 0, ââàæà¹ìî, ùî äåòåêòîð [w1, w2, . . . , wL] âiä-
ïîâiäà¹ çðàçêó [x1, x2, . . . , xL], i, îòæå, ìîæå áóòè âiäõèëåíèì. Ïiñëÿ òî-
ãî, ÿê ïåâíà êiëüêiñòü êâàëiôiêîâàíèõ äåòåêòîðiâ áóëà çãåíåðîâàíà òàêîþ
ïðîöåäóðîþ íåãàòèâíîãî âiäáîðó, âîíè âèêîðèñòîâóþòüñÿ äëÿ âèÿâëåííÿ
¾íåâëàñíèõ¿ (íîâèíîê, àíîìàëié) ó âõiäíèõ çðàçêàõ. Òîáòî, êîëè íîâèé
çðàçîê [x́1, x́2, . . . , x́L], ñïiâïàäà¹ ç [w1, w2, . . . , wL], òîäi é ôiêñó¹òüñÿ íà-
ÿâíà àíîìàëiÿ.

Ïðåäñòàâëåíà ìîäåëü ìà¹ çäàòíiñòü âèÿâëÿòè âòîðãíåííÿ â øòó÷íèé
íàáið ìåðåæåâèõ äàíèõ. Öå äîâîäèòü, ùî àëãîðèòì AIS ïðàöþ¹, i ñïðèÿ¹
ðîçóìiííþ òîãî, ùî, çà óìîâè âèêîðèñòàííÿ ïðîãðàìíî¨ ðåàëiçàöi¨ ìîäåëi
äëÿ äàíèõ êîìï'þòåðíî¨ ìåðåæi ðåàëüíîãî ÷àñó, âîíà ïðàöþâàòèìå óñïi-
øíî òà çàïîáiãàòèìå àòàêàì.

1. de Castro L. N., Timmis J. Arti�cial Immune Systems: A New Computational

Intelligence Approach. London: Springer-Verlag. � 2002. � 357 p.
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Ìîäåëþâàííÿ ôîðì âåíòèëüîâàíèõ òîíêèõ îñåñèìåòðè÷íèõ

ïîðîæíèí ó âàãîìié ðiäèíi
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Iíñòèòóò ãiäðîìåõàíiêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà

×ÍÓ iìåíi Þðiÿ Ôåäüêîâè÷à, ×åðíiâöi, Óêðà¨íà

Îïið âèñîêîøâèäêiñíèõ ïiäâîäíèõ òðàíñïîðòíèõ çàñîáiâ ìîæå áóòè
çìåíøåíèé øëÿõîì çìåíøåííÿ ïëîùi, ÿêà çìî÷ó¹òüñÿ âîäîþ, òîáòî çà
äîïîìîãîþ âèêîðèñòàííÿ ñóïåðêàâiòàöii [1, 2, 3]. Äëÿ îòðèìàííÿ ìàëèõ
çíà÷åíü ÷èñëà êàâiòàöi¨ ïðè ìàëèõ øâèäêîñòÿõ àáî íà âåëèêèõ ãëèáèíàõ
ðóõó, âèêîðèñòîâó¹òüñÿ ïiääóâ êàâåðíè ãàçîì [4]. Âåíòèëÿöiÿ òàêîæ äó-
æå âàæëèâà â åêñïåðèìåíòàõ, îñêiëüêè øâèäêîñòi â åêñïåðèìåíòàëüíèõ
óñòàíîâêàõ, ÿê ïðàâèëî, íàáàãàòî ìåíøi, íiæ äëÿ ðåàëüíèõ òðàíñïîðòíèõ
çàñîáiâ. Îáìåæåíi øâèäêîñòi êàâiòàöiéíèõ òðóá ñóòò¹âî çáiëüøóþòü âïëèâ
ãðàâiòàöi¨ íà ôîðìè i ðîçìiðè êàâåðíè. Òåîðåòè÷íi òà ÷èñåëüíi äîñëiäæå-
ííÿ âåíòèëüîâàíèõ êàâåðí âåëüìè îáìåæåíi. Íàâiòü â òîìó âèïàäêó, êîëè
âïëèâ ïîòîêó ãàçó óñåðåäèíi êàâåðíè i ãðàâiòàöi¨ íåçíà÷íi, íåìà¹ ïîâíî¨
òåîði¨ äëÿ ôîðìè êàâåðíè â çàëåæíîñòi âiä øâèäêîñòi ïîäà÷i ãàçó, ÷èñëà
êàâiòàöi¨ i ôîðìè òiëà, ðîçòàøîâàíîãî óñåðåäèíi êàâåðíè.

ßêùî ãàç ðóõà¹òüñÿ ó âóçüêîìó êàíàëi ìiæ ïîâåðõíåþ êàâåðíè i êîð-
ïóñîì òðàíñïîðòíîãî çàñîáó, òî òèñê íà ïîâåðõíi êàâåðíè íå ¹ ïîñòiéíèì
i çìiíþ¹ ¨¨ ôîðìó â ïîðiâíÿíi ç âèïàäêîì ïàðîâî¨ êàâiòàöi¨. Öå ñêëàäíå
ÿâèùå äîñëiäæóâàëîñü ÷èñåëüíî ç âèêîðèñòàííÿì ðiâíÿíü â'ÿçêî¨ ðiäèíè
[5]. Âèêîðèñòàííÿ ìîäåëi iäåàëüíî¨ ðiäèíè i òåîði¨ òîíêîãî òiëà äîçâîëÿ¹
îòðèìàòè ïðîñòi ðiâíÿííÿ äëÿ ôîðìè îñåñèìåòðè÷íèõ âåíòèëüîâàíèõ ñó-
ïåðêàâåðí, ÿêùî ïîòiê ãàçó ìiæ ïîâåðõíåþ êàâåðíè i òiëà îáåðòàííÿ ¹
îäíîâèìiðíèì, íåâ'ÿçêèì i íåñòèñëèâèì.

Äåÿêi öiêàâi ðåçóëüòàòè áóëè îòðèìàíi â ðîáîòàõ [6, 7, 8] äëÿ ñòàöiî-
íàðíîãî ïîòîêó ðiäèíè áåç ãðàâiòàöiéíèõ åôåêòiâ. Â ðîáîòi [9] ðåçóëüòàòè
öèõ ðîáiò óçàãàëüíåíi äëÿ íåñòàöiîíàðíèõ âåðòèêàëüíèõ ïîòîêiâ â ïîëi ñè-
ëè òÿæiííÿ. Çîêðåìà, áóëî çàïðîïîíîâàíî ðiâíÿííÿ ïåðøîãî íàáëèæåííÿ
äëÿ ðàäióñà R(õ) ñòàöiîíàðíî¨ îñåñèìåòðè÷íî¨ âåíòèëüîâàíî¨ êàâåðíè

d2R2

dx2
=

σ0
ln ε

+
2kx

Fr2 ln ε
+ (1)

+∆

[
a− 1

(R2 −R2
b)2

]
,

äå âñi äîâæèíè ¹ áåçðîçìiðíèìè (âiäíåñåíi äî ðàäióñó êàâåðíè â ¨¨ ïî÷àòêó
R0), k = 1 âiäïîâiäà¹ âèïàäêó, êîëè íàïðÿìêè ïîòîêó âîäè íà íåñêií÷åí-
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íîñòi i ãðàâiòàöiéíîãî ïðèñêîðåííÿ çáiãàþòüñÿ; k = −1 âiäïîâiäà¹ âèïàäêó,
êîëè íàïðÿìêè öèõ âåêòîðiâ ïðîòèëåæíi. Çíà÷åííÿ ïàðàìåòðiâ σ0, Fr, ∆
i a âèçíà÷àþòüñÿ ôîðìóëàìè:

σ0 =
2(p∞ − pv − p0)

ρU2
, F r =

U√
gR0

,

∆ = − ρgQ
2

π2R4
0ρU

2 ln ε
, a =

[
1− R2

b0

R2
0

]−2
,

äå ρ ãóñòèíà âîäè; U ñòàëà øâèäêiñòü ïîòîêó âîäè íà íåñêií÷åííîñòi;
pv -òèñê âîäÿíî¨ ïàðè ïðè òåìïåðàòóði íàâêîëèøíüîãî ñåðåäîâèùà; p∞ i
p0 òèñêè, âèìiðÿíi â ïîïåðå÷íîìó ïåðåðiçi êàâåðíè äàëåêî â ïîòîöi âîäè
i ãàçi íà ïî÷àòêó êàâåðí âiäïîâiäíî; ρg ïîñòiéíà ãóñòèíà ãàçó;; Q îá'¹ìíå
âèòðà÷àííÿ ãàçó; Rb, Rb0 ðàäióñè êîðïóñó â òî÷êàõ x i x = 0; ε ìàëèé
ïàðàìåòð, âiäíîøåííÿ ìàêñèìàëüíîãî ðàäióñà ñèñòåìè êàâåðíà-êàâiòàòîð
äî éîãî äîâæèíè.

Â ðîáîòi [10] ðîçðàõîâàíi ôîðìè ôîðìè òîíêèõ ñòàöiîíàðíèõ îñåñèìå-
òðè÷íèõ âåíòèëüîâàíèõ êàâåðí äëÿ âèñõiäíîãî òà íèçõiäíîãî ïîòîêiâ âîäè
äëÿ ðiçíèõ çíà÷åíü ÷èñëà Ôðóäà i ðàäióñiâ ðîçòàøîâàíèõ â êàâåðíi öèëií-
äðè÷íèõ êîðïóñiâ. Ïîêàçàíî, ùî âåíòèëÿöiÿ çáiëüøó¹ ðîçìiðè êàâåðí çà
êîíi÷íèì êàâiòàòîðîì i çìåíøó¹ äîâæèíó äîííèõ êàâåðí. Êîëè íàïðÿìîê
ïîòîêó âîäè íà íåñêií÷åííîñòi ¹ ïðîòèëåæíèì äî ñèëè òÿæiííÿ, iíòåíñèâ-
íiñòü ïiääóâó íå ìîæå ïåðåâèùóâàòè äåÿêå êðèòè÷íå çíà÷åííÿ äëÿ êîíi-
÷íèõ êàâiòàòîðiâ i íå ìîæå áóòè ìåíøîþ äåÿêîãî çíà÷åííÿ äëÿ äîííèõ
êàâåðí.

Â ðîáîòi [11] áóëî çàïðîïîíîâàíî àíàëiòè÷íi ôîðìóëè äëÿ îöiíêè ñòié-
êîñòi òîíêèõ îñåñèìåòðè÷íèõ âåíòèëüîâàíèõ êàâåðí, ÿêi äîçâîëÿþòü ðîç-
ðàõóâàòè çàëåæíîñòi ÷èñëà êðèòè÷íî¨ êàâiòàöi¨ âiä ÷èñëà êàâiòàöi¨ ïàðè
ÿê äëÿ äèñêà, òàê i äëÿ òîíêèõ êàâiòàòîðiâ. Öi ôîðìóëè áóëè âèêîðèñòàíi
äëÿ ðîçðàõóíêó êðèâèõ ñòiéêîñòi äëÿ ðiçíèõ ðàäióñiâ öèëiíðè÷íèõ êîð-
ïóñiâ, ðîçòàøîâàíèõ âñåðåäèíi êàâåðíè, ÷èñëà Ôðóäà òà íàïðÿìêiâ íàâ-
êîëèøíüîãî ïîòîêó. Áóëî ïîêàçàíî, ùî ðàäióñ öèëiíäðè÷íîãî êîðïóñó òà
ñèëè òÿæiííÿ ìîæå ñóòò¹âî âïëèíóòè íà ñòiéêiñòü âåíòèëüîâàíèõ êàâåðí.
Âiäïîâiäíi çàëåæíîñòi ðiçíi äëÿ ðiçíèõ ôîðì êàâiòàòîðà.

Ó äàíîìó äîñëiäæåííi ðîçãëÿíóòi ÷èñëîâi ðiøåííÿõ îñíîâíîãî ðiâíÿ-
ííÿ ïðè ðiçíèõ çíà÷åííÿõ ÷èñëà Ôðóäà Fr i ïàðàìåòðà k äëÿ çàäàíîãî
íàáîðó îñíîâíèõ ïàðàìåòðiâ äëÿ òîíêèõ îñåñèìåòðè÷íèõ âåíòèëüîâàíèõ
êàâåðí. Ðîçðàõîâàíi ôîðìè i ðîçìiðè âåíòèëüîâàíèõ êàâåðí, ïðîàíàëiçî-
âàíi êðèòè÷íi çíà÷åííÿ iíòåíñèâíîñòi ïiääóâó òà êðèòè÷íi âåëè÷èíè ÷èñëà
Ôðóäà Fr äëÿ êîíi÷íèõ êîðïóñiâ, ðîçòàøîâàíèõ âñåðåäèíi êàâåðíè.
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NEURAL NETWORK APPROACH OVERVIEW FOR STOCK

MARKET FORECASTING

Denis Rachko, Natalia Huk

Oles Honchar Dnipro National University

The task of predicting the complex dynamic systems behavior in the
economy is di�cult to formalize. Predicting the behavior of stock markets
should rely on identifying hidden patterns in existing data. Nowadays, the use
of neural networks for analyzing market information is di�cult to overesti-
mate, since a neural network can serve as a decision support system for an
employee in the �nancial industry.

The classi�cation problem of the stock market behavior based on the
data of technical analysis indicators using neural networks will be considered.

The �rst stage of the current task investigation is database formation.
As a neural network input, technical analysis suggests dozens of indicators
and lots of them should be used in conjunction with to make a decision about
the current state of the observed object and its future behavior. For a start,
it is worth considering some widely used indicators, a combination of which
can describe current time series state in the most realistic way. Let's consider
next indicators:

� RSI (Relative Strength Index)
� SMA (Simple Moving Average)
� SD (Standard Deviation).

RSI is a momentum indicator, that determines the rate by which the
market is changing for a speci�ed time period and can be calculated as:

RSI =
Average Gain

Average Loss
, RSI = 100− 100

1 +RS
,

SMA is a trend following indicator, which describes average asset price
during some period of time:

SMAn =

n∑
i=1

Ai

n
,

where Ai � average in period i, n � number of time periods in certain window
of observations.

SD measures the volatility of stocks and can be represented:

SD =

√√√√√ m∑
i=k

(Pi − SMAm−k)
2

m− k
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where Pi � close price for period i, SMAm−k � simple moving average for
m-th time period.

Stock maximal and minimal prices, open and close prices for a period
of time should be included in the input dataset as SMA is included. The
neural network output is described by three binaries� should trader get into
the market to:

� open a selling position
� open a buying position
� just wait for the next period of time.

The second stage is the formation of neural networks with di�erent
architectures. At the start point of problem-solving, a multilayer perceptron
can be considered. There are several hidden layers is enough, because too many
layers can lead to such undesirable consequences as time-consuming training,
high sensitivity to any perturbation and etc. The sigmoid function can be
considered an activation function. Neural network biases bi can be assigned
to zero. To avoid the vanishing or exploding gradients problem, weights w(i, j)

l

for each layer with number l, which contains nl neurons, should be initialized
as random small numbers around zero, i.e. Xavier initialization:

wl
i,j ∼ N

(
0,

1

nl

)
.

The third stage is neural networks training and optimal neural network
choosing. Optimal neural network produces outputs with minimal error.

And the last stage � adaptive forecasting and decision making.
Nowadays, there are many time series forecasting instruments invented,

but neural network approach trend is growing up. The usage of neural networks
for the analysis of �nancial information is an alternative (or addition) to tradi-
tional research methods, such as statistical analysis, analysis of fundamental
indicators. The input data may include not only technical indicators of a
certain time series, but also information about the behavior of other market
instruments. Further investigation will be concentrated on implementation of
concept, �nding optimal neural network architecture, it's parameters, choosi-
ng optimal technical indicators combinations, optimization of data preprocessi-
ng.
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Iâàíî-Ôðàíêiâñüêèé íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò íàôòè i ãàçó

Òðóáîïðîâîäè - îñîáëèâèé âèä òðàíñïîðòíèõ ñèñòåì, ùî ïðîÿâëÿ¹òüñÿ
ó ïî¹äíàííÿ â îäíié êîíñòðóêöi¨ íåñó÷î¨ ÷àñòèíè òà òðàíñïîðòíîãî øëÿõó.
Öå äîçâîëÿ¹ çäiéñíþâàòè òðàíñïîðòóâàííÿ ïðîäóêòó ïî òðóáîïðîâîäàì ó
âèãëÿäi íåïåðåðèâíîãî ïðîöåñó. ßê ïðàâèëî, òðóáîïðîâîäè ïðîëÿãàþòü
ïiä çåìëåþ, àëå äëÿ ïîäîëàííÿ ïðèðîäíèõ ïåðåøêîä ¨õ âèâîäÿòü íà ïî-
âåðõíþ çåìëi. Â öüîìó âèïàäêó âèêîðèñòîâóþòü êîíñòðóêöi¨ ðiçíîìàíi-
òíèõ íàäçåìíèõ ïåðåõîäiâ. Êîíñòðóêòèâíî öå âèãëÿäà¹ íàñòóïíèì ÷èíîì:
òðóáîïðîâiä, ïåðåáóâàþ÷è íà îïîðàõ, óòâîðþ¹ ïðîëüîòíó êîíñòðóêöiþ.
Ñïðîáè çáiëüøèòè ïðîëüîòíó âiäñòàíü ìiæ îïîðàìè ïðèçâåëà äî ïîÿâè
îðèãiíàëüíî¨ êîíñòðóêöi¨ ó âèãëÿäi âèñÿ÷îãî òðóáîïðîâîäó, â ÿêié òðóáî-
ïðîâiä óòðèìó¹òüñÿ äîäàòêîâîþ ñèñòåìîþ ïiäâiñíèõ êàíàòiâ.

Îá'¹êòîì äîñëiäæåííÿ ¹ ãàçîïðîâiä Óãåðñüêî - Iâàíî-Ôðàíêiâñüê, íà
äiëÿíöi íàäçåìíîãî ïåðåõîäó ÷åðåç ð. Ñâi÷à. Íà öié äiëÿíöi ãàçîïðîâiä
ïiäâiøåíèé ó ïîâiòði äî ñèñòåìè êàíàòiâ. Îäèíàäöÿòü óòðèìóþ÷èõ êàíàòiâ
ðiâíîìiðíî ðîçìiùåíi íà äîâæèíi ïðîëüîòó 130 ì.

Äiëÿíêè íàäçåìíèõ ïåðåõîäiâ ¹ ïîòåíöiéíî íåáåçïå÷íèìè, òàê ÿê äî äi¨
ïðèðîäíèõ ôàêòîðiâ âiäêðèòîãî ñåðåäîâèùà äîäà¹òüñÿ íàâàíòàæåííÿ âiä
çîâíiøíiõ ñèëîâèõ ôàêòîðiâ. Òàêi òðóáîïðîâîäè îäíîçíà÷íî ¹ ñòàòè÷íî
íåâèçíà÷åíi. Òîìó ðîçðàõóíîê ÍÄÑ òðóáîïðîâîäó ïîòðåáó¹ ó áiëüøîñòi
âèïàäêiâ ðîçêðèòòÿ ñòàòè÷íî¨ íåâèçíà÷åíîñòi.

Ìåòîþ ðîáîòè ¹ àíàëiç ìåòîäè÷íèõ ïiäõîäiâ äî ðîçêðèòòÿ ñòàòè÷íî-
íåâèçíà÷åíèõ ñèñòåì ïðîëüîòíèõ êîíñòðóêöié òà ¨õ àäàïòàöiÿ äî ðîçðà-
õóíêó âèñÿ÷èõ ãàçîïðîâîäiâ.

Ðîçðàõóíêîâà ñõåìà âèñÿ÷îãî ãàçîïðîâîäó çâåäåíà äî áàëêè íà äâîõ
îïîðàõ ç ðiâíîìiðíî-ðîçïîäiëåíèì íàâàíòàæåííÿì, äî ÿêî¨ ïðèêëàäåíi ç
ïåâíèì iíòåðâàëîì çîñåðåäæåíi ñèëè âiä ïiäâiñíî¨ êàíàòíî¨ ñèñòåìè. Â
ðåçóëüòàòi îòðèìàíî ñòàòè÷íî-âèçíà÷åíó ïðîëüîòíó êîíñòðóêöiþ.

Çâåäåííÿ ñõåìè ðîçìiùåííÿ òðóáîïðîâîäó äî ïðîëüîòíî¨ êîíñòðóêöi¨
äîçâîëÿ¹ ïðîâåñòè àíàëîãiþ ç iíøèìè ãàëóçÿìè, çîêðåìà ïîçäîâæíiìè
ëîíæåðîíàìè ðàìíèõ íåñó÷èõ ñèñòåì â ìîáiëüíèõ ìàøèíàõ.

Îñíîâíà ñêëàäíiñòü ðîçðàõóíêó íåñó÷èõ ðàìíèõ ñèñòåì ¹ ¨õ ñòàòè÷íà
íåâèçíà÷åíiñòü. Ðàìíi íåñó÷i ñèñòåìè ìàþòü 6-10 ðàçiâ ñòóïiíü ñòàòè÷íî¨
íåâèçíà÷åíîñòi. Äëÿ ¨õ ðîçêðèòòÿ äîñëiäíèêè ïðîïîíóþòü âèêîðèñòîâó-
âàòè ïðèíöèï ìiíiìóìó ïîòåíöiàëüíî¨ åíåðãi¨ äåôîðìàöi¨ [1].

Òðàäèöiéíèì ïiäõîäîì ¹ îòðèìàííÿ íåîáõiäíî¨ êiëüêîñòi äîäàòêîâèõ
ðiâíÿíü ç íåâiäîìèìè âíóòðiøíiìè ñèëîâèìè ôàêòîðàìè. Îòðèìàíi ðiâ-
íÿííÿ âñòàíîâëþþòü çâ'ÿçîê ìiæ çîâíiøíiì íàâàíòàæåííÿì, ÿêå ïåðå-
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âàæíî âiäîìå çà åêñïåðèìåíòàëüíèìè äàíèìè, òà âíóòðiøíiìè ñèëîâèìè
ôàêòîðàìè åëåìåíòiâ íåñó÷î¨ ñèñòåìè.

Iíøèì ïiäõîäîì âèêîðèñòàííÿ ìåòîäó ¹ ôîðìóâàííÿ ôóíêöiîíàëó ïî-
òåíöiàëüíî¨ åíåðãi¨, ó âèðàç ÿêîãî âõîäèòü ó òîìó ÷èñëi âñi íåâiäîìi ñèëîâi
ôàêòîðè. Äàëi, â ìåæàõ ôàêòîðíîãî ïðîñòîðó çà iòåðàöiéíèì öèêëîì âå-
äåòüñÿ ïîøóê íåâiäîìèõ ñèëîâèõ ôàêòîðiâ çà êðèòåði¹ì ìiíiìóìó ïîòåí-
öiàëüíî¨ åíåðãi¨ äåôîðìàöi¨. Çíàéäåíié òî÷öi ìiíiìóìó ôóíêöiîíàëó áóäå
âiäïîâiäàòè íàáið âíóòðiøíiõ ñèëîâèõ ôàêòîðiâ.

Ìîæëèâiñòü âèêîðèñòàííÿ ôóíêöiîíàëà ïîòåíöiàëüíî¨ åíåðãi¨ äëÿ ðîç-
êðèòòÿ ñòàòè÷íî¨ íåâèçíà÷åíîñòi áóëî ïîêàçàíî íà ïðèêëàäi äâîõ ïîçäîâ-
æíiõ åëåìåíòiâ ëîíæåðîíà ðàìíî¨ êîíñòðóêöi¨. Ïîøóê òî÷êè ìiíiìóìó
çäiéñíþâàâñÿ ãðàäi¹íòíèì ìåòîäîì, ÿêèé çàñâiä÷èâ ñâîþ ñòiéêiñòü äî íà-
áëèæåííÿ ç êîæíèì êðîêîì iòåðàöi¨.

Òàêèì ÷èíîì, àëãîðèòì ðîçêðèòòÿ ñòàòè÷íî¨ íåâèçíà÷åíîñòi ïîçäîâ-
æíiõ ëîíæåðîíiâ ðàìíèõ êîíñòðóêöié çäiéñíþ¹òüñÿ çà ñõåìîþ çâîðîòíîãî
çâ'ÿçêó.

Iäåÿ âèêîðèñòàííÿ àëãîðèòìó çi çâîðîòíiì çâ'ÿçêîì äëÿ ìiíiìiçàöi¨
ôóíêöiîíàëó ïðè ðîçêðèòòi ñòàòè÷íî¨ íåâèçíà÷åíîñòi ìîæå áóòè êîðèñíà
äëÿ ðîçðàõóíêó íàïðóæåíî-äåôîðìîâàíîãî ñòàíó âèñÿ÷èõ ãàçîïðîâîäiâ.
Ìåòîäîëîãiÿ ïîáóäîâè ñòðóêòóðíî¨ ñõåìè àëãîðèòìó ïîøóêó ç íàÿâíèì
çâîðîòíiì çâ'ÿçêîì äîçâîëÿ¹ ñòâîðèòè àíàëîãi÷íi ìåòîäè çíàõîäæåííÿ ñè-
ëîâèõ ôàêòîðiâ äëÿ ðîçêðèòòÿ ñòàòè÷íî-íåâèçíà÷åíî¨ ñèñòåìè ãàçîïðîâî-
äiâ.

Îäíàê, â äàíîìó âèïàäêó ìiíiìiçàöiÿ âèðàçó ïîòåíöiàëüíî¨ åíåðãi¨ íå
ìîæå áóòè ïðîâåäåíà ó çâ'ÿçêó iç íåìîæëèâiñòþ âiäòâîðèòè çâîðîòíié
çâ'ÿçîê, òàê ÿê ãàçîïðîâiä ñêëàäà¹òüñÿ iç îäíîãî íåñó÷îãî åëåìåíòà.

Íàòîìiñòü ãàçîïðîâîäè ìîæóòü ìàòè äîñèòü âàæëèâó iíôîðìàöiþ. Äå-
ôîðìàöiéíi ïðîöåñè òðóáîïðîâîäiâ âiäðiçíÿþòüñÿ âiä ëîíæåðîíiâ ðàìíèõ
êîíñòðóêöié ìîáiëüíèõ ìàøèí. Òàê, ìàêñèìàëüíà âåëè÷èíà ïðîãèíó òðó-
áîïðîâîäó íà ñåðåäèíi ïðîëüîòó ñòàíîâèòü 0,25-0,30 ì. Òîáòî, òàêi äå-
ôîðìàöi¨ âèäíî âiçóàëüíî, âîíè ìîæóòü áóòè âèìiðÿíi ç âiäíîñíî ìàëîþ
ïîõèáêîþ. Äëÿ òàêèõ âèìiðiâ âèêîðèñòîâóþòü ðiçíîìàíiòíi ãåîäåçè÷íi ìå-
òîäè: òàõåîìåòðè÷íà çéîìêà, íiâåëþâàííÿ òà ií. [2].

Òàêà iíôîðìàöiÿ ¹ êîðèñíîþ äëÿ ñêëàäàííÿ ñèñòåìè ðiâíÿíü êàíàòíî¨
ïiäâiñêè çà óìîâè ¨¨ ðiâíîâàãè. ßêùî êiëüêiñòü óòðèìóþ÷èõ êàíàòiâ ñòà-
íîâèòü n, òî òîäi ðiâíÿíü ðiâíîâàãè ìîæíà ñêëàñòè n − 1. Ðîçâ'ÿçêîì
ñèñòåìè ðiâíÿíü ðiâíîâàãè êàíàòíî¨ ïiäâiñêè ââàæàòèìå àíàëiòè÷íi âèðà-
çèòè çóñèëü â óòðèìóþ÷èõ êàíàòàõ Pi ÷åðåç îäíó íåâiäîìó T1 ñèëó íà-
òÿãó îñíîâíîãî êàíàòó â òî÷öi ¨¨ êðiïëåííÿ äî îïîðè. Òîáòî ìàòèìå ðÿä
çàëåæíîñòåé òèïó Pi = f(1). Öå â ñâîþ ÷åðãó îçíà÷àòèìå, ùî çàìiñòü n
íåâiäîìèõ ìàòèìå âñüîãî ëèø îäíó íåâiäîìó, à ðåøòà çóñèëü ñòàþòü ¨¨
ïîõiäíèìè ôóíêöiÿìè.
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Òàêèì ÷èíîì, âèñÿ÷èé ãàçîïðîâiä ïåðåòâîðþ¹òüñÿ ç n-ñòàòè÷íî íåâè-
çíà÷åíî¨ ñèñòåìè â îäèí ðàç ñòàòè÷íî-íåâèçíà÷åíó. Ðîçêðèòòÿ ñòàòè÷íî¨
íåâèçíà÷åíîñòi âèñÿ÷îãî ãàçîïðîâîäó çíà÷íî ñïðîùó¹òüñÿ: çàìiñòü ïîøó-
êó n íåâiäîìèõ ôàêòîðiâ ïîòðiáíî øóêàòè âñüîãî ëèø îäèí.

Çâîðîòíié çâ'ÿçîê äîñÿãà¹òüñÿ âèêîðèñòàííÿì êðèòåðiÿ ìiíiìiçàöi¨ ñå-
ðåäíüî-êâàäðàòè÷íèõ âiäõèëåíü ìiæ åêñïåðèìåíòàëüíèìè äàíèìè ∆i i òå-
îðåòè÷íèì íàáîðîì fi, ÿêi ïiäðàõîâàíi øëÿõîì âàðiþâàííÿ ïàðàìåòðà T1

σ =

√√√√ n∑
i=1

(fi −∆i)
2 → min . (1)

Çà ïðîöåäóðîþ ïîøóêó, çãiäíî ç (1), âñòàíîâëþ¹òüñÿ çíà÷åííÿ ïàðà-
ìåòðà T1, à òàêîæ âñi çóñèëëÿ â óòðèìóþ÷èõ êàíàòàõ. Öå îçíà÷à¹, ùî
ñòàòè÷íà íåâèçíà÷åíiñòü âèñÿ÷îãî ãàçîïðîâîäó ðîçêðèòà, ùî äîçâîëÿ¹ ïå-
ðåéòè äî àíàëiçó éîãî íàïðóæåíî-äåôîðìîâàíîãî còàíó.
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Recent progress of computing technologies enable development of more
sophisticated applications for natural language processing, in turn it requires
improvement of algorithms and machine learning methods. One of the most
common arising tasks are representation learning and comparison methods.
Most of them are based on counting and cataloguing n-grams in streams of
symbols. One of the fastest method of implementing such operations is by
means of hash tables [1].

Given a sequence of symbols S =
(
s1, s2, s3, . . . , sN+(n−1)

)
, an n-gram of

the sequence is an n-long subsequence of consecutive symbols. The i-th n-
gram of S is the sequence (si, si+1, . . . , si+n−1). Note that there are N such
n-grams in the sequence S.

The literature of hash functions and collision resolution schemes is exten-
sive. A detailed analysis and an overview of early activity can be found in the
classic work by Knuth [2].

The crucial point of the cross-validation method, that is widely used for
machine learning models evaluation, is quality of the validation data set used,
that must include previously unseen data only. An accidental data leak be-
tween the train and validation data sets may signi�cantly corrupt results of
the model evaluation. In this work we are considering application of hashed
n-grams on the data leak search task for the textual data.

The dataset we use includes 4 groups of English text pairs, see Table 1.

Category Ground AVG Number
truth #words of pairs

slightly edited texts same 785 100
random subsets (20-80%) same 584 100
completely di�erent texts di�erent 776 100
di�erent parts of the same text di�erent 1146 100

Table 1: The groups of English text pairs in the dataset

Approach 1. The RAW 3-grams

First, we checked if it is possible to di�erentiate similar texts with sets of the
unique 3-grams.

score =
|G1 ∩G2|

min(|G1|, |G2|)
,
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where G1 and G2 � sets of unique 3-grams of the �rst and second texts
respectively.

Figure 1: Scatter plot of score vs. MRED for raw trigrams

The scatter plot in Figure 1 compares the score with the minimal relative
edit distance (MRED) between the texts:

MRED =
Levenshtein(W1,W2)

min(|W1|, |W2|)
,

where W1 and W2 are word sequences from the �rst and second texts respec-
tively.

Approach 2. Use hashing

The one of widely used methods to compress arbitrary values to a �xed range
of values is hashing. So, instead of the set of 3-grams we can operate with
a set of their hashes. Since we are going to much narrower range of hashes
than the Python hash function (SipHash) returns, we introduce hash size M
as a hyperparameter of the algorithm, so that the 3-gram hash may be easily
bounded by reminder of division on M :

h(g) = SipHash(g) mod M,

where g is a 3-gram.
Consider an integer array of size M , where each element with index i

includes number of unique hashed 3-grams with the hash i (i.e. number of
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hash collisions), but not more the maximal integer value for the given data
type. The hash score in this case is

score =

∑M
i=1 min(H

(i)
1 , H

(i)
2 )

min(
∑M

j=1 H
(j)
1 ,
∑M

l=1 H
(l)
2 )

,

where H1 and H2 are arrays with the number of collisions for the �rst and
second texts respectively. The experiment has shown that perfect di�erenti-
ation of the similar texts is possible if we use a uint8 array of size M = 212,
which takes 4096 bytes of memory.

Approach 3. Use boolean arrays

In this approach we just decreased the data type size of the array from uint8

to boolean. So that, the i-th element of the array is true i� at least one 3-gram
from the text has the hash value i. We can easily rewrite the score equation
with the element wise and operation:

score =

∑M
i=1[H

(i)
1 ∧H

(i)
2 ]

min(
∑M

j=1[H
(j)
1 ],

∑M
l=1[H

(l)
2 ])

.

Figure 2: Scatter plot of score vs. MRED for hashed 3-grams and boolean
array of size 212.
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Results and conclusions

The results are present in the Table 2. The best threshold was chosen to
maximize the F1-score.

Approach
Array
type

Size
M

Best
threshold

F1-score Memory

The raw 3-grams - - 0.459 1.0 unlimited
Hashing with a
collision number

uint8 211 0.538 0.998 2048 bytes
uint8 212 0.518 1.0 4096 bytes

Use a boolean
array

boolean 211 0.575 0.980 256 bytes
boolean 212 0.531 1.0 512 bytes

Table 2: Comparison of results of the approaches

We have found, that even 256-byte boolean array of size 211 is able to
store enough hashed 3-gram information for near-ideal similarity di�erentia-
tion with F1-score 0.98.

Ground truth Data category
Predicted
di�erent same

di�erent completely di�erent texts 100 0
parts of the same text 92 8

same
random subsets 0 100
slightly edited texts 0 100

Table 3: Confusion matrix for text similarity di�erentiation

The confusion matrix is presented in Table 3. The few available errors are
false positive, what is acceptable for the data leak detection task.

1. Jonathan D.C. Recursive hashing functions for n-grams // ACM Transac-
tions on Information Systems. � 1997. � Vol. 15, Is. 3, � Pp. 291�320.
https://doi.org/10.1145/256163.256168

2. Knuth D.E. The Art of Computer Programming. Vol. 3, Sorting and Searching.
� Addison-Wesley, Reading, Mass. � 1973.
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Ðîçãëÿíóòî äèíàìi÷íi ñèñòåìè êîíôëiêòó â äèñêðåòíîìó ÷àñi â òåð-
ìiíàõ äâîõ àáî áiëüøå ñòîõàñòè÷íèõ (íîðìîâàíèõ íà îäèíèöþ) âåêòîðiâ
pti = (ptij)

n
j=1, i = 1, . . . ,m, j = 1, . . . , n, m ≥ 2, n ≥ 2, çàëåæíèõ âiä ÷àñó.

Åâîëþöiÿ â ÷àñi çàäà¹òüñÿ âiäîáðàæåííÿì, ÿêå ïîçíà÷à¹òüñÿ ñèìâîëîì > i
äi¹ ó ïðîñòîði Rn+. Âiäîáðàæåííÿ > ãåíåðó¹ áàãàòîêîìïîíåíòíó äèíàìi÷íó
ñèñòåìó â äèñêðåòíîìó ÷àñi ç òðà¹êòîðiÿìè:{

pti
}m
i=1

>,t−→
{
pt+1
i

}m
i=1

, t = 0, 1, . . . . (1)

Ó çàãàëüíîìó âèïàäêó êîîðäèíàòè âåêòîðiâ pt+1
i âèçíà÷àþòüñÿ iòåðàòèâ-

íî çà êîîðäèíàòàìè ïîïåðåäíiõ âåêòîðiâ çãiäíî ç ñèñòåìîþ ðiçíèöåâèõ
ðiâíÿíü:

pt+1
ij =

1

zt
(
ptij
(
θt + 1

)
+ ατ tj

)
, (2)

α ∈ [−1; 1], i = 1, . . . ,m, j = 1, . . . , n, t = 0, 1, . . . ,

zt = θt + 1 + αW t, W t =
∑
j

τ tj

äå θt = θ
(
pt1,p

t
2, . . . ,p

t
m

)
� äåÿêà îáìåæåíà äîäàòíà ôóíêöiÿ, ÿêà âèçíà÷à¹

âiëüíó åâîëþöiþ ñèñòåìè. Íîðìóâàëüíèé çíàìåííèê zt çàáåçïå÷ó¹ ñòîõà-
ñòè÷íiñòü âåêòîðiâ pt+1

i . Íàáið äîäàòíèõ ôóíêöié τ tj (ïåâíèì ÷èíîì çà-
ëåæíèõ âiä êîîðäèíàò âåêòîðiâ pti) âiäïîâiäà¹ çàêîíó âçà¹ìîäi¨. Çíà÷åí-
íÿ öèõ ôóíêöié ïðè êîæíîìó ôiêñîâàíîìó t óòâîðþþòü äåÿêèé íåñòîõà-
ñòè÷íèé âåêòîð ç íåâiä'¹ìíèìè êîîðäèíàòàìè, ÿêèé ïîçíà÷åíî ñèìâîëîì
T t =

(
τ tj
)n
j=1

i íàçèâà¹ìî âåêòîðîì âçà¹ìîäi¨. Âåêòîð wt = (wtj)
n
j=1, äå

wtj :=
τt
j

W t , ¹ ñòîõàñòè÷íèì àíàëîãîì âåêòîðà T t. Äîñëiäæåíî ðÿä ìîäåëåé
äèíàìi÷íèõ ñèñòåì êîíôëiêòó, òðà¹êòîði¨ ÿêèõ çàëåæàòü âiä âèãëÿäó âå-
êòîðà T t, à òàêîæ âèâ÷åíî çàëåæíiñòü ïîâåäiíêè ñèñòåìè âiä ïîâåäiíêè
T t ïðè t→∞.

Â ðiâíÿííÿõ (2) ñòàëà α ìîæå íàáóâàòè äîâiëüíîãî çíà÷åííÿ, àëå ïðè
äîñèòü âåëèêèõ α øâèäêiñòü çáiæíîñòi (÷è ðîçáiæíîñòi) ñèñòåìè áóäå äî-
ñèòü âåëèêîþ ïðè ìàëèõ çíà÷åííÿ ÷àñó t. Òàêà äèíàìiêà íå âiäïîâiäàòèìå
äèíàìiöi ðåàëüíèõ ïðîöåñiâ, òîìó ïðè ïîáóäîâi ìîäåëi áóëî âèáðàíî çíà-
÷åííÿ ñòàëî¨ α ç ïðîìiæêó [−1; 1]. Çãiäíî ç íàâåäåíèìè ðiâíÿííÿìè, ó
âèïàäêó α ∈ (0; 1] âiäñòàíü ìiæ âåêòîðàìè pti â l1-íîðìi çáiãà¹òüñÿ äî
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íóëÿ,

‖pti − ptk‖1 =

n∑
j=1

|ptij − ptkj | → 0, i 6= k, i, k = 1, . . . ,m,

òîìó âiäîáðàæåííÿ >, çàäàíå öèìè ðiâíÿííÿìè, îïèñó¹ âçà¹ìîäiþ ïðèòÿ-
ãàííÿ. Ïðè α ∈ [−1; 0) áóäåìî ãîâîðèòè ïðî äèíàìi÷íó ñèñòåìó ç âçà¹ìîäi-
¹þ âiäøòîâõóâàííÿ. Çàóâàæèìî, ùî ïðè α = 0 ïî÷àòêîâèé ñòàí

{
pt=0
i

}m
i=1

¹ íåðóõîìèì.

Òåîðåìà 1. Íåõàé âñi êîîðäèíàòè ñòîõàñòè÷íîãî âåêòîðà wt ¹ ìî-
íîòîííèìè (çðîñòàþòü àáî ñïàäàþòü íåçàëåæíî îäíà âiä îäíî¨). Òîäi
iñíó¹ ãðàíè÷íèé âåêòîð w∞ i êîæíà òðà¹êòîðiÿ äèíàìi÷íî¨ ñèñòåìè (1)
ç ïî÷àòêîâèì ñòàíîì

{
pt=0
i

}m
i=1

ïðè α = (0; 1] çáiãà¹òüñÿ äî íåðóõîìîãî

ãðàíè÷íîãî ñòàíó
{
p∞
i

}m
i=1

p∞
i = lim

t→∞
pti, ∀ i = 1, . . . ,m.

Ïðè öüîìó âñi ãðàíè÷íi âåêòîðè p∞
i ìàþòü îäíàêîâi êîîðäèíàòè

p∞ij =
τ∞j
W∞ ∀ i = 1, . . . ,m, j = 1, . . . , n,

ÿêi ñïiâïàäàþòü ç êîîðäèíàòàìè âåêòîðà w∞.

Òåîðåìà 2. Íåõàé âñi êîîðäèíàòè ñòîõàñòè÷íîãî âåêòîðà wt ñïàäà-
þòü. Òîäi êîæíà òðà¹êòîðiÿ äèíàìi÷íî¨ ñèñòåìè (1) ç ïî÷àòêîâèì
ñòàíîì

{
pt=0
i

}m
i=1

ïðè α = [−1; 0) çáiãà¹òüñÿ äî íåðóõîìîãî ãðàíè÷íî-

ãî ñòàíó
{
p∞
i

}m
i=1

p∞
i = lim

t→∞
pti, ∀ i = 1, . . . ,m.

Ïðè öüîìó, ÿêùî w∞
j < 0 äëÿ âñiõ j = 1, . . . , n, òî

p∞ij = w∞
j ∀ i = 1, . . . ,m, j = 1, . . . , n.

Òåîðåìà 3. Íåõàé τ tj = min
i
{ptij}, j = 1, . . . , n. Òîäi êîæíà òðà¹êòîðiÿ

äèíàìi÷íî¨ ñèñòåìè (1) ç ïî÷àòêîâèì ñòàíîì
{
pt=0
i

}m
i=1

ïðè α = [−1; 0)

çáiãà¹òüñÿ äî íåðóõîìîãî ãðàíè÷íîãî ñòàíó
{
p∞
i

}m
i=1

p∞
i = lim

t→∞
pti, ∀ i = 1, . . . ,m.

Ïðè öüîìó, ÿêùî τ t=0
j = pt=0

ij , òî

p∞ij = 0 ∀i = 1, . . . ,m.
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Òåîðåìà 4. Íåõàé m = 2. Êîîðäèíàòè ãðàíè÷íèõ âåêòîðiâ p∞
1 òà p∞

2

êîæíî¨ òðà¹êòîði¨ äèíàìi÷íî¨ ñèñòåìè (1) ïðè α ∈ [−1; 0), τj = min
i
{ptij}

äëÿ âñiõ j = 1, . . . , n ìàþòü íàñòóïíèé ÿâíèé îïèñ. ßêùî ïî÷àòêîâi
âåêòîðè îäíàêîâi, pt1 = pt2, òî é ãðàíè÷íi âåêòîðè áóäóòü ðiâíèìè, p∞

1 =
p∞
2 . ßêùî pt1 6= pt2, òî ãðàíè÷íi âåêòîðè ¹ îðòîãîíàëüíèìè, p∞

1 ⊥ p∞
2 ,

ïðè÷îìó

p∞1j =

{
dj
D , ÿêùî p1j > p2j ,
0, ÿêùî p1j < p2j ,

p∞2j =

{
dj
D , ÿêùî p2j > p1j ,
0, ÿêùî p2j < p1j .

Íåõàé êîîðäèíàòè êîæíîãî âåêòîðà pti = (ptij)
n
j=1, i = 1, . . . ,m çìi-

íþþòüñÿ çãiäíî ç ðiâíÿííÿìè (2). Ïðèïóñòèìî, ùî êîîðäèíàòè âåêòîðà
âçà¹ìîäi¨ τ tj = τj(t), j = 1, . . . , n, äå τj(t) � äîâiëüíi äîäàòíi ïåðiîäè÷íi
ôóíêöi¨ ç cóìiðíèìè ïåðiîäàìè. Òîäi çà âëàñòèâiñòþ ïåðiîäè÷íèõ ôóíêöié

W (t) ≡ W t, êîîðäèíàòè wtj = wj(t) =
τj(t)
W (t) ñòîõàñòè÷íîãî âåêòîðà wt áó-

äóòü òàêîæ ïåðiîäè÷íèìè ç ãîëîâíèì ïåðiîäîì, ÿêèé ïîçíà÷èìî ÷åðåç T .
Â òàêîìó âèïàäêó ñïðàâåäëèâîþ ¹ íàñòóïíà òåîðåìà:

Òåîðåìà 5. Ïðèïóñòèìî, ùî ãîëîâíèé ïåðiîä ôóíêöié wj(t) ¹ äîäàòíiì
öiëèì ÷èñëîì T > 1, à êîîðäèíàòè âåêòîðà wt íå ¹ êîíñòàíòàìè. Òîäi
êîæíà òðà¹êòîðiÿ äèíàìi÷íî¨ ñèñòåìè (1), çàäàíî¨ ñèñòåìîþ ðiçíèöå-
âèõ ðiâíÿíü (2), çáiãà¹òüñÿ äî ω-ãðàíè÷íî¨ ìíîæèíè Γ∞, ÿêà ¹ öèêëi-
÷íîþ îðáiòîþ. Òîáòî, ìíîæèíà Γ∞ ¹ iíâàðiàíòíîþ âiäíîñíî ïåðåòâî-
ðåííÿ > òà ñêëàäà¹òüñÿ ç T âïîðÿäêîâàíèõ âåêòîðiâ Γl, l = 1, . . . , T

Γ1
>−→ Γ2

>−→ Γ3
>−→ · · · >−→ ΓT

>−→ Γ1.

Ãðàíè÷íà ìíîæèíà Γ∞ çàëåæèòü âiä ïî÷àòêîâîãî âåêòîðà wt=0.

Íèùå áóäå íàâåäåíî ïðèêëàäè,ùî äåìîíñòóþòü íàÿâíiñòü íåòðèâiëüíî¨
íåëiíiéíî¨ äèíàìiêè. Â êîæíîìó êîíêðåòíîìó âèïàäêó âèçíà÷åííÿ êîîð-
äèíàò âåêòîðà T t ïîâåäiíêà ñèñòåìè iñòîòíî ðiçíà, çíà÷åííÿ êîîðäèíàò òà
ñïîñiá ¨õíüîãî çàäàííÿ âïëèâàþòü íà ñòiéêiñòü ãðàíè÷íîãî ñòàíó ñèñòåìè.

Äëÿ äîâiëüíîãî ïî÷àòêîâîãî ñòàíó {pt=0
1 ,pt=0

2 ,pt=0
3 } çàäàìî çìiíó êî-

îðäèíàò âåêòîðà T t íàñòóïíèì ÷èíèì: êîîðäèíàòè τ1(t) òà τ2(t) âèçíà÷àþ-
òüñÿ ÿê ìiíiìàëüíå çíà÷åííÿ âiäïîâiäíèõ êîîðäèíàò âåêòîðiâ pti i = 1, 2, 3,
ùî çàáåçïå÷ó¹ ìîíîòîííiñòü ïîñëiäîâíîñòåé êîîðäèíàò τ1(t) òà τ2(t) ïðè
çìiíi t; τ3(t) âèçíà÷àþòüñÿ ÿê äåÿêà äîäàòíà ïåðiîäè÷íà ôóíêöiÿ ç ãî-
ëîâíèì ïåðiîäîì T . Çàâäÿêè çàêîíó äèíàìiêè (2) ç α = 1 ïðè t → ∞
îòðèìó¹ìî ðiâíiñòü p∞

1 = p∞
2 = p∞

3 . Ïðè τ3(t) = sin(πt16 ) + 1 ç ãîëîâíèì
ïåðiîäîì T = 32 çíà÷åííÿ âñiõ êîîðäèíàò âåêòîðiâ pti, i = 1, 2, 3 ïîâòî-
ðþþòüñÿ êîæíi 32 êðîêè ÷àñó, òîáòî ïîâåäiíêà ñèñòåìè áóäå öèêëi÷íîþ;
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ÿêùî τ3(t) = sinπt + 1 ç ïåðiîäîì T = 2, òî τ3(t) íàáóâà¹ ñòàëîãî çíà÷å-
ííÿ, îñêiëüêè sinπt + 1 = 1 äëÿ äîâiëüíîãî t = 0, 1, 2, . . . i öå çàáåçïå÷ó¹
íåðóõîìiñòü ãðàíè÷íîãî ñòàíó.

Íàñòóïíèì ïðèêëàäîì ðîçãëÿíåìî âèïàäîê, â ÿêîìó τ1(t) âèçíà÷à¹òüñÿ
ÿê ìiíiìàëüíå çíà÷åííÿ ïåðøèõ êîîðäèíàò âåêòîðiâ pti, τ2(t) = sin(πt16 ) + 1
âèçíà÷àþòüñÿ ÿê äåÿêà äîäàòíà ïåðiîäè÷íà ôóíêöiÿ ç ãîëîâíèì ïåðiîäîì
T = 32, a τ3(t) = r ·τ3(t)(1−τ3(t)) çìiíþ¹òüñÿ çà çàêîíîì ëîãiñòè÷íîãî âiä-
îáðàæåííÿ. Â òàêîìó âèïàäêó pi1(t) = 0 ïðè t→∞. Çàëåæíî âiä çíà÷åííÿ
ïàðàìåòðà r ïîâåäiíêà ñèñòåìè ìîæå áóòè öèêëi÷íîþ àáî õàîòè÷íîþ. Òàê
ïðè r = 3.56 iñíó¹ öèêë ïåðiîäó T = 32, òîáòî çíà÷åííÿ êîîðäèíàò pi2(t)
òà pi3(t) áóäóòü ïîâòîðþâàòèñÿ êîæíi 32 êðîêè ÷àñó. Äèíàìiêà ïðîiëþñòî-
ðîâàíà íà êîìï'þòåðíèõ ïðèêëàäàõ äåìîíñòðó¹, ùî ïðè r = 4 çíà÷åííÿ
êîîðäèíàò pi2(t) òà pi3(t) çìiíþþòüñÿ õàîòè÷íî.

Äîñëiäæåííÿ âèêîíóâàëèñÿ â ðàìêàõ ïðî¹êòó 0121U110543.

1. Satur Î.R. Dependence of the behavior of the trajectories of dynamic con�i-
ct systems on the interaction vector // Nonlinear Oscillations. � 2022. � 25,
No. 1. � P. 72�88.

2. Satur O.R. Limit States of Multicomponent Discrete Dynamical Systems //
Journal of Mathematical Sciences. � 2021. � Vol. 256. � P. 648�662.

3. Koshmanenko V., Kharchenko N. Fixed points of complex system with
attarachtive interaction // Methods of Functional Analysis and Topology. �
2017. � Vol. 23, No. 2. � P. 164�176.

4. Karataeva T.V., Koshmanenko V.D., Petrenko S.M. Explicitly Solvable Models
of Redistribution of the Con�ict Space // Journal of Mathematical Sciences.
2018. � Vol. 229. � P. 439�454.

5. Êîøìàíåíêî Â.Ä. Ñïåêòðàëüíà òåîðiÿ äèíàìi÷íèõ ñèñòåì êîíôëiêòó. � Êè-
¨â: Íàóêîâà äóìêà, 2016. � 287 ñ.
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Âèêîðèñòàííÿ òåîði¨ L2(Ω) ïðîöåñiâ ïðè ìîäåëþâàííi ãàóññîâîãî

ñòàöiîíàðíîãî âèïàäêîâîãî ïðîöåñó ç íåîáìåæåíèì ñïåêòðîì

Ãàííà Ñëèâêà-Òèëèùàê, Àíòîíiíà Òåãçà

anna.slyvka@uzhnu.edu.ua, antonina.tegza@uzhnu.edu.ua

ÄÂÍÇ "Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò"

Îäíi¹þ ç àêòóàëüíèõ çàäà÷ òåîði¨ âèïàäêîâèõ ïðîöåñiâ ¹ ïîáóäîâà ìà-
òåìàòè÷íî¨ ìîäåëi, à òàêîæ äîñëiäæåííÿ ¨¨ çàãàëüíèõ âëàñòèâîñòåé. Íà
ñüîãîäíiøíié äåíü àêòèâíî ðîçðîáëþþòüñÿ çàãàëüíi ìåòîäè ÷èñåëüíîãî
ìîäåëþâàííÿ âèïàäêîâèõ ïðîöåñiâ, à òàêîæ øâèäêî çðîñòà¹ îáëàñòü çà-
ñòîñóâàííÿ ñòîõàñòè÷íèõ ìîäåëåé, çîêðåìà â ðàäiîòåõíiöi, åëåêòðîíiöi, ó
àêòóàðíié ìàòåìàòèöi i ò.ä.

Äàíà ðîáîòà ïðèñâÿ÷åíà ïîäàëüøîìó ðîçâèòêó òåîði¨ ìîäåëþâàííÿ ãà-
óññîâèõ ñòàöiîíàðíèõ âèïàäêîâèõ ïðîöåñiâ çà ìåòîäîì, ÿêèé çàïðîïîíóâàâ
i ðîçâèâàâ Þ.Â.Êîçà÷åíêî [2]. Ó äàíié ðîáîòi ðîçãëÿíóòî ïðîñòið Îðëè÷à,
ùî ïîðîäæó¹òüñÿ ôóíêöi¹þ U(x) = |x|2. Âèïàäêîâèé ïðîöåñ ó öüîìó ïðî-
ñòîði íàçèâàþòü L2(Ω)-ïðîöåñîì [1]. Âèêîðèñòîâóþ÷è âëàñòèâîñòi öüîãî
ïðîöåñó, ïîáóäîâàíî ìîäåëü ãàóññîâîãî ñòàöiîíàðíîãî ïðîöåñó ç çàäàíèìè
òî÷íiñòþ i íàäiéíiñòþ i äëÿ ÷àñòêîâîãî âèïàäêó êîìï'þòåðíî çìîäåëüîâà-
íî ïðîöåñ.

Ðîçãëÿíåìî ãàóññîâèé ñòàöiîíàðíèé äiéñíèé öåíòðîâàíèé íåïåðåðâíèé
â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ X(t) ç êîâàðiàöiéíîþ
ôóíêöi¹þ:

r(τ) = EX(t+ τ)X(t) =

∞∫
0

cosλtdF (λ),

äå F (λ) � íåïåðåðâíà ñïåêòðàëüíà ôóíêöiÿ öüîãî ïðîöåñó.
Òîäi âèïàäêîâèé ïðîöåñ ìà¹ çîáðàæåííÿ

X(t) =

∞∫
0

cosλtdη1(λ) +

∞∫
0

sinλtdη2(λ),

äå η1(λ) òà η2(λ) òàêi íåçàëåæíi öåíòðîâàíi ãàóññîâi âèïàäêîâi ïðîöåñè,
ùî E(ηi(λ2)− ηi(λ1))2 = F (λ2)− F (λ1) ïðè λ1 < λ2, i = 1, 2.

Çà ìîäåëü ïðîöåñó âiçüìåìî âèïàäêîâèé ïðîöåñ

XM (t) =

M∑
k=0

[ηk1 cos ζkt+ ηk2 sin ζkt],

äå äå ηl1, ηm2, ζk � íåçàëåæíi ïðè âñiõ l,m òà k âèïàäêîâi âåëè÷èíè,
Λ = {λ0, λ1, . . . , λM+1} � òàêå ðîçáèòòÿ ïðîìiæêó [0,+∞), ùî λ0 = 0,
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λk < λk+1, λM+1 = +∞, ηk1, ηk2 � ãàóññîâi âèïàäêîâi âåëè÷èíè, òàêi ùî
Eηk1 = Eηk2 = 0, Eη2k1 = Eη2k2 = F (λk+1) − F (λk) = b2k, ζk � âèïàäêîâi
âåëè÷èíè, ùî ïðèéìàþòü çíà÷åííÿ íà âiäðiçêàõ [λk, λk+1], òà ÿêùî b2k > 0,
òî

Fk(λ) = P{ζk < λ} =
F (λ)− F (λk)

F (λk+1)− F (λk)
.

ßêùî b2k = 0, òî ηk1 = 0, ηk2 = 0, ζk = 0 ç éìîâiðíiñòþ îäèíèöÿ.

Òåîðåìà 1. ßêùî â ìîäåëi XM (t) ðîçáèòòÿ Λ òàêå, ùî âèêîíóþòüñÿ

íåðiâíîñòi:
∞∫
0

λ2dF (λ) <∞, $

√
TLε0 +

√
2ε0 ≤

δ

3

√
2β

3
,

äå L = 4
√
2

4
√
π

[(
λM

M

)2
(1 + λMT )2F (λM ) +

∞∫
λM

(3u− λM )
2
dF (u)

] 1
2

, a

ε0 = 4
√
2

4
√
π
T

[(
λM

M

)2
F (λM ) +

∞∫
λM

(u− λM )
2
dF (u)

] 1
2

, òî iñíó¹ âèïàäêîâèé

ãàóññiâ ïðîöåñ X(t) äî ÿêîãî äàíà ìîäåëü XM (t) áóäå íàáëèæàòèñü ç íà-

äiéíiñòþ 1− β, 0 < β < 1 òà òî÷íiñòþ δ > 0 â ðiâíîìiðíié ìåòðèöi.

Ó ðîáîòi êîìï'þòåðíî çìîäåëüîâàíî âèïàäêîâèé ïðîöåñ äëÿ îäíîãî ç
÷àñòêîâèõ âèïàäêiâ, âèêîðèñòîâóþ÷è ìîâó ïðîãðàìóâàííÿ Python.

1. Buldygin V.V., Kozachenko Yu.V. (2000). Metric characterisation of random
variables and random processes. � Amer. Math. Soc. Providence RI.� 2000. �
270 p.

2. Kozachenko Y.,Pogorilyak O.,Rozora I.,Tegza A. Simulation of Stochastic
Processes with Given Accuracy and Reliability. � Ê.: ISTE Press Ltd, and
Elsevier Ltd Oxford. � 2016. � 346 ç.
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Òåîðiÿ ôóíêöié òà ¨¨ çàñòîñóâàííÿ



Ïðî îäèí êëàñ ôóíêöié,

ÿêi çáåðiãàþòü õâîñòè E-çîáðàæåííÿ ÷èñåë

Îëåêñàíäð Áàðàíîâñüêèé2, Ìèêîëà Ïðàöüîâèòèé1,2

baranovskyi@imath.kiev.ua
1Íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ì. Ï. Äðàãîìàíîâà

2Iíñòèòóò ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè

Ó äîïîâiäi íà îñíîâi òàê çâàíîãî E-çîáðàæåííÿ ÷èñåë ç (0, 1] ââîäèòüñÿ
â ðîçãëÿä íåñêií÷åííà ñiì'ÿ ôóíêöié, ÿêi ìàþòü âëàñòèâiñòü ¾çáåðiãàòè
õâîñòè E-çîáðàæåííÿ ÷èñåë¿.

ßê âiäîìî [1], äëÿ áóäü-ÿêîãî ÷èñëà x ∈ (0, 1] iñíó¹ ¹äèíà ïîñëiäîâíiñòü
(qn) íàòóðàëüíèõ ÷èñåë, qn+1 ≥ qn, ùî

x =

∞∑
n=1

1

(q1 + 1)(q2 + 1) . . . (qn + 1)
≡ ∆q1q2...qn.... (1)

Ðÿä (1) íàçèâà¹òüñÿ ðÿäîì Åíãåëÿ i îäíîçíà÷íî âèçíà÷à¹òüñÿ íåñïà-
äíîþ ïîñëiäîâíiñòþ íàòóðàëüíèõ ÷èñåë (qn). Éîãî ìîæíà çàïèñàòè â ií-
øîìó âèãëÿäi:

x =

∞∑
n=1

1

(2 + g1)(2 + g1 + g2) . . . (2 + g1 + g2 + . . . + gn)
≡ ∆E

g1g2...gn..., (2)

äå q1 − 1 = g1, qn+1 − qn = gn+1 ∈ Z0 ≡ {0, 1, 2, . . .}.
Ðÿä (2) íàçèâà¹òüñÿ E-ïðåäñòàâëåííÿì, à ñêîðî÷åíèé ñèìâîëi÷íèé çà-

ïèñ ∆E
g1g2...gn... �E-çîáðàæåííÿì ÷èñëà x, ïðè öüîìó gn = gn(x)� n-îþ

öèôðîþ (ñèìâîëîì) öüîãî çîáðàæåííÿ.

Îçíà÷åííÿ 1. Êàçàòèìåìî, ùî ôóíêöiÿ f , ÿêà âèçíà÷åíà íà (0, 1] i íàáó-
âà¹ çíà÷åíü ç (0, 1], çáåðiãà¹ õâîñòè E-çîáðàæåíü ÷èñåë, ÿêùî äëÿ áóäü-
ÿêîãî x ∈ (0, 1] iñíóþòü íàòóðàëüíi ÷èñëà k = k(x) i m = m(x) òàêi, ùî

gk+n(x) = gm+n(f(x)) äëÿ âñiõ n ∈ N.

Ïðè âèâ÷åííi ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí, ïîðîäæåíèõ äèñêðåòíè-
ìè ðîçïîäiëàìè öèôð ó ¨õíüîìó çîáðàæåííi, âàæëèâó ðîëü âiäiãðàþòü
õâîñòîâi ìíîæèíè (ìíîæèíè ÷èñåë, åëåìåíòè ÿêèõ ìàþòü îäíàêîâi õâî-
ñòè çîáðàæåíü). Ó âèïàäêó äèñêðåòíîñòi ðîçïîäiëó éîãî òî÷êîâèé ñïåêòð
(ìíîæèíà àòîìiâ) ¹ õâîñòîâîþ ìíîæèíîþ. Öå ìà¹ ìiñöå äëÿ âèïàäêîâèõ
âåëè÷èí ç íåçàëåæíèìè öèôðàìè ó ¨õíüîìó s-êîâîìó çîáðàæåííi, Q-çî-
áðàæåííi [2], çîáðàæåííÿõ, ùî  ðóíòóþòüñÿ íà ðîçêëàäàõ ÷èñåë â åëåìåí-
òàðíi ëàíöþãîâi äðîáè, äîäàòíi ðÿäè Åíãåëÿ, Ñèëüâåñòåðà, Ëþðîòà [3],
à òàêîæ çíàêîïî÷åðåæíi ðÿäè Îñòðîãðàäñüêîãî 1-ãî [4, 5] i 2-ãî âèäó, Ëþ-
ðîòà [6] òîùî.
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Òîìó ïðèðîäíî âèíèêà¹ iíòåðåñ äî íåïåðåðâíèõ ôóíêöié, ÿêi çáåðiãà-
þòü õâîñòè çîáðàæåííÿ ÷èñåë.

Ó ïîäàëüøîìó ïîòðiáíi òàêi äîïîìiæíi ôóíêöi¨:

1. ôóíêöiÿ ¾ñêëåþâàííÿ öèôð¿

v1(x) = ∆E
[g1(x)+g2(x)]g3(x)...gn(x)...

i vn(x) = vn1 (x),

2. ôóíêöiÿ çñóâó öèôð

ω(x) = ∆E
g2(x)g3(x)...gn(x)...

,

3. ôóíêöiÿ ¾çáiëüøåííÿ ïåðøî¨ öèôðè¿

di(x) = ∆E
[i+g1(x)]g2(x)g3(x)...gn(x)...

,

äå i�ôiêñîâàíå öiëå íåâiä'¹ìíå ÷èñëî.

Òåîðåìà 1. Íåõàé i�ôiêñîâàíèé íàòóðàëüíèé ïàðàìåòð. Ïåðåòâîðåí-

íÿ (0, 1], îçíà÷åíå ðiâíiñòþ

ϕi(x) =

{
di(x), ÿêùî 0 < x ≤ x1 ≡ ∆E

0(i),

ω(x) = v1(x), ÿêùî x1 ≤ x ≤ 1,

çáåðiãà¹ õâîñòè E-çîáðàæåííÿ ÷èñåë.
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Ôóíêöi¨ ç ëîêàëüíî ñêëàäíèìè äèôåðåíöiàëüíèìè

âëàñòèâîñòÿìè, ïîâ'ÿçàíi ç íåñêií÷åííîñèìâîëüíèìè

çîáðàæåííÿìè ÷èñåë

Íàäiÿ Áiëîâèöüêà, Iðèíà Ïðîäàí

n.bilovytska@gmail.com, samsungbrain2016@gmail.com

ÍÏÓ iìåíi Ì.Ï. Äðàãîìàíîâà

Ðîçãëÿäà¹òüñÿ ñèñòåìà çîáðàæåííÿ äiéñíèõ ÷èñåë ïðîìiæêà (0; 1] ç íå-
ñêií÷åííèì àëôàâiòîì (ìíîæèíîþ íàòóðàëüíèõ ÷èñåë), ùî ¹ ïåðåêîäó-
âàííÿì äâîñèìâîëüíîãî ïîëiîñíîâíîãî Q2-çîáðàæåííÿ ÷èñåë ç àëôàâiòîì
A = {0; 1}, âèçíà÷åíîãî ïàðàìåòðîì q0 ∈ (0; 1) [3]. Íàãàäà¹ìî ¨¨ çìiñò [1].

Òåîðåìà 1. ßêùî (0; 1) 3 q0 � ôiêñîâàíå äiéñíå ÷èñëî, òî äëÿ áóäü-ÿêîãî
x ∈ (0; 1] iñíó¹ ¹äèíà ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë (an) òàêà, ùî

x = qa1
0 +

∞∑
n=1

(1− q0)nq
a1+a2+...+an+1−n
0 ≡ ∆

q∞0
a1a2...an.... (1)

Ðîçêëàä ÷èñëà x â ðÿä (1) íàçèâà¹òüñÿ q∞0 -ïðåäñòàâëåííÿì, à ñêîðî-

÷åíèé (ôîðìàëüíèé) çàïèñ ∆
q∞0
a1a2...an... � éîãî q∞0 -çîáðàæåííÿ.

Çâ'ÿçîê ìiæ q∞0 -çîáðàæåííÿ i Q2-çîáðàæåííÿì ç ïàðàìåòðîì q0 âñòà-
íîâëþ¹òüñÿ âiäïîâiäíiñòþ:

∆Q2

0...0︸︷︷︸
a1−1

10...0︸︷︷︸
a2−1

10...0︸︷︷︸
a3−1

1...10...0︸︷︷︸
an−1

1...
= x = ∆

q∞0
a1a2a3...an....

1. Äëÿ íàïåðåä çàäàíî¨ ïîñëiäîâíîñòi íåâiä'¹ìíèõ öiëèõ ÷èñåë (kn) ðîç-
ãëÿäà¹òüñÿ êëàñ ôóíêöié fkn

, îçíà÷åíèõ íà (0; 1] ðiâíiñòþ

fkn
(x = ∆

q∞0
a1a2a3...an...) = ∆

q∞0
[k1+a1][k2+a2][k3+a3]...[kn+an]...

. (2)

Î÷åâèäíî, ùî ôóíêöiÿ fkn
¹ êîðåêòíî îçíà÷åíîþ i íåïåðåðâíîþ íà (0; 1].

Çàóâàæèìî, ùî îñêiëüêè ìíîæèíà ïîñëiäîâíîñòåé (kn) ¹ êîíòèíóàëü-
íîþ, òî êëàñ ôóíêöié, îçíà÷åíèõ òàêèì ÷èíîì ¹ òàêîæ êîíòèíóàëüíèì.

Äëÿ ôóíêöi¨ fkn
ìàþòü ìiñöå òàêi ôóíêöiîíàëüíi ñïiââiäíîøåííÿ:

fkn
(∆

q∞0
a1a2a3...an...) = qk1

0 ∆
q∞0
a1[k2+a2][k3+a3]...[kn+an]...

,

fkn
(x = ∆

q∞0
a1a2a3...an...) = qk1

0 δa1(x)(∆
q∞0
[k2+a2][k3+a3]...[kn+an]...

), (3)

äå δa1(x)(∆
q∞0
a2a3...an...) = ∆

q∞0
a1a2a3...an... � îïåðàòîð ïðèïèñó öèôð. Îñêiëüêè

äëÿ ôóíêöi¨ fkn
ìà¹ ìiñöå ðiâíiñòü (3), òî ãðàôiê ôóíêöi¨ ìà¹ ôðàêòàëüíi

âëàñòèâîñòi, çîêðåìà ¹ àâòîìîäåëüíîþ ìíîæèíîþ.
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Ëåìà 1. Ôóíêöiÿ fkn
¹ ìîíîòîííî çðîñòàþ÷îþ äëÿ íà (0; 1] äëÿ äîâiëüíî¨

ïîñëiäîâíîñòi (kn), ïðè÷îìó fkn
(1) = qk1

0 .

Ëåìà 2. ßêùî äëÿ ÷ëåíiâ ïîñëiäîâíîñòi (kn) äëÿ äîâiëüíîãî n ∈ N ìà-
þòü ìiñöå ðiâíîñòi k1 = k, kn+1 = 0, òî ôóíêöiÿ fkn

¹ ëiíiéíîþ ôóíêöi-

¹þ fkn
(x) = qk0x.

Òåîðåìà 2. ßêùî ïîñëiäîâíiñòü (kn) ¹ ñòàëîþ, òîáòî kn = k äëÿ äî-
âiëüíîãî n ∈ N , òî ôóíêöiÿ fkn

¹ ñèíãóëÿðíîþ (ôóíêöi¹þ, âiäìiííîþ
âiä êîíñòàíòè, ïîõiäíà ÿêî¨ ðiâíà íóëþ ìàéæå ñêðiçü ó ðîçìiííi ìiðè
Ëåáåãà).

Òåîðåìà 3. ßêùî â ïîñëiäîâíîñòi (kn) iñíó¹ íåñêií÷åííà êiëüêiñòü åëå-
ìåíòiâ, âiäìiííèõ âiä íóëÿ, òî ôóíêöiÿ fkn

¹ ñèíãóëÿðíîþ.

2. Ðîçãëÿäà¹òüñÿ ôóíêöiÿ, îçíà÷åíà íà (0; 1] ðiâíiñòþ

f(x = ∆
q∞0
a1a2a3...an...) = ∆

q∞0
b1b2b3...bn...

,

äå

b1 = 1, bn = ϕ(an) =

{
1, ÿêùî an 6= 1,

n, ÿêùî an = 1, n = 2, 3, ....

Òåîðåìà 4. Ìíîæèíîþ çíà÷åíü ôóíêöi¨ f ¹ ìíîæèíà êàíòîðiâñüêîãî
òèïó (íiäå íå ùiëüíà ìíîæèíà íóëüîâî¨ ìiðè Ëåáåãà).

Òåîðåìà 5. Ôóíêöiÿ f ¹ íiäå íå ìîíîòîííîþ. Ìíîæèíà ¨¨ ðiâíÿ y =

∆
q∞0
b1b2b3...bn...

, bn ∈ {1, n} ¹
1) çëi÷åííîþ, ÿêùî â çîáðàæåííi ÷èñëà y0 êiëüêiñòü îäèíèöü ñêií÷åííà;
2) êîíòèíóàëüíîþ, ÿêùî êiëüêiñòü îäèíèöü ó çîáðàæåííi y0 íåñêií÷åííà.

Ó äîïîâiäi ïðîïîíóþòüñÿ ðåçóëüòàòè äîñëiäæåííÿ ñòðóêòóðíèõ, òîïîëîãî-
ìåòðè÷íèõ i ôðàêòàëüíèõ, à òàêîæ äèôåðåíöiàëüíèõ âëàñòèâîñòåé ôóí-
êöié fkn

i f .
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Êëàñèôiêàöiÿ çëi÷åííèõ ãðàôiâ Êîêñòåðà âiäíîñíî iíäåêñó ó

ïðîìiæêó
(√√

5 + 2; 3√
2

]
Ìàðiÿ Êîãóò, Ëàðèñà Òèìîøêåâè÷

kgt.mariia@gmail.com, l.tymoshkevych@ukma.edu.ua

Íàöiîíàëüíèé óíiâåðñèòåò ¾Êè¹âî-Ìîãèëÿíñüêà àêàäåìiÿ¿

Iñíó¹ äåêiëüêà ïiäõîäiâ äëÿ ðîçøèðåííÿ äîáðå ðîçâèíåíî¨ ñïåêòðàëü-
íî¨ òåîði¨ ãðàôiâ çi ñêií÷åííîãî âèïàäêó íà çëi÷åííèé, ó ðîáîòi ïðèéíÿòî
ïiäõiä B. Mohar (äèâ. [1]). Iíäåêñè ãðàôiâ ìàþòü øèðîêå êîëî çàñòîñó-
âàíü, çîêðåìà, ó òåîði¨ ïðåäñòàâëåíü, äå ðîçãëÿäàþòüñÿ óìîâè iñíóâàííÿ
íàáîðiâ ïiäïðîñòîðiâ ãiëüáåðòîâîãî ïðîñòîðó, çâ'ÿçàíèõ ïåâíèìè óìîâàìè
(äèâ. [2]). Îáìåæåííÿ íà iíäåêñ ãðàôà âïëèâàþòü íà ñàìó ñòðóêòóðó ãðà-
ôà, â áàãàòüîõ âèïàäêàõ ìîæíà íàâiòü íàâåñòè ïîâíèé ïåðåëiê ìîæëèâèõ
ãðàôiâ ç òàêèìè îáìåæåííÿìè (äèâ. [3, 4]).

Äîñëiäæåíà êëàñèôiêàöiÿ ðiçíèõ òèïiâ çëi÷åííèõ ãðàôiâ Êîêñòåðà çi

çíà÷åííÿìè iíäåêñó ó ïðîìiæêó
(√√

5 + 2; 3√
2

]
.

Ïiä òåðìiíîì ãðàô ðîçóìi¹ìî âïîðÿäêîâàíó ïàðó G = (V,E), â ÿêié
V � äåÿêà íåïîðîæíÿ ìíîæèíà (ìíîæèíà âåðøèí), E � ìíîæèíà, ÿêà
ñêëàäà¹òüñÿ ç íåâïîðÿäêîâàíèõ ïàð ðiçíèõ åëåìåíòiâ V (ìíîæèíà ðåáåð).

Ãðàô ÊîêñòåðàG � öå ïàðà (G, f), äå G � ãðàô, f � âiäîáðàæåííÿ ìíî-
æèíè ðåáåð ãðàôà G ó ìíîæèíó, ùî ñêëàäà¹òüñÿ ç íàòóðàëüíèõ ÷èñåë,
áiëüøèõ çà 2, òà ñèìâîëó ∞. Áóäåìî êàçàòè, ùî G � ãðàô, ïiäïîðÿäêîâà-
íèé ãðàôó Êîêñòåðà G = (G, f).

Äëÿ ïðîñòîòè ñïðèéìàííÿ ãðàô Êîêñòåðà ïðåäñòàâëÿþòü ñõåìîþ, ùî
çîáðàæó¹ ïiäïîðÿäêîâàíèé ãðàô, ïðèïèñóþ÷è íàä êîæíèì ðåáðîì e ÷èñëî
f(e), ÿêå íàçèâàòèìåìî ½ïîçíà÷êîþ“ íà ðåáði. Ïðèéíÿòî îïóñêàòè ïðèïè-
ñóâàííÿ íà ðåáðàõ ÷èñëà 3. Òàêi ðåáðà íàçèâàòèìåìî íåïîçíà÷åíèìè, à
ðåáðà ç ïîçíà÷êîþ, ùî áiëüøà àáî äîðiâíþ¹ 4, � ïîçíà÷åíèìè.

Çëi÷åííèé ãðàô Êîêñòåðà � ãðàô Êîêñòåðà çi çëi÷åííîþ ìíîæèíîþ
âåðøèí. Äëÿ çðó÷íîñòi áóäåìî ïîçíà÷àòè ìíîæèíó âñiõ ñêií÷åííèõ ïiä-
ãðàôiâ ãðàôà G ÷åðåç Fin(G).

Íàãàäà¹ìî, ùî ñïåêòð êâàäðàòíî¨ ìàòðèöi ïîðÿäêó n � öå ìíîæèíà ¨¨
âëàñíèõ çíà÷åíü. Îñêiëüêè ìàòðèöÿ ñóìiæíîñòi A(G) ñêií÷åííîãî ãðàôà
G ñèìåòðè÷íà, òî ¨¨ ñïåêòð äiéñíèé. Ïîçíà÷èìî òî÷êè ñïåêòðà (âëàñíi
çíà÷åííÿ ìàòðèöi) ÷åðåç λi (i = 1, . . . , n) òà ðîçòàøó¹ìî ¨õ ó íåçðîñòà-
þ÷îìó ïîðÿäêó λG = λ1 > λ2 > . . . > λn. Iíäåêñîì ãðàôà íàçèâàþòü
íàéáiëüøå âëàñíå çíà÷åííÿ λG. Ñïåêòð ìàòðèöi ñóìiæíîñòi áóäåìî íàçè-
âàòè ñïåêòðîì ãðàôà G i ïîçíà÷àòè σ(G). Ñïåêòð ãðàôà íå çàëåæèòü âiä
ñïîñîáó íóìåðàöi¨ éîãî âåðøèí òà ¹ iíâàðiàíòîì ãðàôà. Ïîçíà÷èìî õàðà-
êòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöi ñóìiæíîñòi ÷åðåç PG(λ) = |λI −A(G)|.

Iíäåêñîì çëi÷åííîãî ãðàôà íàçèâà¹ìî äîäàòíå ÷èñëî àáî ñèìâîë ∞,
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âèçíà÷åíi ðiâíiñòþ
indG = sup

Ã∈Fin(G)

indÃ

Òåîðåìà 1. Íåõàé G � çëi÷åííèé çâ'ÿçíèé ãðàô Êîêñòåðà ç ïiäïîðÿäêî-
âàíèì ãðàôîì A∞, òî

1. ßêùî ind G ∈
(√√

5 + 2; 3√
2

)
, òî G � ãðàô âèäó:

2. ßêùî ind G = 3√
2
, òî G � ãðàô:

Òåîðåìà 2. Íåõàé G � çëi÷åííèé çâ'ÿçíèé ãðàô Êîêñòåðà ç ïiäïîðÿäêî-

âàíèì ãðàôîì AZ òà éîãî iíäåêñ íàëåæèòü ïðîìiæêó
(√√

5 + 2; 3√
2

]
,

òîäi ind G = 3√
2
òà G � öå ãðàô:

Òåîðåìà 3. Íåõàé G � çëi÷åííèé çâ'ÿçíèé ãðàô Êîêñòåðà ç ïiäïîðÿäêî-
âàíèìè íåçâàæåíèìè T -ãðàôàìè, òî

1. ßêùî ind G ∈
(√√

5 + 2; 3√
2

)
, òî G � ãðàô âèäó:

2. ßêùî ind G = 3√
2
, òî G � ãðàô âèäó:
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Òåîðåìà 4. Íåõàé G � çëi÷åííèé çâ'ÿçíèé ãðàô Êîêñòåðà ç ïiäïîðÿäêî-
âàíèìè ãðàôàìè T1,k,∞ ç ïîçíà÷êîþ ç êðàþ, òîäi

1. ßêùî ind G ∈
(√√

5 + 2; 3√
2

)
, òî G � ãðàô âèäó:

2. ßêùî ind G = 3√
2
, òî G � ãðàô:

Òàêîæ íàâåäåìî òâåðäæåííÿ ç âëàñòèâîñòÿìè çëi÷åííîãî ãðàôà Êîê-

ñòåðà, ó ÿêèõ iíäåêñ íàëåæèòü ïðîìiæêó ïðîìiæêó
(√√

5 + 2; 3√
2

]
.

Òâåðäæåííÿ 1. ÍåõàéG � çëi÷åííèé çâ'ÿçíèé ãðàô Êîêñòåðà òà ind G ∈(√√
5 + 2; 3√

2

]
, òîäi G ìà¹ íàñòóïíi âëàñòèâîñòi:

1. Ìîæå ìàòè ïîçíà÷êè ëèøå ñòðîãî ìåíøi çà 7;
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2. Ìîæå ìàòè ïîçíà÷êè 5 àáî 6 ëèøå íà ðåáðàõ, iíöèäåíòíèõ âèñÿ÷ié
âåðøèíi;

3. Ìîæå ìàòè ùîíàéáiëüøå îäíó ïîçíà÷êó (áiëüøó çà 3);

4. Ìîæå ìàòè ëèøå âåðøèíè ñòåïåíÿ ñòðîãî ìåíøîãî çà 5;

5. Ñåðåä ðåáåð, iíöèäåíòíèõ âåðøèíi ñòåïåíÿ 4, ìîæå áóòè ëèøå
îäíå, ùî iíöèäåíòå íå âèñÿ÷ié âåðøèíi;

6. Íà ðåáði, ÿêå iíöèäåíòíå âåðøèíi ñòåïåíÿ 3, ìîæå áóòè ëèøå ïî-
çíà÷êà 4;

7. ßêùî ãðàô ìà¹ âåðøèíó ñòåïåíÿ 3, òî ìîæå ìàòè ïîçíà÷êè ëèøå
ñòðîãî ìåíøi çà 6;

8. Íå ìiñòèòü æîäíîãî öèêëà.

Îäåðæàíi ðåçóëüòàòè ¹ ïðîäîâæåííÿì äîñëiäæåíü ó ðîáîòàõ [4, 5].

1. Mohar B., Woess W. A survey on spectra of in�nite. Bull. London Math. Soc.

� 1989. � vol. 21. � P. 209-234.

2. Êèðè÷åíêî À. À., Ñàìîéëåíêî Þ. C., Òèìîøêåâè÷ Ë. Ì. Ñòðóêòóðà ñèñòåì

îðòîïðîåêòîðiâ, ïîâ'ÿçàíèõ çi çëi÷åííèìè äåðåâàìè Êîêñòåðà, Óêðà¨íñüêèé

ìàòåìàòè÷íèé æóðíàë. � 2014. � Òîì. 66, �9. � Ñ.1185-1192.

3. Tymoshkevych L. M. On spectral theory of Coxeter graphs and its applicati-

ons, Âiñíèê Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà,

Ñåðiÿ ôiçèêî-ìàòåìàòè÷íi íàóêè. � 2014. � âèïóñê �1. � C. 27-33.

4. Êîðîòêîâ À.Ñ., Òèìîøêåâè÷ Ë.Ì. Àíàëîã òåîðåìè Ñìiòà äëÿ çëi÷åííèõ

ãðàôiâ Êîêñòåðà, Äîïîâiäi Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè. � 2013. �

�12. � Ñ. 19-24.

5. Òèìîøêåâè÷ Ë.Ì. Ïðÿìi òà îáåðíåíi ñïåêòðàëüíi çàäà÷i çâàæåíèõ ñêií÷åí-

íèõ ãðàôiâ i çëi÷åííèõ ãðàôiâ Êîêñòåðà. Äèñåðòàöiÿ êàíä. ôiç.-ìàò. íàóê:

01.01.06, Êè¨â. íàö. óí-ò iì. Òàðàñà Øåâ÷åíêà. � Êè¨â, 2015. � 160 ñ.
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The special inverse problem on the C̆ech-Stone compactification

kozlovskyi.mykola@chnu.edu.ua

Yurii Fedkovych Chernivtsi National University, Ukraine

The inverse problem of separately continuous mappings theory is a problem
with the construction of a separately continuous function f : X × Y → R
with a given discontinuity points set of special rectangular type A×B, where
A ⊆ X and B ⊆ Y . This problem was investigated in [1]-[3]. The following
question naturally arises with connection to positive solutions of the special
inverse problem.

Question. Does there exist a separately continuous function f : βω × βω →
[0, 1] such that the discontinuity points set of the function f is equal to ω∗×ω∗?

Proposition 1. The following conditions are equivalent:

1. there exists a separately continuous function f : βω × βω → [0, 1] with
D(f) = ω∗ × ω∗;

2. there exists a separately continuous function g : βω × βω → [0, 1] such
that D(f) = ω∗ × ω∗, g(ω∗ × ω∗) ⊆

(
0, 14

]
and ωg(x, y) ≥ 1

2 for every
point (x, y) ∈ ω∗ × ω∗.

Proposition 2. Let A,B ⊆ ω be infinite sets and f : βω × βω → [0, 1] be a
separately continuous function such that

f(ω∗ × ω∗) ⊆
[
0, 14

]
. Then there exists n ∈ A such that the set

Bn =
{
m ∈ B : f(n,m) ≤ 1

3

}
is infinite.

Proposition 3. Let f : βω× βω → [0, 1] be a separately continuous function
with f(ω∗ × ω∗) ⊆

[
0, 14

]
. Then there exist infinite sets A,B ⊆ ω such that

f(A×B) ⊆
[
0, 13

]
.

1. Maslyuchenko V., Mykhaylyuk V., Sobchuk O. Investigations on separately con-
tinuous mapppings, Proceedings of International conference dedicated to Hans
Hahn, Chernitsi (1995), 192-246 (in Ukrainian).

2. Mykhaylyuk V.V. The set of discontinuity points of separately continuous func-
tions on the products of compact spaces Methods of Func. Anal. and Top. 13
(3) (2007) 284-295.

3. Kozlovskyi M.R., Mykhaylyuk V.V The set of discontinuity points of separately
continuous functions on the products of compact spaces, European Journal of
Mathematics (2022) 8 (Suppl 1):S330–S345
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Ïðî îäíå óçàãàëüíåííÿ êðèòåðiþ Ïÿòåöüêîãî-Øàïiðî

Ðîñòèñëàâ Êðèâîøèÿ

mostik19@gmail.com

Iíñòèòóò ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè

Ïîñëiäîâíiñòü (xn) íàçèâà¹òüñÿ ðîçïîäiëåíîþ çà ôóíêöi¹þ ðîçïîäiëó
G(x), ÿêùî äëÿ äîâiëüíèõ äiéñíèõ 1 ≥ b > a ≥ 0:

Nn([a; b))

n
→ G(b)−G(a) (n→∞),

äå Nn([a; b)) � êiëüêiñòü ÷èñåë ñåðåä {x1}, {x2}, . . . , {xn}, ÿêi íàëåæàòü
ïðîìiæêó [a; b).

Íåõàé s > 2, s ∈ N , (q0n; q1n; ...; q(s−1)n) � ïîñëiäîâíiñòü ñòîõàñòè÷íèõ
âåêòîðiâ ç ñòðîãî äîäàòíèìè êîîðäèíàòàìè, ïðè÷îìó

+∞∏
n=1

max{q0n; q1n . . . ; q(s−1)n} = 0,

òîäi âiäîìî [2], ùî äëÿ äîâiëüíîãî x ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü öèôð
αn ∈ {0; ...; s− 1}, òàêà, ùî

x = βα11 + βα22qα11 + . . .+ βαn+1(n+1)qα11qα22 . . . qαnn + . . . , (1)

äå β0n = 0, β1n = q0n, . . . , β(s−1)n = q0n + ...+ q(s−2)n.
Ïðåäñòàâëåííÿ (1) íàçèâà¹òüñÿQ∗s-ïðåäñòàâëåííÿì ÷èñëà x, âiäïîâiäíå

Q∗s- çîáðàæåííÿ ìà¹ âèãëÿä

x = ∆
Q∗

s
α1α2...αn....

Âiäîìî [2], ùî iñíó¹ ç÷èñëåííà ìíîæèíà ÷èñåë, ÿêi ìàþòü äâàQ∗s-ïðåäñòàâëåííÿ,
â óñiõ iíøèõ âèïàäêàõ âiäïîâiäíå ïðåäñòàâëåííÿ îäíîçíà÷íå.

Ðîçãëÿíåìî íàñòóïíèé îïåðàòîð çñóâó:

T (∆
Q∗

s
α1α2...αn...) = ∆

Q∗
s

α2α3...αn....

Íåõàé P = ‖(p0k; p1k; . . . ; p(s−1)k)‖� ñòîõàñòè÷íà ìàòðèöÿ ç ñòðîãî äîäà-
òíèìè åëåìåíòàìè, ïðè÷îìó

+∞∏
n=1

max{p0n; p1n . . . ; p(s−1)n} = 0.

Ðîçãëÿíåìî ìíîæèíó N(P ;Q∗) ÷èñåë

x = ∆
Q∗

s
α1α2...αn...,
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ÿêi çàäîâîëüíÿþòü íàñòóïíó óìîâó: äëÿ êîæíîãî áëîêó öèôð (β1;β2; . . . ;βl)
(βj ∈ {0; 1; . . . ; s− 1} äëÿ êîæíîãî j ∈ {1; 2; . . . ; l})

lim
n→∞

Nn(x; (β1;β2; . . . ;βl))

n
= pβ11 · pβ22 · . . . · pβll,

äå Nn(x; (β1;β2; . . . ;βl))− êiëüêiñòü áëîêiâ öèôð (β1;β2; . . . ;βl), ùî çóñòði-
÷àþòüñÿ ñåðåä áëîêiâ öèôð (αj+1;αj+2; . . . ;αj+l), äå j ∈ {0; 1; ...;n− l}.

Òåîðåìà 1. Íåõàé iñíó¹ ñòîõàñòè÷íèé âåêòîð (p0; p1; ...; ps−1) ç ñòðîãî
äîäàòíèìè êîîðäèíàòàìè, ïðè÷îìó äëÿ êîæíîãî j ∈ {0; 1; . . . ; s− 1}

+∞∑
n=1

|pjn − pj | < +∞

òà iñíó¹ ñòàëà C > 0 òàêà, ùî äëÿ äîâiëüíîãî áëîêó öèôð (β1;β2; . . . ;βl)
âèêîíó¹òüñÿ óìîâà

lim
n→∞

Nn(x; (β1;β2; . . . ;βl))

n
< C·β11 ·pβ22 · . . . · pβll,

òî x ∈ N(P ;Q∗).

Äëÿ âèïàäêó, êîëè pjn = 1
s äëÿ êîæíîãî j ∈ {0; 1; ...; s − 1} òà íà-

òóðàëüíîãî n òåîðåìà 1 áóëà äîâåäåíà â ðîáîòi [3]. Äëÿ âèïàäêó, êîëè
(p0k; p1k; . . . ; p(s−1)k) = (p0; p1; ...; ps−1) äëÿ êîæíîãî íàòóðàëüíîãî n òåî-
ðåìà 1 áóëà äîâåäåíà â ðîáîòi [1].

Òåîðåìà 2. ßêùî x ∈ N(P ;Q∗), òî iñíó¹ ôóíêöiÿ ðîçïîäiëó F (x), ÿêà
ìà¹ àáñîëþòíî íåïåðåðâíèé àáî ñèíãóëÿðíèé ðîçïîäië, òàêà, ùî ïîñëi-

äîâíiñòü Tn(x) ðîçïîäiëåíà çà ôóíêöi¹þ ðîçïîäiëó F (x).

1. À. Ã. Ïîñòíèêîâ, Àðèôìåòè÷åñêîå ìîäåëèðîâàíèå ñëó÷àéíûõ ïðîöåññîâ,
Òð. ÌÈÀÍ ÑÑÑÐ, 1960, òîì 57, 3�84.

2. Ïðàöüîâèòèé Ì.Â. Ôðàêòàëüíèé ïiäõiä ó äîñëiäæåííÿõ ñèíãóëÿðíèõ ðîç-
ïîäiëiâ. � Êè¨â: Âèä-âî ÍÏÓ iìåíi Ì.Ï Äðàãîìàíîâà, 1998. � 296ñ.

3. È.È. Øàïèðî-Ïÿòåöêèé. Î çàêîíàõ ðàñïðåäåëåíèÿ äðîáíûõ äîëåé ïîêàçà-
òåëüíîé ôóíêöèè. Èçâ. ÀÍ ÑÑÑÐ, ñåð. ìàòåì., 15 (1951), 47�52.
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Ïðî ñïåêòð ôóíêöi¨ ðîçïîäiëó îäíi¹¨ âèïàäêîâî¨ âåëè÷èíè òèïó

Äæåññåíà-Âiíòíåðà.

Îëåã Ìàêàð÷óê

makolpet@gmail.com

Öåíòðàëüíîóêðà¨íñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi

Âîëîäèìèðà Âèííè÷åíêà

Íåõàé ηn � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí, ÿêi ìàþòü
äèñêðåòíèé ðîçïîäië. ßêùî ðÿä

∑+∞
k=1 ηk çáiãà¹òüñÿ ç éìîâiðíiñòþ îäèíè-

öÿ, òî éîãî ñóìà η çà òåîðåìîþ Äæåññåíà-Âiíòíåðà [1] ìà¹ ÷èñòèé ðîçïîäië
� äèñêðåòíèé, àáñîëþòíî íåïåðåðâíèé àáî ñèíãóëÿðíèé.

Òî÷êà t íàçèâà¹òüñÿ òî÷êîþ ðîñòó ôóíêöi¨ ðîçïîäiëó G(x), ÿêùî äëÿ
êîæíîãî äîäàòíîãî ε:

G(t+ ε)−G(t− ε) > 0.

Ïiä ñïåêòðîì ôóíêöi¨ ðîçïîäiëó G(x) ðîçóìiþòü ìíîæèíó ¨¨ òî÷îê ðîñòó.
Íåõàé äëÿ äîâiëüíîãî íàòóðàëüíîãî n êîæåí ç íàáîðiâ öiëèõ ÷èñåë

(a0n; a1n; ...; a(s−1)n) óòâîðþ¹ ïîâíó ñèñòåìó ëèøêiâ ïî ìîäóëþ s ∈ N ,
ïðè÷îìó ïîñëiäîâíiñòü ajn ¹ îáìåæåíîþ äëÿ êîæíîãî j ∈ {0; 1; ...; s − 1}.
Ðîçãëÿíåìî ìíîæèíó

M = {
+∞∑
n=1

bn
sn
|bn ∈ {a0n; a1n; ...; a(s−1)n}∀n ∈ N}.

Äëÿ âèïàäêó, êîëè ajn = aj1 äëÿ êîæíîãî j ∈ {0; 1; ...; s − 1} òà íà-
òóðàëüíîãî n â ðîáîòi [2] âèñëîâëþâàëàñü ãiïîòåçà ïðî òå, ùî λ(M) > 0,
äå λ(·) � ìiðà Ëåáåãà. Îáãðóíòóâàííÿ öi¹¨ ãiïîòåçè áóëî ïðåäñòàâëåíå â
ðîáîòi [3]. Â äàíié ðîáîòi ìè ïîãëèáëþ¹ìî âiäïîâiäíèé ðåçóëüòàò.

Íåõàé ξn � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí, ÿêi íàáó-
âàþòü çíà÷åíü a0n, a1n, ..., a(s−1)n ç éìîâiðíîñòÿìè p0n, p1n, ..., p(s−1)n âiä-
ïîâiäíî. Ðîçãëÿíåìî âèïàäêîâó âåëè÷èíó

ξ =

+∞∑
n=1

ξn
sn
.

Òåîðåìà 1. ßêùî pjn > 0 äëÿ êîæíîãî j ∈ {0; 1; ...; s− 1} òà íàòóðàëü-
íîãî n, òî ñïåêòðîì ôóíêöi¨ ðîçïîäiëó Fξ(x) ¹ ìíîæèíà M .

Òåîðåìà 2. ßêùî âèêîíó¹òüñÿ óìîâà

+∞∑
n=1

(max{p0n; p1n; ...; p(s−1)n} −
1

s
) < +∞,
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òî Fξ(x) çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ:

|Fξ(t)− Fξ(z)| ≤ C · |t− z| ∀t, z ∈ R,

äå

C =

+∞∏
n=1

(s ·max{p0n; p1n; ...; p(s−1)n}).

Ç òåîðåì 1 òà 2 âèïëèâà¹, ùî λ(M) > 0.

1. Jessen B., Wintner A. Distribution function and Riemann Zeta-function
//Trans.Amer.Math.Soc.38,1935. � P.48-88.

2. Kenyon, R. Projecting the one-dimensional Sierpinski gasket. Isr. J. Math. 97,
221�238 (1997).

3. Zbigniew Nitecki. Cantorvals and subsum sets of null sequences. TheAmerican
Mathematical Monthly, 122(9):862�870, 2015.
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Âèêîðèñòàííÿ ïîëiíîìiâ Áåðíøòåéíà äëÿ ìîäåëþâàííÿ

àïðîêñèìàöi¨ ôóíêöié

Âàñèëü Ìåëüíèê

vasyl.melnyk@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Â òåîði¨ íàáëèæåííÿ ÷àñòî âèêîðèñòîâó¹òüñÿ ïîëiíîì Áåðíøòåéíà äëÿ
àïðîêñèìàöi¨ ôóíêöié, çàäàíèõ íà ïðîñòîði äiéñíèõ ÷èñåë. Ïîëiíîìîì
Áåðíøòåéíà n �ãî ïîðÿäêó äëÿ íåïåðåðâíî¨ ôóíêöi¨ f(x) ∈ C([0, 1]) íàçè-
âà¹òüñÿ ìíîãî÷ëåí âèãëÿäó [1]:

Bn(x) =

n∑
k=0

f(
k

n
)Ck

nx
k(1− x)n−k. (1)

Ìîæíà ïîêàçàòè, ùî Bn(f) ðiâíîìiðíî ïðÿìó¹ äî f íà [0, 1], òîáòî,
âèêîðèñòîâóþ÷è ¨õ, ìîæíà äîâåñòè òåîðåìó Âåéåðøòðàññà (áiëüøå ïðî
ðiâíîìiðíå íàáëèæåííÿ â [2]). Öåé àïðîêñèìàöiéíèé ìåòîä öiêàâèé òèì,
ùî ñèìóëþ¹ ïiäêèäàííÿ n ðàçiâ ñïåöiàëüíî¨ ìîíåòè, ùî âèïàäà¹ ïîòðiáíîþ
íàì ñòîðîíîþ iç éìîâiðíiñòþ x.

Öiêàâèì ¹ âèêîðèñòàííÿ ïîëiíîìiâ Áåðíøòåéíà äëÿ óçàãàëüíåííÿ äå-
ÿêèõ äèíàìi÷íèõ ðiâíÿíü, çîêðåìà, ëîãiñòè÷íîãî âiäîáðàæåííÿ:

xi+1 = rxi(1− xi). (2)

Ìîæíà îòðèìàòè ðiçíi âàðiàíòè ñòàáiëiçàöi¨ (òàê çâàíi òî÷êè ñòàáiëüíî-
ñòi xi) äëÿ ïîñëiäîâíîñòåé xi ïðè ðiçíèõ çíà÷åííÿõ r. Ïðîòå óçàãàëüíåííÿ
âèãëÿäó:

xi+1(x) =

n∑
k=0

f(
k

n
)Ck

nx
k
i (1− xi)

n−k. (3)

äà¹ íàì ìîæëèâiñòü îòðèìàòè àáñîëþòíî iíøó êàðòèíó âèãëÿäó òî-
÷îê ñòàáiëüíîñòi, àáî îðáiòàëüíîãî ïàòòåðíó. Çîêðåìà, âiäîáðàæåííÿ (3)
ïåðåòâîðþ¹òüñÿ â çâè÷àéíå ëîãiñòè÷íå âiäîáðàæåííÿ (2) ïðè n = 2 òà
f(x) = r

2 − 2r(x − 1
2 )

2. Çîêðåìà, äëÿ n > 2 â äåÿêèõ âèïàäêàõ çíèêà¹
åôôåêò ïåðiîäè÷íîãî ïîäâî¹ííÿ îðáiò.

1. Bernstein S. Demonstration du theoreme de Weierstrass fondee sur le calcul des

probabilites. Comm. Soc. Math. Kharkov � 13. � 1-2. � 1912.

2. Ìàñëþ÷åíêî Â. Ê., Ëåêöi¨ ñ ôóíêöiîíàëüíîãî àíàëiçó: ×.1. Ìåòðè÷íi i íîð-

ìîâàíi ïðîñòîðè. � ×åðíiâöi : ×åðíiâåöüêèé íàö. óí-ò, 2010. � 184 ñ.
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Çîáðàæåííÿ ÷èñåë ñêií÷åííèìè ëàíöþãîâèìè A2-äðîáàìè

Ñîôiÿ Ðàòóøíÿê1, Ìèêîëà Ïðàöüîâèòèé2, Iðèíà Ëèñåíêî3

ratush404@gmail.com, prats4444@gmail.com,

iryna.pratsiovyta@gmail.com

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè1,2, ÍÏÓ iìåíi Ì.Ï.

Äðàãîìàíîâà2,3

Íåõàé A ≡ {0; 1} � àëôàâiò, L ≡ A×A× . . . � ïðîñòið ïîñëiäîâíîñòåé
åëåìåíòiâ àëôàâiòó (íóëiâ òà îäèíèöü); A2 = { 12 ; 1}, L2 ≡ A2 ×A2 × . . . .

Íåñêií÷åííi ëàíöþãîâi A2-äðîáè. Âiäîìî [1], ùî äëÿ áóäü-ÿêîãî
÷èñëà x ∈ [ 12 ; 1] iñíó¹ ïîñëiäîâíiñòü (ak) ∈ L2 òàêà, ùî

x =
1

a1 +
1

a2 + ...

≡ [0; a1, a2, . . . , ak, . . .]. (1)

Ëàíöþãîâèé äðiá (1) íàçèâà¹òüñÿ íåñêií÷åííèì ëàíöþãîâèì A2-äðîáîì

(íåñêií÷åííèì A2-äðîáîì), à éîãî ñèìâîëi÷íèé çàïèñ [0; a1, a2, . . . , ak, . . .]
� A2-çîáðàæåííÿì ÷èñëà x, ïðè öüîìó ÷èñëî ak íàçèâà¹òüñÿ k-îþ öèôðîþ
öüîãî çîáðàæåííÿ. Êîæåí íåñêií÷åííèé ëàíöþãîâèé A2-äðiá ¹ çáiæíèì, à
éîãî çíà÷åííÿ íàëåæèòü âiäðiçêó [ 12 ; 1].

Iñíóþòü ÷èñëà, ùî ìàþòü äâà A2-çîáðàæåííÿ, îñêiëüêè

[0; a1, a2, . . . , am,
1

2
, (

1

2
, 1)] = [0; a1, a2, . . . , am, 1, (1,

1

2
)].

Âîíè íàçèâàþòüñÿ A2-áiíàðíèìè. Ìíîæèíà òàêèõ ÷èñåë ¹ çëi÷åííîþ i
âñþäè ùiëüíîþ ó âiäðiçêó [ 12 ; 1]. Êîæíå A2-áiíàðíå ÷èñëî ¹ ðàöiîíàëü-
íèì (àëå íå êîæíå ðàöiîíàëüíå ÷èñëî ç âiäðiçêà [ 12 ; 1] ¹ A2-áiíàðíèì.)
Ðåøòà ÷èñåë âiäðiçêà [ 12 ; 1] ìàþòü ¹äèíå A2-çîáðàæåííÿ i íàçèâà¹òüñÿ A2-

óíàðíèìè. Òàêèì ÷èíîì ñèñòåìà A2-çîáðàæåííÿ ÷èñåë ¹ äâîñèâîëüíîþ i
ìà¹ íóëüîâó íàäëèøêîâiñòü. Ñüîãîäíi íåâiäîìi íåîáõiäíi i äîñòàòíi óìîâè
ðàöiîíàëüíîñòi ÷èñëà â òåðìiíàõ éîãî A2-çîáðàæåííÿ (ïðîáëåìà 1 ).

A2-çîáðàæåííÿ ÷èñëà ëåãêî ïåðåêîäîâó¹òüñÿ çàñîáàìè àëôàâiòó A:

x = [0; a1, a2, . . . , ak, . . .] ≡ ∆A
α1α2...αk...

,

äå αk = 2ak − 1, k ∈ N. Îñòàíí¹ íàçèâà¹òüñÿ A-çîáðàæåííÿì ÷èñëà x.
Âàæëèâèì äëÿ òåîði¨ A2-äðîáiâ i ¨¨ çàñòîñóâàíü ¹ ïîíÿòòÿ öèëiíäðà,

ÿêå ðîçêðèâà¹ ãåîìåòðè÷íèé çìiñò çîáðàæåííÿ..
A-öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2...cm íàçèâà¹òüñÿ ìíîæèíà

∆A
c1c2...cm = {x : x = ∆A

c1c2...cmβ1...βn..., (βn) ∈ L}

âñiõ ÷èñåë x ∈ [ 12 ; 1], ùî ìàþòü A-çîáðàæåííÿ, ïåðøi m öèôð ÿêèõ ñïiâ-
ïàäàþòü ç c1, c2, ..., cm âiäïîâiäíî.

Î÷åâèäíî, ùî ∆A
c1...cm = ∆A

c1...cm0 ∪∆A
c1...cm1.
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1) A-öèëiíäð ∆A
c1...cm ¹ âiäðiçêîì ç êiíöÿìè: ∆A

c1...cm(01) i ∆A
c1...cm(10),

ïðè÷îìó ïðè íåïàðíîìó m ïåðøå ÷èñëî ¹ ëiâèì êiíöåì, à ïðè ïàð-
íîìó � ïðàâèì.

2) äîâæèíà öèëiíäðà ∆A
c1...cm îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

|∆A
c1...cm | =

1

(qm−1 + qm)(qm−1 + 2qm)
≤ 1

q2m−1
,

äå qm � çíàìåííèê ïiäõiäíîãî äðîáó m-ãî ïîðÿäêó, òîáòî çíàìåííèê
ðàöiîíàëüíîãî ÷èñëà, ùî ¹ çíà÷åííÿì âèðàçó [0; a1, a2, ..., am], ÿêèé
îá÷èñëþ¹òüñÿ çà ôîðìóëàìè q0 = 1, q1 = a1, qn+1 = an+1qn + qn−1,
äå an = cn+1

2 ;

3) îñíîâíå ìåòðè÷íå âiäíîøåííÿ äëÿ A-çîáðàæåííÿ ÷èñåë ìà¹ âèãëÿä

|∆A
c1...cmc|
|∆A

c1...cm |
=

1 + a qm−1

qm

2a2 + 1 + 2a qm−1

qm

, a =
c+ 1

2
,

|∆A
c1...cm0|
|∆A

c1...cm |
=

2 + qm−1

qm

3 + 2 qm−1

qm

,
|∆A

c1...cm1|
|∆A

c1...cm |
=

1 + qm−1

qm

3 + 2 qm−1

qm

,

çâiäêè
|∆A

c1...cm0|
|∆A

c1...cm1|
=

2 + qm−1

qm

1 + qm−1

qm

= 1 +
1

1 + qm−1

qm

.

4) äëÿ ∀(cm) ∈ L lim
m→∞

∆A
c1c2...cm =

∞⋂
m=1

∆A
c1c2...cm = x ∈ [ 12 ; 1].

Êîæíå ÷èñëî âiäðiçêà [ 12 ; 1] ïî ñóòi ¹ A-öèëiíäðîì íåñêií÷åííîãî ðàíãó.
Ñüîãîäíi òåîðiÿ íåñêií÷åííèõ ëàíöþãîâèõ A2-äðîáiâ ìà¹ êiëüêà ñêëà-

äîâèõ: òîïîëîãi÷íó, ìåòðè÷íó, ôðàêòàëüíó òà éìîâiðíiñíó. A2-äðîáè çà-
ñòîñîâóâàëèñü ó ôðàêòàëüíîìó àíàëiçi [6], òåîði¨ ôóíêöié [2], òåîði¨ ñèí-
ãóëÿðíèõ ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí [4, 5].

Ñêií÷åííi ëàíöþãîâi A2-äðîáè. Äàëi îñíîâíèì îá'¹êòîì ðîçãëÿäó
¹ ñêií÷åííèé ëàíöþãîâèé A2-äðiá i éîãî çíà÷åííÿ, òîáòî âèðàç

x =
1

a1 +
1

a2+. . .+
1

an

≡ [0; a1, a2, ..., an], ai ∈ A2, (2)

i éîìó âiäïîâiäíå çíà÷åííÿ � ðàöiîíàëüíå ÷èñëî x = pn
qn
, îá÷èñëåíå çà

ôîðìóëàìè: pn+1 = an+1pn + pn−1, qn+1 = an+1qn + qn−1, äå p0 = 0,
p1 = 1, q0 = 1, q1 = a1, an ∈ A2.
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Ìíîæèíó óñiõ çíà÷åíü ñêií÷åííèõ ëàíöþãîâèõ A2-äðîáiâ ìè ïîçíà÷à-
¹ìî ÷åðåç F . Î÷åâèäíî, ùî íàéáiëüøèì çíà÷åííÿì òàêîãî äðîáó ¹ ÷èñëî
2 = [0; 1

2 ], à íàéìåíøèì � 1
3 = [0; 1, 12 ], òîáòî F ⊂ [ 13 ; 2]. Îòæå, êîæíå

÷èñëî x ∈ F ðîçêëàäà¹òüñÿ ó ñêií÷åííèé àáî íåñêií÷åííèé A2-äðiá.
Ñòðóêòóðà ìíîæèíè F .

Ëåìà 1. Ïîñëiäîâíiñòü vn ≡ [0; (1, 12 )n], n ∈ N çíà÷åíü ñêií÷åííèõ A2-

äðîáiâ ¹ çðîñòàþ÷îþ i ïðÿìó¹ äî 1
2 , ïðè÷îìó äëÿ äîâiëüíîãî íàòóðàëü-

íîãî n ∈ N
vn =

4n − 1

2 · 4n + 1
<

1

2
.

ßêùî x � çíà÷åííÿ ñêií÷åííîãî ëàíöþãîâîãî A2-äðîáó, ÿêå ìåíøå
1
2 , òî

x ∈M ≡ { 25 , (vn)}, n ∈ N , ïðè÷îìó 2
5 = [0; 1

2 ,
1
2 ].

Ëåìà 2. Ïîñëiäîâíiñòü un ≡ [0; 1
2 , (1,

1
2 )n], n ∈ N çíà÷åíü ñêií÷åííèõ

A2-äðîáiâ ¹ ñïàäíîþ i çáiãà¹òüñÿ äî 1, ïðè÷îìó

un = [0;
1

2
, (1,

1

2
)n] =

4n+1 + 2

4n+1 − 1
> 1.

ßêùî x � çíà÷åííÿ ñêií÷åííîãî ëàíöþãîâîãî A2-äðîáó, ÿêå áiëüøå 1, òî
x ∈ B ≡ {2, 109 , (un)}, n ∈ N , ïðè÷îìó 10

9 = [0; 1
2 ,

1
2 ,

1
2 ].

Òåîðåìà 1. Ìíîæèíà F çíà÷åíü óñiõ ñêií÷åííèõ ëàíöþãîâèõ A2-äðîáiâ ¹

çëi÷åííîþ i ùiëüíîþ ó âiäðiçêó [ 12 ; 1]. Ìíîæèíà D ≡ F \ [ 12 ; 1] ¹ çëi÷åííîþ
ìíîæèíîþ içîëüîâàíèõ òî÷îê.

Ëåìà 3. Ïiäõiäíèé äðiá pn
qn

= [0; a1, ..., an] íåñêií÷åííîãî ëàíöþãîâîãî A2-

äðîáó [0; a1, ..., an, ...] íå íàëåæèòü öèëiíäðó ∆A2
a1...an .

Öåé ôàêò ïðèíöèïîâî âiäðiçíÿ¹ òåîðiþ A2-äðîáiâ âiä òåîði¨ åëåìåíòàð-
íèõ ëàíöþãîâèõ äðîáiâ.

Êiëüêiñòü A2-çîáðàæåíü ÷èñëà. Ïðèðîäíèì ¹ çàïèòàííÿ: ñêiëüêè
ñêií÷åííèõ A2-çîáðàæåíü ìà¹ ÷èñëî ç ìíîæèíè F? ×èñëà 1 i 1

2 ìàþòü
çëi÷åíó êiëüêiñòü ðiçíèõ ñêií÷åííèõ çîáðàæåíü, çîêðåìà

1

2
= [0; 1, 1] = [0; 1,

1

2
, 1, 1] = [0; 1,

1

2
, 1,

1

2
, 1, 1] = ...

Ëåìà 4. ßêùî äåÿêå ñêií÷åííå A2-çîáðàæåííÿ ÷èñëà x çàêií÷ó¹òüñÿ

öèôðîþ 1, òî öå ÷èñëî ìà¹ çëi÷åííó ìíîæèíó ðiçíèõ ñêií÷åííèõ A2-

çîáðàæåíü, çîêðåìà êîæíå A2-áiíàðíå ÷èñëî ìà¹ çëi÷åííó ìíîæèíó ði-

çíèõ çîáðàæåíü.

Äîâåäåííÿ öüîãî ôàêòó ãðóíòó¹òüñÿ íà òîìó, ùî

1 = [0; 1] = [0;
1

2
, 1, 1] = ... = [0;

1

2
, 1,

1

2
, 1, ...,

1

2
, 1, 1].
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Ëåìà 5. ×èñëî a ìà¹ ¹äèíå ñêií÷åííå A2-çîáðàæåííÿ, ÿêùî iñíó¹ éîãî

çîáðàæåííÿ, ÿêå çàêií÷ó¹òüñÿ öèôðîþ 1
2 .

Öåé ôàêò ëåãêî äîâîäèòüñÿ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.
Íàñëiäîê. Êîæíå ÷èñëî ìíîæèíè D ìà¹ ¹äèíå A2-çîáðàæåííÿ.
Äîñi íåâiäîìî ÷è êîæíå ðàöiîíàëüíå ÷èñëî âiäðiçêà [ 12 ; 1] ìà¹ ðîçêëàä

ó ñêií÷åííèé A2-äðiá (ïðîáëåìà 2 ).
Ó äîïîâiäi ïëàíó¹òüñÿ âèñâiòëèòè ðiçíîïëàíîâi çàñòîñóâàííÿ òåîði¨ ñêií-

÷åííèõ i íåñêií÷åííèõ A2-äðîáiâ, çîêðåìà, ó ôðàêòàëüíîìó àíàëiçi, òåîði¨
ôóíêöié òà éìîâiðíiñíié òåîði¨ ÷èñåë, à òàêîæ ðîçãëÿíóòè ïèòàííÿ ïðî
ïîðÿäîê ðîñòó çíàìåííèêiâ ïiäõiäíèõ äðîáiâ.
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Journal. � 2009. � �4. � P. 541-555.
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Operators and Stochastic Equations, 2019. Vol. 27(3), pp. 199-206.
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Òî÷íi îöiíêè çíèçó íàéêðàùèõ íàáëèæåíü îáìåæåíèõ

ãîëîìîðôíèõ ôóíêöié

Âiêòîð Ñàâ÷óê1, Ìàðèíà Ñàâ÷óê2

savchuk@imath.kiev.ua, maryna1savchuk@gmail.com
1Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè,

2 ÍÒÓÓ ¾Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò iìåíi Iãîðÿ Ñiêîðñüêîãî¿

Íåõàé H∞ áàíàõiâ ïðîñòið îáìåæåíèõ ãîëîìîðôíèõ ôóíêöié f â îäè-
íè÷íîìó êðóçi D := {z ∈ C : |z| < 1} ç íîðìîþ ‖f‖ := supz∈D |f(z)| i f̂j :=
f (j)(0)/j!, j = 0, 1, 2, . . . , � ïîñëiäîâíiñòü êîåôiöi¹íòiâ Òåéëîðà ôóíêöi¨ f .
Íàéêðàùèì íàáëèæåííÿì ôóíêöi¨ f ∈ H∞ íàçèâà¹òüñÿ âåëè÷èíà

En(f) :=

{
‖f‖, n = 0,

infP∈Pn−1
‖f − P‖, n ∈ N,

äå Pn−1 � ìíîæèíà óñiõ àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ ñòåïåííÿ ≤ n− 1.
Çàñòîñîâóþ÷è íåðiâíiñòü Êàðëñîíà [1] äî êîåôiöi¹íòiâ Òåéëîðà ôóíêöi¨

f − P , äå f ∈ H∞ i P ∈ Pn−1, ìîæíà ïîêàçàòè, ùî

En(f) ≥
2

m+ 2

 m∑
j=0

∣∣∣f̂n+j

∣∣∣+ 1

2

∣∣∣f̂N ∣∣∣
 ,

äå m,n ∈ Z+, N ∈ N i N ≥ 2(n+m) + 1.
Ó äàíié äîïîâiäi éäåòüñÿ ïðî òî÷íiñòü öi¹¨ îöiíêè. Îäíèì ç ðåçóëüòàòiâ

¹ òàêà

Òåîðåìà. Íåõàé n,N ∈ N, n < N i c > 0. Òîäi äëÿ òîãî ùîá íåðiâíiñòü

En(f) ≥
∣∣∣f̂n∣∣∣+ c

∣∣∣f̂N ∣∣∣
ñïðàâäæóâàëàñü äëÿ áóäü-ÿêî¨ ôóíêöi¨ f ∈ H∞ íåîáõiäíî i äîñòàòíüî

ùîá N ≥ 2n+ 1 i c ≤ 1/2.
Äî òîãî æ,

sup
f∈H∞\Pn−1

∣∣∣f̂n∣∣∣+ 1
2

∣∣∣f̂N ∣∣∣
En(f)

= 1.

1. Carlson F. Sur les coe�cients d'une fonction born�ee dans le cercle unit�e // Ark.
Mat. Astr. Fys. � 1940. � 27 A, no. 1, 8 pp.
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Ðiâíîìiðíi íàáëèæåííÿ ñóìàìè Ôóð'¹ íà ìíîæèíàõ çãîðòîê

ïåðiîäè÷íèõ ôóíêöié âèñîêî¨ ãëàäêîñòi

Àíàòîëié Ñåðäþê, Òåòÿíà Ñòåïàíþê

serdyuk@imath.kiev.ua, stepaniuk.tet@gmail.com

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

Íåõàé L1 � ïðîñòið 2π�ïåðiîäè÷íèõ ôóíêöié f ñóìîâíèõ íà [0, 2π), â

ÿêîìó íîðìà çàäà¹òüñÿ ôîðìóëîþ ‖f‖1 =
2π∫
0

|f(t)|dt; L∞ � ïðîñòið âè-

ìiðíèõ i ñóòò¹âî îáìåæåíèõ 2π�ïåðiîäè÷íèõ ôóíêöié f ç íîðìîþ ‖f‖∞ =
ess sup

t
|f(t)|; C � ïðîñòið íåïåðåðâíèõ 2π�ïåðiîäè÷íèõ ôóíêöié f , â ÿêîìó

íîðìà îçíà÷à¹òüñÿ ðiâíiñòþ ‖f‖C = max
t
|f(t)|.

Íåõàé ψ(k) � äîâiëüíà ôiêñîâàíà ïîñëiäîâíiñòü äiéñíèõ íåâiä'¹ìíèõ

÷èñåë, i β � ôiêñîâàíå äiéñíå ÷èñëî. ×åðåç Cψβ L1 ïîçíà÷èìî ìíîæèíó
âñiõ ôóíêöié f , ÿêi äëÿ âñiõ x ∈ R çîáðàæóþòüñÿ ó âèãëÿäi çãîðòêè

f(x) =
a0
2

+
1

π

π∫
−π

ϕ(t)Ψβ(x− t)dt, a0 ∈ R, ϕ ∈ L1, ϕ ⊥ 1, (1)

äå Ψβ � ôiêñîâàíå ÿäðî âèãëÿäó

Ψβ(t) =

∞∑
k=1

ψ(k) cos
(
kt− βπ

2

)
, ψ(k) ≥ 0, β ∈ R, (2)

òàêå, ùî
∞∑
k=1

ψ(k) <∞. (3)

Ôóíêöiþ ϕ ó ðiâíîñòi (1) íàçèâàþòü (ψ, β)�ïîõiäíîþ ôóíêöi¨ f i ïîçíà÷à-

þòü ÷åðåç fψβ (äèâ. [1]). Óìîâà (3) çàáåçïå÷ó¹ âêëàäåííÿ Cψβ L1 ⊂ C.
Ìíîæèíó ôóíêöié f ∈ Cψβ L1 òàêèõ, ùî fψβ ∈ B0

1 , äå

B0
1 := {ϕ : ||ϕ||1 ≤ 1, ϕ ⊥ 1}

ïîçíà÷àþòü ÷åðåç Cψβ,1.
Ðîçãëÿäà¹òüñÿ ïèòàííÿ ïðî çíàõîäæåííÿ àñèìïòîòè÷íî íåïîêðàùóâà-

íèõ îöiíîê çâåðõó íîðì ‖f(·)− Sn−1(f ; ·)‖C íà ìíîæèíàõ Cψβ L1, à òàêîæ
ïèòàííÿ ïðî çíàõîäæåííÿ àñèìïòîòè÷íèõ ðiâíîñòåé ïðè n → ∞ äëÿ âå-
ëè÷èí

En(Cψβ,1)C = sup
f∈Cψβ,1

‖f(·)− Sn−1(f ; ·)‖C , (4)
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äå Sn−1(f ; ·) � ÷àñòèííi ñóìè Ôóð'¹ ïîðÿäêó n− 1 äëÿ ôóíêöi¨ f .
Âñòàíîâëåíî íàñòóïíi ðåçóëüòàòè.

Òåîðåìà 1. Íåõàé
∞∑
k=1

kψ(k) <∞, ψ(k) ≥ 0, k = 1, 2, ... i β ∈ R. Òîäi äëÿ

äîâiëüíî¨ ôóíêöi¨ f ∈ Cψβ L1 ïðè âñiõ íàòóðàëüíèõ n ìà¹ ìiñöå íåðiâíiñòü

‖f(·)− Sn−1(f ; ·)‖C ≤
1

π

∞∑
k=n

ψ(k)En(fψβ )L1
. (5)

Òåîðåìà 2. Íåõàé
∞∑
k=1

kψ(k) <∞, ψ(k) ≥ 0, k = 1, 2, ... i β ∈ R. Òîäi ïðè

n→∞ ìà¹ ìiñöå îöiíêà

En(Cψβ,1)C =
1

π

∞∑
k=n

ψ(k) +
O(1)

n

∞∑
k=1

kψ(k + n), (6)

äå O(1) � âåëè÷èíà ðiâíîìiðíî îáìåæåíà ïî âñiõ ïàðàìåòðàõ.

Â ðÿäi âàæëèâèõ âèïàäêiâ íåðiâíiñòü (5) ¹ àñèìïòîòè÷íî íåïîêðàùó-
âàíîþ, à îöiíêà (6) ¹ àñèìïòîòè÷íîþ ðiâíiñòþ.

×åðåç M ïîçíà÷èìî ìíîæèíó âñiõ îïóêëèõ äîíèçó íåïåðåðâíèõ ôóí-
êöié ψ(t), t ≥ 1, òàêèõ, ùî lim

t→∞
ψ(t) = 0.

Íåõàé ïîñëiäîâíiñòü ψ(k), k ∈ N, ÿêà âèçíà÷à¹ ìíîæèíè Cψβ L1 òà C
ψ
β,1 ¹

çâóæåííÿì íà ìíîæèíó íàòóðàëüíèõ ÷èñåë ôóíêöié ψ(t) çM. Ðîçãëÿíåìî
íàñòóïíi õàðàêòåðèñòèêè ôóíêöié ψ ∈M:

α(t) :=
ψ(t)

t|ψ′(t)|

i

λ(t) :=
ψ(t)

|ψ′(t)|
.

Ñïðàâåäëèâå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé ψ ∈ M, α(t) ↓ 0, λ(t) → ∞, λ′(t) → 0 ïðè t → ∞ i

β ∈ R. Òîäi ïðè n→∞ ìà¹ ìiñöå àñèìïòîòè÷íà ðiâíiñòü

En(Cψβ,1)C = ψ(n)λ(n)

(
1

π
+O(1)

(
1

λ(n)
+ α(n) + εn

))
, (7)

äå εn := sup
t≥n
|λ′(t)|, à âåëè÷èíà O(1)¹ ðiâíîìiðíî îáìåæåíîþ ïî ïàðàìå-

òðàõ n i β.

1. A.I. Stepanets, Methods of Approximation Theory. VSP: Leiden, Boston 2005.
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Íàáëèæåííÿ ñóìàìè Ôóð'¹ íà êëàñàõ äèôåðåíöiéîâíèõ ó ñåíñi

Âåéëÿ�Íàäÿ ôóíêöié ç âèñîêèì ïîêàçíèêîì ãëàäêîñòi â

iíòåãðàëüíèõ ìåòðèêàõ

Àíàòîëié Ñåðäþê, Iãîð Ñîêîëåíêî

serdyuk@imath.kiev.ua, sokol@imath.kiev.ua

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà

Íåõàé C i Lp, 1 ≤ p ≤ ∞, � ïðîñòîðè 2π-ïåðiîäè÷íèõ ôóíêöié çi
ñòàíäàðòíèìè íîðìàìè ‖ · ‖C i ‖ · ‖p.

Íåõàé, äàëi, W r
β,p, r > 0, β ∈ R, 1 ≤ p ≤ ∞, � êëàñè 2π-ïåðiîäè÷íèõ

ôóíêöié f , ùî çîáðàæóþòüñÿ ó âèãëÿäi çãîðòêè

f(x) =
a0
2

+
1

π

π∫
−π

ϕ(x− t)Br,β(t)dt, a0 ∈ R, (1)

ç ÿäðàìè Âåéëÿ-Íàäÿ Br,β(·) âèãëÿäó

Br,β(t) =

∞∑
k=1

k−r cos

(
kt− βπ

2

)
, r > 0, β ∈ R,

ôóíêöié ϕ, ùî çàäîâîëüíÿþòü óìîâó ϕ ∈ B0
p , äå

B0
p :=

ϕ ∈ Lp : ‖ϕ‖p ≤ 1,

π∫
−π

ϕ(t)dt = 0

 .

Êëàñè W r
β,p íàçèâàþòü êëàñàìè Âåéëÿ�Íàäÿ, à ôóíêöiþ ϕ â çîáðàæåííi

(1) ïîçíà÷àþòü ÷åðåç frβ i íàçèâàþòü (r, β)-ïîõiäíîþ â ñåíñi Âåéëÿ�Íàäÿ
ôóíêöi¨ f .

Ïðè âñiõ 1 < p, s < ∞, r > ( 1p −
1
s )+ :=

{ 1
p −

1
s , p < s,

0, p ≥ s, i β ∈ R

ìà¹ ìiñöå âêëàäåííÿ W r
β,p ⊂ Ls. Îêðiì òîãî, ïðè äîâiëüíèõ 1 ≤ p ≤ ∞,

r > 1/p, β ∈ R âèêîíóþòüñÿ âêëàäåííÿ W r
β,p ⊂ C.

ßêùî r ∈ N i β = r, òî ôóíêöi¨ Br,β(t) ¹ âiäîìèìè ÿäðàìè Áåðíóëëi, à
âiäïîâiäíi êëàñè W r

β,p çáiãàþòüñÿ ç âiäîìèìè êëàñàìè W r
p 2π-ïåðiîäè÷íèõ

ôóíêöié f , ÿêi ìàþòü àáñîëþòíî íåïåðåðâíi ïîõiäíi äî (r− 1)-ãî ïîðÿäêó
âêëþ÷íî i òàêi, ùî ‖f (r)‖p ≤ 1. Ïðè öüîìó ìàéæå ñêðiçü âèêîíó¹òüñÿ
ðiâíiñòü f (r)(·) = frβ(·).

Äëÿ äîâiëüíî¨ ìíîæèíè N ⊂ Lp, 1 ≤ p ≤ ∞, ðîçãëÿíåìî âåëè÷èíó

En(N)Lp
:= sup

f∈N
‖f(·)− Sn−1(f ; ·)‖Lp

,

â ÿêié Sn−1(f ; ·) � ÷àñòèííà ñóìà Ôóð'¹ ïîðÿäêó n− 1 ôóíêöi¨ f .
Ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ [1].
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Òåîðåìà 1. Íåõàé 1 ≤ p ≤ ∞, β ∈ R, r > 1 i n ∈ N. Òîäi çà âèêîíàííÿ

óìîâè √
n+ 1 ≤ r ≤ n+ 1

ïðè 1 ≤ p <∞ ìà¹ ìiñöå ôîðìóëà

En(W r
β,1)Lp

= n−r
(‖ cos t‖p

π
F

1
p

(p
2
,
p

2
; 1; e−2r/n

)
+O(1)nr−2

)
,

à ïðè p =∞ � ôîðìóëà

En(W r
β,1)L∞ = n−r

( 1

π(1− e−r/n)
+O(1)nr−2

)
,

äå

F (a, b; c; z) = 1 +

∞∑
k=1

(a)k(b)k
(c)k

zk

k!
, (x)k := x(x+ 1)(x+ 2)...(x+ k − 1),

� ãiïåðãåîìåòðè÷íà ôóíêöiÿ Ãàóññà, à O(1) � âåëè÷èíè, ðiâíîìiðíî îáìå-

æåíi âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.

Òåîðåìà 2. Íåõàé 1 ≤ p ≤ ∞, β ∈ R, r > 1 i n ∈ N. Òîäi çà âèêîíàííÿ

óìîâè

n+ 1 ≤ r ≤ n2

ïðè 1 ≤ p <∞ ìà¹ ìiñöå ôîðìóëà

En(W r
β,1)Lp

= n−r
(‖ cos t‖p

π
F

1
p

(p
2
,
p

2
; 1; e−2r/n

)
+O(1)rn−2e−r/n

)
,

à ïðè p =∞ � ôîðìóëà

En(W r
β,1)L∞ = n−r

( 1

π(1− e−r/n)
+O(1)rn−2e−r/n

)
,

äå F (a, b; c; z) � ãiïåðãåîìåòðè÷íà ôóíêöiÿ Ãàóññà, à O(1) � âåëè÷èíè,

ðiâíîìiðíî îáìåæåíi âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.

Âèêîíàíî çà ÷àñòêîâî¨ ôiíàíñîâî¨ ïiäòðèìêè çà ïðî¹êòîì ½Iííîâàöiéíi ìå-

òîäè ó òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü, îá÷èñëþâàëüíié ìàòåìàòèöi òà ìà-

òåìàòè÷íîìó ìîäåëþâàííi� (� äåðæ. ðå¹ñòðàöi¨ 0122U000670) â ðàìêàõ ïðî-

ãðàìè ½Ïiäòðèìêà ïðiîðèòåòíèõ äëÿ äåðæàâè íàóêîâèõ äîñëiäæåíü i íàóêîâî-

òåõíi÷íèõ (åêñïåðèìåíòàëüíèõ) ðîçðîáîê Âiääiëåííÿ ìàòåìàòèêè ÍÀÍ Óêðà-

¨íè íà 2022�2023 ðð.�.

1. Ñåðäþê À.Ñ., Ñîêîëåíêî I.Â. Íàáëèæåííÿ ñóìàìè Ôóð'¹ íà êëàñàõ äèôå-
ðåíöiéîâíèõ ó ñåíñi Âåéëÿ�Íàäÿ ôóíêöié iç âèñîêèì ïîêàçíèêîì ãëàäêî-
ñòi // Óêðà¨íñüêèé ìàòåìàòè÷íèé æóðíàë. � 2022. � Ò. 74, � 5. � Ñ. 685-700.
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Àñèìïòîòè÷íi âëàñòèâîñòi õàðàêòåðèñòè÷íî¨ ôóíêöi¨

âèïàäêîâî¨ âåëè÷èíè ç íåçàëåæíèìè äâiéêîâèìè öèôðàìè.

Äìèòðî Ñêàêóí

skakund2020@gmail.com

Íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ì.Ï. Äðàãîìàíîâà

Íåõàé ψk � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí, ÿêi íàáóâà-
þòü çíà÷åíü 0,1 ç éìîâiðíîñòÿìè p0k, p1k âiäïîâiäíî. Âèïàäêîâà âåëè÷èíà

ξ =

∞∑
k=1

ξks
−k

íàçèâà¹òüñÿ âèïàäêîâîþ âåëè÷èíîþ ç íåçàëåæíèìè äâiéêîâèìè öèôðàìè.
Ëåáåãiâñüêà ñòðóêòóðà ðîçïîäiëó ξ ¹ âiäîìîþ [6]. Çà òåîðåìîþ Äæåññåíà-
Âiíòíåðà [4] âèïàäêîâà âåëè÷èíà ξ ìà¹ ÷èñòèé ðîçïîäië, òîáòî äèñêðå-
òíèé, àáñîëþòíî íåïåðåðâíèé, àáî ñèíãóëÿðíèé. Çà òåîðåìîþ Ï.Ëåâi [5]
ðîçïîäië äèñêðåòíèé òîäi i òiëüêè òîäi, êîëè

+∞∏
k=1

max{p0k; p1k} > 0. (1)

Âiäîìî [6], ùî ðîçïîäië ψ ¹ àáñîëþòíî íåïåðåðâíèì ëèøå, êîëè

+∞∑
k=1

((p0k −
1

2
)2 + (p1k −

1

2
)2) < +∞. (2)

Ðîçïîäië ξ ¹ ñèíãóëÿðíèì ëèøå òîäi, êîëè óìîâè (1) òà (2) îäíî÷àñíî íå
âèêîíóþòüñÿ.

Äëÿ âèïàäêîâî¨ âåëè÷èíè ψ òà ¨¨ õàðàêòåðèñòè÷íî¨ ôóíêöi¨ fψ(t) =
M(eitψ) ðîçãëÿíåìî âåëè÷èíó

Lψ = lim
|t|→∞

sup |fψ(t)|.

Âiäîìî [2], ùî ÿêùî ðîçïîäië ψ äèñêðåòíèé, òî Lψ = 1. ßêùî ðîçïîäië ψ
àáñîëþòíî íåïåðåâíèé, òî Lψ = 0. ßêùî ðîçïîäië ψ ñèíãóëÿðíèé, òî Lψ
ìîæå íàáóâàòè äîâiëüíîãî çíà÷åííÿ ç âiäðiçêó [0; 1].

Â ðîáîòi [1] áóëî ïîêàçàíî, ùî Lξ = 0 òîäi i òiëüêè òîäi, êîëè

lim
n→+∞

p0n =
1

2
.

Â ðîáîòi [7] áóëî ïîêàçàíî, ùî Lξ = 1 òîäi i òiëüêè òîäi, êîëè

lim
n→∞

+∞∑
j=0

p0(n+j)p1(n+j)

4j
= 0.
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Òåîðåìà 1. Íåõàé

τn =

∞∑
k=1

ξn+k2
−k.

ßêùî

lim
n→+∞

max(p0k, p1k) < 1,

òî âèêîíó¹òüñÿ ðiâíiñòü

Lξ = lim
n→+∞

|fτn(π)|.
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Âåðõíÿ îöiíêà âiäíîâëþþ÷îãî ñïåêòðàëüíîãî ÷èñëà äëÿ

çâàæåíèõ ãðàôiâ

Ëàðèñà Òèìîøêåâè÷, Îëåêñàíäðà Ïèëèïiâà

larysatymosh@gmail.com, s.pylypiva@gmail.com

Íàöiîíàëüíèé óíiâåðñèòåò ¾Êè¹âî-Ìîãèëÿíñüêà àêàäåìiÿ¿

Ðiçíîìàíiòíi çàäà÷i âiäíîâëåííÿ äëÿ ãðàôiâ ïîñiäàþòü çíà÷íå ìiñöå â
ñïåêòðàëüíié òåîði¨ ãðàôiâ (äèâ. [1], [2], [3]).

Çâàæåíèì ãðàôîì G íàçèâàòèìåìî òàêó ïàðó (G,w), äå G � öå ïðî-
ñòèé ãðàô, à w : E → (0,+∞) � âàãîâà ôóíêöiÿ, òîáòî âiäîáðàæåííÿ
ìíîæèíè ðåáåð E(G) ó ìíîæèíó äîäàòíèõ äiéñíèõ ÷èñåë.

Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî íàñòóïíó çàäà÷ó âiäíîâëåííÿ äëÿ çâà-
æåíèõ ãðàôiâ: íåõàé íàì âiäîìèé ãðàô G, ìè õî÷åìî îäíîçíà÷íî âiäíîâè-
òè âàãîâó ôóíêöiþ w çâàæåíîãî ãðàôà G = (G,w) çà ñïåêòðàìè ïåâíèõ
éîãî iíäóêîâàíèõ ïiäãðàôiâ. Òîáòî ïîòðiáíî àáè çà çíà÷åííÿìè ñïåêòðiâ
äàííèõ ïiäãðàôiâ âàãè íà ðåáðàõ âèõiäíîãî ãðàôà çíàõîäèëèñÿ îäíîçíà-
÷íî. Ñïåêòð ïiäãðàôà áóäåìî íàçèâàòè ïiäñïåêòðîì. Ìiíiìàëüíó êiëü-
êiñòü òàêèõ ïiäñïåêòðiâ áóäåìî íàçèâàòè âiäíîâëþþ÷èì ñïåêòðàëüíèì
÷èñëîì ãðàôà G, ïîçíà÷åííÿ: Srn(G). Äëÿ êîæíîãî ãðàôà G âèíèêà¹ äâi
çàäà÷i: íàâåñòè ïðèêëàä ïiäñïåêòðiâ, çà ÿêèìè ìîæíà çäiéñíèòè âiäíîâ-
ëåííÿ òà çíàéòè âiäíîâëþþ÷å ñïåêòðàëüíå ÷èñëî.

Ëåìà 1. Âiäíîâëåííÿ âàãè äëÿ êîæíîãî ðåáðà çâàæåíîãî ãðàôà G çà
ñïåêòðàìè éîãî ïiäãðàôiâ i âiäíîâëåííÿ çà õàðàêòåðèñòè÷íèìè ìíîãî-
÷ëåíàìè öèõ ïiäãðàôiâ ¹ åêâiâàëåíòíèìè çàäà÷àìè.

Òâåðäæåííÿ 1. Äëÿ áóäü-ÿêîãî n ≥ 3 ìîæíà âiäíîâèòè çâàæåíèé ãðàô
An (ðèñ. 1) çà ñïåêòðîì âñüîãî ãðàôà σ(An) i ñïåêòðîì σ(An−1).

Ðèñ. 1: An

Äëÿ çâàæåíîãî óíiöèêëi÷íîãî ãðàôà òà äåðåâ, ðîçãëÿíåìî ïîñòàâëåíó
çàäà÷ó i íàâåäåìî âåðõíþ îöiíêó ÷èñëà Srn. Òàêîæ ðîçãëÿíåìî ôîðìó-
ëþâàííÿ òåîðåìè, íà ÿêié áàçó¹òüñÿ äîâåäåííÿ íàñòóïíèõ òâåðäæåíü. Ïî-
çíà÷èìî ÷åðåç cv(G) êiëüêiñòü âèñÿ÷èõ âåðøèí äåðåâà G. Íàçâåìî îäíó
ç âèñÿ÷èõ âåðøèí êîðåíåì. ×åðåç CV (G) ïîçíà÷èìî ìíîæèíó âèñÿ÷èõ
âåðøèí âiäìiííèõ âiä êîðåíÿ.

Òåîðåìà 1. Íåõàé F � äîâiëüíèé çâàæåíèé ãðàô, z ∈ V (F ) òà H �
äåðåâî ç êîðåíåì y. Ãðàô G � îá'¹äíàííÿ ãðàôiâ F, H òà ðåáðà, ùî ç'¹äíó¹

242



âåðøèíè z òà y. Òîäi çà ñïåêòðàìè G òà âñiõ ïiäãðàôiâ âèäó G− v, äå v
ïðîáiãà¹ CV (H), ìîæíà âiäíîâèòè âàãè íà ðåáðàõ ãðàôà H, âàãó íà ðåáði
(z, y), à òàêîæ PF,PF−{z}.

Òåîðåìà 2. (îöiíêà Srn äëÿ äåðåâ) Íåõàé G = (G,w) i ãðàô G � äåðåâî,
òîäi Srn(G) ≤ cv(G) òà äëÿ âiäíîâëåííÿ âàãîâî¨ ôóíêöi¨ w äîñòàòíüî
çíàòè ñïåêòðè òàêèõ ïiäãðàôiâ: G òà âñiõ ïiäãðàôiâ âèãëÿäó G − v, äå
v ïðîáiãà¹ ìíîæèíó CV (G).

Òåîðåìà 3. (îöiíêà Srn äëÿ óíiöèêëi÷íèõ ãðàôiâ) Íåõàé G = (G,w) i G
� óíiöèêëi÷íèé ãðàô, òîäi Srn(G) ≤ cv(G) + 3.

Äëÿ äîâiëüíîãî çâàæåíîãî ãðàôà êàêòóñà-ëàíöþæêà G, çîáðàæåíîãî
íà ðèñóíêó 2, ðîçãëÿíåìî ïîñòàâëåíó çàäà÷ó.

Íåõàé åëåìåíòàìè ëàíöþãà ¹ ãðàôè F1, ..., Fn i äëÿ áóäü-ÿêîãî i ∈
{1, ..., n}: Fi � öèêë Cm, äå m ≥ 4, ∀j ∈ {1, ..., n − 1} ïðîíóìåðó¹ìî âåð-
øèíè, ùî íàëåæàòü ìíîæèíi âåðøèí Fj i ìíîæèíi âåðøèí Fj+1, òîáòî
V (Fj) ∩ V (Fj+1) = j. Òàêîæ âåðøèíè, ó ÿêèõ ñòåïiíü äîðiâíþ¹ 4, ìàþòü
áóòè íå ñóìiæíèìè.

Ðèñ. 2: G � ãðàô êàêòóñ-ëàíöþã

Òâåðäæåííÿ 2. Íåõàé G = (G,w) i ãðàô G � êàêòóñ-ëàíöþã, òîäi
Srn(G) ≤ 4 òà äëÿ âiäíîâëåííÿ âàãîâî¨ ôóíêöi¨ w äîñòàòíüî çíàòè òà-
êi ÷îòèðè ïiäñïåêòðè: σ(AB), σ(AB − v), σ(AT), σ(AT − v), äå AB �
ëàíöþã, ùî çíàõîäèòüñÿ â íèæíié îáëàñòi, AT � ëàíöþã, ùî çíàõîäè-
òüñÿ ó âåðõíié îáëàñòi (äèâ ðèñ. 3).

Ðèñ. 3:
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Ïðî ìiðó Ëåáåãà ìíîæèíè íåïîâíèõ ñóì îäíîãî ñòåïåíåâîãî
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aumykun@gmail.com

Öåíòðàëüíîóêðà¨íñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi

Âîëîäèìèðà Âèííè÷åíêà

Íåõàé a ∈ N, a > 2 òà γ ∈ (0; 1) . Ðîçãëÿíåìî ìíîæèíó

M(γ; a) = {
+∞∑
n=1

bnγ
n|bn ∈ {0; 1; a}∀n ∈ N}.

Âiäîìî [4], ùî ÿêùî a ≡ 2 (mod 3), òî λ(M( 13 ; a)) > 0, äå λ(·) � ìiðà
Ëåáåãà. Äîñëiäæåííÿ âëàñòèâîñòåé ìíîæèíè M(γ; a) äëÿ äåÿêèõ çíà÷åíü
a ïðåäñòàâëåíå â ðîáîòi [2].

Íåõàé ξn � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí, ÿêi íàáó-
âàþòü çíà÷åíü 0, 1, a ç éìîâiðíîñòÿìè 1

3 . Ðîçãëÿíåìî âèïàäêîâó âåëè÷èíó

ξ =

+∞∑
n=1

ξn
3n
.

Çà òåîðåìîþ Äæåññåíà-Âiíòíåðà [1] âèïàäêîâà âåëè÷èíà ξ ìà¹ ÷èñòèé
ðîçïîäië. Çà òåîðåìîþ Ëåâi [3] ðîçïîäië ξ ¹ íåïåðåðâíèì.

Òåîðåìà 1. ßêùî γ ∈ (0; 1
3 ), òî λ(M(γ; a)) = 0. Äëÿ ðîçìiðíîñòi Õàóñäîðôà-

Áåçèêîâè÷à ìíîæèíè M(γ; a) âèêîíó¹òüñÿ íåðiâíiñòü:

α0(M(γ; a)) ≤ −logγ(3).

Òåîðåìà 2. ßêùî λ(M(γ; a)) > 0, òî ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ξ ¹

àáñîëþòíî íåïåðåðâíèì.

Òåîðåìà 3. ßêùî äëÿ êîæíîãî j ∈ {0; 1; ...; [log3(a · π)]} âèêîíó¹òüñÿ

óìîâà:

|1 + ei·
π

3j + ei·
a·π
3j | > 0, (1)

òî ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ξ ¹ ñèíãóëÿðíèì.

Ç òåîðåì 2 òà 3 âèïëèâà¹, ùî λ(M(γ; a)) = 0, ÿêùî âèêîíó¹òüñÿ óìîâà
(1).

1. Jessen B., Wintner A. Distribution function and Riemann Zeta-function
//Trans.Amer.Math.Soc.38,1935. � P.48-88.
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Çãîðòêà äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ: êëàñè÷íîãî

êàíòîðiâñüêîãî i âèïàäêîâî¨ âåëè÷èíè ç íåçàëåæíèìè

äåâ'ÿòiðêîâèìèì öèôðàìè

Äàðèíà Øïèòþê, Ñîôiÿ Ðàòóøíÿê

darina.shpytyuk@gmail.com, ratush404@gmail.com

ÍÏÓ iìåíi Ì.Ï. Äðàãîìàíîâà

Êëàñè÷íèé êàíòîðiâñüêèé ðîçïîäië ìà¹ âèïàäêîâà âåëè÷èíà

τ =
τ1
3

+
τ2
32

+ ...+
τn
3n
≡ ∆3

τ1τ2...τn..., (1)

öèôðè τn òðiéêîâîãî çîáðàæåííÿ ÿêîãî ¹ íåçàëåæíèìè i ìàþòü ðîçïîäiëè
P{τn = 0} = 1

2 = P{τn = 2}, P{τn = 1} = 0 n ∈ N . Éîãî ñïåêòðîì
Sτ (ìiíiìàëüíèì çàìêíåíèì íîñi¹ì ðiâíîñèëüíî ìíîæèíîþ òî÷îê ðîñòó
ôóíêöi¨ ðîçïîäiëó) ¹ êëàñè÷íà ìíîæèíà Êàíòîðà [2]

C[3; {0, 2}] = {x ∈ [0; 1] : x = ∆3
α1α2...αn..., αn ∈ {0, 2}}.

Çãîðòêîþ äâîõ êëàñè÷íèõ êàíòîðiâñüêèõ ðîçïîäiëiâ ¹ ñèíãóëÿðíèé ðîçïî-
äië ñàëåìiâñüêîãî òèïó [3], ñóòò¹âèì íîñi¹ì ÿêîãî ¹ ôðàêòàëüíà ìíîæèíà
òèïó Áåçèêîâè÷à-Åããëñòîíà [2].

Íåõàé η = ∆9
η1η2...ηn... � âèïàäêîâà âåëè÷èíà ç íåçàëåæíèìè öèôðàìè

(ηn) ñâîãî äåâ'ÿòiðêîâîãî çîáðàæåííÿ ç ðîçïîäiëàìè P{ηn = i} = qi ≥ 0,
i = 0, 8, q0 + q1 + ...+ q8 = 1.

Ðîçãëÿäà¹òüñÿ ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ξ = τ + η, äå τ i η �
íåçàëåæíi (òîáòî çãîðòêà ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí τ i η).

Òåîðåìà 1. ßêùî q0q8 > 0, qi = 0, i = 1, 7, òî âèïàäêîâà âåëè÷èíà ξ =
η + τ ìà¹ ÷èñòî ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó, ñïåêòðîì

ÿêîãî ¹ ôðàêòàëüíà ìíîæèíà Sη ⊕ Sτ = C[9; {0, 2, 6, 8, 10, 14, 16}].
Òåîðåìà 2. ßêùî q0 + q1 + q7 + q8 = 1, òî âèïàäêîâà âåëè÷èíà ξ =
η + τ ¹ íåïåðåðâíîþ âèïàäêîâîþ âåëè÷èíîþ, ðîçïîäië ÿêî¨ çîñåðåäæåíèé

íà ìíîæèíi

Sξ = C[9; {4, 5, 11, 12}] = {x ∈ [0; 1] : x = ∆9
α1α2...αn..., αn 6= {4, 5, 11, 12}},

ùî ¹ îá'¹äíàííÿì âiäðiçêiâ, çàãàëüíî¨ äîâæèíè 5
3 .
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Iíôîðìàöiéíi òåõíîëîãi¨ ó ïðèêëàäíèõ çàäà÷àõ òà
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IFC-ôîðìàò ôàéëiâ äëÿ BIM ìîäåëåé. Ñòðóêòóðà òà éîãî
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, AMC

Bridge

Iíôîðìàöiéíå ìîäåëþâàííÿ áóäiâåëü, ñêîðî÷åíî BIM, - öå ïðîöåñ îïòè-
ìiçàöi¨ ïðî¹êòóâàííÿ i áóäiâíèöòâà. Çà äîïîìîãîþ BIM-òåõíîëîãi¨ ñòâî-
ðþ¹òüñÿ iíôîðìàöiéíà ìîäåëü, ÿêà çàáåçïå÷ó¹ òî÷íå áà÷åííÿ ïðî¹êòó â
öiëîìó.

Òåõíîëîãiÿ iíôîðìàöiéíîãî ìîäåëþâàííÿ áóäiâåëü ïîëÿãà¹ â ïîáóäî-
âi òðèâèìiðíî¨ âiðòóàëüíî¨ ìîäåëi áóäiâëi â öèôðîâîìó âèãëÿäi, ÿêà íå-
ñå â ñîái ïîâíó iíôîðìàöiþ ïðî ìàéáóòíié îá'¹êò. Çàñòîñóâàííÿ BIM-
òåõíîëîãi¨ â ïðî¹êòóâàííi áóäèíêiâ âêëþ÷à¹ â ñåáå çáið òà êîìïëåêñíó
îáðîáêó òåõíîëîãi÷íî¨, àðõiòåêòóðíî-êîíñòðóêòîðñüêî¨, åêîíîìi÷íî¨ iíôîð-
ìàöi¨ ïðî áóäiâëþ, çàâäÿêè ÷îìó áóäiâåëüíèé îá'¹êò i âñå, ùî äî íüîãî
âiäíîñèòüñÿ, ðîçãëÿäàþòüñÿ ÿê ¹äèíå öiëå.

Industry Foundation Classes - ôîðìàò äàíèõ BIM iç âiäêðèòîþ ñïåöè-
ôiêàöi¹þ, ùî íå êîíòðîëþ¹òüñÿ æîäíîþ êîìïàíi¹þ àáî ãðóïîþ êîìïàíié.
Ôîðìàò ôàéëó áóâ ðîçðîáëåíèé buildingSMART äëÿ ñïðîùåííÿ âçà¹ìîäi¨
â áóäiâåëüíié iíäóñòði¨. Òîáòî, IFC áóâ ðîçðîáëåíèé äëÿ òîãî, ùîá ñòâî-
ðèòè âåëèêó ãðóïó íåñóïåðå÷ëèâèõ äàíèõ, ÿêi çäàòíi ïðåäñòàâëÿòè ìî-
äåëü äàíèõ áóäiâëi, äîçâîëÿþ÷è, ó òàêèé ñïîñiá, îáìií iíôîðìàöi¹þ ìiæ
ðiçíèìè âèðîáíèêàìè ïðîãðàìíîãî çàáåçïå÷åííÿ ó ãàëóçi àðõiòåêòóðíîãî
òà òåõíi÷íîãî ïðî¹êòóâàííÿ i áóäiâíèöòâà.

IFC ïðîÿâëÿ¹òüñÿ ó öüîìó êîíòåêñòi ÿê ìîäåëü äàíèõ ïåðåêëàäó, ó
ôîðìàòi, ÿêèé �íiêîìó íå íàëåæèòü�, äîñòóïíîìó äëÿ âèçíà÷åííÿ îá'¹êòiâ
ó ñôåði àðõiòåêòóðíîãî òà òåõíi÷íîãî ïðî¹êòóâàííÿ òà áóäiâíèöòâà. Àëå öå
íå ñòàíäàðòèçó¹ ñòðóêòóðè äàíèõ ó ïðîãðàìíèõ äîäàòêàõ, à îáìåæó¹òüñÿ
ëèøå ñòàíäàðòèçàöiÿìè ñïiëüíî âèêîðèñòîâóâàíî¨ iíôîðìàöi¨.

Íà ñüîãîäíi IFC ôîðìàò ïiäòðèìóþòü áiëüøiñòü ñó÷àñíèõ CAD ñèñòåì,
ñåðåä ÿêèõ: ArchiCAD, Autodesk Revit, Autodesk Autocad, BIM Viewer,
Bentley Viewer, SolidWorks.

Ìîäåëü IFC ñêëàäà¹òüñÿ ç ñîòíi îá'¹êòiâ, ÿêi îðãàíiçîâàíi â i¹ðàðõi÷íèé
ñïîñiá. Äåÿêi ïðèêëàäè òàêèõ îá'¹êòiâ:

• åëåìåíòè êîíñòðóêöi¨, ÿê-îò IfcWall (ñòiíà), IfcWindow (âiêíî) , IfcDoor
(äâåði),

• ãåîìåòðè÷íi åëåìåíòè, ÿê-îò IfcExtrudedAreaSolid (ñóöiëüíà åêñòðó-
çiÿ ç îáëàñòi),

• áàçîâi êîíñòðóêöi¨, ÿê-îò IfcCartesianPoint (âåðøèíà, òî÷êà).
Ëîãiêà IFC áàçó¹òüñÿ íà 3 îñíîâíèõ êîíöåïöiÿõ, ÿêi ïðåäñòàâëÿþòü
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ñòðóêòóðó ôàéëó:
1. IfcObjectDe�nition, ùî âèçíà÷à¹ ñàìi ñóòíîñòi (îá'¹êòè)
2. IfcRelationship, ùî âèçíà÷à¹ çâ'ÿçîê ìiæ ñóòíîñòÿìè
3. IfcPropertyDe�nition, ùî âèçíà÷à¹ âëàñòèâîñòi, ïîâ'ÿçàíi ç ñóòíîñòÿ-

ìè.
Óíiêàëüíîþ ìîæëèâiñòþ IFC ôîðìàòó ¹ òå, ùî áiëüøiñòü ãåîìåòðè-

÷íèõ îá'¹êòiâ ìîæóòü áóòè âèêîðèñòàíi äåêiëüêà ðàçiâ ðiçíèìè ñóòíîñòÿ-
ìè. Öå çíà÷íî çìåíøó¹ ðîçìiðè IFC-ôàéëó.

Ó áóäiâíèöòâi òà ïðîåêòóâàííi äîñèòü ÷àñòî âèêîðèñòîâóþòüñÿ îäíàêî-
âi êîíñòðóêöi¨. Íàïðèêëàä, ñòiíà ìîæå ìàòè äåêiëüêà îäíàêîâèõ âiêîí, à
ñàìi ñòiíè íà äåêiëüêîõ ïîâåðõàõ ¹ îäíàêîâèìè çà ðîçìiðîì. Ó òàêîìó âè-
ïàäêó IFC äîçâîëÿ¹ çà äîïîìîãîþ òiëüêè îäíîãî îá'¹êòó ãåîìåòði¨ âiêíà
òà îäíîãî îá'¹êòó ãåîìåòði¨ ñòiíè ñòâîðèòè ïîâíîöiííó ìîäåëü áóäèíêó.
Âiäïîâiäíi ñóòíîñòi âiêíà òà ñòiíè áóäóòü ïåðåâèêîðèñòîâóâàòè âèçíà÷åíó
ãåîìåòðiþ äåêiëüêà ðàçiâ, ëèøå çàäàþ÷è ¨é óíiêàëüíå ìiñöåçíàõîäæåííÿ.

Îòæå, IFC ôîðìàò ¹ ñó÷àñíèì ôîðìàòîì çàäàííÿ äàíèõ BIM, ÿêèé
ïðîäîâæó¹ ðîçâèâàòèñü. Âií âèêîðèñòîâó¹òüñÿ ó áàãàòüîõ CAD-ñèñòåìàõ,
¹ óíiâåðñàëüíèì òà ñòàíäàðòèçîâàíèì. Òàêîæ âií ìà¹ ãëèáîêó ñòðóêòóðó
òà áàãàòî ïåðåâàã ïåðåä iíøèìè ôîðìàòàìè çàäàííÿ BIM-äàíèõ.
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Òåõíîëîãi¨ äîïîâíåíî¨ ðåàëüíîñòi íà óðîêàõ ìàòåìàòèêè

Àíàñòàñiÿ Áóçèíîâñüêà, Ðóñëàíà Êîëiñíèê

buzynovska.anastasiia@chnu.edu.ua, r.kolisnyk@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Â óìîâàõ ñòðiìêîãî ðîçâèòêó íàóêè, òåõíiêè é òåõíîëîãié çíà÷íèõ ïå-
ðåòâîðåíü çàçíà¹ i âñÿ îñâiòíÿ ñèñòåìà. Â Êîíöåïöi¨ íîâî¨ óêðà¨íñüêî¨
øêîëè çàçíà÷à¹òüñÿ, ùî ¾øêîëà ìà¹ áóòè â àâàíãàðäi ñóñïiëüíèõ çìií¿,
çîêðåìà, i âñi íàéêðàùi ïðàêòèêè âèêîðèñòàííÿ öèôðîâèõ òåõíîëîãié ìà-
þòü çàñòîñîâóâàòèñÿ i â îñâiòíüîìó ïðîöåñi.

Âèêîðèñòàííÿ ñó÷àñíèõ òåõíîëîãié â îñâiòíüîìó ïðîöåñi ñïðÿìîâàíå íà
òå, ùîá çðîáèòè íàâ÷àííÿ áiëüø iíòåðàêòèâíèì òà öiêàâèì. Ïåðåä â÷èòå-
ëåì ç'ÿâëÿþòüñÿ íîâi âèêëèêè � ïðèâåðíóòè óâàãó ó÷íiâ, ÿêi íå óÿâëÿþòü
ñâîãî æèòòÿ áåç ãàäæåòiâ, äî ìàòåðiàëó, ùî âèâ÷à¹òüñÿ, òà óòðèìóâàòè ¨õ
óâàãó ïðîòÿãîì óðîêó. Çîêðåìà, âèêîðèñòàííÿ íà óðîêàõ òåõíîëîãi¨ äîïîâ-
íåíî¨ ðåàëüíîñòi (àíãë. augmented reality àáî AR) ðîçøèðèòü ìîæëèâîñòi
â÷èòåëiâ, äîïîìîæå ìîòèâóâàòè ó÷íiâ äî íàâ÷àííÿ, íàäàþ÷è íàäçâè÷àéíî
öiêàâèé öèôðîâèé êîíòåíò òà ôóíêöi¨.

Ó ðîáîòi ðîçãëÿíóòî ïèòàííÿ âèêîðèñòàííÿ AR ïðè âèâ÷åííi ãåîìå-
òðè÷íèõ ôiãóð ó ïðîñòîði ó êóðñi ìàòåìàòèêè ÇÇÑÎ. Îäíèì iç çàâäàíü
êóðñó ìàòåìàòèêè îñíîâíî¨ øêîëè ¹ ôîðìóâàííÿ óÿâëåííÿ ïðî íàéïðî-
ñòiøi ãåîìåòðè÷íi ôiãóðè â ïðîñòîði òà ¨õ âëàñòèâîñòi, à òàêîæ ïåðâèííèõ
óìiíü çàñòîñîâóâàòè ¨õ ó íàâ÷àëüíèõ i æèòò¹âèõ ñèòóàöiÿõ. Òóò ó ïðèãîäi
ñòàþòü ïðîãðàìè äèíàìi÷íî¨ ãåîìåòði¨ òà äîäàòêè äîïîâíåíî¨ ðåàëüíî-
ñòi, âèêîðèñòîâóþ÷è ÿêi â÷èòåëü àêòèâiçó¹ ïiçíàâàëüíó, äîñëiäíèöüêó òà
ïðî¹êòíó äiÿëüíiñòü ó÷íiâ, ìîòèâó¹ ¨õ äî íàâ÷àííÿ òà äî âèêîðèñòàííÿ
îòðèìàíèõ çíàíü.

Íà åòàïi çíàéîìñòâà ó÷íiâ ç ïðîñòîðîâèìè ãåîìåòðè÷íèìè ôiãóðàìè
â÷èòåëþ âàðòî âèêîðèñòîâóâàòè ïðîãðàìíi çàñîáè íàâ÷àííÿ òà äîäàòêè
äîïîâíåíî¨ ðåàëüíîñòi, ÿê çàñîáè äëÿ âiçóàëiçàöi¨ òà âçà¹ìîäi¨, ùî áåçïå-
ðå÷íî çàöiêàâèòü ó÷íiâ, ïîêðàùèòü ñïðèéíÿòòÿ íîâîãî ìàòåðiàëó òà äàñòü
çìîãó êðàùå ðîçâèíóòè ïðîñòîðîâó óÿâó. ßêíàéêðàùå ñïðàâëÿþòüñÿ ç
öèì çàâäàííÿì ìàðêåðíi äîäàòêè äîïîâíåíî¨ ðåàëüíîñòi. Íàïðèêëàä äî-
äàòîê CleverBooks, ÿêèé çàïóñêà¹òüñÿ íà ïëàíøåòi àáî ñìàðòôîíi (íà áàçi
Android ÷è iOS), òà äîçâîëÿ¹ çà äîïîìîãîþ êîëåêöi¨ ôëåøêàðò (ðèñ. 1),
ÿêi ïîòðiáíî çàçäàëåãiäü âèäðóêóâàòè, âiçóàëiçóâàòè îñíîâíi ïðîñòîðîâi
ãåîìåòðè÷íi ôiãóðè, ðîçäèâèòèñÿ ¨õ ç óñiõ áîêiâ, âèâ÷èòè ¨õ åëåìåíòè òà
ðîçãëÿíóòè ðîçãîðòêè.
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Ðèñ. 1

Çãîäîì, êîëè ó÷íi âæå áiëüø äåòàëüíî âèâ÷àþòü ãåîìåòðè÷íi ôiãóðè
ó ïðîñòîði, â÷àòüñÿ âèçíà÷àòè îá'¹ìè öèõ ôiãóð, ïëîùó ïîâíî¨ ïîâåðõíi
ôiãóðè ÷åðåç ïëîùó ðîçãîðòêè, âàðòî âèêîðèñòîâóâàòè äîäàòîê AR (íà
áàçi iOS) ïðîãðàìè GeoGebra. Ñòâîðèâøè íåîáõiäíèé îá'¹êò â ìîáiëüíîìó
äîäàòêó Geogebra 3D Êàëüêóëÿòîð, òà, ïåðåéøîâøè â ðåæèì äîïîâíåíî¨
ðåàëüíîñòi, ìîæíà ðîçìiñòèòè ñòâîðåíèé âiðòóàëüíèé îá'¹êò íà äîâiëü-
íié ïëîñêié ïîâåðõíi, ÿêà íàñ îòî÷ó¹ â ðåàëüíîìó æèòòi, i âèâ÷àòè éîãî,
çìiíþþ÷è ðîçòàøóâàííÿ îá'¹êòà, éîãî ðîçìiðè, ðîçãëÿäàþ÷è éîãî ç óñiõ
ñòîðií, ¾çàõîäÿ÷è¿ êàìåðîþ òåëåôîíó âñåðåäèíó îá'¹êòà òîùî.

Òåõíîëîãi¨ AR âñå áiëüøå ïðèñóòíi â íàøîìó æèòòi, âîíè çàêîíîìiðíî
ñòàþòü äèäàêòè÷íèì çàñîáîì, i òîìó íàì âàðòî íå âiäêèäàòè ¨õ âèêîðèñòà-
ííÿ, à íàóêîâî îá ðóíòóâàòè òà àêòèâíî âèêîðèñòîâóâàòè ¨õ ìîæëèâîñòi
â îñâiòíüîìó ïðîöåñi.

1. GeoGebra. [Åëåêòðîííèé ðåñóðñ]. � Ðåæèì äîñòóïó:
https://www.geogebra.org

2. CleverBooks: äîïîâíåíà ðåàëüíiñòü äëÿ STEM-îñâiòè. [Åëåêòðîííèé ðå-
ñóðñ]. � Ðåæèì äîñòóïó: Îñâiòíié ìiñò ó ìàéáóòí¹ � CleverBooks
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Ðîëü ñó÷àñíèõ iíôîðìàöiéíèõ òåõíîëîãié â îñâiòi

Òåòÿíà Ãîòèí÷àí

t.hotynchan@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Îñâiòà ó 21 ñòîëiòòi íåìèñëèìà áåç çàñòîñóâàííÿ iíôîðìàöiéíèõ òåõ-
íîëîãié. Çàñòîñóâàííÿ ñó÷àñíèõ iíôîðìàöiéíèõ òåõíîëîãié òà öèôðîâèõ
ðåñóðñiâ â îñâiòi ñïðèÿ¹ óäîñêîíàëåííþ ðîëi ÿê âèêëàäà÷à, òàê i çäîáóâà÷à
îñâiòè. Çäîáóâà÷ ñòà¹ àêòèâíiøèì ó÷àñíèêîì îñâiòíüîãî ïðîöåñó, îñêiëüêè
âiäïîâiäíî äî çàâäàíü ñó÷àñíî¨ îñâiòè ìà¹ çìîãó ìîäåëþâàòè ñâîþ âëàñíó
îñâiòíþ òðà¹êòîðiþ. Òàê, âèçíà÷àþ÷è âëàñíi öiëi â îñâiòi, çäîáóâà÷ øóêà¹
iíôîðìàöiþ, îïåðó¹ âåëèêèì îáñÿãîì iíôîðìàöi¨, àíàëiçó¹ òà êðèòè÷íî
îñìèñëþ¹ ¨¨, îáèðà¹ ïðåäìåòè òîùî. Ñó÷àñíà ðîëü âèêëàäà÷à íàïðàâëÿòè
òà äîïîìàãàòè çäîáóâà÷ó îñâiòè ó éîãî âèáîði. Çà äîïîìîãîþ iíôîðìàöié-
íèõ òåõíîëîãié âií ìîæå íàî÷íî i äîñòóïíî ïîäàòè íàâ÷àëüíó iíôîðìàöiþ,
à òàêîæ ñïðèÿòè ñàìîñòiéíîìó ïîøóêó òà îñâî¹ííþ íåîáõiäíî¨ iíôîðìà-
öi¨, çäiéñíþâàòè êîíòðîëü íà ïåâíèõ åòàïàõ çà äîïîìîãîþ ïðîãðàìíèõ
çàñîáiâ.

Çàñòîñóâàííÿ iíôîðìàöiéíèõ òåõíîëîãié â îñâiòi ñïðèÿþòü íå ëèøå ìî-
æëèâîñòi ñòâîðåííÿ âëàñíî¨ îñâiòíüî¨ òðà¹êòîði¨, à é ìîòèâàöi¨ îòðèìàííÿ
íîâèõ çíàíü äëÿ çäîáóâà÷à îñâiòè. Òàêîæ öå ñïðèÿ¹ é ðîçâèòêó ïåäàãîãiêè
ÿê íàóêè, îñêiëüêè ñó÷àñíi iíôîðìàöiéíi òåõíîëîãi¨ çà ñâî¨ìè äèäàêòè÷íè-
ìè ìîæëèâîñòÿìè àêòèâíî âïëèâàþòü íà âñi ñêëàäîâi ñèñòåìè íàâ÷àííÿ
òà âèõîâàííÿ: öiëi, çìiñò, ìåòîäè òà îðãàíiçàöiéíi ôîðìè íàâ÷àííÿ. Âîíè
äîçâîëÿþòü ñòàâèòè òà âèðiøóâàòè çíà÷íî ñêëàäíiøi òà àêòóàëüíi çàâäàí-
íÿ ïåäàãîãiêè � çàâäàííÿ ðîçâèòêó ëþäèíè, ¨¨ iíòåëåêòóàëüíîãî, òâîð÷îãî
ïîòåíöiàëó, àíàëiòè÷íîãî, êðèòè÷íîãî ìèñëåííÿ, ñàìîñòiéíîñòi ó çäîáóòòi
çíàíü, ðîáîòi ç ðiçíèìè äæåðåëàìè iíôîðìàöi¨, îòðèìàííi íîâèõ çíàíü [1].

Iíôîðìàöiéíi òåõíîëîãi¨ òà öèôðîâi ðåñóðñè âñå àêòèâíiøå âèêîðèñòî-
âóþòüñÿ äëÿ âäîñêîíàëåííÿ îðãàíiçàöi¨ îñâiòíüîãî ïðîöåñó òà ïîêðàùåííÿ
óïðàâëiííÿ â øêîëàõ, êîëåäæàõ, óíiâåðñèòåòàõ. Äëÿ óïðàâëiííÿ ñòâîðåíî
ðÿä îñâiòíiõ ðå¹ñòðiâ, ôóíêöiîíóþòü îñâiòíi iíôîðìàöiéíi ñèñòåìè, çà äî-
ïîìîãîþ ÿêèõ çáèðà¹òüñÿ, îáðîáëÿ¹òüñÿ, çáåðiãà¹òüñÿ ðiçíîìàíiòíà ñòàòè-
ñòè÷íà òà àäìiíiñòðàòèâíà iíôîðìàöiÿ. Íà ñüîãîäíi óÿâèòè ñó÷àñíó îñâiòó
áåç iíôîðìàöiéíèõ òåõíîëîãié íåìîæëèâî [2].

Çàâäÿêè ðîçâèòêó iíôîðìàöiéíèõ òåõíîëîãié ó ïåäàãîãiöi ç'ÿâèëèñü òà-
êi ïîíÿòòÿ ÿê åëåêòðîííå íàâ÷àííÿ (e-learning) i äèñòàíöiéíå íàâ÷àííÿ.
Ðîçðiçíÿþòü ñèíõðîííå òà àñèíõðîííå åëåêòðîííå íàâ÷àííÿ. Ó ïðîöåñi
ñèíõðîííîãî åëåêòðîííîãî íàâ÷àííÿ âèêëàäà÷ i çäîáóâà÷ îñâiòè áåðóòü
ó÷àñòü ó íàâ÷àëüíîìó ïðîöåñi îäíî÷àñíî, àëå âîíè ìîæóòü áóòè âiääà-
ëåíi òåðèòîðiàëüíî. Çâ'ÿçîê çäiéñíþ¹òüñÿ çà äîïîìîãîþ Iíòåðíåòó òà äî-
ïîìiæíèõ iíôîðìàöiéíèõ òåõíîëîãié äëÿ âiäåîñïiëêóâàííÿ (Google Meet,
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Zoom, Microsoft Teams, Webex Meetings, òîùî). Ñèíõðîííå íàâ÷àííÿ äà¹
çìîãó iìiòóâàòè çâè÷íèé íàâ÷àëüíèé ïðîöåñ â àóäèòîði¨, ïiä ÷àñ ÿêîãî
iíôîðìàöiÿ âiä âèêëàäà÷à äî çäîáóâà÷à îñâiòè òà çâîðîòíié çâ'ÿçîê âiä
çäîáóâà÷à îñâiòè äî âèêëàäà÷à ïåðåäà¹òüñÿ ÷åðåç àóäiî- é âiäåîçîáðàæå-
ííÿ, àëå ñïiëêóâàííÿ çäiéñíþ¹òüñÿ ó ðåæèìi ðåàëüíîãî ÷àñó. Çàíÿòòÿ ÷è
êîíñóëüòàöi¨, îáãîâîðåííÿ òà âiçóàëiçàöiÿ íàâ÷àëüíîãî ìàòåðiàëó âiäáó-
âàþòüñÿ ó ïåâíèé ÷àñ, âèçíà÷åíèé ðîçêëàäîì àáî âèêëàäà÷åì. Óñi çäî-
áóâà÷i îñâiòè, ÿêi õî÷óòü áðàòè ó÷àñòü ó íèõ, ìàþòü áóòè îíëàéí îäíî-
÷àñíî. Àñèíõðîííå åëåêòðîííå íàâ÷àííÿ ïåðåäáà÷à¹ ðîáîòó âèêëàäà÷à é
çäîáóâà÷à îñâiòè â ðiçíèé ÷àñ. Ïðè öüîìó ñëiä çàñòîñîâóâàòè iíòåðàêòèâ-
íi îñâiòíi ïëàòôîðìè ÷è ñèñòåìè êåðóâàííÿ íàâ÷àííÿì (Moodle, Google
Classroom òà iíøi), åëåêòðîííó ïîøòó, òîùî.

Äèñòàíöiéíå íàâ÷àííÿ � øèðøå ïîíÿòòÿ, íiæ åëåêòðîííå. Âîíî ïî¹ä-
íó¹ iíòåðàêòèâíå ñàìîñòiéíå íàâ÷àííÿ òà êîíñóëüòàöiéíó ïiäòðèìêó ïiä
÷àñ íàâ÷àííÿ. Òîìó, åëåêòðîííå íàâ÷àííÿ ¹ îäíèì iç iíñòðóìåíòiâ äè-
ñòàíöiéíî¨ îñâiòè. Äèñòàíöiéíå íàâ÷àííÿ � öå ñóêóïíiñòü òåõíîëîãié, ùî
íàäàþòü çäîáóâà÷ó îñâiòè íåîáõiäíèé îáñÿã íàâ÷àëüíîãî ìàòåðiàëó òà ií-
òåðàêòèâíó âçà¹ìîäiþ ç âèêëàäà÷àìè ó ïðîöåñi íàâ÷àííÿ. Õî÷à äîñòàâêà
íàâ÷àëüíîãî ìàòåðiàëó ìîæå çäiéñíþâàòèñÿ é íå ÷åðåç iíòåðíåò, íàäàâà÷i
äèñòàíöiéíèõ îñâiòíiõ ïîñëóã âiääàþòü ïåðåâàãó âèêîðèñòàííþ ñàìå ði-
çíîìàíiòíèõ ñïåöiàëiçîâàíèõ iíòåðàêòèâíèõ îñâiòíiõ ïëàòôîðì. Äëÿ ñòâî-
ðåííÿ âiçóàëiçàöi¨ íàâ÷àëüíîãî ìàòåðiàëó ñëiä çàñòîñîâóâàòè äîïîìiæíi
iíñòðóìåíòè: ñòâîðåííÿ ïðåçåíòàöié (Power Point, Prezi, Keynote, Google
Slides òà ií), ïiäãîòîâêè âiäåîìàòåðiàëiâ äåìîíñòðàöi¨ ïðîöåñiâ (LOOM,
XSplit Broadcaster, XSplit Broadcaster òà ií).

Ó ðåàëiÿõ óêðà¨íñüêîãî ñüîãîäåííÿ ñëiä çàñòîñîâóâàòè ðiçíi ôîðìè íà-
â÷àííÿ â îñâiòi. Öå ñèíõðîííà òà àñèíõðîííà âçà¹ìîäiÿ ó÷àñíèêiâ îñâi-
òíüîãî ïðîöåñó ÷åðåç çàíÿòòÿ çi çâîðîòíèì çâ'ÿçêîì, ïðîïîíîâàíi çàâäà-
ííÿ íà ñàìîñòiéíå îïðàöþâàííÿ, îíëàéí êîíñóëüòàöi¨, òåñòóþ÷i ïðîãðàìè
òà çâè÷àéíî ôîðìóâàííÿ åëåêòðîííîãî ïîðòôîëiî çäîáóâà÷à îñâiòè ç ôi-
êñàöi¹þ éîãî çäîáóòêiâ. Ó öüîìó äóæå äîïîìàãàþòü ñèñòåìè êåðóâàííÿ
íàâ÷àííÿì LMS (Learning Management System), ÿêi ìîæíà åôåêòèâíî âè-
êîðèñòîâóâàòè ÿê ïðè î÷íîìó, òàê i âiääàëåíîìó íàâ÷àííi, âèêîðèñòîâó-
þ÷è äëÿ öüîãî ðiçíîìàíiòíi ¨¨ iíñòðóìåíòè: ÷àòè, ôîðóìè, ñåìiíàðè òîùî.

Ôîðóìè òà ñåìiíàðè ìîæóòü áóòè âèêîðèñòàíi òàêîæ ÿê iíñòðóìåíòè
äëÿ íàâ÷àííÿ íà ïåâíi òåìè â àñèíõðîííîìó ðåæèìi, à ÷àò � ó ñèíõðîí-
íîìó ðåæèìi íàâ÷àííÿ. Âèêëàäà÷ ó öüîìó âèïàäêó ñòâîðþ¹ òåìàòè÷íó
íàóêîâó ïðîáëåìó, ñïîíóêà¹ çäîáóâà÷iâ îñâiòè äî îáãîâîðåííÿ ¨¨, ïîøóêó
âèðiøåííÿ òà âèñòóïà¹ ÿê ìîòèâàòîð äëÿ ïîëåãøåííÿ âçà¹ìîäi¨ çäîáóâà÷-
çäîáóâà÷, çäîáóâà÷-âèêëàäà÷. Öå ñïðèÿ¹ ðîçâèòêó àêòèâíîñòi, êðåàòèâíî-
ñòi òà ñàìîñòiéíîñòi çäîáóâà÷iâ îñâiòè.

Âèêîðèñòàííÿ iíôîðìàöiéíèõ òåõíîëîãié ó ïðîöåñi âèêëàäàííÿ äîçâî-
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ëÿ¹ âèêëàäà÷ó ïîäîëàòè ïåâíi ïðîáëåìè ìåòîäè÷íîãî ïëàíó: ðîçðîáêà
ðiçíèõ ìîäåëåé òà iíñòðóìåíòiâ íàâ÷àííÿ äëÿ íàáóòòÿ ïðîãðàìíèõ êîì-
ïåòåíòíîñòåé, çàêëàäåíèõ ó âiäïîâiäíèõ îñâiòíiõ ïðîãðàìàõ, îäíî÷àñíî
çáåðiãàþ÷è iíäèâiäóàëüíèé ïiäõiä äî êîæíîãî ñòóäåíòà; îöiíþâàííÿ iç çà-
ñòîñóâàííÿì ðiçíèõ iíñòðóìåíòiâ; ñõîâèùå íàâ÷àëüíèõ ìàòåðiàëiâ òîùî.
Ïðîòå, íåîáõiäíî çàçíà÷èòè, ùî âèêîðèñòàííÿ íîâèõ òåõíîëîãié âèìàãà¹
ïåâíîãî íàâ÷àííÿ. Òîìó äëÿ çäîáóâà÷iâ îñâiòè êîðèñíî ââîäèòè íàâ÷àëüíi
äèñöèïëiíè, ïîâ'ÿçàíi ç êîìóíiêàöiéíèìè òåõíîëîãiÿìè, çîêðåìà â ãàëóçi
îñâiòè, òà ñòâîðåííÿì i âèêîðèñòàííÿì LMS. Îñîáëèâî öå êîðèñíî äëÿ
çäîáóâà÷iâ ó ãàëóçi ñåðåäíüî¨ îñâiòè. Ïðîïîíóâàííÿ êîìàíäíèõ ïðî¹êòiâ
çi ñòâîðåííÿ ïðîñòiøèõ LMS ïiä ÷àñ íàâ÷àííÿ ÷è ïðîõîäæåííÿ íàâ÷àëü-
íèõ ïðàêòèê äà¹ çìîãó çäîáóâà÷àì ó ãàëóçi iíôîðìàöiéíèõ òåõíîëîãié
íàâ÷èòèñü ñòâîðþâàòè ñó÷àñíi ñåðâiñè iç âðàõóâàííÿì âèìîã ñüîãîäåííÿ,
ïî¹äíàííÿ òåõíîëîãié òà äîñâiäó êîðèñòóâà÷à. À öå ñïðèÿ¹ òîìó, ùî âè-
ïóñêíèêè ñòàþòü áiëüø äîñâiä÷åíiøèìè ôàõiâöÿìè.

Ñòâîðåííÿ òà çàëó÷åííÿ ñó÷àñíèõ iíôîðìàöiéíèõ òåõíîëîãié â îñâiòíié
ïðîöåñ äîçâîëÿ¹ ïîáóäóâàòè ñó÷àñíå åëåêòðîííå îñâiòí¹ ñåðåäîâèùå, ÿêå
âiäïîâiäà¹ âèìîãàì ñüîãîäåííÿ, i îòðèìàòè òàêi ïåðåâàãè [3]:

� ðåàëiçóâàòè ðiçíîìàíiòíi ôîðìè íàâ÷àëüíîãî ïðîöåñó äëÿ çäîáóâà÷iâ
îñâiòè çà ñó÷àñíèìè òåõíîëîãiÿìè i îñâiòíiìè ïðîãðàìàìè;

� äîñòóï äî âiäêðèòèõ íàâ÷àëüíèõ ìàòåðiàëiâ i âiäïîâiäíî¨ äîêóìåíòà-
öi¨ ç áóäü ÿêîãî ìiñöÿ ó çðó÷íèé ÷àñ äëÿ çàáåçïå÷åííÿ ãíó÷êîñòi íàâ÷àëü-
íîãî ïðîöåñó;

� ïåðåõiä âiä ðåïðîäóêòèâíî¨ äiÿëüíîñòi äî òâîð÷î¨, êðèòè÷íî¨ i êîí-
ñóëüòàòèâíî¨;

� çàáåçïå÷åííÿ åôåêòèâíî¨ êîìóíiêàöi¨ ìiæ âèêëàäà÷àìè, çäîáóâà÷àìè
îñâiòè òà óïðàâëiíñüêèì àïàðàòîì;

� ôîðìóâàííÿ iíäèâiäóàëüíèõ îñâiòíiõ òðà¹êòîðié äëÿ çäîáóâà÷iâ îñâi-
òè ç ðiçíèì ïiçíàâàëüíèì ïîòåíöiàëîì i òèïàìè ìèñëåíåâèõ ïðîöåñiâ,
ñòâîðåííÿ óìîâè äëÿ åôåêòèâíî¨ ñàìîñòiéíî¨ ðîáîòè i ñàìîíàâ÷àííÿ ïðî-
òÿãîì æèòòÿ.

1. À.Î. ßíîâñüêèé. Ïîøóêîâî-äîñëiäíèöüêà äiÿëüíiñòü ç âèêîðèñòàííÿì
iíôîðìàöiéíî-êîìóíiêàöiéíèõ òåõíîëîãié â óìîâàõ ¹âðîïåéñüêî¨ iíòåãðàöi¨.
URL: https://scienceandeducation.pdpu.edu.ua/doc/2008/8.9.2008/50.pdf

2. Îñâiòà â Óêðà¨íi: âèêëèêè òà ïåðñïåêòèâà. Iíôîðìàöiéíî-
àíàëiòè÷íèé çáiðíèê. URL: https://mon.gov.ua/storage/app/media/
zagalna20serednya/serpneva-konferencia/2020/metod-zbirka-osvita-ta-covid-
2020.pdf

3. Ìîðçå Í. Â. Ìîäåëü ñòàíäàðòó IÊÒ-êîìïåòåíòíîñòi âèêëàäà÷iâ óíiâåðñè-
òåòó â êîíòåêñòi ïiäâèùåííÿ ÿêîñòi îñâiòè / Í. Â. Ìîðçå, À. Á. Êî÷àðÿí.
Iíôîðìàöiéíi òåõíîëîãi¨ i çàñîáè íàâ÷àííÿ. 2014. Ò.43, âèï. 5. Ñ. 27�39.
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Ðîçðîáêà ïðîãðàìíîãî çàáåçïå÷åííÿ äëÿ îáëiêó óëüòðàçâóêîâèõ

äîñëiäæåíü

Ìàðèíà Ãóëüïàê

hulpak.maryna@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ñèñòåìà îáëiêó óëüòðàçâóêîâèõ äîñëiäæåíü -âèñòóïà¹, ÿê êîðèñòóâà-
öüêèé iíòåðôåéñ, ÿêèé ìiñòèòü ôóíêöiîíàë óïðàâëiííÿ iíôîðìàöi¹þ äi-
àãíîñòèêè ïiä ÷àñ îáñëiäóâàííÿ ïàöi¹íòiâ. Ñòâîðåíèé äîäàòîê íàäà¹ ìî-
æëèâiñòü çáåðiãàòè â iñòîðè÷íîìó ïîðÿäêó äàíi ïðî îáñòåæåííÿ òà ïðî
ïàöi¹íòiâ, iç ïîñèëàííÿì íà ëiêàðÿ, ÿêèé ïðîâîäèâ ÓÇÄ. Êðiì òîãî, ÿê
ñèñòåìà îáëiêó, íàäà¹ ìîæëèâiñòü çãðóïîâóâàòè, îáðîáëÿòè òà îíîâëþâà-
òè çáåðåæåíi äàíi.

Äîäàòîê äëÿ îáëiêó óëüòðàçâóêîâî¨ äiàãíîñòèêè ðîçâ'ÿçó¹ âñi îñíîâíi
ïîòðåáè âåäåííÿ õðîíîëîãi¨ äîñëiäæåíü i ìîæëèâiñòü øâèäêî, áåç îñîáëè-
âèõ íàâè÷îê êîðèñòóâàííÿ åëåêòðîííèìè ñèñòåìàìè, çäiéñíþâàòè ïîøóê
çáåðåæåíèõ äàíèõ. Iíòåðôåéñ iìïëåìåíòó¹ ìåõàíiçì ìîíiòîðèíãó âiäïî-
âiäàëüíèõ îñiá çà ïðîâåäåííÿ îáñòåæåííÿ, îäíàê, äàíi âèêîðèñòîâóþòüñÿ
ëèøå ÿê õðîíîëîãi÷íèé äîêóìåíò i íå ìîæóòü âèêîðèñòîâóâàòèñÿ ÿê êií-
öåâèé ìåäè÷íèé äîêóìåíò äî ìîìåíòó éîãî çàòâåðäæåííÿ.

Âèêîðèñòîâóþ÷è äàíèé äîäàòîê ìîæíà çáåðiãàòè òà îíîâëþâàòè òàêi
ãðóïè äàíèõ:

1. Ëiêàði (äàíi äëÿ àâòîðèçàöi¨, ÏIÏ, àäðåñà, êîíòàêòíà iíôîðìàöiÿ).

2. Ïàöi¹íò (ÏIÏ, äàòà íàðîäæåííÿ, íîìåð òåëåôîíó, iíøà êîíòàêòíà
iíôîðìàöiÿ).

3. Îáñòåæåííÿ (ïàöi¹íò, äëÿ ÿêîãî ïðîâîäèëè, ëiêàð, ÿêèé ïðîâîäèâ,
òî÷íèé ÷àñ ïðîâåäåííÿ).

4. Íàïåðåä çàäàíi çíà÷åííÿ äëÿ ïîëiâ îáñòåæåííÿ.

Äëÿ çðó÷íîñòi âèêîðèñòàííÿ, àòðèáóòè ðåçóëüòàòè óëüòðàçâóêîâî¨ äià-
ãíîñòèêè áóëè çãðóïîâàíi i ðîçìiùåíi íà ðiçíèõ ôîðìàõ. Ðåàëiçîâàíà ìî-
æëèâiñòü äîäàâàòè äàíi, ÿêi çáåðiãàþòüñÿ ó áàçi äàíèõ. Êîðèñòóâà÷i ìî-
æóòü äî êîæíî¨ ôîðìè äîäàòè íîòàòêè ó ãðàôi ¾âèñíîâêè¿ ó êîæíié iç
ôîðì.

Ðåàëiçîâàíà ìîæëèâiñòü ñîðòóâàííÿ ïîïåðåäíiõ çàïèñiâ îáñòåæåíü çà
ïðîìiæêîì äàò. Îòðèìàíi ðåçóëüòàòè ìîæíà âiäñîðòóâàòè çà äàòîþ, iì'ÿì
ëiêàðÿ, çà ñïàäàííÿì ÷è çðîñòàííÿì.

Ùå îäíèì âàæëèâèì ìåõàíiçìîì ¹ ìîæëèâiñòü ôîðìóâàííÿ çâiòiâ ó
PDF ôîðìàòi.
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Çà âèìîãàìè êîðèñòóâà÷iâ ó çâiòi ðîç-
ìiùåíà òàêà iíôîðìàöiÿ:

1. iíôîðìàöiÿ ïðî îðãàíiçàöiþ;

2. äàíi ïàöi¹íòà;

3. ïîâíèé ïåðåëiê óñiõ çàïîâíåíèõ ïî-
ëiâ ðiçíèõ òèïiâ ôîðì ÓÇÄ îáñëiäó-
âàíü, ç ÷iòêèì âêàçàííÿ äî ÿêîãî òè-
ïó îáñëiäóâàíü âiäíîñÿòüñÿ àòðèáó-
òè;

4. ïiñëÿ êîæíîãî ðîçäiëó, âèñíîâêè òà
íîòàòêè äî îáñòåæåííÿ;

5. äàòà ïðîâåäåíîãî îáñòåæåííÿ;

6. ëiêàð, ÿêèé éîãî ïðîâîäèâ òà ìiñöå
äëÿ ïiäïèñó, ïå÷àòêè.

Äîäàòîê ñòâîðåíèé íàâìèñíî áåç ïiä-
êëþ÷åííÿ äî Iíòåðíåò ìåðåæi, ç ëîêàëü-
íîþ áàçîþ äàíèõ, ùîá óíèêíóòè ïðîáëåì
ç íåñòàáiëüíèì ïiäêëþ÷åííÿì i óíåìîæëèâèòè íåïðàâîìiðíèé äîñòóï äî
äàíèõ. Â òîé æå ÷àñ, ïåðåâñòàíîâëåííÿ çàñòîñóíêó íi÷èì íå îáòÿæåíå,
ïîòðåáó¹ òiëüêè ôàéëó ç äàíèìè.

Ñèñòåìè ðåàëiçîâàíà ç âèêîðèñòàííÿì òàêèõ òåõíîëîãié:

1. (à) ìîâà ïðîãðàìóâàííÿ Ñ#, íà ïëàòôîðìi .NET;

(á) Entity Framework � îá'¹êòíî-îði¹íòîâíà òåõíîëîãiÿ äëÿ âçà¹ìî-
äi¨ ç äàíèìè;

(â) áàçà äàíèõ - SQLite;

(ã) WPF (Windows Presentation Foundation) - ñèñòåìà äëÿ ïîáóäîâè
ãðàôi÷íèõ iíòåðôåéñiâ;

(ä) PDFFlow - ñèñòåìà äëÿ ïîáóäîâè ôàéëiâ ç PDF ðîçøèðåííÿì.

Ó ïiäñóìêó, ñòâîðåíèé çàñòîñóíîê ñïðîùó¹ âèïèñêó âèñíîâêó ëiêà-
ðÿ, ïîêðàùó¹ i ïðèøâèäøó¹ êîìóíiêàöiþ ìiæ ðiçíèìè ëiêàðÿìè, çìåíøó¹
éìîâiðíiñòü âèíèêíåííÿ ïîìèëîê, ÿêi ìîæóòü çàãðîæóâàòè æèòòþ ïàöi-
¹íòà ïiä ÷àñ îáìiíó iíôîðìàöi¹þ.

1. .NET documentation. Developer tools, technical documentation and coding
examples | Microsoft Docs. URL: https://docs.microsoft.com/en-us/dotnet.

2. Ïðîãðàìíå çàáåçïå÷åííÿ äëÿ ìåäè÷íèõ çàêëàäiâ. URL:
https://www.infomed.ck.ua/products/polyclinic-stacionar.

257



Ïîáóäîâà òà äîñëiäæåííÿ ñòiéêîñòi ðiçíèöåâèõ ñõåì Ãiðà

Âiêòîð Äèðåíêî

dyrenko.viktor@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ó äàíié ðîáîòi ðîçãëÿäàþòüñÿ ìåòîäè ïîáóäîâè æîðñòêî ñòiéêèõ ðiçíè-
öåâèõ ñõåì Ãiðà òà ðåàëiçîâàíî àëãîðèòì ïîáóäîâè îáëàñòåé ¨õ àáñîëþòíî¨
ñòiéêîñòi.

Äëÿ äåÿêèõ òèïiâ äèôåðåíöiàëüíèõ çàäà÷ êëàñè÷íi ðiçíèöåâi ñõåìè ¹
íåðiâíîìiðíî çáiæíèìè. �õ íàçèâàþòü æîðñòêèìè [1], [2]. Äëÿ òàêèõ çàäà÷
âèêîðèñòîâóþòü ñïåöiàëüíi ðiçíèöåâi ñõåìè Ãiðà [2]

yn+1 =

r−1∑
k=0

akyn−k + hb0f(tn+1, yn+1). (1)

Êîåôiöi¹íòè ak, k = 0, r − 1, b0 âèçíà÷àþòü ç óìîâè, ùî ðiçíèöåâà ñõåìà
(1) ¹ òî÷íîþ äëÿ âñiõ ìíîãî÷ëåííèõ ðîçâ'ÿçêiâ çàäà÷i Êîøi

u′(t) = f(t, u), u(t0) = u0

äî r-ãî ïîðÿäêó âêëþ÷íî. Ó öüîìó âèïàäêó íåñêëàäíî îäåðæàòè ñèñòåìó
ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü äëÿ ¨õ çíàõîäæåííÿ

r−1∑
k=0

(−k)jak + jb0 = 1, j = 0, 1, . . . , r. (2)

Âèçíà÷íèê ñèñòåìè (2) âiäìiííèé âiä íóëÿ [3]�[4], òîìó âîíà îäíîçíà÷íî
ðîçâ'ÿçíà, à öå îçíà÷à¹, ùî ðiçíèöåâi ñõåìè Ãiðà âèãëÿäó (1) iñíóþòü òà
¹äèíi äëÿ áóäü-ÿêîãî r ≥ 1.

Â ðîáîòi ðîçðîáëåíà ïðèêëàäíà ïðîãðàìà, ÿêà äîçâîëÿ¹ çíàõîäèòè òî-
÷íi ÷èñëîâi çíà÷åííÿ êîåôiöi¹íòiâ ðiçíèöåâèõ ñõåì Ãiðà äî äâàäöÿòîãî
ïîðÿäêó [5].

Äîñëiäæåííÿ òà ïîáóäîâà îáëàñòåé ñòiéêîñòi ðiçíèöåâèõ ñõåì Ãiðà âè-
ñîêîãî ïîðÿäêó ¹ äîñòàòíüî ñêëàäíîþ àíàëiòè÷íîþ çàäà÷åþ. Â ðîáîòi çà-
ïðîïîíîâàíî àëãîðèòì àâòîìàòèçàöi¨ ¨õ ïîáóäîâè ç âèêîðèñòàííÿì ÅÎÌ.
Äëÿ ðåàëiçàöi¨ íàâåäåíîãî àëãîðèòìó ðîçðîáëåíà ïðèêëàäíà ïðîãðàìà çà-
ñîáàìè ìîâè ïðîãðàìóâàííÿ Python. Îäåðæàíi çà ¨¨ äîïîìîãîþ íà ðèñ. 1
íàâåäåíî îáëàñòi àáñîëþòíî¨ ñòiéêîñòi ðiçíèöåâèõ ñõåì Ãiðà 5-6 ïîðÿäêiâ.
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Ðèñ. 1

Îäåðæàíi îáëàñòi àáñîëþòíî¨ ñòiéêîñòi ðiçíèöåâèõ ñõåì Ãiðà 5-6 ïîðÿä-
êiâ íà ðèñóíêó 1 äîçâîëÿþòü çðîáèòè âèñíîâîê, ùî âîíè ¹ æîðñòêî ñòiéêè-
ìè, i ¨õ ìîæíà âèêîðèñòîâóâàòè äëÿ çíàõîäæåííÿ íàáëèæåíèõ ðîçâ'ÿçêiâ
æîðñòêèõ çàäà÷.

1. Gurtiss C. F., Hirschfelder J. O. Integration of sti� equations. Proc. Nat. Acad.
Sci. of U.S. 1952, v.38, p. 235�243.

2. Gear C. W. Numerical initial value problems in ordinary di�erential equations.
� New Jersey : Printice, 1971. � 253 p.

3. Õàéðåð Ý., Âàííåð Ã. Ðåøåíèå îáûêíîâåííûõ äèôôåðíöèàëüíèõ óðàâíå-
íèé. Æåñòêèå çàäà÷è. � Ì. : Ìèð, 1999. � 685 ñ.

4. ×óà Ë. Î., Ïåí Ìèí-Ëèí. Ìàøèííûé àíàëèç ýëåêòðîííûõ ñõåì. � Ì. : Ìèð,
1980. � 680 ñ.

5. Äèðåíêî Â. Â. Ïîáóäîâà ðiçíèöåâèõ ñõåì Ãiðà òà äîñëiäæåííÿ ¨õ ñòiéêîñòi
// Ìàòåðiàëè ñòóäåíòñüêî¨ íàóêîâî¨ êîíôåðåíöi¨ ×åðíiâåöüêîãî íàöiîíàëü-
íîãî óíiâåðñèòåòó (12�14 êâiòíÿ 2022 ðîêó). Ôàêóëüòåò ìàòåìàòèêè òà ií-
ôîðìàòèêè. � ×åðíiâöi : ×åðíiâåö. íàö. óí-ò iì. Þ. Ôåäüêîâè÷à, 2022. �
Ñ. 31�32.
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Ñòâîðåííÿ ìîâíîãî ïðîöåñîðà äëÿ ïëàòôîðìè .NET çàñîáàìè

Antlr

Àíäðié Äðîáîò

drobot.andrii@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þ. Ôåäüêîâè÷à

Ó ðîáîòi ðîçðîáëåíèé ìîâíèé ïðîöåñîð äëÿ âëàñíî¨ ìîâè âèñîêîãî ðiâ-
íÿ Vlang. Îñíîâíîþ ïåðåâàãîþ öi¹¨ ìîâè ¹ çðó÷íiñòü ðîáîòè ç âåêòîðàìè.
Ïðèêëàä ïðîãðàìè íà ìîâi Vlang:

scl x;

scl y;

scl i;

vec v1{6};

vec v2{6};

vec v3{6};

x = 2;

v1 = 2*x; // v1 should now be [4,4,4,4,4,4]

v2 = [1,1,2,2,3,3]

print v1.v2 // should print: 48

y = v2:4; // y = 3

i = 0;

loop y {

v1:i = i;

i = i + 1;

}

print v2:v1 // should print: [1,1,2,3,3,3]

print v2:v1:[5,4,3,2,1,0] // should print: [3,3,3,2,1,1]

v3 = v1+v2 // v3 should be [1,2,4,6,7,7]

print v2:([2,1,0,2,2,0].v3/10) // should print: 2

Çà äîïîìîãîþ ãåíåðàòîðà ñèíòàêñè÷íèõ àíàëiçàòîðiâ Antlr âèêîíóþ-
òüñÿ äâà åòàïè êîìïiëÿöi¨: ëåêñè÷íèé àíàëiç i ñèíòàêñè÷íèé àíàëiç [1].

Ëåêñè÷íèé àíàëiç - ïðîöåñ àíàëiòè÷íîãî ðîçáîðó âõiäíî¨ ïîñëiäîâíîñòi
ñèìâîëiâ íà ðîçïiçíàíi ãðóïè ç ìåòîþ îòðèìàííÿ íà âèõîäi iäåíòèôiêîâà-
íèõ ïîñëiäîâíîñòåé - ëåêñåì.

Ñèíòàêñè÷íèé àíàëiç (ïàðñèíã) - ïðîöåñ àíàëiçó âõiäíî¨ ïîñëiäîâíî-
ñòi ñèìâîëiâ, ç ìåòîþ ðîçáîðó ãðàìàòè÷íî¨ ñòðóêòóðè çãiäíî iç çàäàíîþ
ôîðìàëüíîþ ãðàìàòèêîþ.

Çàñîáàìè Antlr äëÿ âèùå îïèñàíèõ åòàïiâ êîìïiëÿöi¨ áóëî ñòâîðåíî äâà
êëàñè VlangLexer òà VlangParser.

Ðèñ. 1: Ïðèêëàä ñèíòàêñè÷íîãî àíàëiçó
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Ó ñåðåäîâèùi Antlr áóëî ñòâîðåíî ãðàìàòèêó, ÿêà îïèñó¹ äàíó ìîâó:

program: codeblock EOF;

codeblock: statement*;

statement: declaration | assignment | if_block | loop_block | print_statement;

declaration: scalar_dec SCOL | vector_dec SCOL;

scalar_dec: SCALAR_TYPE ID;

vector_dec: VECTOR_TYPE ID LCBRACKET POSITIVE_DIGIT RCBRACKET;

assignment: (vector_element | ID) ASSIGN expression SCOL;

expression:

LBRACE expression RBRACE

| expression (PLUS | MINUS | MULT | DIV) expression

| vector_element

| vector_product

| digit

| vector

| ID;

vector: ID | LSBRACKET digit (COMMA digit)* RSBRACKET;

vector_element: vector COL expression;

vector_product: vector DOT expression;

if_block: IF expression LCBRACKET statement* RCBRACKET;

loop_block: LOOP expression LCBRACKET statement* RCBRACKET;

print_statement: PRINT expression (COMMA expression)* SCOL;

digit: MINUS? POSITIVE_DIGIT | ZERO;

SCALAR_TYPE: 'scl';

VECTOR_TYPE: 'vec';

IF: 'if';

LOOP: 'loop';

PRINT: 'print';

POSITIVE_DIGIT: [1-9][0-9]*;

ID: [a-zA-Z]+[0-9]*;

ZERO: '0';

SCOL: ';';

DOT: '.';

COMMA: ',';

COL: ':';

LCBRACKET: '{';

RCBRACKET: '}';

LSBRACKET: '[';

RSBRACKET: ']';

LBRACE: '(';

RBRACE: ')';

MINUS: '-';

PLUS: '+';

MULT: '*';

DIV: '/';

ASSIGN: '=';

SPACE: [ \t\r\n] -> skip;
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Îñíîâíå ïðèçíà÷åííÿ êëàñó VlangLexer - ãåíåðàöiÿ ïîñëiäîâíîñòi ëå-
êñåì (òîêåíiâ) iç âõiäíîãî íàáîðó ñèìâîëiâ. Ëåêñåìè ðîçïiçíàþòüñÿ çà äî-
ïîãîìîãîþ âèùåîïèñàíî¨ ãðàìàòèêè. Îòðèìàíèé íàáið òîêåíiâ ç êëàñó
VlangLexer ïåðåäà¹òüñÿ â ðîáîòó êëàñó VlangParser. Ðåçóëüòàòîì ðîáîòè
êëàñó VlangParser ¹ ñèíòàêñè÷íå äåðåâî ðîçáîðó (Ðèñ. 2).

Ðèñ. 2: Ðåçóëüòàò âèêîíàííÿ ïðîãðàìîþ ñèíòàêñè÷íîãî àíàëiçó

Äëÿ îáõîäó îòðèìàíîãî äåðåâà ðîçáîðó i ãåíåðàöi¨ ïðîìiæíîãî êîäó
âèêîðèñòîâó¹òüñÿ øàáëîí ïðîåêòóâàííÿ "Âiäâiäóâà÷"(Visitor) [2].

Âèõiäíèé ïðîäóêò ïðîãðàìè - àñåìáëåðîïîäiáíèé êîä, íàïèñàíèé ìî-
âîþ CIL (Common Intermediate Language), äëÿ âiðòóàëüíî¨ ìàøèíè .NET.

Ìîâà CIL ñõîæà íà ìîâó àñåìáëåðà çà ñèíòàêñèñîì. �¨ ìîæíà ðîçãëÿ-
äàòè, ÿê àñåìáëåð âiðòóàëüíî¨ ìàøèíè .NET. Ó òîé æå ÷àñ, ìîâà CIL
ìiñòèòü äåÿêi äîñèòü âèñîêîðiâíåâi êîíñòðóêöi¨, ùî ¹ âèùèì ðiâíåì, íiæ
áóäü-ÿêèé ðåàëüíèé ìàøèííèé àñåìáëåð, òîìó âiäíîñíî ëåãøå ïèñàòè êîä
áåçïîñåðåäíüî íà CIL, íiæ íà ðåàëüíîìó ìàøèííîìó àñåìáëåði. CIL ¹ ñâî-
ãî ðîäó àñåìáëåðîì âèñîêîãî ðiâíÿ. Ïðèêëàä êîäó, íàïèñàíîãî ìîâîþ CIL:

IL_0000: nop

IL_0001: ldc.i4.2

IL_0002: stloc.0

IL_0003: ldc.i4.3

IL_0004: stloc.1

IL_0005: ldloc.0

IL_0006: ldc.i4.2

IL_0007: add

Îòæå, ó ðîáîòi áóëî îïèñàíî ïðîöåñ âèêîðèñòàííÿ ãåíåðàòîðà ñèíòà-
êñè÷íèõ àíàëiçàòîðiâ Antlr äëÿ ñòâîðåííÿ iíòåðïðåòàòîðà âëàñíî¨ ìîâè
âèñêîãî ðiâíÿ Vlang â ïðîìiæíèé êîä ìîâè CIL.

1. Valentin M. Antimirov. Partial derivatives of regular expressions and �nite
automaton constructions. Theor. Comput. Sci., 1996. � 291-319 c.

2. Santosh Singh. ANTLR C# Cookbook � 2019. � [Åëåêòðîííèé ðå-
ñóðñ]. URL: https://www.amazon.com/Create-Compiler-Using-ANTLR-Crash-
Course-ebook/dp/B09BJ4CRTJ
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Ðîçðîáêà áiçíåñ-ëîãiêè äëÿ ïðîåêòó �Ðåàáiëiòàöiéíèé öåíòð

�Îñîáëèâà äèòèíà��

Ðîìàí Iâàñþê

ivasiuk.roman@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ðîçðîáêà ïðîãðàìíîãî çàáåçïå÷åííÿ � öå òðèâàëèé áàãàòîãðàííèé ïðî-
öåñ, ùî ïîòðåáó¹ ðåòåëüíî¨ ðîáîòè, ïåðåâiðêè âàëiäíîñòi êîæíîãî åëåìåí-
òó ñèñòåìè. Ðîçðîáêà ñïåöiàëiçîâàíîãî ïðîãðàìíîãî çàáåçïå÷åííÿ � öå âiä-
ïîâiäàëüíèé ïðîöåñ, ùî çîáîâ`ÿçó¹ ðîçðîáíèêà ðåòåëüíiøå âèêîíóâàòè óñi
âèìîãè çàìîâíèêà. Ñòðóêòóðà ñó÷àñíîãî ïðîãðàìíîãî çàáåçïå÷åííÿ êîì-
ïëåêñíà i ðîçðîáëÿ¹òüñÿ, çàçâè÷àé, êîëåêòèâîì (êîìàíäîþ) ïðîãðàìiñòiâ.
Êîìàíäà ðîçðîáíèêiâ, ÿê ïðàâèëî, ñêëàäà¹òüñÿ iç ïðîãðàìiñòiâ ðiçíîãî íà-
ïðÿìó òà êâàëiôiêàöi¨ ç ðîçðàõóíêó íà òå, ùî ñïiëüíèìè çóñèëëÿìè óñiõ
ó÷àñíèêiâ êîìàíäè áóäå îòðèìàíî íàéêðàùèé ðåçóëüòàò.

Ìåòîþ äàíî¨ ðîáîòè ¹ ðîçðîáêà ïðîãðàìíîãî çàáåçïå÷åííÿ äëÿ Áóêî-
âèíñüêîãî öåíòðó êîìïëåêñíî¨ ðåàáiëiòàöi¨ äëÿ äiòåé ç iíâàëiäíiñòþ �Îñî-
áëèâà äèòèíà�, çà äîïîìîãîþ ÿêîãî ìîæíà àâòîìàòèçóâàòè îðãàíiçàöiþ
ïðîâåäåííÿ ðåàáiëiòàöi¨. Ïðîöåñ ðåàáiëiòàöi¨ ó öåíòði ïðîâîäèòüñÿ çà íàïå-
ðåä âèçíà÷åíèì ãðàôiêîì. Äëÿ êîæíîãî ïåðiîäó ðåàáiëiòàöi¨ ñòâîðþ¹òüñÿ
ãðóïà, ÿêà ñêëàäà¹òüñÿ iç ïåâíî¨ êiëüêîñòi ïàöi¹íòiâ ðiçíèõ òèïiâ çàõâî-
ðþâàíü. Öÿ çàäà÷à âæå ðåàëiçîâàíà. Îäíèì iç ðåçóëüòàòiâ ðîáîòè öüîãî
ïðîãðàìíîãî çàñîáó ¹ çáåðåæåííÿ äàíèõ ïðî ïàöi¹íòiâ.

Íàñòóïíèì êðîêîì ðîçðîáêè ¹ äîïîâíåííÿ iíôîðìàöi¨, ÿêà çáåðiãà¹-
òüñÿ äàíèìè ëiêàðiâ, ÿêi ïðîâîäÿòü ðåàáiëiòàöiþ, äàíèìè ïðî ðåçóëüòàòè
ïðîâåäåííÿ ðåàáiëiòàöiéíèõ çàíÿòü.

Âõiäíèìè äàíèìè äëÿ ïðîäîâæåííÿ ðîçðîáêè ¹ äîïîâíåííÿ iñíóþ÷î¨
áàçè äàíèõ.
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Ïðîãðàìíèé çàñiá ðåàëiçîâàíî ÿê ñàéò. Äëÿ çáåðåæåííÿ iíôîðìàöi¨ âè-
êîðèñòîâó¹òüñÿ ðåëÿöiéíà îá`¹êòî-çîði¹íòîâàíà áàçà äàíèõ PostgreSQL.
Äëÿ çàáåçïå÷åííÿ áiçíåñ-ëîãiêè âèêîðèñòîâó¹òüñÿ ñòåê íàñòóïíèõ òåõíî-
ëîãié. Öå iíòåãðîâàíå ñåðåäîâèùå ðîçðîáêè (IDE) âiä Microsoft Visual
Studio [1]. Âîíî âèêîðèñòîâó¹òüñÿ äëÿ ðîçðîáêè âåá-ñåðâiñiâ, êîìï'þòåðíèõ
ïðîãðàì, âåá-ñàéòiâ, âåá-äîäàòêiâ òà ìîáiëüíèõ äîäàòêiâ. Visual Studio âè-
êîðèñòîâó¹ ïëàòôîðìè ðîçðîáêè ïðîãðàìíîãî çàáåçïå÷åííÿ Microsoft, òà-
êi ÿê Windows API, Windows Forms, Windows Presentation Foundation,
Windows Store i Microsoft Silverlight. Âií ìîæå ãåíåðóâàòè ÿê êåðîâàíèé,
òàê i ðiäíèé êîä. Öå áåçóìîâíî óíiâåðñàëüíà ìóëüòèïàðàäèãìàëüíà ìîâà
ïðîãðàìóâàííÿ C] [3]. Òàêîæ öå áåçêîøòîâíà âåá-ïëàòôîðìà ç âiäêðèòèì
âèõiäíèì êîäîì ASP.NET CORE [2], ðîçðîáëåíà Microsoft. Äëÿ êåðóâàí-
íÿ äàíèìè ïðîôiëþ, êîðèñòóâà÷àìè, òîêåíàìè, ïàðîëÿìè, ðîëÿìè, çàÿâà-
ìè, ïiäòâåðäæåííÿìè åëåêòðîííî¨ ïîøòè âèêîðèñòîâó¹ìî ASP.NET Core
Identity � öå API, êîòðèé ïiäòðèìó¹ âõiä â iíòåðôåéñ êîðèñòóâà÷à (UI) [4].

Íà äàíèé ìîìåíò âåäåòüñÿ ðîçðîáêà áiçíåñ-ëîãiêè äëÿ ìîæëèâîñòi ñêëà-
äàííÿ ðîçêëàäó çàíÿòü ðåàáiëiòàöi¨. Ôîðìó¹òüñÿ êàëåíäàð çàíÿòü äëÿ óñiõ
ïàöi¹íòiâ ïåâíîãî òåðìiíó ðåàáiëiòàöi¨ iç ìîæëèâiñòþ ïðèçíà÷èòè óñi çà-
ïëàíîâàíi çàíÿòòÿ, âðàõîâóþ÷è îñîáëèâîñòi ðîáîòè i ëiêàðiâ i ïàöi¹íòiâ.
Óñÿ iíôîðìàöiÿ çáåðiãà¹òüñÿ ó áàçi äàíèõ. Âèòÿãè iç çáåðåæåíî¨ áàçè äà-
íèõ ïðî êîíêðåòíîãî ïàöi¹íòà ÷è çàéíÿòîñòi ëiêàðiâ ìîæíà îòðèìàòè çà
çàïèòîì íà âêàçàíó ïîøòó, ÿêùî êîðèñòóâà÷ ¨¨ çàçíà÷èâ i ìà¹ ïðàâî äî-
ñòóïó äî òàêî¨ iíôîðìàöi¨. Ðîçêëàä ðåàáiëiòàöiéíèõ çàíÿòü îáîâ`ÿçêîâî
äîâîäèòüñÿ äî âiäîìà îñîáàì, ÿêi ñóïðîâîäæóþòü ìàëåíüêèõ ïàöi¹íòiâ ó
çðó÷íîìó äëÿ íèõ âèãëÿäi.

Öÿ ðîçðîáêà çàáåçïå÷èòü ìîæëèâiñòü çâiëüíèòè ïåðñîíàë ðåàáiëiòàöié-
íîãî öåíòðó âiä ðóòèííî¨ ðîáîòè òà âèêîðèñòîâóâàòè öåé ÷àñ åôåêòèâíiøå.

1. Microsoft Visual Studio [Åëåêòðîííèé ðåñóðñ]. � Ðåæèì äîñòóïó :
https://en.wikipedia.org/wiki/Microsoft_Visual_Studio.

2. ASP.NET Core [Åëåêòðîííèé ðåñóðñ]. � Ðåæèì äîñòóïó :
https://en.wikipedia.org/wiki/ASP.NET_Core.

3. C Sharp (programming language) [Åëåêòðîííèé ðåñóðñ]. � Ðåæèì äîñòóïó :
https://en.wikipedia.org/wiki/C_Sharp_(programming_language).

4. ASP.NET Core Identity [Archived] ) [Åëåêòðîííèé ðåñóðñ]. � Ðåæèì äîñòóïó
: https://github.com/aspnet/Identity.

5. Introduction to Identity on ASP.NET Core [Åëåêòðîííèé ðå-
ñóðñ]. � Ðåæèì äîñòóïó : https://docs.microsoft.com/en-
us/aspnet/core/security/authentication/ identity?view=aspnetcore-
6.0&tabs=visual-studio.
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Iíôîðìàöiéíà êàðòà ôóíêöiîíóâàííÿ äåðæàâíî¨ ìîâè

Iôòîäà Áîãäàí, Þðié÷óê Àíàñòàñiÿ

iftoda.bohdan@chnu.edu.ua, a.yuriychuk@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Îñíîâíèì ñóñïiëüíèì ðåñóðñîì XXI ñòîëiòòÿ ¹ iíôîðìàöiÿ. Âîíà íà-
êîïè÷ó¹òüñÿ ó ñâiòi ùîñåêóíäè i ¹ íåâiä'¹ìíîþ ñêëàäîâîþ ó ïîâñÿêäåííié
äiÿëüíîñòi ëþäèíè. Òîìó äóæå âàæëèâèì àñïåêòîì ¹ âiäîáðàæåííÿ ií-
ôîðìàöi¨ çðó÷íèì òà íàî÷íèì ñïîñîáîì, àäæå öå ïîëåãøó¹ ¨¨ ñïðèéíÿòòÿ
òà çàãàëüíîäîñòóïíiñòü, à â äåÿêèõ âèïàäêàõ âiäiãðà¹ êëþ÷îâó ðîëü â ¨¨
îïðàöþâàííi.

Ðîçðîáëåíèé âåáäîäàòîê ïðåäñòàâëÿ¹ âiäîìîñòi ïðî ðåãiîíàëüíèé ñòàí
ôóíêöiîíóâàííÿ äåðæàâíî¨ ìîâè çà äîïîìîãîþ åëåêòðîííî¨ êàðòè Óêðà-
¨íè, ùî çíà÷íî ñïðîùó¹ âiäîáðàæåííÿ óæå íàÿâíî¨ iíôîðìàöi¨ íà ñàéòi
Óïîâíîâàæåíîãî iç çàõèñòó äåðæàâíî¨ ìîâè. Ðàíiøå äàíi ïðî ïðèéíÿòi
ðåãiîíàëüíi ðiøåííÿ òà ïðîãðàìè ðîçìiùóâàëèñü â îêðåìèõ ðîçäiëàõ ñàé-
òó, ó ñòði÷öi íîâèí, ó çâiòíèõ äîêóìåíòàõ, i äëÿ òîãî, ùîá çíàéòè ïîòðiáíi
âiäîìîñòi äîâîäèëîñü âèòðà÷àòè áàãàòî çóñèëü íà ¨õ ïîøóêè. Iíòåðàêòèâíà
iíôîðìàöiéíà ìàïà æ äîçâîëÿ¹ áåç çàéâèõ çóñèëü çíàéòè òà ïåðåãëÿíóòè
íåîáõiäíó iíôîðìàöiþ.

Íà ãîëîâíié ñòîðiíöi âåáäîäàòêó âiäîáðàæà¹òüñÿ ìàïà Óêðà¨íè iç àäìi-
íiñòðàòèâíî-òåðèòîðiàëüíèì ïîäiëîì. Äëÿ ìàðêóâàííÿ íàÿâíîñòi àáî âiä-
ñóòíîñòi âiäîìîñòåé ïî ïåâíîìó ðåãiîíó âèêîðèñòîâó¹òüñÿ êîëið. ßêùî
ïðî îáëàñòü àáî îáëàñíèé öåíòð àäìiíiñòðàòîðîì áóëà ââåäåíà iíôîðìà-
öiÿ, òî íà êàðòi öå âiäîáðàæà¹òüñÿ çà äîïîìîãîþ áëàêèòíîãî òà æîâòîãî
êîëüîðiâ âiäïîâiäíî. Â ïðîòèëåæíîìó âèïàäêó äiëÿíêà íà êàðòi áóäå ìà-
òè áiëèé êîëið. Îáëàñòi òà îáëàñíi öåíòðè ¹ êëiêàáåëüíèìè åëåìåíòàìè,
íàòèñíóâøè íà ÿêi âiäêðèâà¹òüñÿ âiêíî ç ïåðåëiêîì àêòèâíèõ ïîñèëàíü
(ðèñ. 1) íà ôàéëè ÷è iíøi iíòåðíåò-ñòîðiíêè ç iíôîðìàöi¹þ ïðî îáðàíèé
ðåãiîí, çîêðåìà:

� ïðîãðàìà ðîçâèòêó òà ôóíêöiîíóâàííÿ äåðæàâíî¨ ìîâè;

� ñïèñîê âiäïîâiäàëüíèõ ïîñàäîâöiâ;

� iíôîðìàöiÿ ïðî ñêàðãè òà çàõîäè äåðæàâíîãî êîíòðîëþ.

Ïðè íàòèñêàííi íà áóäü-ÿêå ç ãiïåðïîñèëàíü âiäáóäåòüñÿ ïåðåíàïðàâ-
ëåííÿ íà âiäïîâiäíó âåáñòîðiíêó. ßêùî æ âèáðàòè îá'¹êò, äëÿ ÿêîãî íå
áóëî äîäàíî æîäíîãî ãiïåðïîñèëàííÿ, òî âiäîáðàçèòüñÿ ïîâiäîìëåííÿ ïðî
òå, ùî íà äàíèé ìîìåíò iíôîðìàöiÿ ïðî ñòàí ôóíêöiîíóâàííÿ äåðæàâíî¨
ìîâè â îáëàñòi àáî â îáëàñíîìó öåíòði âiäñóòíÿ.
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Ðèñ. 1

Âåáäîäàòîê òàêîæ íàäà¹ àäìiíiñòðàòîðó ëåãêèé òà çðó÷íèé ñïîñiá äî-
äàâàííÿ íîâî¨ iíôîðìàöi¨ òà ðåäàãóâàííÿ âæå íàÿâíî¨. Ùîá âíåñòè âiäî-
ìîñòi ïðî ïåâíèé ðåãiîí íåîáõiäíî íàòèñíóòè íà âiäïîâiäíó îáëàñòü íà
êàðòi, çàäàòè íàçâó ïîëÿ òà âñòàâèòè êîðåêòíå ãiïåðïîñèëàííÿ.

Ðåàëiçàöiÿ ïðîãðàìíîãî ïðîäóêòó âèêîíàíà iç âèêîðèñòàííÿì ôðåéì-
âîðêiâ Django, Django REST framework, Angular òà, âiäïîâiäíî, ìîâ ïðî-
ãðàìóâàííÿ Python i TypeScript, îá'¹êòíî-ðåëÿöiéíî¨ ñèñòåìè êåðóâàííÿ
áàçàìè äàíèõ PostgreSQL.

Âåáäîäàòîê ìà¹ äåñêòîïíó i ìîáiëüíó âåðñi¨, ÿêi çàáåçïå÷óþòü îïòè-
ìàëüíå âiäîáðàæåííÿ òà âçà¹ìîäiþ ñàéòó ç êîðèñòóâà÷åì íåçàëåæíî âiä
ïðèñòðîþ, ç ÿêîãî âií ïåðåãëÿäà¹òüñÿ.

Ìè æèâåìî â åïîõó äàíèõ i ìà¹ìî ñïðàâó ç âåëè÷åçíèìè îáñÿãàìè
iíôîðìàöi¨, ÿêi ëþäñòâî êîëè-íåáóäü ñòâîðþâàëî. Àáè ïðîäóêòèâíî iñíó-
âàòè â òàêèõ óìîâàõ i øâèäêî çíàõîäèòè ïîòðiáíi âiäîìîñòi, íåîáõiäíî
îôîðìëþâàòè iíôîðìàöiþ ñòèñëî, êàòåãîðèçóâàòè i ïðåäñòàâëÿòè ¨¨ ó âi-
çóàëüíié ôîðìi. Ðîçðîáëåíèé âåáäîäàòîê ¹ õîðîøèé òîìó ïðèêëàä.
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Ïðî¹êòîð öèôð ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë çàñîáàìè

äâîñèìâîëüíîãî àëôàâiòó

Îëåíà Íiêîðàê

19fmf.o.nikorak@std.npu.edu.ua

ÍÏÓ iìåíi Ì.Ï. Äðàãîìàíîâà

Ðîçãëÿäà¹òüñÿ ëàíöþãîâå íåñàìîïîäiáíå çîáðàæåííÿ ÷èñåë âiäðiçêà [0; 1]
äðîáàìè Äàíæóà, òîáòî ëàíöþãîâèìè äðîáàìè, åëåìåíòàìè ÿêîãî ¹ ÷èñëà
0 òà 1.

Íåõàé A = {0; 1} � äâîñèìâîëüíèé àëôàâiò (íàáið öèôð), L =
∞⋃
i=1

Ai �

ïðîñòið ñêií÷åííèõ òà íåñêií÷åííèõ ïîñëiäîâíîñòåé åëåìåíòiâ àëôàâiòó.

Òåîðåìà 1 ([1]). Äëÿ äîâiëüíîãî ÷èñëà x ∈ [0; 1] iñíó¹ (ñêií÷åííà àáî
íåñêií÷åííà) ïîñëiäîâíiñòü (dn) ∈ L òàêà, ùî

x =
1

d1 +
1

d2+...
1

dn+...

≡ [0; d1, d2, ..., dn, ...]
D2 , (1)

äå d1 = 1, à dn+1 = 1, ÿêùî dn = 0 äëÿ n ∈ N .

Ëàíöþãîâèé äðiá (1) íàçèâàþòü D2-ïðåäñòàâëåííÿì ÷èñëà x, à ôîð-
ìàëüíèé çàïèñ [0; d1, d2, ..., dn, ...]

D2 � éîãî D2-çîáðàæåííÿì ÷èñëà x.
D2-çîáðàæåííÿ ÷èñëà ìîæå ìàòè ñêií÷åííó êiëüêiñòü öèôð, ïðè÷îìó,

îñêiëüêè ìà¹ ìiñöå ðiâíiñòü

[0; d1, d2, ..., dn, 0, dn+1, ...]
D2 = [0; d1, d2, ..., dn, 0, ..., 0, dn+1, ...]

D2 ,

òî î÷åâèäíî, ùî iñíóþòü ÷èñëà, ÿêi ìàþòü íåñêií÷åííó ìíîæèíó ðiçíèõ
çîáðàæåíü. Äîìîâëåíiñòþ íå âèêîðèñòîâóâàòè äâîõ íóëiâ ïiäðÿä ó D2-
çîáðàæåííi ÷èñëà ìîæíà äîìîãòèñü òîãî, ùî êîæíå ÷èñëî ìàòèìå íå áiëü-
øå äâîõ çîáðàæåíü, ïðè÷îìó òi, ùî ìàþòü ¨õ äâà âè÷åðïóþòüñÿ ÷èñëàìè
âèäó

[0; d1, d2, ..., dn, 1, 1]D2 = [0; d1, d2, ..., dn, 1, 0, 1]D2 . (2)

Òàêi ÷èñëà íàçèâàþòüñÿ D2-áiíàðíèìè. Ðåøòà ÷èñåë ìàþòü ¹äèíå çîáðà-
æåííÿ i íàçèâàþòüñÿ D2-óíàðíèìè. Âiäîìî, ùî ìíîæèíà D2-áiíàðíi ÷è-
ñëà ¹ ïiäìíîæèíîþ ðàöiîíàëüíèõ ÷èñåë, à òîìó ¹ çëi÷åííîþ ìíîæèíîþ
íóëüîâî¨ ìiðè Ëåáåãà.

ÃåîìåòðiþD2-çîáðàæåííÿ ÷èñåë ðîçêðèâàþòü âëàñòèâîñòi ìíîæèí (ôi-
ãóð), ÿêi íà ôiêñîâàíèõ ìiñöÿõ ìàþòü çàäàíi öèôðè, à ñàìå: äîâæèíà
öèëiíäðà i îñíîâíå ìåòðè÷íå âiäíîøåííÿ. Öèëiíäð ∆D2

c1c2...cm ðàíãó m ç
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îñíîâîþ c1c2...cm (ìíîæèíà ÷èñåë âèäó [0; c1, c2, ..., cm, d1, d2, ...], dn ∈ A)
¹ âiäðiçêîì, ïðè÷îìó ìàþòü ìiñöå ðiâíîñòi

min ∆D2
c1...c2k−110

= max ∆D2
c1...c2k−111

, min ∆D2
c1...c2k11

= max ∆D2
c1...c2k10

. (3)

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ f , îçíà÷åíà ðiâíiñòþ

f([0; d1, d2, ..., dn, ...]
D2) = [0; g1, g2, ..., gn, ...]

D2 , (4)

äå g1 = 1, gn = 1−dngn−1, n = 2, 3, .... Ôóíêöiÿ f ¹ íåêîðåêòíî îçíà÷åíîþ ó
D2-áiíàðíèõ òî÷êàõ, îñêiëüêè äëÿ [0; 1, 1]D2 = [0; 1, 0, 1]D2 âèêîíó¹òüñÿ íå-
ðiâíiñòü: f([0; 1, 1]D2) = [0; 1, 0]D2 = 1 6= f([0; 1, 0, 1]D2) = [0; 1, 1, 0]D2 = 1

2 .
Òîìó çàäëÿ êîðåêòíîñòi îçíà÷åííÿ îá'¹êòà äîìîâèìîñÿ íå âèêîðèñòîâóâà-
òè îäíå ç çîáðàæåíü D2-áiíàðíèõ ÷èñåë, à ñàìå [0; d1, d2, ..., dn, 1, 0, 1]D2 .

Ëåìà 1. D2-öèôðà gn çíà÷åííÿ ôóíêöi¨ f çàëåæèòü âiä n-ïåðøèõ öèôð
àðãóìåíòà d1, d2,...,dn i îäíîçíà÷íî âèçíà÷à¹òüñÿ ðiâíiñòþ

gn = 1 +

n−2∑
k=0

(−1)k+1
k∏

i=0

dn−i, (5)

Ëåìà 2. Îáðàçîì f(∆D2

d1d2...dm
) öèëiíäðà ∆D2

d1d2...dm
¹ öèëiíäð ∆D2

g1g2...gm
ðàíãó m, äå gn = 1 − dngn−1, ïðè÷îìó ÿêùî (dm−1, dm) = (1, 0), òî
(gm−1, gm) ∈ {(1, 1), (0, 1)} i ÿêùî (dm−1, dm) = (1, 1), òî (gm−1, gm) ∈
{(0, 1), (1, 0)}.
Òåîðåìà 2. Ôóíêöiÿ f ¹ ñïàäíîþ ôóíêöi¹þ, ïðè÷îìó ðîçðèâíîþ íà ìíî-
æèíi D2-áiíàðíèõ ÷èñåë i íåïåðåðâíîþ â ðåøòi òî÷îê îáëàñòi âèçíà÷å-
ííÿ.

Òåîðåìà 3. Ìíîæèíà çíà÷åíü ôóíêöi¨ f ¹ íiäå íå ùiëüíîþ, çàìêíåíîþ
ìíîæèíîþ íóëüîâî¨ ìiðè Ëåáåãà ó D2-çîáðàæåííi ÷èñåë ÿêî¨ íå âèêîðè-
ñòîâóþòüñÿ êîìáiíàöi¨ öèôð 00 i 111.

Ó äîïîâiäi ïðîïîíóþòüñÿ ðåçóëüòàòè äîñëiäæåííÿ ñòðóêòóðíèõ, ôðà-
êòàëüíèõ âëàñòèâîñòåé ôóíêöi¨, âëàñòèâîñòi ìíîæèí ðiâíiâ.

1. Iosifescu M., Kraaikamp C. On Denjoy's canonical continued fraction expansion
// Osaka J. Math. � 40 (2003). � no. 1. � P. 235�244.

2. Pratsiovytyi M.V., Goncharenko Ya.V., Lysenko I.M., Ratushniak S.P. Conti-
nued A2-fracions and singular functions // Matematychni Studii. V.58,
No.1(2022).

3. Ïðàöüîâèòèé Ì.Â. Äâîñèìâîëüíi ñèñòåìè êîäóâàííÿ äiéñíèõ ÷èñåë òà ¨õ
çàñòîñóâàííÿ. � Êè¨â: Íàóêîâà äóìêà. � 2022. � 316ñ.

4. Íiêîðàê Î.Î. Îäíà ôðàêòàëüíà ôóíêöiÿ iíâåðñíîãî òèïó, âèçíà÷åíà ó òåð-
ìiíàõ D2-çîáðàæåííÿ ÷èñåë îäèíè÷íîãî âiäðiçêà// Ñòóäåíòñüêi ôiçèêî-
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Òåñòóâàííÿ ïðîãðàìíîãî çàáåçïå÷åííÿ ó ïðîåêòi

�Ðåàáiëiòàöiéíèé öåíòð �Îñîáëèâà äèòèíà��

Ìàðiÿ Ïåòðóñÿê

petrusiak.mariia@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Òåñòóâàííÿ àáî çàáåçïå÷åííÿ êîíòðîëþ ÿêîñòi � öå ïîñòiéíèé i âïîðÿä-
êîâàíèé ïðîöåñ, ÿêèé äîïîìàãà¹ iíæåíåðàì-òåñòóâàëüíèêàì äiçíàòèñÿ, ÷è
âiäïîâiäà¹ ïðîãðàìíå çàáåçïå÷åííÿ êîíêðåòíèì i òî÷íèì âèìîãàì.

Äëÿ ðåàëiçàöi¨ äàíî¨ ðîáîòè âèðiøèëè òåñòóâàòè ïðîåêò äëÿ âçà¹ìîäi¨
ìiæ ôàõiâöÿìè Áóêîâèíñüêîãî ðåàáiëiòàöiéíîãî öåíòðó �Îñîáëèâà äèòè-
íà� òà áàòüêàìè, ó ÿêèõ ¹ äiòè ç iíâàëiäíiñòþ âiêîì äî 18 ðîêiâ.

Ó ðîáîòi ðîçãëÿäà¹òüñÿ ïðîöåñ àâòîìàòèçàöi¨ òåñòóâàííÿ ïðîãðàìíîãî
çàáåçïå÷åííÿ. Ïåðøèì åòàïîì áóâ àíàëiç ïðåäìåòíî¨ îáëàñòi, ðîçáið âèìîã
äî ïðîãðàìíîãî ïðîäóêòó òà íàïèñàííÿ òåñòîâî¨ äîêóìåíòàöi¨.

Îñêiëüêè äàíó ïðîãðàìó ïîòðiáíî áóëî òåñòóâàòè ç íóëÿ, òî äëÿ áiëü-
øî¨ êiëüêîñòi ïðîòåñòîâàíîãî ôóíêöiîíàëó áóëî âèðiøåíî íàïèñàòè ÷åê-
ëèñòè.

Ó òåñòóâàííi ÷åê-ëèñò � öå ïåðåëiê ïåðåâiðîê äëÿ òåñòóâàííÿ ïðîäóêòó.
×åê-ëèñòè âëàøòîâàíi äóæå ïðîñòî. Áóäü-ÿêèé ìiñòèòü ïåðåëiê áëîêiâ,
ñåêöié, ñòîðiíîê, iíøèõ åëåìåíòiâ, ÿêi ñëiä ïðîòåñòóâàòè.

Ïåðåâàãè âèêîðèñòàííÿ ÷åê-ëèñòiâ:
- ïîêðàùèòè óÿâëåííÿ ïðî ñèñòåìó çàãàëîì, áà÷èòè ñòàòóñ ¨¨ ãîòîâíî-

ñòi;
- ðîçóìiòè îáñÿã âèêîíàíî¨ òà ìàéáóòíüî¨ ðîáîòè ç òåñòóâàííÿ;
- íå ïîâòîðþâàòèñÿ â ïåðåâiðêàõ i íå ïðîïóñòèòè íi÷îãî âàæëèâîãî â

ïðîöåñi òåñòóâàííÿ.
Äëÿ àâòîìàòèçàöi¨ òåñòóâàííÿ áóëî âèðiøåíî ïèñàòè End-to-end òåñòè.
Íàñêðiçíå òåñòóâàííÿ, âîíî æ End-to-end àáî E2E � öå ïðîöåñ òåñòóâàí-

íÿ, ïðè ÿêîìó âiäáóâà¹òüñÿ äîêëàäíà åìóëÿöiÿ êîðèñòóâà÷à â ñåðåäîâèùi.
Ñóòü öüîãî òåñòóâàííÿ � ïîäèâèòèñÿ, ÷è ïðàöþ¹ ïðîãðàìà äëÿ êií-

öåâîãî êëi¹íòà, ÿê ðîçðàõîâóâàëîñÿ ñïî÷àòêó. Ïðè öüîìó ïîòðiáíî âðà-
õîâóâàòè, ùî êîðèñòóâà÷ó âñå îäíî, ÷è ôóíêöiîíó¹ ïðîãðàìà �ÿê òðåáà�,
ãîëîâíå, ùîá ïðîãðàìà ôóíêöiîíóâàëà i âèïðàâäîâóâàëà î÷iêóâàííÿ, òîìó
îñíîâíèé íàãîëîñ ðîáèòüñÿ íà êîðåêòíå ôóíêöiîíóâàííÿ, òîáòî ïîçèòèâíå
òåñòóâàííÿ.

Ó õîäi ðîçðîáêè àâòîìàòèçàöi¨ áóëî îáðàíî POM (Page Object Model)
ïàòåðí ïðîåêòóâàííÿ � òèïîâèé ñïîñiá âèðiøåííÿ ïåâíî¨ ïðîáëåìè, ùî
÷àñòî çóñòði÷à¹òüñÿ ïðè ïðîåêòóâàííi àðõiòåêòóðè ïðîãðàìè.

Âèáið òåõíîëîãié âèïàâ íà SeleniumWebDriver òà Ruby, à ñàìå Cucumber
òà Capybara.

WebDriver � öå ïîïóëÿðíèé iíñòðóìåíò óïðàâëiííÿ áðàóçåðîì, ÿêèé
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ìàêñèìàëüíî ïðàâäèâî iìiòó¹ äi¨ êîðèñòóâà÷à.
Cucumber � öå iíñòðóìåíò òåñòóâàííÿ ïðîãðàìíîãî çàáåçïå÷åííÿ ç âiä-

êðèòèì êîäîì. Cucumber äîçâîëÿ¹ ïèñàòè òåñò êåéñè, ÿêi êîæåí ìîæå
ëåãêî çðîçóìiòè íåçàëåæíî âiä òåõíi÷íèõ çíàíü.

Àâòîìàòèçàöiÿ òåñòóâàííÿ Cucumber âèêîðèñòîâó¹ äâà âàæëèâèõ ôàé-
ëè:

1. Feature �le (ôàéë iç ðîçøèðåííÿì .feature) � ìiñòèòü êîä, íàïèñàíèé
ïðîñòîþ àíãëiéñüêîþ ìîâîþ.

2. Step De�nition �le (ôàéë iç âèçíà÷åíèìè êðîêàìè) � ìiñòèòü ôàêòè-
÷íèé êîä, íàïèñàíèé ðîçðîáíèêîì, âèêîðèñòîâóþ÷è Capybara.

Capybara � öå áiáëiîòåêà, íàïèñàíà ìîâîþ ïðîãðàìóâàííÿ Ruby, ÿêà
äîçâîëÿ¹ ëåãêî ìîäåëþâàòè, ÿê êîðèñòóâà÷ âçà¹ìîäi¹ iç äîäàòêîì.

Îòæå, â õîäi äàíî¨ ðîáîòè áóëî ñïåðøó ìàíóàëüíî ïðîòåñòîâàíî ïðîåêò
�Îñîáëèâà äèòèíà�, òàêîæ áóëî ñòâîðåíî ôðåéìâîðê äëÿ àâòîìàòèçàöi¨ òå-
ñòóâàííÿ òà àâòîìàòèçîâàíî íàéâàæëèâiøi òåñòîâi âèïàäêè. Âñi çíàéäåíi
äåôåêòè â õîäi òåñòóâàííÿ áóëî çàïèñàíî â òðåêåíãîâié ñèñòåìi Trello.

Âiäïîâiäíî äî íàïèñàíèõ àâòîìàòèçîâàíèõ òåñòiâ áóëî ñòâîðåíî Traceabi-
lity matrix, äå ìîæíà ïîáà÷èòè, ÿêèé ôóíêöiîíàë âæå ïðîòåñòîâàíèé.
Traceability matrix äà¹ ìîæëèâiñòü ïîðàõóâàòè âiäñîòêîâiñòü ïîêðèòòÿ òå-
ñòàìè íàøî¨ ïðîãðàìè.

Ðîçðîáëåíèé ïðîãðàìíèé ïðîäóêò ¹ ñàéòîì, òîìó òåñòóâàííÿ ïðîâîäè-
ëîñÿ ç óðàõóâàííÿì iíòåðåñiâ ïîòåíöiéíîãî êîðèñòóâà÷à òà çâàæàþ÷è íà
çàáåçïå÷åííÿ ïîòðiáíî¨ áiçíåñ-ëîãiêè. Íàâåäåíî îäèí iç ïðèêëàäiâ çíàéäå-
íèõ ïîìèëîê.

Îòæå, ñàìå òàê áóëî îðãàíiçîâàíî òåñòóâàííÿ ïðîãðàìíîãî ïðîäóêòó.
Òåñòóâàííÿ � öå âàæëèâèé åòàï â ðîçðîáöi ïðîãðàìè, òîìó ùî ñàìå òå-
ñòóâàëüíèê áåðå íà ñåáå ðîëü êiíöåâîãî êîðèñòóâà÷à òà ìîæå çàçäàëåãiäü
âèÿâèòè äåôåêò, ùî äîçâîëÿ¹ â ïîäàëüøîìó âèïóñòèòè íà êiíöåâèé ðèíîê
ÿêiñíèé ïðîäóêò. Àäæå ñàìå äëÿ ïðîåêòó �Îñîáëèâà äèòèíà� íàäçâè÷àéíî
âàæëèâî, ùîá ïðîãðàìíèé ïðîäóêò áóâ ÷iòêèì, çðîçóìiëèì òà ïðîñòèì ó
êîðèñòóâàííi.
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Ìîáiëüíi çàñòîñóíêè äëÿ âèâ÷åííÿ ïðîãðàìóâàííÿ â øêiëüíîìó

îñâiòíüîìó ïðîöåñi

Ñëîáîäÿí Ãàííà, Ïåðóí Ãàëèíà

slobodian.hanna@chnu.edu.ua, g.perun@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Îñòàííi ðîêè çìóñèëè ïðîöåñ íàâ÷àííÿ íàáóòè çíà÷íî iíøîãî õàðà-

êòåðó. Ó çâ'ÿçêó ç ïàíäåìi¹þ òà ïîâíîìàøòàáíîþ âiéíîþ â Óêðà¨íi, ëåäü

íå âñi íàâ÷àëüíi çàêëàäè ïåðåéøëè íà çìiøàíó ÷è ïîâíiñòþ äèñòàíöié-

íó ôîðìó íàâ÷àííÿ. Òàêå ðiøåííÿ ìà¹ ðÿä ïåðåâàã. Íàáàãàòî ïðîñòiøå i

øâèäøå íàâ÷àòèñÿ ïðÿìî ç äîìó. Òèì íå ìåíøå, äëÿ òîãî, ùîá çàáåçïå÷è-

òè ìîæëèâiñòü îòðèìóâàòè çíàííÿ íà âiäñòàíi, ïîòðiáíî ìàòè, ÿê ìiíiìóì,

ñìàðòôîí òà ÿêiñíèé iíòåðíåò çâ'ÿçîê. Ó ñó÷àñíîñòi äîâîëi ïîïóëÿðíîþ

òà ïðèáóòêîâîþ ¹ IÒ ñôåðà. Ñòàöiîíàðíà ôîðìà íàâ÷àííÿ äàâàëà ìîæëè-

âiñòü ëþäÿì, ùî íå ìàþòü âäîìà ïåðñîíàëüíîãî êîìï'þòåðà, íàâ÷àòèñÿ

ïðîãðàìóâàííþ. Íà æàëü, íàâiòü çàðàç íå êîæåí ìîæå äîçâîëèòè ñîái ÿêi-

ñíèé ñìàðòôîí, íå òå ùî ÏÊ. Òîìó ðîçãëÿíåìî ðÿä ìîáiëüíèõ çàñòîñóí-

êiâ, ùî äîçâîëÿþòü âèâ÷àòè ïðîãðàìóâàííÿ äiòÿì ðiçíîãî âiêó â ñâî¹ìó

ñìàðòôîíi.

ScratchJr � ïî÷àòêîâà ìîâà ïðîãðàìóâàííÿ â ìîáiëüíîìó çàñòîñóíêó,

ùî ¹ ñïðîùåíèì âàðiàíòîì ñòàíäàðòíîãî Scratch. Òóò ¹ òiëüêè øiñòü êà-

òåãîðié êîìàíä â êîæíîìó ç ÿêèõ âiä ï'ÿòè äî ñåìè ñêðèïòiâ, ÿêi ìîæíà

çàñòîñóâàòè äî îá'¹êòiâ. Ãîëîâíèì ãåðî¹ì çàëèøèâñÿ ðóäèé êiò. Ïðîãðà-

ìà äîçâîëÿ¹ îáèðàòè iíøi îá'¹êòè ç ìåíþ, àáî ñòâîðþâàòè âëàñíi. Òàêi æ

ôóíêöi¨ çáåðåãëèñÿ ïî âiäíîøåííþ i äî ñöåíè. Çàñòîñóíîê ðîçðàõîâàíèé

äëÿ îïàíóâàííÿ äiòüìè âiä øåñòè ðîêiâ i ¹ ïîâíiñòþ áåçêîøòîâíèì. Ìîâà

ïîäàííÿ iíôîðìàöi¨ - óêðà¨íñüêà.

Codeacademy Go � çàñòîñóíîê äëÿ ïî÷àòêó âèâ÷åííÿ âåáðîçðîáêè Data

Science, Python, SQL, HTML&CSS, Java òà ií. Ó äîäàòêó ìîæíà âèâ÷àòè

íå òiëüêè öi ìîâè, àëå i ïðîõîäèòè êóðñè çà ðiçíèìè íàïðÿìàìè. Áóäü-

ÿêèé êóðñ ìîæíà ïðîéòè â áóäü-ÿêèé ìîìåíò, ïðîõîäèòè ïîïåðåäíi êóðñè

íåîáîâ'ÿçêîâî. Çàñòîñóíîê ¹ áåçêîøòîâíèì, àëå ìîæëèâà ïiäïèñêà äëÿ

äîñòóïó äî âñiõ êóðñiâ. Iíôîðìàöiÿ ïîäà¹òüñÿ àíãëiéñüêîþ ìîâîþ.

Dcoder, code compiler IDE � öå çàñòîñóíîê-êîìïiëÿòîð äëÿ ïðîãðàìi-

ñòiâ. Ñåðåäîâèùå ïiäòðèìó¹ ïîíàä òðèäöÿòü ìîâ ïðîãðàìóâàííÿ. Ìiñòèòü

ðîçäië ç çàâäàííÿìè, ÿêi äîïîìîæóòü â âèâ÷åííi ïðîãðàìóâàííÿ. Çàñòî-

ñóíîê íàäà¹ íàñòóïíi ìîæëèâîñòi:

- ñèíõðîíiçàöi¨ ç GitHub i Bitbucket;

- ïiäñâi÷óâàííÿ ñèíòàêñèñó;

- ðîáîòà ç ïðî¹êòàìè ç äåêiëüêîõ ôàéëiâ;

- íàëàãîäæåííÿ êîäó.

Ó çàñòîñóíêó ëàêîíi÷íèé i çðîçóìiëèé äèçàéí. Òàêîæ ¹ ÷àò ç iíøè-

271



ìè ðîçðîáíèêàìè. Îñíîâíèé ôóíêöiîíàë áåçêîøòîâíèé. Ìîâà äîäàòêó -

àíãëiéñüêà.

Datacamp � öå ïðîãðàìà, ÿêà ïðîïîíó¹ âèâ÷åííÿ òiëüêè òðüîõ òàêèõ

ìîâ: SQL, Python òà R. Íå çâàæàþ÷è íà íåâåëèêèé âèáið, äëÿ ñôåðè àíà-

ëiçó äàíèõ öüîãî áiëüø íiæ äîñòàòíüî. Âèâ÷àòè ïðîãðàìóâàííÿ ìîæíà

êîðèñòóþ÷èñü ÿê áåçêîøòîâíîþ òàê i ïëàòíîþ âåðñi¹þ çàñòîñóíêó. Äëÿ

êîæíî¨ ìîâè ¹ äåêiëüêà øëÿõiâ ðîçâèòêó, êîòði òàêîæ ðîçäiëåíi íà òåìè.

Íàâ÷àííÿ ïðîõîäèòü ó ôîðìàòi òåîðåòè÷íî¨ âiäåî-÷àñòèíè òà ïðàêòèêè ç

íàïèñàííÿì êîäó é çàïèòàííÿìè ç âàðiàíòàìè âiäïîâiäåé. Ìîâà âèêîðè-

ñòàííÿ � àíãëiéñüêà.

Ïðîàíàëiçóâàâøè ïåðåðàõîâàíi äîäàòêè ìîæíà çðîçóìiòè, ùî ïðàêòè-

÷íå âèâ÷åííÿ ìîâ ïðîãðàìóâàííÿ, ïiä ÷àñ îñâiòíüîãî ïðîöåñó, ìîæëèâå íå

çâàæàþ÷è íà äîñòóïíiñòü ïåðñîíàëüíèõ êîìï'þòåðiâ. �äèíèì âàãîìèì ìi-

íóñîì ¹ âiäñóòíiñòü óêðà¨íñüêîìîâíîãî iíòåðôåéñó, ùî ìîæå óñêëàäíèòè

íàâ÷àííÿ. Ïðîòå ìàéæå âñi àíãëîìîâíi çàñòîñóíêè ìîæíà âèêîðèñòîâóâà-

òè ÿê âiëüíå ñåðåäîâèùå äëÿ ïðîãðàìóâàííÿ, äå çàâäàííÿ áóäå ïîäàâàòè

â÷èòåëü. Êðiì òîãî, â çàñòîñóíêàõ ¹ öiëèé ðÿä ïåðåâàã: øèðîêèé âèáið ìîâ

ïðîãðàìóâàííÿ; îði¹íòàöiÿ íà ðiçíi âiêîâi êàòåãîði¨; äîäàòêîâi, âæå ãîòî-

âi, âàðiàíòè çàâäàíü. Îòæå, âîíè äîçâîëÿþòü â÷èòåëþ ÿêiñíî ïîäàâàòè

íàâ÷àëüíèé ìàòåðiàë.

1. https://skillspot.co/learning-to-code-on-your-phone-the-best-coding-apps-of-
2021/
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Iíñòðóìåíòè ðîçðîáêè ìîâ ïðîãðàìóâàííÿ äëÿ ïëàòôîðìè
.NET

Òåòÿíà Ñîïðîíþê, Àíäðié Äðîáîò

t.sopronyuk@chnu.edu.ua, drobot.andrii@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Þ. Ôåäüêîâè÷à

Ó äàíié ðîáîòi ïðîïîíó¹òüñÿ iíñòóìåíòàðié äëÿ ðîçðîáêè ìîâ ïðîãðà-
ìóâàííÿ íà ïëàòôîðìi .NET. Âñi åòàïè ðîçðîáêè âiçóàëiçóþòüñÿ íà ïðè-
êëàäi ðåàëiçàöi¨ îïåðàòîðà ïðèñâî¹ííÿ, àäæå áóäü-ÿêà ìîâà âèñîêîãî ðiâíÿ
íå îáõîäèòüñÿ áåç íüîãî. Ó öi iíñòðóìåíòè âõîäÿòü: ãåíåðàòîð ñèíòàêñè-
÷íèõ àíàëiçàòîðiâ Antlr, ìîâà ïðîãðàìóâàííÿ C# òà øàáëîí ïðîåêòóâà-
ííÿ �Âiäâiäóâà÷� (�Visitor�) [1]. Äëÿ âiçóàëiçàöi¨ âèêîðèñòàíî áiáëiîòåêó
GraphViz.

Âiçüìåìî äëÿ ïðèêëàäó òàêèé îïåðàòîð ïðèñâî¹ííÿ ç äåÿêî¨ ìîâè ïðî-
ãðàìóâàííÿ âèñîêîãî ðiâíÿ: abc:=5+(price+tax)*0.9.

Ìåòà � ïîñòàâèòè ó âiäïîâiäíiñòü áóäü-ÿêîìó îïåðàòîðó ïðèñâî¹í-
íÿ ç âèêîðèñòàííÿì iäåíòèôiêàòîðiâ, êîíñòàíò, àðèôìåòè÷íèõ îïåðàöié
òà âêëàäåíèõ äóæîê ôðàãìåíò êîäó ìîâîþ CIL (Common Intermediate
Language) äëÿ âiðòóàëüíî¨ ìàøèíè .NET.

Ó ñåðåäîâèùi Antlr íàìè ñòâîðåíî ãðàìàòèêó, ÿêà îïèñó¹ ñòðóêòóðó
òàêèõ îïåðàòîðiâ ïðèñâî¹ííÿ:

grammar Operator;

assignment: IDEN ASSIGN e;

e: e PLUS t | t;

t: t MULT f | f;

f: LEFT e RIGHT | oper;

oper: IDEN | NUMBER;

NUMBER: ([0-9]*[.])?[0-9]+;

IDEN: [a-zA-Z]+;

PLUS: '+';

MULT: '*';

LEFT: '(';

RIGHT: ')';

ASSIGN: ':=';

Òàêîæ çàñîáàìè Antlr âèêîíóþòüñÿ äâà åòàïè êîìïiëÿöi¨ ïðîãðàìè:
ëåêñè÷íèé àíàëiç i ñèíòàêñè÷íèé àíàëiç. Âiäïîâiäíî äëÿ êîæíîãî ç öèõ
åòàïiâ áóëî çãåíåðîâàíi îêðåìi êëàñè OpeatorLexer òà OperatorParser.

Çàâäàííÿ êëàñó OperatorLexer ïîëÿãà¹ â òîìó, ùîá iç âõiäíî¨ ïîñëiäîâ-
íîñòi ñèìâîëiâ çãåíåðóâàòè ïîñëiäîâíiñòü ëåêñåì - òîêåíiâ. Ïiä ëåêñåìîþ
ðîçóìiþòüñÿ íàéìåíøà çìiñòîâíà îäèíèöÿ.

Ó âèïàäêó íàøîãî îïåðàòîðà ïðèñâî¹ííÿ ðîçïiçíàþòüñÿ òàêi òèïè ëå-
êñåì: iäåíòèôiêàòîð, ÷èñëîâà êîíñòàíòà, îïåðàöiÿ ïðèñâî¹ííÿ, îïåðàöi¨
äîäàâàííÿ òà ìíîæåííÿ, ëiâà òà ïðàâà äóæêè. Êðiì ðîçïiçíàâàííÿ ëåêñåì,
â êëàñi OperatorLexer ïðîâîäèòüñÿ ïîøóê ëåêñè÷íèõ ïîìèëîê, íàïðèêëàä,
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íåäîïóñòèìèõ ñèìâîëiâ. Íà åòàïi ëåêñè÷íîãî àíàëiçó ðåàëiçîâàíî òàêîæ
ïiäõiä, ÿêèé ãðóíòó¹òüñÿ íà òåîði¨ àâòîìàòiâ: ãåíåðó¹òüñÿ i âiçóàëiçó¹òüñÿ
àâòîìàò ç ðiçíèìè òèïàìè çàêëþ÷íèõ ñòàíiâ (Ðèñ. 1) äëÿ ðîçïiçíàâàííÿ
ðiçíèõ òèïiâ ëåêñåì (Ðèñ. 2).

Ðèñ. 1: Àâòîìàò ç ðiçíèìè òèïàìè çàêëþ÷íèõ ñòàíiâ

Ðèñ. 2: Äåòàëi äåòåðìiíîâàíîãî ñêií÷åííîãî àâòîìàòó
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Ðåçóëüòàòîì ðîáîòè êëàñó OperatorParser ¹ ñèíòàêñè÷íå i àáñòðàêòíå
äåðåâà ðîçáîðó (Ðèñ. 3). Êîíñòðóêòîð êëàñó ïðèéìà¹ íàáið òîêåíiâ, çãå-
íåðîâàíèõ çà äîïîìîãîþ êëàñó OperatorParser.

Àíàëîãi÷íî êëàñó OperatorLexer, îáîâ'ÿçêîì êëàñó OperatorParser ¹
âèâÿâëåííÿ ñèíòàêñè÷íèõ ïîìèëîê. Ïðèêëàäîì òàêî¨ ïîìèëêè ìîæå áóòè
íåäîïóñòèìèé ïîðÿäîê îïåðàöié.

Äëÿ îáõîäó îòðèìàíîãî äåðåâà ðîçáîðó i ãåíåðàöi¨ ïðîìiæíîãî êîäó [2]
âèêîðèñòîâó¹òüñÿ øàáëîí ïðîåêòóâàííÿ "Âiäâiäóâà÷"(Visitor). Øàáëîí
âiäâiäóâà÷ äà¹ çìîãó ëåãêî äîäàâàòè íîâi îïåðàöi¨ � ïîòðiáíî ïðîñòî äî-
äàòè íîâèé ïîõiäíèé âiä âiäâiäóâà÷à êëàñ.

Ðèñ. 3: Ðåçóëüòàò âèêîíàííÿ ïðîãðàìîþ ñèíòàêñè÷íîãî àíàëiçó

Ó êîìïiëÿòîði, ùî âèêîðèñòîâó¹ ïðîìiæíó ìîâó, ìîæå áóòè äâà åòàïè
âèáîðó iíñòðóêöié - îäèí äëÿ ïåðåòâîðåííÿ äåðåâà ñèíòàêñè÷íîãî àíàëi-
çó â ïðîìiæíèé êîä, à äðóãèé åòàï äëÿ ïåðåòâîðåííÿ ïðîìiæíîãî êîäó â
iíñòðóêöi¨ ç íàáîðó êîìàíä öiëüîâî¨ ìàøèíè. Öÿ äðóãà ôàçà íå âèìàãà¹
îáõîäó äåðåâà; âîíà ìîæå áóòè âèêîíàíà ëiíiéíî i çàçâè÷àé âêëþ÷à¹ ïðî-
ñòó çàìiíó îïåðàöié íà âiäïîâiäíi ¨ì êîäè ïðîìiæíî¨ ìîâè. Òàêèé ïiäõiä i
áóëî âèêîðèñòàíî íàìè. Ñïî÷àòêó äåðåâî ïåðåòâîðþ¹òüñÿ ó êîìàíäè âëà-
ñíî¨ ïðîìiæíî¨ ìîâè, ïiñëÿ ÷îãî âîíè ïåðåòâîðþþòüñÿ ó êîìàíäè ìîâè
CIL äëÿ âiðòóàëüíî¨ ìàøèíè .NET (Ðèñ. 4).
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Ðèñ. 4: Ãîëîâíå âiêíî ïðîãðàìè

Ïðîãðàìà äîçâîëÿ¹ ïîêðîêîâå âèêîíàííÿ ïðîìiæíîãî êîäó ç äåìîí-
ñòðàöi¹þ ìiñòèòìîãî òèì÷àñîâèõ çìiííèõ i ñóìàòîðà (ïðîìiæíèõ ðåçóëü-
òàòiâ).

Îòæå, íà ïðèêëàäi îäíî¨ iíñòðóêöi¨ ìîâè ïðîãðàìóâàííÿ âèñîêîãî ðiâ-
íÿ (îïåðàòîðà ïðèñâî¹ííÿ) íàìè ïðîäåìîíñòðîâàíî ãåíåðàöiþ ïðîãðàìè
ìîâîþ CIL. Àíàëîãi÷íî, çà òàêîþ æ ñõåìîþ áóäóþòüñÿ êîäè äëÿ iíøèõ
iíñòðóêöié ìîâè ïðîãðàìóâàííÿ âèñîêîãî ðiâíÿ. Âèêîíàííÿ îòðèìàíîãî
êîäó ïåðåêëàäà¹òüñÿ íà ïëàòôîðìó .NET.

1. Santosh Singh. ANTLR C# Cookbook � 2019. � [Åëåêòðîííèé ðå-
ñóðñ]. URL: https://www.amazon.com/Create-Compiler-Using-ANTLR-Crash-
Course-ebook/dp/B09BJ4CRTJ

2. Ñîïðîíþê Ò.Ì. Ñèñòåìíå ïðîãðàìóâàííÿ. ×àñòèíà II. Åëåìåíòè òåîði¨ êîì-
ïiëÿöi¨: Íàâ÷àëüíèé ïîñiáíèê ó äâîõ ÷àñòèíàõ. � ×åðíiâöi: ×ÍÓ, 2008. � 64
c.
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Åìóëÿòîð ìàøèíè Òþðiíãà

Ìèêîëà Ôiëiï÷óê, Îëüãà Ôiëiï÷óê

m.filipchuk@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ìàøèíà Òþðiíãà (ÌÒ) � àáñòðàêòíà îá÷èñëþâàëüíà ìàøèíà, çàïðî-
ïîíîâàíà â 1936 ð. àíãëiéñüêèì ìàòåìàòèêîì Àëàíîì Òþðiíãîì äëÿ ôîð-
ìàëüíîãî âèçíà÷åííÿ ïîíÿòòÿ àëãîðèòìó [1]. Âîíà òðàäèöiéíî çàâæäè
ðîçãëÿäà¹òüñÿ ïðè âèêëàäàííi ñòóäåíòàì ÂÍÇ ðîçäiëó ¾Òåîðiÿ àëãîðèò-
ìiâ¿ â êóðñàõ äèñêðåòíî¨ ìàòåìàòèêè ÷è ìàòåìàòè÷íî¨ ëîãiêè òà òåîði¨
àëãîðèòìiâ.

Áàãàòîði÷íèé äîñâiä âèêëàäàííÿ âèùåçãàäàíèõ êóðñiâ ïîêàçàâ, ùî ïåâ-
íà ÷àñòèíà ñòóäåíòiâ âiä÷óâà¹ òðóäíîùi ç ðîçóìiííÿì òà åôåêòèâíèì çà-
ñâî¹ííÿì ìàòåðiàëó äàíîãî ðîçäiëó, ó çâ'ÿçêó ç ÷èì âèíèêà¹ ïîòðåáà âèêî-
ðèñòàííÿ ó ïðîöåñi âèêëàäàííÿ ÿêîãîñü çðó÷íîãî íàãëÿäíîãî äåìîíñòðà-
öiéíîãî çàñîáó. Âðàõîâóþ÷è öåé àñïåêò, îäíèì iç àâòîðiâ äàíî¨ ïðàöi áó-
ëî ñòâîðåíî Web-åìóëÿòîð ÌÒ. Ðåàëiçàöiÿ åìóëÿòîðà âèêîíàíà çàñîáàìè
HTML 5, CSS 3 òà JavaScript.

Ñòâîðåíèé åìóëÿòîð ìà¹ äðóæíié, iíòó¨òèâíî çðîçóìiëèé iíòåðôåéñ
êîðèñòóâà÷à òà íàäà¹ íàñòóïíi ìîæëèâîñòi:
1) çàäàííÿ ïîòðiáíîãî çîâíiøíüîãî àëôàâiòó ÌÒ òà âêàçóâàííÿ âiäïîâiä-

íîãî ïîðîæíüîãî ñèìâîëó ó íüîìó;
2) äèíàìi÷íå ôîðìóâàííÿ ïîòðiáíîãî âíóòðiøíüîãî àëôàâiòó ÌÒ;
3) ðåæèì êîíñòðóêòîðà êîìàíä äëÿ ôîðìóâàííÿ ïðîãðàìè ÌÒ ó âèãëÿäi

òàáëèöi êîìàíä;
4) ðåæèì êîíñòðóêòîðà äëÿ ôîðìóâàííÿ ïîòðiáíî¨ ïî÷àòêîâî¨ êîíôiãó-

ðàöi¨ ÌÒ;
5) çàâàíòàæåííÿ çàäàíèõ ïî÷àòêîâî¨ êîíôiãóðàöi¨ òà âiäïîâiäíî¨ ïðîãðà-

ìè ÌÒ ó ïàì'ÿòü åìóëÿòîðà äëÿ ïîäàëüøîãî âèêîíàííÿ;
6) ïîêðîêîâå ðó÷íå ÷è ïîâíå àâòîìàòè÷íå âèêîíàííÿ ïðîãðàìè ÌÒ ç ìî-

æëèâiñòþ ðåãóëþâàííÿ øâèäêîñòi âèêîíàííÿ òàêòiâ;
7) âiçóàëiçàöiÿ íà êîæíîìó òàêòi âiäïîâiäíî¨ ïîòî÷íî¨ ïðîìiæíî¨ êîíôi-

ãóðàöi¨ ÌÒ òà êîìàíäè, ÿêà áóäå âèêîíóâàòèñÿ;
8) ó âèïàäêó çàñòîñîâíîñòi ÌÒ äî ïî÷àòêîâîãî ñëîâà, äåìîíñòðàöiÿ âiä-

ïîâiäíî¨ êiíöåâî¨ êîíôiãóðàöi¨ ÌÒ;
9) ðåæèì åêñïîðòó ïîòî÷íîãî êîäó ïðîãðàìè ÌÒ ó âèãëÿäi ïåðåëiêó êî-

ìàíä;
10) ðåæèì iìïîðòó iñíóþ÷îãî êîäó ïðîãðàìè ÌÒ ç àâòîìàòè÷íèì ôîðìó-

âàííÿì â åìóëÿòîði âiäïîâiäíèõ çîâíiøíüîãî òà âíóòðiøíüîãî àëôàâi-
òiâ, à òàêîæ òàáëèöi êîìàíä;

11) ìîæëèâiñòü ìîäèôiêàöi¨ ðàíiøå ñôîðìîâàíî¨ ÷è iìïîðòîâàíî¨ ïðîãðà-
ìè ÌÒ.
Iíòåðôåéñ i ðîáîòó åìóëÿòîðà ïðîäåìîíñòðîâàíî íà ðèñ. 1�6.
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Ðèñ. 1. Iíòåðôåéñ i ñòàðòîâèé âèãëÿä åìóëÿòîðà

Ðèñ. 2. Ðåæèì êîíñòðóêòîðà êîìàíä äëÿ ôîðìóâàííÿ ïðîãðàìè

Ðèñ. 3. Ðåæèì êîíñòðóêòîðà äëÿ ôîðìóâàííÿ ïî÷àòêîâî¨ êîíôiãóðàöi¨
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Ðèñ. 4. Ïðèêëàä ñôîðìîâàíî¨ ïî÷àòêîâî¨ êîíôiãóðàöi¨

Ðèñ. 5. Åìóëÿòîð â ïðîöåñi âèêîíàííÿ çàäàíî¨ ïðîãðàìè

Ðèñ. 6. Äåìîíñòðàöiÿ âiäïîâiäíî¨ êiíöåâî¨ êîíôiãóðàöi¨

Åìóëÿòîð äîñòóïíèé çà ïîñèëàííÿì:

http://kolya.pp.ua/MT.html

1. Íiêîëüñüêèé Þ.Â., Ïàñi÷íèê Â.Â., Ùåðáèíà Þ.Ì. Äèñêðåòíà ìàòåìàòèêà.

� Ê.: Âèäàâíè÷à ãðóïà BHV, 2007. � 368 ñ.
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Ðîçðîáêà íèçüêîðiâíåâîãî ïðîãðàìíîãî çàáåçïå÷åííÿ äëÿ

ìàðøðóòèçàòîðiâ íà ïëàòôîðìi ARM

Àíòîí Øàíií

shanin.anton@chnu.edu.ua

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

Ìàðøðóòèçàòîð � öå ãîëîâíèé ïðèñòðié â òîïîëîãi¨ êîìï'þòåðíî¨ ìå-
ðåæi, ùî âiäïîâiäà¹ çà øâèäêå òà iíêàïñóëüîâàíå äîñòàâëåííÿ ìåðåæåâèõ
ïàêåòiâ äî êiíöåâîãî ïðèñòðîþ. ×åðåç íüîãî ïðîõîäèòü âåñü ïîòiê iíôîð-
ìàöi¨, ÿêà ìà¹ áóòè çàõèùåíà âiä ïîòåíöiéíèõ àòàê, âèêðàäåííÿ äàíèõ òà
øàõðàéñòâà [1].

Ìåòîþ äàíî¨ ðîáîòè ¹ ðîçðîáêà ïðîãðàìíîãî çàáåçïå÷åííÿ, äëÿ íàé-
ðîçïîâñþäæåíiøèõ ìàðøðóòèçàòîðiâ, ÿêi ïðåäñòàâëåíi íà ðèíêó Óêðà¨íè.
Îñíîâíîþ iäå¹þ áóëà ðîçðîáêà àëüòåðíàòèâíîãî ÏÇ, íàäàíîãî âèðîáíè-
êîì, ÿêà â ñâîþ ÷åðãó çàáåçïå÷ó¹ øâèäêó òà áåçïå÷íó ïåðåäà÷ó äàíèõ òà
¹ çðó÷íîþ äëÿ íàëàøòóâàííÿ i ïiäòðèìêè ìåðåæi, ç iíòó¨òèâíî çðîçóìi-
ëèì äèçàéíîì òà ãíó÷êiñòþ íàëàøòóâàííÿ i êîíôiãóðóâàííÿ ïðîöåñiâ [2].
Êiíöåâèé êîðèñòóâà÷ ðîçðîáëåíîãî ÏÇ ìà¹ ìîæëèâiñòü ñàìîñòiéíî âèçíà-
÷àòè áàæàíó ïðîöåñîðíó i ñèãíàëüíó ïîòóæíiñòü ìàðøðóòèçàòîðà, íàëà-
øòîâóâàòè ðiçíîìàíiòíi îïòèìiçàöiéíi ïðîöåñè òà øàðè çàõèñòó ëîêàëüíî¨
ìåðåæi.

Ðîçðîáëåíå ÏÇ ñòâîðåíå íà îñíîâi ÿäðà Linux ¹ âiäêðèòèì ïðîãðàìíèì
çàáåçïå÷åííÿì, âiëüíîäîñòóïíèì äëÿ âñòàíîâëåííÿ íà áóäü-ÿêi ïðèñòðî¨
êîðèñòóâà÷iâ òà ìà¹ íàñòóïíi ïåðåâàãè [2]:

1. Îïòèìiçîâàíå âèêîðèñòàííÿ ðåñóðñiâ ïðîöåñîðà øëÿõîì âèêîðèñòà-
ííÿ ðîçïîäiëåíèõ çàïèòiâ.

2. Ïiäòðèìêà VPN òà Proxy, ÿêó ìîæíà íàëàøòóâàòè áåç äîäàòêîâèõ
çàëåæíîñòåé íà ïðèñòðîÿõ â ìåðåæi.

3. Ïiäòðèìêà çàïóñêó êîðèñòóâàöüêèõ êîìàíä ÷åðåç ïðîòîêîëè SSH òà
Telnet àáî çàïóñêó SiriCommands.

4. Ïðîãðàìíà ïiäòðèìêà ñó÷àñíèõ ñòàíäàðòiâ Wi-Fi a/b/g/n (ñïåöèôi-
êàöiÿ RFC íîìåð 5416).

5. Ëîêàëüíå âiäñëiäêîâóâàííÿ ïiäîçðiëîãî òðàôiêó, ÿêå âèõîäèòü ç ìàð-
øðóòèçàòîðà.

Àðõiòåêòóðà ðîçðîáëåíîãî ÏÇ íàâåäåíà íà ðèñóíêó
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Ïðè ðîçðîáöi ïðîãðàìíîãî çàáåçïå÷åííÿ áóëî ñòâîðåíî ïîêðàùåíó ðå-
àëiçàöiþ ïðîòîêîëó MPTCP (MultiPath Transmisson Control Protocol) íà
îñíîâi RFC 8684, ÿêà äîçâîëÿ¹ îäíî÷àñíî ñòâîðþâàòè äâà òà áiëüøå ïiä-
êëþ÷åííÿ äî õîñòiâ, ùî çàáåçïå÷ó¹ ïðèøâèäøåíèé òà áåçïåðåáiéíèé äî-
ñòóï ïî ìåðåæi. MPTCP - öå çíà÷íå ïiäñèëåííÿ äëÿ êîðèñòóâàöüêî¨ ìå-
ðåæi òà äîäàòêiâ, îñêiëüêè çàáåçïå÷ó¹òüñÿ ñòiéêiñòü âàøèõ äîäàòêiâ i ¹
ìîæëèâiñòü âèêîðèñòîâóâàòè áiëüøó ìåðåæåâó ïðîïóñêíó çäàòíiñòü [4].
Àëãîðèòì âèêîðèñòàííÿ ïðîòîêîëó MPTCP, çàïðîïîíîâàíèé â ðîáîòi, äî-
çâîëÿ¹ çíàõîäèòè íàéøâèäøèé øëÿõ ó ìåðåæi, ùî ðîáèòü îïèñàíó òåõíî-
ëîãiþ iäåàëüíèì âàðiàíòîì äëÿ âèðiøåííÿ îïèñàíèõ â ðîáîòi ïðîáëåì.

1. Vincent Zimmer, Jiming Sun, Marc Jones, Stefan Reinauer. Embedded Fi-
rmware Solutions: Development Best Practices for the Internet of Things, 2015.
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HALs and Drivers, 2017.
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Àâòîíîìíi íåëiíiéíi êðàéîâi çàäà÷i äëÿ íåâèðîäæåíèõ

äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì
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Çíàéäåíî êîíñòðóêòèâíi óìîâè ðîçâ'ÿçíîñòi òà ñõåìó ïîáóäîâè ðîçâ'ÿçêiâ
íåëiíiéíî¨ àâòîíîìíî¨ êðàéîâî¨ çàäà÷i äëÿ íåâèðîäæåíî¨ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ ñèñòåìè. Ïîáóäîâàíî çáiæíó iòåðàöiéíó ñõåìó äëÿ çíàõîäæå-
ííÿ íàáëèæåíü äî ðîçâ'ÿçêiâ íåëiíiéíî¨ àâòîíîìíî¨ êðàéîâî¨ çàäà÷i äëÿ
íåâèðîäæåíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè.

Ïîçíà÷èìî A òà B � (m×n) � âèìiðíi ìàòðèöi òà Z(z, ε) � n � âèìiðíó
âåêòîð-ôóíêöiþ. Ñëàáêîíåëiíiéíîþ àâòîíîìíîþ ïåðiîäè÷íîþ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íîþ êðàéîâîþ çàäà÷åþ áóäåìî íàçèâàòè çàäà÷ó ïðî çíà-
õîäæåííÿ ðîçâ'ÿçêó [1, 2]

z(t, ε) = col(z(1)(t, ε), ... , z(n)(t, ε)), z(i)(·, ε) ∈ C1[a, b(ε)],

z(i)(t, ·) ∈ C[0, ε0], b(0) := b∗, i = 1, 2, ... , n

äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè

Az′ = B z + εZ(z, ε), (1)

ÿêèé çàäîâîëüíÿ¹ êðàéîâó óìîâó

`z(·, ε) = α. (2)

Òóò `z(·, ε) � ëiíiéíèé îáìåæåíèé âåêòîðíèé ôóíêöiîíàë

`z(·, ε) : C[a, b(ε)]→ Rq.

Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2) øóêà¹ìî â ìàëîìó îêîëi ðîçâ'ÿçêó íå-
òåðîâî¨ (q 6= n) äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨

z0(t) = col (z
(1)
0 (t), ... , z

(n)
0 (t)), z

(i)
0 (·) ∈ C1[a, b∗], i = 1, 2, ... , n

ïîðîäæóþ÷î¨ êðàéîâî¨ çàäà÷i

Az′0 = B z0, `z0(·) = α ∈ Rq. (3)

Âåêòîð-ôóíêöiþ Z(z, ε) ïðèïóñêà¹ìî íåïåðåðâíî-äèôåðåíöiéîâíîþ çà íå-
âiäîìîþ z(t, ε) ó ìàëîìó îêîëi ðîçâ'ÿçêó ïîðîäæóþ÷î¨ çàäà÷i i íåïåðåðâíî-
äèôåðåíöiéîâíîþ çà ìàëèì ïàðàìåòðîì ε â ìàëîìó äîäàòíîìó îêîëi íóëÿ.
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Ìàòðèöþ A ïðèïóñêà¹ìî, âçàãàëi êàæó÷è, ïðÿìîêóòíîþ: m 6= n, àáî êâà-
äðàòíîþ, àëå âèðîäæåíîþ. Çà óìîâè [3]

PA∗ = 0 (4)

ïîðîäæóþ÷à ñèñòåìà (3) ïðèâîäèòüñÿ äî òðàäèöiéíî¨ ñèñòåìè çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü

z′0 = A+B z0 + PAρ0 ν0; (5)

òóò
rank A := m < n.

Êðiì òîãî, A+ � ïñåâäîîáåðíåíà (ïî Ìóðó � Ïåíðîóçó), PA∗ � ìàòðèöÿ-
îðòîïðîåêòîð:

PA∗ : Rm → N(A∗),

PAρ0 � (n × ρ0)− ìàòðèöÿ, óòâîðåíà ç ρ0 ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ
(n× n)− ìàòðèöi-îðòîïðîåêòîðà

PA : Rn → N(A),

ν0 ∈ Rρ0 � äîâiëüíà êîíñòàíòà. Ïðèïóñòèìî, ùî ïåðiîäè÷íà çàäà÷à äëÿ
ñèñòåìè (5) ïðåäñòàâëÿ¹ êðèòè÷íèé âèïàäîê:

PQ∗ 6= 0, Q := `X0(·).

Ó êðèòè÷íîìó âèïàäêó äëÿ ôiêñîâàíî¨ êîíñòàíòè ν0 ∈ Rρ0 çà óìîâè

PQ∗
d

{
α− `K

[
ν0

]
(·)
}

= 0 (6)

ïîðîäæóþ÷à çàäà÷à (3) ìà¹ r− ïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ

z0(t, cr) = Xr(t)cr +G

[
ν0

]
(t), cr ∈ Rr.

Òóò X0(t) � íîðìàëüíà (X0(a) = In) ôóíäàìåíòàëüíà ìàòðèöÿ îäíîðî-
äíî¨ ÷àñòèíè äèôåðåíöiàëüíî¨ ñèñòåìè (5), êðiì òîãî

G

[
ν0

]
(t) := X0(t)Q+`K

[
ν0

]
(·) +K

[
ν0

]
(t)

� óçàãàëüíåíèé îïåðàòîð Ãðiíà ïîðîäæóþ÷î¨ ïåðiîäè÷íî¨ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (5),

K

[
ν0

]
(t) := X0(t)

∫ t

a

X−10 (s) ν0 ds
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� óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i Êîøi z(a) = 0 äëÿ äèôåðåíöi-
àëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (5). Ìàòðèöÿ PQ∗

d
óòâîðåíà ç d ëiíiéíî íåçà-

ëåæíèõ ðÿäêiâ ìàòðèöi-îðòîïðîåêòîðà PQ∗ , à ìàòðèöÿ PQr � ç r ëiíiéíî
íåçàëåæíèõ ñòîâïöiâ ìàòðèöi-îðòîïðîåêòîðà PQ. Çà óìîâè (4) ñèñòåìà (1)
ïðèâîäèòüñÿ äî òðàäèöiéíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

z′ = A+B z + PAρ0 ν0 + εA+Z(z, ε); (7)

ßê âiäîìî [1, 3], àâòîíîìíà ïåðiîäè÷íà êðàéîâà çàäà÷à äëÿ ñèñòåìè (7)
ñóòò¹âî âiäðiçíÿ¹òüñÿ âiä àíàëîãi÷íèõ íåàâòîíîìíèõ ïåðiîäè÷íèõ çàäà÷;
íà âiäìiíó âiä îñòàííiõ, ïðàâèé êiíåöü b(ε) ïðîìiæêó [a, b(ε)], íà ÿêîìó
øóêà¹ìî ðîçâ'ÿçîê íåëiíiéíî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè (7), íåâiäîìèé i
ïiäëÿãà¹ âèçíà÷åííþ â ïðîöåñi ïîáóäîâè ñàìîãî ðîçâ'ÿçêó. Ñêîðèñòà¹ìîñü
ïðèéîìîì [3], ÿêèé ïîëÿãà¹ ó çîáðàæåííi íåâiäîìî¨ ôóíêöi¨

b(ε) = b∗ + ε(b∗ − a)β(ε), β(ε) ∈ C[0, ε0], β(0) := β∗.

Ôóíêöiÿ β(ε) ïiäëÿãà¹ âèçíà÷åííþ â ïðîöåñi çíàõîäæåííÿ ðîçâ'ÿçêó ïå-
ðiîäè÷íî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè (7). Ñóòíiñòü ïðèéîìó ïîëÿãà¹ â
çàìiíi íåçàëåæíî¨ çìiííî¨

t = a+ (τ − a)(1− εβ(ε))

i çíàõîäæåííi ðîçâ'ÿçêó íåëiíiéíî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè (7) i ôóí-
êöi¨ β(ε), ÿê ôóíêöi¨ ìàëîãî ïàðàìåòðà. Ó êðèòè÷íîìó âèïàäêó çà óìîâè
(6) äëÿ ôiêñîâàíî¨ êîíñòàíòè ν0 ∈ Rρ0 óìîâà ðîçâ'ÿçíîñòi íåëiíiéíî¨ êðà-
éîâî¨ çàäà÷i äëÿ ñèñòåìè (7) íàáóâà¹ âèãëÿäó

PQ∗
d

{
(1 + εβ(ε))α− `K

[
β(ε)(A+B z(t, ε) + PAρ0 ν0)+ (8)

+(1 + εβ(ε))A+Z(z(t, ε), ε)

]
(·)
}

= 0.

Âèêîðèñòîâóþ÷è íåïåðåðâíiñòü íåëiíiéíî¨ âåêòîð-ôóíêöi¨ Z(z(t, ε), ε), ïî
ε ó ìàëîìó äîäàòíîìó îêîëi íóëÿ, ïåðåõîäèìî äî ìåæi ïðè ε→ 0 ó ðiâíîñòi
(8) i îòðèìó¹ìî íåîáõiäíó óìîâó

F (č0) := PQ∗
d

{
α− `K

[
β∗(A+B z0(t, c∗r) + PAρ0 ν0)+ (9)

+A+Z(z0(t, c∗r), 0)

]
(·)
}

= 0

iñíóâàííÿ ðîçâ'ÿçêó ïåðiîäè÷íî¨ çàäà÷i äëÿ ñèñòåìè (1) ó êðèòè÷íîìó âè-
ïàäêó; òóò

č0 :=

(
c∗r
β∗

)
.

Òàêèì ÷èíîì, äîâåäåíà íàñòóïíà ëåìà.
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Ëåìà 1. Ïðèïóñòèìî, ùî àâòîíîìíà ïåðiîäè÷íà äèôåðåíöiàëüíî-àë-
ãåáðà¨÷íà êðàéîâà çàäà÷à (1), (2) äëÿ ôiêñîâàíî¨ êîíñòàíòè ν0 ∈ Rρ0 çà
óìîâ (4) òà (6) ïðåäñòàâëÿ¹ êðèòè÷íèé âèïàäîê PQ∗ 6= 0 i ìà¹ ðîçâ'ÿçîê

z(t, ε) = col(z(1)(t, ε), ... , z(n)(t, ε)), z(i)(·, ε) ∈ C1[a, b(ε)],

z(i)(t, ·) ∈ C[0, ε0], i = 1, 2, ... , n,

ÿêèé ïðè ε = 0 ïåðåòâîðþ¹òüñÿ íà ïîðîäæóþ÷èé

z(t, 0) = z0(t, c∗r).

Òîäi âåêòîð
č0 ∈ Rr+1

çàäîâîëüíÿ¹ ðiâíÿííÿ (9).

Ïåðøi r êîìïîíåíò c∗r ∈ Rr êîðåíÿ ðiâíÿííÿ (9) âèçíà÷àþòü àìïëiòóäó
ïîðîäæóþ÷îãî ðîçâ'ÿçêó z0(t, c∗r), ó ìàëîìó îêîëi ÿêîãî ìîæå iñíóâàòè
øóêàíèé ðîçâ'ÿçîê âèõiäíî¨ çàäà÷i (1), (2). Êðiì òîãî, ç ðiâíÿííÿ (9) ìîæå
áóòè çíàéäåíà âåëè÷èíà β∗, ÿêà âèçíà÷à¹ ïåðøå íàáëèæåííÿ äî íåâiäîìî¨
ôóíêöi¨

b1(ε) = b∗ + ε(b∗ − a)β∗.

ßêùî æ ðiâíÿííÿ (9) íå ìà¹ äiéñíèõ êîðåíiâ, òî âèõiäíà äèôåðåíöiàëüíî-
àëãåáðà¨÷íà çàäà÷à (1), (2) íå ìà¹ øóêàíèõ ðîçâ'ÿçêiâ. Ðiâíÿííÿ (9) áóäå-
ìî äàëi íàçèâàòè ðiâíÿííÿì äëÿ ïîðîäæóþ÷èõ êîíñòàíò àâòîíîìíî¨ íå-
ëiíiéíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (1), (2). ßê âiäîìî
[3, 4, 5, 6], âèõiäíà äèôåðåíöiàëüíî-àëãåáðà¨÷íà çàäà÷à (1), (2) ðîçâ'ÿçíà
çà óìîâè ïðîñòîòè êîðåíiâ ðiâíÿííÿ (9) äëÿ ïîðîäæóþ÷èõ êîíñòàíò.

1. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm
boundary-value problems (2-th edition). � Berlin; Boston: De Gruyter, 2016. �
298 p.

2. Campbell S.L., Petzold L.R. Canonical forms and solvable singular systems of
di�erential equations // SIAM J. Alg. Descrete Methods. � 1983. � �4. � Pp.
517�521.

3. Chuiko S. Weakly nonlinear boundary value problem for a matrix di�erential
equation // Miskolc Mathematical Notes. � 2016. � Vol. 17. � �1. � Pp. 139�
150.

4. Ìàëêèí È.Ã. Ìåòîäû Ëÿïóíîâà è Ïóàíêàðå â òåîðèè íåëèíåéíûõ êîëåáà-
íèé. � Ë.; Ì.: Ãîñòåõèçäàò. � 1949. � 244 ñ.

5. Chuiko S.M., Boichuk I.A. An autonomous Noetherian boundary value problem
in the critical case // Nonlinear Oscillations (N.Y.) � Vol. 12. � 2009. � �3. �
P. 405�416.

6. Chuiko S.Ì., Starkova Î.V. About an approximate solution of autonomous
boundary-value problem with a least-squares methods // Nonlinear oscillation.
� 2009. � 12. � �4. � P. 556 � 573.

286



Conditions for asymptotic equivalence of Functional Stochastic
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In this work, some useful results for Functional Stochastic Di�erential
Equations were obtained. For the system of Di�erential Equations:

ẋ = f1(t, x(t))dt, (1)

where f1 : [0,∞]→ R.
Together with the system of Functional Stochastic Di�erential Equations

ẏ = f1(t, y(t))dt+ f2(t, yt)dt+ σ(t, yt)dW (t) (2)

Where f2(t, φ) : [0,∞]× Ch → R; σ(t, φ) : [0,∞]× Ch → R;
Ch = C([−h, 0];R); yt = y(t+ Θ),Θ ∈ [−h, 0] and W (t) is a Wiener process
on a probability space (Ω,F, P ) with �ltration {Ft, t ≥ 0} ⊂ F

Under several assumptions, we can prove that:
a)system (2) is asymptotically mean square equivalent to the system (1)

that is for each solution y(t) of system (2) there corresponds a solution x(t)
of system (1) such that

lim
t→∞

E|x(t)− y(t)|2 = 0

b)system (2) is asymptotically equivalent to the system (1) with probabi-
lity 1 that is for each solution y(t) of system (2) there corresponds a solution
x(t) of system (1) such that

P{ lim
t→∞

|x(t)− y(t)| = 0} = 1

Let us put h0, so the following inequality holds:

40eL
2h0+3h0Lh0L

2 < 1 (3)

then, since the function m(h) = 40eL
2h+3hLhL2 monotonically increasing

and m(0) = 0, hence for all h ≤ h0 inequality (3) holds. Here, functions
f1(t, x(t)), f2(t, yt), σ(t, yt) satisfy the following conditions:
1)|f1(t, x1)− f1(t, x2)| ≤ L|x1 − x2|
2)|f2(t, ξ)− f2(t, φ)|+ |σ(t, ξ)− σ(t, φ)| ≤ L||ξ − φ||C
3)∃γh > 0, such that:
a)|f2(t, φ)| ≤ Ke−γht, t ≥ 0
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b)|σ(t, φ)| ≤ Ke−γht, t ≥ 0

c)e−γhh ≤ 40eL
2h+2hLhL2

d)(γh + L)h < 1
Where L,K, γh are some positive constants that do not depend on time, and
such that γh > L.

Theorem. Let's assume that the previous assumptions hold, then:
a)system (2) is asymptotically mean square equivalent to the system (1)
that is for each solution y(t) of system (2) there corresponds a solution x(t)
of system (1) such that

lim
t→∞

E|x(t)− y(t)|2 = 0

b)system (2) is asymptotically equivalent to the system (1) with probability 1
that is for each solution y(t) of the system (2) there corresponds to a solution
x(t) of the system (1) such that

P{ lim
t→∞

|x(t)− y(t)| = 0} = 1
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