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Annotation. For a second-order parabolic equation, the multipoint in time Cauchy problem is considered. The coefficients of the
equation and the boundary condition have power singularities of arbitrary order in time and space variables on a certain set of
points. Conditions for the existence and uniqueness of the solution of the problem in Hélder spaces with power weight are found.

1. Introduction

One of the important directions of development of the mod-
ern theory of partial differential equations is the study of
nonlocal boundary value problems for different types of dif-
ferential equations and partial differential equation systems
and establishing the conditions for their correct solvability.
Such problems arise when modeling different phenomena
and processes in modern science, quantum mechanics, tech-
nology, economics, etc.

Multipoint problems for partial differential equations
were studied in the papers by Ptashnyk and his disciples. In
particular, paper [1] is dedicated to multipoint problems for
partial differential equations, not resolved relative to the
highest time derivative. The question of the existence and
qualitative properties of solutions for equations with limited
order of degeneration has been studied in papers [2-4]. The
Dirichlet problem with impulse action for a parabolic equa-
tion with power singularities of arbitrary order on time and
spatial variables is investigated in paper [5]. In paper [6], a
multipoint one-sided boundary value problem is studied. In
paper [7], presented is the result of research of optimal con-
trol of the system described by the problem with an oblique
derivative and an integral condition on time variable for par-
abolic equations with power singularities of arbitrary order.
For a second-order parabolic equation, a multipoint (in time)

problem with oblique derivative is considered in paper [8].
Conditions for the existence and uniqueness of solution of
the posed problem in Hélder spaces with power weight are
established.

In this paper, we investigate a multipoint time-varying
Cauchy problem for a parabolic second-order equation with
power singularities and arbitrary order degenerations in the
coeflicients of spatial and time variables at some set of points.
We also find conditions for the existence and uniqueness of
the solution of formulated problem in Hoélder spaces with
power weight.

2. Statement of the Problem and Main Result

Let #,ty, ty, -+ ty» tyy De fixed positive numbers, 0 <t <
o<ty o <N <ty NFEE, A€{1,2,---,N}, and let O be
some bounded domain in R"™, Q) = {(£, x) [ £ € [ty ty,y),
xeQyu{(t,x)|t=nxeR"\ Q}.

Let us consider the problem of finding a function u(x, ¢)
in the domain IT = [t,, ty,,) X R", which, for t#1¢,, (t,x)€
Q(g) satisfies the equation

n

0= Y Ayt 002,09, + Y At 2)0, + Agltix) | u(t,x) = (t,),

ij=1 i=1
(1)
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and multipoint conditions for variable ¢

u(ty+0,x)=¢,(x), ke{0,1,---,N}. (2)

The power singularities of coefficients of the differential
equation (1) at the point P(¢, x) € IT \ Qo) characterize func-

tions sl(ﬁfl), t), sz(ﬁgz),x):

B
1 t— i t-n| <1,
sl(ﬁgu):{' n* e

1 [t-#n|=>1,

5 (Bx) = {Pﬁ‘@ (®), px)<1,

1, p(x) =1,

where p(x) ﬁgv) € (o0
B ve{l2) = (g, p).

=inf|x —z|,
zeQd

||“?Y$ﬁ;q§n||z:SI;P suplu| » = |u, Q||

A®
Q

‘u;y;ﬁ;q,

|u;y;ﬁ;q;n|l=sgp{ >

2i+|r|<[])

2i+[r|<[ PeQ(k)

(o) =75) e 3
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Let us denote that [, o, g ), q ), y ) y<2), y]m, ,u§2> are real
numbers, ¢*) > 0,y") > 0,1>0, U V) 5 0,j€{0,1,---,n}, [l is
the integer part of [, {I} =1 - [I], x(!) = (x<11), -wxfl), "-,xS,l)),

x® = (), xf ), P(hx), Py (1), x0),
P,(t?), xW), R,(t?), x?)) are arbitrary points of the domain
0, ie{1,2,,n}.

Let D be an arbitrary closed domain in R, Q¥ = [t,,
tea) x D, QY cI® = [t 1) xR

We define the functional space in which we study prob-
lem (1) and (2).

H'(y; B;q; 1) is a set of functions u(t, x) of space L, (IT)
, which are having continuous partial derivatives in QW \
Q(g) of the form 010", 2i+ |r| <[I] and a finite value of the

norm

Ol ey Bia:O®
Q 2| <u,y,/3,q,Q >z}
=51;p{ > sup {sl(q“>+(2i+fI)V“),t“))st(q<2)+2iy(2>>X)|aiaLu(P)

S s [a(d? sy

k2= | v=1 (p,r,)cQ"
(q +2ip® ) Hsl( rjﬁ§1>,t<2>)sz (rj (y<2> - ﬁf)),;c)) |010Lu(P,) - d0Lu(R,)|
x [x() =« ] s (0B )5, (113 (v - B2, %) + <Pl,:>lfdk’ [s1 (a4 0, 1)s,

(4 + @i+ {1y

Marked here, |r|=r +7,+- +rn, sl(q, t) = min (s,(q,

t1),51(¢,1%))), 55(q, ) = min (s,(g, xV), 5,(g, x)).
We assume that the initial problems (1) and (2) satisty
the following conditions:

(a) For the arbitrary vector & = (&, --+,&,),
Q(g)> the following inequality

Y(t,x) eI\

) HSI( 6% )2( (ym_/3;2>),x<1>)’t(1>_t<2>"{”2}|a;'a; P

1) =~ 0jLu(P,)| }

(4)

C1|£ B lan:Sl (/31 > ) ( (1) t)sz(/jgz))x)sz (5)

. <ﬁ1<, ) x )A (6 x)EE; <o
is true, where ¢, ¢, are fixed positive constants and sl([,tlm,
2 o 1 2 a
s (" )A€ H(y5 B3 0511, 51 () Dsapg”, )4 € H

i
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(y5B50510), A= =a, >0, 5, (B, )5, (B}, )5, (B, x) x
x5, (B, x)A; € H¥(y; 305 1T), ™ = max {max(1 + ")

smax(u” - B), g2}, v € {1,2}.

(b) Functions f € H*(y; B;uy; 1), ¢, € H**(3; B;
R"), @y € H*(3; Bs s TN (t=1y)), = (0;91),
p=(0:p%)

Let us formulate the main result of the paper.

Theorem 1. Let conditions (a) and (b) be satisfied for problem
(1) and (2). Then, there exists a unique solution of problem (1)
and (2) in the space H***(y; 85 0; IT), and the following esti-
mate is correct:

usysBs05 M0, <c sup (95, B OsIIN(E= 1)1y
ke(0,1,+,N)

+11F 59 Botg s Tl )-
(6)

To study problem (1) and (2), we construct a sequence of
solutions of problems with a smooth coefficient limit value of
which is the solution of problem (1) and (2).

3. Evaluation of Solutions of Problems with
Smooth Coefficients

Let ITM =10 n {(t,x) e ITW | 5,(1,£) = m7', 5,(1, x) = m;"
Y, m=(m;,m,), m;>1, my,>1 be a sequence of domains
that for m, — oo, m, — co converges to I1%),

In the domain IT, we consider the problem of finding the
functions u,,(t, x) that satisty the equations

n

z aij(t, x)axxaxj + iai(t’ x)axf
i-1

ii=1

(Lyty) (8 ) = (at -

(7)
+ a0<t’ X)) um(t’ X) :fm(t’ x)’
and the time variable t condition
(B +0,%) =9l (), x€ QN (£=1ty). (8)

Here, the coefficients a,;, a;, 4y, and functions f,, ok,
into the domains IT% coincide with Aj Aj Ags f > ¢y respec-

tively, and in the domains IT \ IT) are continuous prolonga-
tions of coeflicients A;;, A;, A, and functions f, ¢, from
domains IT% into domains ITIT%) with preservation of their
smoothness and norm ([9], p. 82).

To solve problem (7) and (8), we have a correct theorem.

Theorem 2. Let u,,(t, x) be the classical solutions of problem
(7) and (8) in the domain Il and let conditions (a) and (b)

be satisfied. Then, for u,,(t, x), the following estimate

R T A
0 0 0

is true.
Proof. Let rp(ak))(um(t, x) =u,,(M,). If M, € Q¥, then at the
point M, t}?e following correlations

o,u,,(M;) =0,

a um(Ml) :0’

xt

(10)

are true and equation (7) is satisfied. Considering (10) and
equation (7) at the point M, the inequality

, (My) <sup(fa,') (11)
Q(k)
is correct.
Let m(ikr)lum(t, x) =u, (M,). If M, € QW) then at the point
Q

M,, the following correlations

atum(MZ) = 0’

are true and equation (7) is satisfied. Considering correlation
(12) and equation (7) at the point M,, we have

(M) i (7). (13)

In the case of M, € Q¥ n (t=t,) or M, e Q¥ n(t=t,)
from condition (8), we obtain

] < [0 5 @O 0 (1= 1) (14)

0

Considering inequality (11), (13), and (14), we obtain

Hum ;H<k)H < Hfmag1 ;H(k>HO + Hgoﬁ,’f) ; 110 0 (t= tk)HO.

(15)
The theorem is proved.

Now, we find estimates of the derivatives of solutions
u,(t,x). In the space C'(IT), we introduce a norm
lltt,, 575 B g5 II||, which is equivalent, at fixed m;, m,, to
the Holder norm, which is defined by the same way as the



norm ||u;y; B;q;II||; only, instead of functions s,(q'", t)

and s,(q'?, x), we take d, (q¢'V, t) and d, (q'?, x), respectively,
max (sl (q(1>, t), m;‘f“)), gV >0,
dl (q(l)) t) — "
min (s1 (q(l), t), m, 1 ), g <o,
max <52 (q(z), x) , m-q(2>)’ q(2> >0,
d, <q(2), x) - )
min (52 (q<2), x) ,m,! ), g% <0
(16)

Theorem 3. Let conditions (a) and (b) be satisfied. Then, for
the solution of problem (7) and (8), the estimate

H”m;y;ﬁ;O;H(k>HMSc(Hf;y;,B;Mo;l‘ﬂk)Ha

+ Hsvk;y;li’;();ﬂ(”ﬂ(tﬁm)

2+a)

(17)

is true.

Proof. Using the definition of the norm and interpolation
inequalities from [9], we have

Hum;y;ﬁ;O;U(")

S(l+£“)<um;y;,8;0;1_[(k)>
+C(£)Hum;H<k)

2+« 2+a

0

(18)

where ¢ is an arbitrary real number ¢ € (0, 1). Hence, it is suf-
ficient to estimate the seminorm (u,,;y;B;0;1T%),. . As

follows from the definition of seminorm, there exist in I7%)
points P, P,, R, for which one of the inequalities

1
—Hum;}/;ﬁ;O;HU‘)H <E, pe{l,2}, (19)
2 2+a #

is true, where

e LAt
( .

- ata)rc m( v)’
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WL >d2 (ﬁ- <y<z> _ ﬁ52>),x<1>

: (—fiﬁfl),?) x d, (ri (Y(Z) _ /3,@),3((1))
010, (Py) — 010Lu,,(Py)|,  2s+|r| =

o= Y di(@rap? )ﬁdl

W _ o

(20)

1t | = xP| > (en/4)d, (yV, D)d, (2 - B2, %) = T),
and & is an arbitrary real number from (0,1), then

EISZsI“’um;y;B;O;H(bH . (21)
2
If [tV — )] > (e2/16)d, 2y, £)d, (2y?), X) = T, then
EZSZSI“‘um;y;ﬁ;O;H(k>H . (22)
2

Applying the interpolation inequalities to (21) and (22),
we find

EMSs“Hum;)/;13;0;17(k>

+ C(S)Hum ;H(k)H . (23)

2+a 0

Let [x\) = x| < T}, and let |tV — t?)| < T,. We assume

that |x,(,1) —-&,]=4T,,&E€oD and

(24)

P, (tW, xMy er1®, ke {0,1, -, N}. In the domain Q¥
we write the problem (7) and (8) in the form

|:at - Z aij(Pl)a a :| = Z [aij(P) ( )}ax ax Uy
ij=1 ij=1
=3 (), (Pt + (1)
= Fm(;, x),
(25)
Uy (£ +0,x) = OW (8, x). (26)

Let H ) be a domain from QW ( ) = {(t,x) € Q(k))”

x, - ! | <tT,ve{l,2},|t-tV|< TZTZ}. Performing the
substitution,

Uy (1 %) =V, (1),
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in problem (25) and (26), we obtain

n

X ay(Po)d (B, 10)d, (B, )

ij=1

x d, (/31 ,x(l))dz ([3§2>, x(l))ayiay}] v,

= Fm(t’j}>’
V(i +0,7) = @) (1 7), (28)

B, 1) d, (-B, x0)x
)%,)-

(Lyv)(ty) = [az -

LI dl(_ﬁ(1> t(l))

n

where y=(d;(-
GRS

k
L (ty)eVip0<y(ty) <L,

0, (& )’)EV3/4’

y(ty)=

We denote the function Z,, (¢, y) = v,,(t, y)w(t, y) which
is a solution of the Cauchy problem

=i%mw@ﬂNWMWWﬂ@

(A7)
x (3,0, ¥+ 0, v, ¥ + 7,9, 0, v/
~ Ym0+ yE,(47)

=F,) (L7, y),
(31)
Z,,(tg +0, ) = D) (1, )y (44, ). (32)

On the basis of Theorem 5.3 from ([2], p. 364), for the
solution of problem (31) and (32) and arbitrary points (M,
,M,) ¢ VEI/C; inequalities

d™*(M,, M,)|0,0}v,,(M,) - 0,0,v,,(M,)|

33
e ()
V%/é

C(Vaun(t=ty)) >

are true, where 2i + |r| =2, d(M;, M,) is the parabolic dis-
tance between the points M; and M,. With regard to the
properties of function y(t, y), we find estimates of the norms

0j0y | < cdy (~(2i-+ Ir)y!

5

We denote

0 = (B0 1)y (-2, 2},

(k) _ _0] <2 W< E

Vi —{(f,y),t A e N E VALY
(29)

and choose a thrice differentiable function y(t, y), which sat-
isfies the conditions

(30)
D, t<1>) x x d, (—(zi+ \r|)y<2>,x<1>).

of expressions || F\V)|| and [[y®®|:

|

< cdy (~(2+ @y, 1) d, (~(2+ )y, 2

k k
X (va : Vg/iHo * va ;Y;O;O;V‘S’/‘)le

J

c ( V3/4>

+HFm:V;0;2y:V§'Z

ot

<cd, (—(2 +a)ym, t(1>)d2

. (—(2 + oc)y(z),x(1>> (35)

x||@fsys05 Vi

C*(Vaun(t=t))

2+«

The definition of the space H'(y;f;q;Q) implies the
satisfaction of inequalities

k k
Clem;y;O;O;Vg/?L ISHum;V;/é’;O;Hg/i l

k
Scszm;y;O;O;V;iHl.

(36)



Substituting (34) and (35) into (33) and returning to the
variables (¢, x), we obtain inequalities

k
’Fm:y;ﬁ;ZV;nglHa

+H®£f):y;ﬁ;0;17§'fiﬂ(t=fk)

EMSCI(

(37)
2+a
(k)

k
+ H”m;ng/i o+ H“m?)’;ﬁ;O;Ham

)

Given the interpolation inequalities and estimates of the
norm of each additive of the expressions F,,, (I)fff), we obtain
the inequalities

E, < (e%(n+2) +81Cn2)Hum ;y;/:’;O;HQIZH
2ta

()
k)

+||ofysBsosmmgin (e= 1)

k
0+C3(HF,,,;)/;/3;2)/;1'[;31

2+a)

Using inequalities (23) and (37) and choosing &, and &
sufficiently small, we obtain the estimate

(38)

«

Hum;y;ﬁ;O;H<k)H SC(HF,,,;)/;B;2)/;H(")H
2+a o

+ H@fjﬁy;ﬁ;o;n(") N(t=ty)

2+a)

(39)

Given the values of the expression F,,(t,x) and ®® (z,,
x), fork=1,2,---, N, we have

HFm;y;ﬁ;zy;n(k)HaSC(Hfm;Y;[j;MO;I_ﬂk)

>
o

HQ’Sff’;V;ﬁ;O;Hﬂ(t:tk)HMSCH¢§f);V:ﬁ;O;Hﬂ(t=fk)

2+a

(40)
Because

HfmH“ﬁh“o;H(k)HaSC‘fi)“ﬁ;!‘o;H(k)

>
o

>
2+a

(41)

then, given the estimate (9) and inequalities (39) and (40) for
k=0,1,---,N, the estimate (17) is true. The theorem is
proved.

o svs Bs0s ¥ (= 1,)

MSCH%;V;/S;O;H“)H(f=tk)

Proof of Theorem 4. The right-hand side of inequality (17) is
independent of m, and the sequences

{0} = (),
) = (30 - B0, ) (- 7. 5)0, ).
{uﬁf)} = {d1 (2)/(1), t) d, (2y<2),x) atum},

Advances in Mathematical Physics

(2} = Ly (19 - B00) (v - 6. 2)e,
. <y<1) _ /),5_1)) t) d, <y<z> _ /3](»2),x> axiaxjum}

(42)

are uniformly bounded and equicontinuous in Q. Accord-

ing to Arcel’s theorem, there exist subsequences {u(”).}
m(j)

which are uniformly convergent to {ué“ )} in Q¥ for m(j)
— 00, 4 €{0,1,2,3}. Passing to the limit as m(j) — oo in
problem (7) and (8), we obtain that u(t,x) :u((,o) is the
unique solution of problem (1) and (2) and u € H***(y; 3;
0;IT). The theorem is proved.

4. Conclusions

The necessary and sufficient conditions for the existence of
the unique solution of a multipoint problem for parabolic
equations with degeneration are established. Estimates of
derivatives of the solution of the problem in the Holder
spaces with power weight are found. The order of the degree
weight depends on the power of the degree features of the
coeflicients of the equation.
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