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Annotation. For a second-order parabolic equation, the multipoint in time Cauchy problem is considered. The coefficients of the
equation and the boundary condition have power singularities of arbitrary order in time and space variables on a certain set of
points. Conditions for the existence and uniqueness of the solution of the problem in Hölder spaces with power weight are found.

1. Introduction

One of the important directions of development of the mod-
ern theory of partial differential equations is the study of
nonlocal boundary value problems for different types of dif-
ferential equations and partial differential equation systems
and establishing the conditions for their correct solvability.
Such problems arise when modeling different phenomena
and processes in modern science, quantum mechanics, tech-
nology, economics, etc.

Multipoint problems for partial differential equations
were studied in the papers by Ptashnyk and his disciples. In
particular, paper [1] is dedicated to multipoint problems for
partial differential equations, not resolved relative to the
highest time derivative. The question of the existence and
qualitative properties of solutions for equations with limited
order of degeneration has been studied in papers [2–4]. The
Dirichlet problem with impulse action for a parabolic equa-
tion with power singularities of arbitrary order on time and
spatial variables is investigated in paper [5]. In paper [6], a
multipoint one-sided boundary value problem is studied. In
paper [7], presented is the result of research of optimal con-
trol of the system described by the problem with an oblique
derivative and an integral condition on time variable for par-
abolic equations with power singularities of arbitrary order.
For a second-order parabolic equation, a multipoint (in time)

problem with oblique derivative is considered in paper [8].
Conditions for the existence and uniqueness of solution of
the posed problem in Hölder spaces with power weight are
established.

In this paper, we investigate a multipoint time-varying
Cauchy problem for a parabolic second-order equation with
power singularities and arbitrary order degenerations in the
coefficients of spatial and time variables at some set of points.
We also find conditions for the existence and uniqueness of
the solution of formulated problem in Hölder spaces with
power weight.

2. Statement of the Problem and Main Result

Let η, t0, t1,⋯, tN , tN+1 be fixed positive numbers, 0 ≤ t0 <
⋯<tN+1, t0 < η < tN+1, η ≠ tλ, λ ∈ f1, 2,⋯,Ng, and let Ω be
some bounded domain in Rn−1, Qð0Þ = fðt, xÞ ∣ t ∈ ½t0 ; tN+1Þ,
x ∈Ωg ∪ fðt, xÞ ∣ t = η, x ∈ Rn \ �Ωg.

Let us consider the problem of finding a function uðx, tÞ
in the domain Π = ½t0, tN+1Þ × Rn, which, for t ≠ tλ, ðt, xÞ∈
Qð0Þ satisfies the equation

∂t − 〠
n

i,j=1
Aij t, xð Þ∂xi∂xj + 〠

n

i=1
Ai t, xð Þ∂xi + A0 t, xð Þ

" #
u t, xð Þ = f t, xð Þ,

ð1Þ
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and multipoint conditions for variable t

u tk + 0, xð Þ = φk xð Þ, k ∈ 0, 1,⋯,Nf g: ð2Þ

The power singularities of coefficients of the differential
equation (1) at the point Pðt, xÞ ∈Π \Qð0Þ characterize func-

tions s1ðβð1Þ
i , tÞ, s2ðβð2Þ

i , xÞ:

s1 β
1ð Þ
i , t

� �
= t − ηj jβ

1ð Þ
i , t − ηj j ≤ 1,

1, t − ηj j ≥ 1,

(

s2 β
2ð Þ
i , x

� �
= ρβ

2ð Þ
i xð Þ, ρ xð Þ ≤ 1,

1, ρ xð Þ ≥ 1,

( ð3Þ

where ρðxÞ = inf
z∈�Ω

jx − zj, βðνÞ
i ∈ ð−∞,∞Þ, βðνÞ = ðβðνÞ

1 ,⋯,

βðνÞ
n Þ, ν ∈ f1, 2g, β = ðβð1Þ, βð2ÞÞ.

Let us denote that l, α, qð1Þ, qð2Þ, γð1Þ, γð2Þ, μð1Þj , μð2Þj are real

numbers, qðνÞ ≥ 0, γðνÞ ≥ 0, l ≥ 0, μðνÞj ≥ 0, j ∈ f0, 1,⋯, ng, ½l� is
the integer part of l, flg = l − ½l�, xð1Þ = ðxð1Þ1 ,⋯, xð1Þi ,⋯, xð1Þn Þ,
xð2Þ = ðxð1Þ1 ,⋯, xð1Þi−1, x

ð2Þ
i , xð1Þi+1,⋯, xð1Þn Þ, Pðt, xÞ, P1ðtð1Þ, xð1ÞÞ,

P2ðtð2Þ, xð1ÞÞ, Riðtð2Þ, xð2ÞÞ are arbitrary points of the domain
QðkÞ, i ∈ f1, 2,⋯, ng.

Let D be an arbitrary closed domain in Rn, QðkÞ = ½tk,
tk+1Þ ×D, �QðkÞ ⊂ΠðkÞ = ½tk, tk+1Þ × Rn.

We define the functional space in which we study prob-
lem (1) and (2).

Hlðγ ; β ; q ;ΠÞ is a set of functions uðt, xÞ of space L1ðΠÞ
, which are having continuous partial derivatives in QðkÞ \
Qð0Þ of the form ∂it∂

r
xu, 2i + ∣r ∣ ≤½l� and a finite value of the

norm

Marked here, jrj = r1 + r2 +⋯+rn, s1ðq,~tÞ =min ðs1ðq,
tð1ÞÞ, s1ðq, tð2ÞÞÞ, s2ðq, ~xÞ =min ðs2ðq, xð1ÞÞ, s2ðq, xð2ÞÞÞ.

We assume that the initial problems (1) and (2) satisfy
the following conditions:

(a) For the arbitrary vector ξ = ðξ1,⋯, ξnÞ, ∀ðt, xÞ ∈Π \
Qð0Þ, the following inequality

c1 ξj j2 ≤ 〠
n

i=1
s1 β

1ð Þ
i , t

� �
s1 β

1ð Þ
j , t

� �
s2 β

2ð Þ
i , x

� �
s2

� β
2ð Þ
j , x

� �
Aij t, xð Þξiξj ≤ c2 ξj j2

ð5Þ

is true, where c1, c2 are fixed positive constants and s1ðμð1Þi ,
tÞs2ðμð2Þi , xÞAi ∈Hαðγ ; β ; 0 ;ΠÞ, s1ðμð1Þ0 , tÞs2ðμð2Þ0 , xÞA0 ∈Hα

u ; γ ; β ; q ;Πk kl = sup
k

sup
�Q

kð Þ
uj j

8<
:

9=
; ≡ u,Qk k0,

u ; γ ; β ; q ;Πk kl = sup
k

〠
2i+ rj j≤ l½ �

u ; γ ; β ; q,Q kð Þ
��� ���

2i+ rj j
+ u ; γ ; β ; q ;Q kð Þ
D E

l

( )

= sup
k

〠
2i+ rj j≤ l½ �

sup
P∈ �Q kð Þ

s1 q 1ð Þ + 2i + rj jð Þγ 1ð Þ, t 1ð Þ
� �

× s2 q 2ð Þ + 2iγ 2ð Þ, x
� �

∂it∂
r
xu Pð Þ�� ��Yn

j=1
s1

"8<
:

� −rjβ
1ð Þ
j , t

� �
s2 rj γ 2ð Þ − β

2ð Þ
j , x

� �� #
+ sup

k
〠

2i+ rj j= l½ �
〠
n

ν=1
sup

P2,Rνð Þ⊂ �Q
kð Þ
s1 q 1ð Þ + l½ �γ 1ð Þ, t 2ð Þ
� �

s2
h8<

:
� q 2ð Þ + 2iγ 2ð Þ, ~x
� �

×
Yn
j=1

s1 −r jβ
1ð Þ
j , t 2ð Þ

� �
s2 rj γ 2ð Þ − β

2ð Þ
j

� �
, ~x

� ��
∂it∂

r
xu P2ð Þ − ∂it∂

r
xu Rνð Þ�� ��

× x 1ð Þ
ν − x 2ð Þ

ν

��� ���− lf g
s1 lf gβ 1ð Þ

ν , t 2ð Þ
� �

s2 lf g γ 2ð Þ − β 2ð Þ
ν

� �
, ~x

� �
+ sup

P1,P2ð Þ⊂ �Q
kð Þ
s1 q 1ð Þ + lγ 1ð Þ,~t
� �

s2
h

� q 2ð Þ + 2i + lf gð Þγ 2ð Þ, x 1ð Þ
� �

×
Yn
j=1

s1 −rjβ
1ð Þ
j ,~t

� �
s2 rj γ 2ð Þ − β

2ð Þ
j

� �
, x 1ð Þ

� �
t 1ð Þ − t 2ð Þ
��� ���− 1/2f g

∂it∂
r
xu P1ð Þ − ∂it∂

r
xu P2ð Þ�� ��i):

ð4Þ
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ðγ ; β ; 0 ;ΠÞ, A0 ≥ −a, a > 0, s1ðβð1Þ
i , tÞs1ðβð1Þ

j , tÞs2ðβð2Þ
i , xÞ ×

× s2ðβð2Þ
j , xÞAij ∈Hαðγ ; β ; 0 ;ΠÞ, γðνÞ =max fmax

i
ð1 + βðνÞ

i Þ
, max

i
ðμðνÞi − βðνÞ

i Þ, μðνÞ0 /2g, ν ∈ f1, 2g.

(b) Functions f ∈Hαðγ ; β ; μ0 ;ΠÞ, φ0 ∈H
2+αð~γ ; ~β ; 0 ;

RnÞ, φλ ∈H
2+αð~γ ; ~β ; μ0 ;Π ∩ ðt = tλÞÞ, ~γ = ð0 ; γð2ÞÞ,

~β = ð0 ; βð2ÞÞ
Let us formulate the main result of the paper.

Theorem 1. Let conditions (a) and (b) be satisfied for problem
(1) and (2). Then, there exists a unique solution of problem (1)
and (2) in the space H2+αðγ ; β ; 0 ;ΠÞ, and the following esti-
mate is correct:

u ; γ ; β ; 0 ;Πk k2+α ≤ c sup
k∈ 0,1,⋯,Nð Þ

φk ; γ, β, 0 ;Π ∩ t = tkð Þk k2+α
�

+ f ; γ, β, μ0 ;Πkk kα
�
:

ð6Þ

To study problem (1) and (2), we construct a sequence of
solutions of problems with a smooth coefficient limit value of
which is the solution of problem (1) and (2).

3. Evaluation of Solutions of Problems with
Smooth Coefficients

Let ΠðkÞ
m =ΠðkÞ ∩ fðt, xÞ ∈ΠðkÞ ∣ s1ð1, tÞ ≥m−1

1 , s2ð1, xÞ ≥m−1
2

g, m = ðm1,m2Þ, m1 > 1, m2 > 1 be a sequence of domains
that for m1 →∞, m2 →∞ converges to ΠðkÞ.

In the domainΠ, we consider the problem of finding the
functions umðt, xÞ that satisfy the equations

L1umð Þ t, xð Þ = ∂t − 〠
n

ij=1
aij t, xð Þ∂xi∂xj + 〠

n

i=1
ai t, xð Þ∂xi

 

+ a0 t, xð Þ
!
um t, xð Þ = f m t, xð Þ,

ð7Þ

and the time variable t condition

um tk + 0, xð Þ = φ kð Þ
m xð Þ, x ∈Qk ∩ t = tkð Þ: ð8Þ

Here, the coefficients aij, ai, a0, and functions f m, φ
ðkÞ
m ,

into the domainsΠðkÞ
m coincide with Aij, Ai, A0, f , φk, respec-

tively, and in the domainsΠ \ΠðkÞ
m are continuous prolonga-

tions of coefficients Aij, Ai, A0 and functions f , φk from

domainsΠðkÞ
m into domainsΠΠðkÞ

m with preservation of their
smoothness and norm ([9], p. 82).

To solve problem (7) and (8), we have a correct theorem.

Theorem 2. Let umðt, xÞ be the classical solutions of problem
(7) and (8) in the domain Π and let conditions (a) and (b)

be satisfied. Then, for umðt, xÞ, the following estimate

um ;Π kð Þ
��� ���

0
≤ φ kð Þ

m ;Π kð Þ ∩ t = tkð Þ
��� ���

0
+ f ma

−1
0 Π kð Þ

��� ���
0
ð9Þ

is true.

Proof. Let max
�QðkÞ

umðt, xÞ = umðM1Þ. If M1 ∈QðkÞ, then at the

point M1, the following correlations

∂tum M1ð Þ ≥ 0,
∂xium M1ð Þ = 0,

〠
n

i,j=1
aij M1ð Þ∂xi∂xjum M1ð Þ ≤ 0

ð10Þ

are true and equation (7) is satisfied. Considering (10) and
equation (7) at the point M1, the inequality

um M1ð Þ ≤ sup
�Q

kð Þ
f a−10
� � ð11Þ

is correct.
Letmin

�QðkÞ
umðt, xÞ = umðM2Þ. IfM2 ∈QðkÞ, then at the point

M2, the following correlations

∂tum M2ð Þ ≤ 0,
∂xium M2ð Þ = 0,

〠
n

i,j=1
aij M2ð Þ∂xi∂xjum M2ð Þ ≥ 0

ð12Þ

are true and equation (7) is satisfied. Considering correlation
(12) and equation (7) at the point M2, we have

um M2ð Þ ≥ inf
�Q

kð Þ
f a−10
� �

: ð13Þ

In the case of M1 ∈QðkÞ ∩ ðt = tkÞ or M2 ∈QðkÞ ∩ ðt = tkÞ
from condition (8), we obtain

umj j ≤ φ kð Þ
m ;Q kð Þ ∩ t = tkð Þ

��� ���
0
: ð14Þ

Considering inequality (11), (13), and (14), we obtain

um ;Π kð Þ
��� ��� ≤ f ma

−1
0 ;Π kð Þ

��� ���
0
+ φ kð Þ

m ;Π kð Þ ∩ t = tkð Þ
��� ���

0
:

ð15Þ

The theorem is proved.

Now, we find estimates of the derivatives of solutions
umðt, xÞ. In the space ClðΠÞ, we introduce a norm
kum ; γ ; β ; q ;Πkl which is equivalent, at fixed m1, m2, to
the Hölder norm, which is defined by the same way as the
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norm ku ; γ ; β ; q ;Πkl; only, instead of functions s1ðqð1Þ, tÞ
and s2ðqð2Þ, xÞ, we take d1ðqð1Þ, tÞ and d2ðqð2Þ, xÞ, respectively,

d1 q 1ð Þ, t
� �

=
max s1 q 1ð Þ, t

� �
,m−q 1ð Þ

1
� �

, q 1ð Þ ≥ 0,

min s1 q 1ð Þ, t
� �

,m−q 1ð Þ
1

� �
, q 1ð Þ < 0,

8><
>:

d2 q 2ð Þ, x
� �

=
max s2 q 2ð Þ, x

� �
,m−q 2ð Þ

2
� �

, q 2ð Þ ≥ 0,

min s2 q 2ð Þ, x
� �

,m−q 2ð Þ
2

� �
, q 2ð Þ < 0:

8><
>:

ð16Þ

Theorem 3. Let conditions (a) and (b) be satisfied. Then, for
the solution of problem (7) and (8), the estimate

um ; γ ; β ; 0 ;Π kð Þ
��� ���

2+α
≤ c f ; γ ; β ; μ0 ;Π kð Þ

��� ���
α

�
+ φk ; γ ; β ; 0 ;Π kð Þ ∩ t = tk−1ð Þ
��� ���

2+α

�
ð17Þ

is true.

Proof. Using the definition of the norm and interpolation
inequalities from [9], we have

um ; γ ; β ; 0 ;Π kð Þ
��� ���

2+α
≤ 1 + εαð Þ um ; γ ; β ; 0 ;Π kð Þ

D E
2+α

+ C εð Þ um ;Π kð Þ
��� ���

0
,

ð18Þ

where ε is an arbitrary real number ε ∈ ð0, 1Þ. Hence, it is suf-
ficient to estimate the seminorm hum ; γ ; β ; 0 ;ΠðkÞi2+α. As
follows from the definition of seminorm, there exist in ΠðkÞ

points P1, P2, Rν, for which one of the inequalities

1
2 um ; γ ; β ; 0 ;Π kð Þ
��� ���

2+α
≤ Eμ, μ ∈ 1, 2f g, ð19Þ

is true, where

E1 ≡ 〠
2i+ rj j=2

〠
n

ν=1
d1 2γ 1ð Þ, t 2ð Þ
� �

d2 2iγ 2ð Þ, ~x
� �Yn

i=1
d1

(

� −riβ
1ð Þ
i , t 2ð Þ

� �
× d2 ri γ 2ð Þ − β

2ð Þ
i

� �
, ~x

� �
∂it∂

r
xum P2ð Þ��

− ∂it∂
r
xum Rνð Þ�� x 1ð Þ

ν − x 2ð Þ
ν

��� ���−α × d1 αβ 1ð Þ
ν , t 2ð Þ

� �
d2

� α γ 2ð Þ − β 2ð Þ
ν

� �
, ~x

� �
,

E2 ≡ 〠
2i+∣r∣=2

d1 2 + αð Þγ 1ð Þ,~t
� �

d2 ri γ 2ð Þ − β
2ð Þ
i

� �
, x 1ð Þ

� �Yn
i=1

d1

� −riβ
1ð Þ
i ,~t

� �
× d2 ri γ 2ð Þ − β

2ð Þ
i

� �
, x 1ð Þ

� �
t 1ð Þ − t 2ð Þ
��� ���− α/2ð Þ

� ∂it∂
r
xum P1ð Þ − ∂it∂

r
xum P2ð Þ�� ��, 2s + rj j = 2:

ð20Þ

If jxð1Þν − xð2Þν j ≥ ðεn−1/4Þd1ðγð1Þ,~tÞd2ðγð2Þ − βð2Þ
ν , ~xÞ ≡ T1,

and ε1 is an arbitrary real number from (0,1), then

E1 ≤ 2ε−α1 um ; γ ; β ; 0 ;Π kð Þ
��� ���

2
: ð21Þ

If jtð1Þ − tð2Þj ≥ ðε21/16Þd1ð2γð1Þ,~tÞd2ð2γð2Þ, ~xÞ ≡ T2, then

E2 ≤ 2ε−α1 um ; γ ; β ; 0 ;Π kð Þ
��� ���

2
: ð22Þ

Applying the interpolation inequalities to (21) and (22),
we find

Eμ ≤ εα um ; γ ; β ; 0 ;Π kð Þ
��� ���

2+α
+ c εð Þ um ;Π kð Þ

��� ���
0
: ð23Þ

Let jxð1Þν − xð2Þν j ≤ T1, and let jtð1Þ − tð2Þj ≤ T2. We assume

that jxð1Þν − ξνj ≥ 4T1, ξ ∈ ∂D and

d2 γ 2ð Þ, ~x
� �

=min d2 γ 2ð Þ, x 1ð Þ
� �

, d2 γ 2ð Þ, x 2ð Þ
� �� �

≡ d2 γ 2ð Þ, x 1ð Þ
� �

,

d1 γ 2ð Þ,~t
� �

=min d1 γ 1ð Þ, t 1ð Þ
� �

, d1 γ 1ð Þ, t 2ð Þ
� �� �

= d1 γ 1ð Þ, t 1ð Þ
� �

,

ð24Þ

P1ðtð1Þ, xð1ÞÞ ∈ΠðkÞ, k ∈ f0, 1,⋯,Ng. In the domain QðkÞ,
we write the problem (7) and (8) in the form

∂t − 〠
n

ij=1
aij P1ð Þ∂xi∂xj

" #
um = 〠

n

ij=1
aij Pð Þ − aij P1ð Þ� 	

∂xi∂x jum

− 〠
n

i=1
ai Pð Þ∂xium − a0 Pð Þum + f m t, xð Þ

= Fm t, xð Þ,
ð25Þ

um tk + 0, xð Þ =Φ kð Þ
m tk, xð Þ: ð26Þ

Let ΠðkÞ
τ be a domain from QðkÞ, ΠðkÞ

τ = fðt, xÞ ∈QðkÞ,∣j
xν − xð1Þν j ≤ τT1, ν ∈ f1, 2g, jt − tð1Þj ≤ τ2T2g. Performing the
substitution,

um t, xð Þ = vm t, yð Þ,
xν = d1 β 1ð Þ

ν , t 1ð Þ
� �

d2 β 2ð Þ
ν , x 1ð Þ

� �
yν,

ð27Þ
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in problem (25) and (26), we obtain

L2vmð Þ t, yð Þ ≡ ∂t − 〠
n

ij=1
aij P1ð Þd1 β

1ð Þ
i , t 1ð Þ

� �
d1 β

1ð Þ
j , t 1ð Þ

� �"

× d2 β
2ð Þ
i , x 1ð Þ

� �
d2 β

2ð Þ
j , x 1ð Þ

� �
∂yi∂yj

#
vm

= Fm t, ~yð Þ,
vm tk + 0, ~yð Þ =Φ kð Þ

m tk, ~yð Þ, ð28Þ

where ~y = ðd1ð−βð1Þ
1 , tð1ÞÞd2ð−βð2Þ

1 , xð1ÞÞx1,⋯, d1ð−βð1Þ
n , tð1ÞÞ

d2ð−βð2Þ
n , xð1ÞÞxnÞ.

We denote

y 1ð Þ
ν = d1 −β 1ð Þ

ν , t 1ð Þ
� �

d2 −β 2ð Þ
ν , x 1ð Þ

� �
x 1ð Þ
ν ,

V kð Þ
τ = t, yð Þ, t − t 1ð Þ

��� ��� ≤ τ2T2, yν − y 1ð Þ
ν

��� ��� ≤ τ

n

ffiffiffiffiffiffi
T2

pn o
,

ð29Þ

and choose a thrice differentiable function ψðt, yÞ, which sat-
isfies the conditions

We denote the function Zmðt, yÞ = vmðt, yÞψðt, yÞ which
is a solution of the Cauchy problem

L3Zmð Þ t, yð Þ = 〠
n

ij=1
aij P1ð Þd1 β

1ð Þ
i , t 1ð Þ

� �
d1 β

1ð Þ
j , t 1ð Þ

� �
d2

� β
2ð Þ
i , x 1ð Þ

� �
d2 β

2ð Þ
j , x 1ð Þ

� �
× ∂yi vm∂yjψ + ∂yj vm∂yiψ + vm∂yi∂yjψ
h i

− vm∂tψ + ψFm t, ~yð Þ
= F 1ð Þ

m t, ~y, ψð Þ,
ð31Þ

Zm tk + 0, xð Þ =Φ kð Þ
m tk, ~yð Þψ tk, yð Þ: ð32Þ

On the basis of Theorem 5.3 from ([2], p. 364), for the

solution of problem (31) and (32) and arbitrary points ðM1
,M2Þ ⊂V ðkÞ

1/2 inequalities

d−α M1,M2ð Þ ∂it∂rxvm M1ð Þ − ∂it∂
r
xvm M2ð Þ�� ��

≤ c F 1ð Þ
m

��� ���
Cα V3/4ð Þ

+ ψΦ kð Þ
m

��� ���
C2+α V3/4∩ t=tkð Þð Þ

� � ð33Þ

are true, where 2i + jrj = 2, dðM1,M2Þ is the parabolic dis-
tance between the points M1 and M2. With regard to the
properties of function ψðt, yÞ, we find estimates of the norms

of expressions kFð1Þ
m k and kψΦðkÞ

m k:

F 1ð Þ
m

��� ���
Cα V3/4ð Þ

≤ cd1 − 2 + αð Þγ 1ð Þ, t 1ð Þ
� �

d2 − 2 + αð Þγ 2ð Þ, x 1ð Þ
� �

× vm ; V kð Þ
3/4

��� ���
0
+ vm ; γ ; 0 ; 0 ; V kð Þ

3/4

��� ���
2

�
+ Fm ; γ ; 0 ; 2γ ; V kð Þ

3/4

��� ���
α

�
,

ð34Þ

ψΦ kð Þ
m

��� ���
C2+α V3/4∩ t=tkð Þð Þ

≤ cd1 − 2 + αð Þγ 1ð Þ, t 1ð Þ
� �

d2

� − 2 + αð Þγ 2ð Þ, x 1ð Þ
� �
× Φ kð Þ

m ; γ ; 0 ; V kð Þ
3/4

��� ���
2+α

:

ð35Þ

The definition of the space Hlðγ ; β ; q ;QÞ implies the
satisfaction of inequalities

c1 vm ; γ ; 0 ; 0 ; V kð Þ
3/4

��� ���
l
≤ um ; γ ; β ; 0 ;Π kð Þ

3/4

��� ���
l

≤ c2 vm ; γ ; 0 ; 0 ; V kð Þ
3/4

��� ���
l
:

ð36Þ

ψ t, yð Þ =
1, t, yð Þ ∈ V kð Þ

1/2, 0 ≤ ψ t, yð Þ ≤ 1,

0, t, yð Þ∈V kð Þ
3/4, ∂it∂rxψ
�� �� ≤ crid1 − 2i + rj jð Þγ 1ð Þ ; t 1ð Þ

� �
× × d2 − 2i + rj jð Þγ 2ð Þ, x 1ð Þ

� �
:

8<
: ð30Þ
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Substituting (34) and (35) into (33) and returning to the
variables ðt, xÞ, we obtain inequalities

Eμ ≤ c1 Fm ; γ ; β ; 2γ ;Π kð Þ
3/4

��� ���
α

�
+ Φ kð Þ

m ; γ ; β ; 0 ;Π kð Þ
3/4 ∩ t = tkð Þ

��� ���
2+α

+ um ;Π kð Þ
3/4

��� ���
0
+ um ; γ ; β ; 0 ;Π kð Þ

3/4

��� ���
2

�
:

ð37Þ

Given the interpolation inequalities and estimates of the
norm of each additive of the expressions Fm, Φ

ðkÞ
m , we obtain

the inequalities

Eμ ≤ εα n + 2ð Þ + ε1Cn
2� �

um ; γ ; β ; 0 ;Π kð Þ
3/4

��� ���
2+α

+ c2 um ;Π kð Þ
3/4

��� ���
0
+ c3 Fm ; γ ; β ; 2γ ;Π kð Þ

3/4

��� ���
α

��
+ Φ kð Þ

m γ ; β ; 0 ;Π kð Þ
3/4 ∩ t = tkð Þ

��� ���
2+α

�
:

ð38Þ

Using inequalities (23) and (37) and choosing ε1 and ε
sufficiently small, we obtain the estimate

um ; γ ; β ; 0 ;Π kð Þ
��� ���

2+α
≤ c Fm ; γ ; β ; 2γ ;Π kð Þ

��� ���
α

�
+ Φ kð Þ

m γ ; β ; 0 ;Π kð Þ ∩ t = tkð Þ
��� ���

2+α

�
:

ð39Þ

Given the values of the expression Fmðt, xÞ and ΦðkÞ
m ðtk,

xÞ, for k = 1, 2,⋯,N , we have

Fm ; γ ; β ; 2γ ;Π kð Þ
��� ���

α
≤ c f m ; γ ; β ; μ0 ;Π kð Þ

��� ���
α

�
,

Φ kð Þ
m ; γ ; β ; 0 ;Π ∩ t = tkð Þ

��� ���
2+α

≤ c φ kð Þ
m ; γ ; β ; 0 ;Π ∩ t = tkð Þ

��� ���
2+α

:

ð40Þ

Because

f m ; γ ; β ; μ0 ;Π kð Þ
��� ���

α
≤ c f ; γ ; β ; μ0 ;Π kð Þ
��� ���

α
,

φ kð Þ
m ; γ ; β ; 0 ;Π kð Þ ∩ t = tkð Þ

��� ���
2+α

≤ c φk ; γ ; β ; 0 ;Π kð Þ ∩ t = tkð Þ
��� ���

2+α
,

ð41Þ

then, given the estimate (9) and inequalities (39) and (40) for
k = 0, 1,⋯,N , the estimate (17) is true. The theorem is
proved.

Proof of Theorem 4. The right-hand side of inequality (17) is
independent of m, and the sequences

u 0ð Þ
m

n o
≡ umf g,

u 1ð Þ
m

n o
≡ d1 γ 1ð Þ − β

1ð Þ
i , t

� �
d2 γ 2ð Þ − β

2ð Þ
i , x

� �
∂xium

n o
,

u 2ð Þ
m

n o
≡ d1 2γ 1ð Þ, t

� �
d2 2γ 2ð Þ, x
� �

∂tum
n o

,

u 3ð Þ
m

n o
= d1 γ 1ð Þ − β

1ð Þ
i , t

� �
d2 γ 2ð Þ − β

2ð Þ
i , x

� �
d1

n
� γ 1ð Þ − β

1ð Þ
j , t

� �
d2 γ 2ð Þ − β

2ð Þ
j , x

� �
∂xi∂xjum

o
ð42Þ

are uniformly bounded and equicontinuous in QðkÞ. Accord-
ing to Arcel’s theorem, there exist subsequences fuðμÞmðjÞg
which are uniformly convergent to fuðμÞ0 g in QðkÞ for mðjÞ
→∞, μ ∈ f0, 1, 2, 3g. Passing to the limit as mðjÞ→∞ in

problem (7) and (8), we obtain that uðt, xÞ = uð0Þ0 is the
unique solution of problem (1) and (2) and u ∈H2+αðγ ; β ;
0 ;ΠÞ. The theorem is proved.

4. Conclusions

The necessary and sufficient conditions for the existence of
the unique solution of a multipoint problem for parabolic
equations with degeneration are established. Estimates of
derivatives of the solution of the problem in the Hölder
spaces with power weight are found. The order of the degree
weight depends on the power of the degree features of the
coefficients of the equation.
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