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ONE-SIDED BOUNDARY-VALUE PROBLEM WITH IMPULSIVE CONDITIONS
FOR PARABOLIC EQUATIONS WITH DEGENERATION

I.D. Pukal’s’kyi' and B.O. Yashan'” UDC 517.956

For a second-order parabolic equation, we consider a one-sided boundary-value problem with impulsive
conditions with respect to the time variable. The coefficients of equation and the boundary conditions
have power singularities of any order in time and space variables on a certain set of points. We also es-
tablish conditions for the existence and uniqueness of solution to the posed problem in Holder spaces
with power weights.

Keywords: parabolic equation with degeneration, power singularity, impulsive condition, existence and
uniqueness of solutions.

Investigations of the problems of mechanics, theory of elasticity and control lead to the solution of one-
sided boundary-value problems for differential equations. In particular, the monograph [2] is devoted to
the analysis of these problems. The mathematical simulation of numerous physical and chemical phenomena
leads to problems with degenerations and singularities for partial differential equations. In particular, the co-
efficients of the Schrodinger equation that describes the state of a quantum-mechanical system specify the
potential energy and have power singularities at lower derivatives [3]. Problems of existence and the qual-
itative properties of solutions of boundary-value problems for equations with degenerations were studied
in [4,6,9].

The investigation of systems with discontinuous trajectories is connected with development of a tech-
nique in which impulsive control systems play an important role. In the analysis of the problems of the theory
of automatic control, theory of nuclear reactors, and dynamical systems, it is necessary to solve nonlocal
boundary-value problems for equations with impulsive action. Problems for systems of impulsive ordinary
differential equations were comprehensively studied in the works by Samoilenko and Perestyuk [7, 8, 10] and
other researchers.

Problems of existence of nonperiodic or periodic solutions of impulsive hyperbolic partial differential
equations were studied in [1, 7]. The second part of the monograph [5] was devoted to the construction of
the theory of well-posedness of the Cauchy problem for parabolic systems with impulsive action in the Dini
spaces.

In the present work, we consider a one-sided boundary-value problem with impulsive conditions for
a linear parabolic equation with power singularities of any order in the coefficients of the equation and
in the boundary condition with respect to any variables on a certain set of points. We prove the existence of
a unique solution of the posed problem and establish estimates for its derivatives in Holder spaces with power
weights.
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1. Statement of the Problem and Main Result

Let m, t,, 1, ..., ty, ty,; be fixed positive numbers, 0<t7,<f;<...<fy,, lo<MN<itpy,, N#L,
Ae{l1,2,....,N}, let D be abounded domain in R" with boundary dD, dimD=n, andlet Q be a bound-

ed domain, Qc D, dimQ<n—1.
Denote

Q) = {(t.x):1 €ltg,t ), x € QFU{(t,x): 1 =, x € D},
0" =[t,.t,,)xD, T®=[r, 1, )x3dD, ke{0.l...N}.

In the domain Q =[z,,ty,,) X D, we consider the problem of finding a function u(#,x) satisfying, for t #1, ,
(t,x) ¢ Q<O) , the following equation:
n n
(Lu)(t,x) = | 9,— Y, Ay(t.x)0, 3xj + ZAi(t,x)axi + Ay (t,x) |u(t,x) = f(t,%), (1)

ij=1 i=1

conditions with respect to the variable ¢:

u(t() +O,X) = (P()(x), (2)
u(ty, +0,x)—u(t, —0,x) = y; (0u(ty —0,x)+@; (x), 3)
and the boundary conditions
n
lim (Bu—g)(t,x) = lim | Y b (t,x)0, u+by(t,x)u—g(t,x)|20, (4)
x—z€dD x—zedD| 17, k
lim u =0, lim [u(Bu-—g)|(t,x) =0 5)
x—z€dD x—zedD

on the lateral surface T'=[¢,,ty ,)X0dD.
The power singularities of coefficients of the differential expressions L and B at the point P(¢,x) € Q\Q,

are characterized by the functions sl(BEI) ,t) and s, (BEZ) ,X):

e-nP, Jr-nl<1 B (), p) <1
s @V, = T TR @ = P PLOSE
1, t-m =1, 1, p(x) 21,

p(x) = inflx—z|, BV e(-w,2), vell2},
7eQ

BY = (B"...B"). B =Y.



400 I.D.PUKAL’S’KYI AND B.O. YASHAN

We now define spaces used to study problem (1)-(3). We introduce the notation: ¢, q(l), q(z), y(l),
7(2), 8(1), 8(2), u(Jl), u(Jz), j€{0,1,...,n}, are real numbers, ¢ =0, [¢] is the integral part of a number ¢,
{ty=0-10, ¢Vz0, yV20, %20, =20, ve{l2}: Pr.x)., RV, P,

Ri(t(l) (2)) i€{l,2,...,n}, are arbitrary points from Q(k), x(1>:(x{l),...,xgl),...,x,(ll)), and x? =

®» @ (2) D xD
(xl 11’ l+1’ X n )

By H ('Y'B'q'Q) we denote the set of functions u# with continuous derivatives in Q(k)\Q(O) for t#1,

of the form 9} 0., 2s+|r|<[¢], and a finite norm

= sup{sup|ul} =
ko gk

1=S“P{ ) ‘M;Y;B;q;Q(k)|\2H|r|+<u;Y;B;q;Q”‘)>€},

k254 r|<[0]
where, e.g.,
zv:B:g: 0 = sup | 5,(qV+25yD .05, (¢ + 257 x)
254 r| Peé(k)

x|95 0% u(P)| [T (v =By 55 (1 (v —BEZ)),x)},

i=1

<M;Y,B,q;Q(k)>€ = {i[ sup [Sl(q(l)JrZSY(l),t(z))

2s+\r|:[£] v=1 (P2’Rv)ch

x5, + 257 D[ 5,7 =Bt @), (1, (v - ). 5)
i=1

x|08 9Py = 35 (R« x 2

< (0 - )5, (0D =)D |
+ sup [sl(q(1)+£y(l),t~)s2(q(2)+(2s+{£})y(2),x(1))
(P ,Py)cQy

—{0/2}
XHSI rBUD Fsy (r (12 — B2, 2|1V )|

xlafa;um)—a;a;u(@ﬂ}, | =+t
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= . 1 2
$,(gq,t) = min{s, (q,t( ), 5| (q,t( ))},
~ . 1 2
$,(g,X) = min{s, (q,x( )y, 8y (q,x( ))} .

By 'V we denote the set of points of the boundary I' for which the following condition is satisfied:

lim wu(t,x)=0.
x—z€dD

Thus, it follows from the boundary condition (5) that the condition

lim (Bu—g)(t,x) =0

x—z€dD

is satisfied at the points r®=nr®,
Assume that problem (1)—(3) satisfies the conditions:

1°. For any vector §=(&;,....§,) and V(¢,x)€O\Q, the inequality

TE1|E.~|2 S 2 Aij(t,x)sl(Bgl)’t)sl(Bg'l)’t)SZ(BEZ)’x)s2(B(j'2)vx)E.:iE.:j = 752|‘t:|2

i j=I1

is true. Here, m; and 7, are fixed positive constants,
s1 (08, (04, € H (1:3:0:0).
8 (],Lf)l),t)s2 (uf)z) JX)Ay € H*(7;B;0;0), Ay 20,
8 oW 1), (& X)by € HT (7:B8;0;0),
s1 B 051 B.0)s, B 05, (B 004 € H (1:B:0:0),
s1Bi" s, B b, € H (1:8:0:0)

and the vectors b(s)={bl(s),...,b,(f)}, bi(s):sl(BEI),t)SZ(B?),x)bi, and e={e,,....e, },

" -1/2
2
¢; =b (Zbk ]
k=1

form the angles with the direction of the outer normal n to dD at the point P(f,x)e r®

than /2, by(t,x)| @ >0, and Q< C**.

401

(6)

that are smaller
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2°. fe H*(v:Bilg:0), @€ H*(¥:B,0:0N(t=1,)), 7=(0,y*),

oV,
ox,

=0,
r®

B=0p?), geH"™wB&0N), b (1%
k=1
[g(ty +0,x)— g(t;, —O,x)(1+wx(x))—Bcpx(w]\ﬁn =0,
v, €CTON(=1)), ()| =0,
H(V)
y(v) = max{max(l+[3§v)),max(y(v) —BEV)),%,S(V)}, ve{l2}.

The following theorem is true:

Theorem 1. Suppose that problem (1)—(5) satisfies conditions 1°and 2°. Then there exists a unique solu-
tion of problem (1)—(5) from the space H o (7:B;0;Q) and the inequality

N N
:Y,3,0:0l, < C{Z LT (a2 orems, )
k=0A=k

X (H(Pk-1 7:B;0,0N ¢ =1, )H2+a +‘ f;Y;B?“o;Q(k_l)Ha

Jerpso® ), JeloniBoona=rol,,

+

f;v;B;Mo§QNHa +| g;Y§B§6;Q(N)H1+Ot} "

is true.

To prove Theorem 1, we first establish the correct solvability of boundary-value problems with smooth co-
efficients. From the obtained set of solutions, we select a convergent sequence whose limit value is the required
solution of problem (1)—(5).

2. Estimation of the Solutions of Boundary-Value Problems with Smooth Coefficients

Let

0" =0 N{(1,x) e 05,1,y > m ", 5, (1L,x) 2 m5' ,m = (my,my), m; >1,ie{1,2}}

be sequences of domains that converge to Q(k ) as m; — e,
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In the domain Q, we consider the problem of determination of the solutions of the following equation:

(Ly, )(t.x) = [9,— D, a;(t.x)9, 0, + D a;(t,x)0, +ay(t,x) |u,, (t,x) = £, (t.x), (8)
[ J [

i,j=1 i=1
satisfying the followings conditions in the variable ¢:

um(IO +0’x) = (Pg)o)(x),

)
u, (t, +0,x)—u, (t, —0,x) = yM - (A)
2 A vy, (0w, (t, —0,x)+¢,,” (x)
and the boundary conditions
hm (Blu —g,)t,x) = lim Zh(t X0,y +ho (8,201, ~ 8, (1,%) | 20,
x—>z€0 x—z€dD
(10)
lim u, >0, lim [u,(Bu, —g,)] =0
x—zedD x—zedD

and h;, and the functions f, , (pfjf), \y(nz”), and g, are determined

and h, and the functions f, , (PE:), W(ﬂi»)’

Here, the coefficients a;, a;, 4y, h
as follows: If (z, x)eQ(k) then the coefficients a;

and g, coincide with A, A;, A, b,, by and f, @,, V;, g, respectively. Moreover, in the do-
A, Ay, b

1°
a;, ags hy,

mains Q(k )\Q(k), they are continuous extensions of the coefficients A. and b, and the func-

ij i’

tions f, @,, V,, and g from the domains Q,(nk ) to the domains Q(k )\Q,(f ) with preservation of smoothness
and the norm [10, p. 82]. The following theorem is true for problem (8)—(10):

Theorem 2. Suppose that u,, (t,x) is a classical solution of problem (8)—(10) in the domain Q and con-
ditions 1°and 2° are satisfied. Then the following estimate holds for u,, (t,x):

4, (1, x)|<2{ (1+[jwPsen =)l )0 0N =1,

a0, et )

Ao ena=rol, Hlneitie"], et av

Proof. The validity of estimate (11) is established by using the method as in the proof of Theorem 2.2 in [4,
p.25]. Let

maxu,, (t,x)=u, (P)>0.
o
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If Pe Q(k), then the sufficient conditions for the existence of maximum of a function of many variables at the
point P, guarantee the validity of the relations

atum(Pl)ZO, ax'um(P1)=0, Zalj(Pl)axvaxvum(Pl)SO. (12)
! i,j=1 L

Moreover, u,,(t,x) satisfies Eq. (8).
The last inequality in (12) is true because the second derivatives o v, 0 y Uy in any direction
i Jj

n
1 1 2 1 1
i = 205 B D)5, B M) —xi), detory || # 0,
i=1

are nonpositive at the point of maximum. Therefore,

i,j=1 0,j=1 Ui k=1

2) (1 2) (1
XSZ(BE ) x( ))sz(Bi ) ))Ockgocij}ayj ay[um(P]).

n
= Zikgayjayéum <0.

Since A[,...,A,
(6). In view of relations (12) and Eq. (8) at the point P, we get

are characteristic numbers of the quadratic form, they are positive according to restriction

w, (R) < £, (P)ag' (P,).
If P elt, .t )X 0D, then condition (9) is satisfied. Since

du,, (P,)
—m 17
de 0

on T® | the equality

lim [u,, (B, ~g,)] = 0

x—zedD

yields the following inequality:

,, (P,) < sup(g,,hy"). (13)
Q(k)
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Similarly, for the point of the least negative value of the function in the case where

minu,, =i, () <0. P 0.

we find
w, (Py) > f,(Pyay (Py). (14)
If P, e[t t;,)xdD, then
—du’" (%) <0 on I'®,
de

By using the equality  lim [u,,(Bu,, —§g,,)]=0, we obtain
x—z€dD

u, (Py) > inf (g,hy"). (15)
o
In the case where P, € D or P, e D, we derive the following inequality from the initial condition (9):

] < [lo5s D (16)

m

By using inequalities (13)—-(16) for k=0, we get
o 0 < s, ', o0, )

If AeQN(t=1,) or P,eQN(t=1), A=1, then, by virtue of condition (9), we obtain the following

recurrence relations:
e, s0N@ =)l < (1+wisene =) Ju: 0?7, +olsene =5 (18)

Combining inequalities (13)—(18), we deduce inequality (11).
In the domains Q(k) , ke{0,1,...,N}, we consider the problem
(Lytt, )(1,%) = f,(t.0), 1, (t,40,0) = G (1.0),

lim [u, (Bu, —g,)] =0, lim (Bju,, —g,)(t.x) 20, (19)
D

x—z€d x—>z€0D

lim um(ta-x) 2 0’ te[tkatk+])’
x—z€0D
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where

G,(f)(to,x) = (pﬁff)(X), xeD,
GM (1, .x) = (1+yP ), (1, —0,x)+ o),
xeQN(t=1), re{l,2,...N}.

In the domains Q(k ), the solution of the boundary-value problem (19) exists and is unique in the space
c* ™) [4,p.90].

We now estimate the derivatives of the solutions u,, (z,x). In the space C E(Q), we introduce a norm
||um;y;|3;q;Q||€ equivalent, for fixed m; and m,, to the Holder norm of the same form as ||um;y;[3;q;Q||€ but

with dl(qm,t) and dz(q(z),x) taken instead of the functions sl(q(l),t) and sz(q(2>,x), respectively:

_D
max{sl(q(l),t),mlq } q(l)ZO,

dl(q(l),t) = m
min{sl(q(l),t),ml_‘f I3 ¢V <o,
2 _,2) 2
by oy = | mA{s2(@ Dmyt Y g 20,
2 T e
min{sz(q(z),x),mzq Lo ¢@ <o

The following theorem is true:

Theorem 3. Suppose that conditions 1°and 2° are satisfied. Then the following estimate is true for the so-
lution u,, (t,x) of problem (8)—(10):

N N
37,8001 < C{Z{H(HHW||c2*‘*<Qﬂ<t:w>)

k=1 =k

X (H(Pk-1 7:B:0:0N =1, )H2+a +‘ f;Y;B?“o?Q(k_l)Ha

Aevpse], flovzpoone=iyll,,

+{| 5B 0™|| + g;Y;B;&Q(N)HHa}‘ e

The constant c is independent of m.

Proof. By using the definition of the norm and the interpolation inequalities from [9, 11], we obtain

i3 7:B:0:0 || <(14€%)(u,,57:8:0:00) |+ e(e)Ju, ;00|
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where € is an arbitrary real number from the interval (0,1). Hence, it suffices to estimate the semi-
norm (u,,;v:;0:0")

In view of the definition of seminorm, in the domains Q(k ) , one can find points P, P,, and H; such

240

that one of the following inequalities is true:

2H m’YBOQ(k)H < M’ pe{l,2}, 1)

2+

where

n n
E = Y {Z d; (257 1P)d, (25 D[ [ d, (Y =B ?)
2sHr|=2 Lv=1 i=1

dy (r;(y* - B(”)x\afa’u (P)— SSarum(HV)|

—o/2 ~
x|l = x| d (a(y P =Bt D)ty (o(y P —B(f)),x)},

E, = dj(2+o)y".0)dy (@2s+o)y® x[]d, (-rBi" 1)
i=1

2 2 1 1 2)|~%/2
R R IR

x|a;a§cum(Pl)_a:a:c m

2s+|r| = 2.
If

OG!S

1 1 2 2) =~
P2 b (1), (v - 5=,

€, is an arbitrary real number from the interval (0,1), then
- k
E, <2¢ OLHum;y;B;O;Q( )Hz.
If
1 2 & D =
(V1P 2, 2y 1)dy 2y F) =T,

then

E, < 281_°°Hum;y;B;O;Q(k)H2.
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By using the interpolation inequalities for (16) and (17), we get

we{l,2}. (22)

£y 5 e frpoe®], el

Let

‘xﬁ-l)—x;z)‘ <T,, ‘t(l)—t@)‘ <T,

d vV =d vV D), d, (v 5 = 4, (P D).

Assume that |x, —& |<2T,, §e€dD, or |x—§|<2T,n.
Consider a ball KC(r,P) of radius r, r=4T,n, containing the points P, H,;, and P, and centered

at a point PeTl. In view of the restriction imposed on smoothness of the boundary dD, we can straight-
en dD()K(r,P) by using a one-to-one transformation x = y(y) [11, p. 155]. As a result of this transformation,

the domain I1= Q(k ) N K(r,P) turns into the domain I1, for the points of which, we have y, 20, 12>0.

Setting u,,(t,x)=w, (t,y), P,=R,, H,=M,, P,=R,, and dy(y* ,x"")=p,(y*®,y") and denot-
ing the coefficients of the differential expressions L; and B; under this transformation by kl.j, ki, ko, £;,
and (,, we conclude that ®, 1is a solution of the problem

[at— D ky (RO, ayj}mm = > [kt —k;(R, )19, ayj o,

i,j=1 i,j=1

+Zki(t,y)8yi o, +ky ()0, +F, ()
i=1

= Fy (), 23)
®,, (1 +0.y) = G4, w(y)), 24)
oom|yn:0 >0,

n
BZ('Omlyn:o = zgk(t’Rl)ayk (")m‘y -0
k=1 n-

il

2[ (£e (R =L (1.7))9, @, = Lo (1.1)®,, +8,, (t,llf(y))em}
k=1 ¥,=0

= G(t,y)|yn:0 )

o, (B,o,, —G)|y”:0 =0. (25)



ONE-SIDED BOUNDARY-VALUE PROBLEM WITH IMPULSIVE CONDITIONS FOR PARABOLIC EQUATIONS WITH DEGENERATION 409
In problem (23)—(25), we perform the change of variables o, (¢,y)=V, (¢,z), where

1 2
2 =d; B )% p, BP .y My, ke{l,....n},

By II, we denote the domain of definition of the functions V, (¢,z). Then V, is a solution of the prob-

lem
C 1 1 1 1
LV, =|0,— X d; B .t D)d BV .1 1)
i,j=1
xpy By )y By )k (RDI. 0, |V, = F(1.2).
V, (1, +0,2) = GP(2) = @,,(2),
Vm|zn=m£lp(ﬁn;Rl) 20,
C 1 1 2 1
BV,l, o = 2B 1oy B YRV, |2 G2, .
k=1 n
V. (BV, —G)|Zn:0 =0,
where
Z = (dy (=B D) py (B y Mz dy (Bt D) py (B vz, ).
We denote

2 = B O, B .
) = {2 e, -V <p’T, |z - 2P| <p |7, i e {1.....n}}
and choose a three times differentiable function m(#,z) satisfying the conditions
1, (t,nell), 0<ne,2)<1,
n(t.z) =

0, (t.2)eny, [053/n(.2)| < cud; (- @k+ jDy V. V) py @k +] DY y?).

Then the function W, (¢,z) =n(¢,2)V,, (¢,z) is a solution of the boundary-value problem

n
LW, = 2Bt Dd @Y 1 )py B 5 )p,y BF Dk (R))
i,j=1
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X [azi nazj V., +azj nazi V.

n
2 dl (BEI) ,t(l))dl (B(jl) ,t(l))pz ([352) ,y(l))
i j=I

X Py (B?),y(‘))k,j(Rl)azizjn—a,n}F;P)n = FV(1.2), (26)
W, (1, +0.x) = @, (Z)M(t;.2) = D) (2), 27)
Wol, 520,

n
BW,|. o 2 Edl(B“>,t“>>p2(B§3>,y<“>vmek(z,kl>azkn—G(z,zm}
k=1 z,=0

‘n

W, (BW, —G, )|Zn:0 =0. (28)

The following two cases are possible: either one can find points of the boundary II, {z, =0} at which

the condition
(BsW,, =G|, [, =0 (29)
is satisfied or these points do not exist, i.e.,

(B;W,, -G, )|Zn:0 > 0.

Thus, it follows from the boundary condition (28) that

Wl o = 0- (30)

Assume that condition (29) is satisfied. In this case, we analyze problem (26), (27), (29). According to the
imposed conditions, the coefficients of Eq. (26) and the boundary conditions (29) are bounded by constants in-

dependent of the point R;. Thus, by using Theorem 6 in [4, p. 368], for arbitrary points (M ,,M,)C HS)Z,

we obtain the inequality

My M| 0f 91V, (M) = 0f 91V, (M)

<l

where 2k+|j|=2 and d(M,,M,) is the parabolic distance between M, and M,.

(1)
ey HIPW ey nomsyy Gl ngam{(mengbzwn)’ 6D
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By using the properties of the function m(¢,z), we arrive at the estimates

1B e, S ci(=@+ 07Dt D)py (=@ + oy )
X(|[Fsr:0. 20| [V, ] +[Vinsv:0.0:m8% ).
(]l < edy (- +0)y D 1 V)py (- + ay® y M)

C2+OL H(l) n(l O))
x|[@,,:7:0:0:150 N =1, (32)

— 1) (1) _ 2 M
G lleeo (g, s e D < cd) (-2+o)yV 1) py -2+ o)y YY)

lororetal, oo, sl
Substituting (32) in (31) and returning to the variables (z,y), we get
< (1B B2v |, + @3B0, N =),
Gy B+ el v B0, +IV, L, ), ref12).
By using the definition of the space H2**(y.B:0:0) and conditions 1° and 2°, we obtain

E, < c(n*p* +e*(n+ 2))Hum;y;[3;0;Q(k)H

2+0
o ([ furB2ve®|| | +|eWsmBoona=r||,

+€,57B:¥:0lLs g, #0115 ) (33)

where € and p are arbitrary numbers, €€ (0,1), pe(0,1), and r e {1,2}.

If condition (30) is satisfied, then we investigate problem (23), (24), (30). According to the imposed condi-
tions, the coefficients of Eq. (23) are bounded by constants independent of the point R,. Thus, by using Theo-

rem 6.2 in [4, p. 368], for arbitrary points (N,,N,)C HS)Z , we obtain

_(x(Nl’N2)|atjal)§vm(N1)_atjaivm(NZ)‘

(R

||

co i) e m{),Nir=r,) ))
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By virtue of the properties of the function m(#,z), the definition of the space H o (7,B;0;Q), and condi-
tions 1° and 2°, we find

E, = cn®p® +e%(n+ 2|, 1:3:0:00| | +ey ([ f57-Br2v:0%)|

2+0 2+

+HG,(,f);?;[§;0;Qﬂ(f=fk)H2+a+||”m;Q”0)' (34)

Let |x—§&|22T,n. Consider a problem

[at_ z aij(P)ax- ax-]l’tm = z [aij(t’x)_aij(Pl )]axi ax-um

i,j=1 i,j=1

n

+Z(ai (t’x)ax. Uy, +a0 (I,X))l/tm +fm = Fn(12)(t’z)’ (35)
i=1
u, (1, +0,x) = G, x). (36)

Let ng) be a cube centered at the point P}, Hiz) €@, and let
& = {(t.x) e 0W:|e =1V <167 0°T 5, — x| <4p”'T, i (1.2.....n}} .

In problem (35), (36), we perform the change of variables
w, (t,0)=w,ty), x=d@" D, xD)y, ie{l,2,..,n}.

By 11® we denote the domain of definition of the functions © w(,y). Then w, (¢,y) is a solution of the

problem
C 1 1 1 1
Ly, =|9,— > a;(P)d, B .1 d, BP D)
ij=1
xdy B x )y B D)o, axj}mm = F2y),
®,, (t,9)= G (1),
where

Y = (d; (B 1Dy (=B x M)y (=B e, (B2 x My ).
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We denote

L A A

x|<awT e {1y}

0 ={@.yen®:[- <167y

and choose a three times differentiable function M, (z,y) satisfying the conditions
1, t,y)enB), o<n ¢,y <l
) ay 1/2 ) - nl ’y =1,

nl(t’y):
0. (r.y)ell§). |9Fain, .y < ey~ @k + DYt D)dy (- @k + jy® x ).

Then the function Vn(zl)(t,y) =w,, (z,y)n,(t,y) is a solution of the Cauchy problem

LV = 3 a (BB )y (B0 (B )y (B 1)

i,j=1

X [ayl, nlayj o, + ayj nlayl_ o,]

n
>, a;:(P)d Bt D)a, B D)
i,j=1

xdy B )y (B xM)a, 0, - a,m} FPn, = FQ,
vD©0,y) = GFm, (1,.y) = 0.
According to Theorem 5.1 in [4, p. 364], for any points (M,,M,)C Hg% , the following inequality is true:
M M| A0, (M) =3 3w, (M)

<c|| £ 2k+]j| = 2.

2

H(P sz(‘@(/a)ﬂ(f:fk ))),

c(vi2)
By using the properties of the function mM,(z,y), the definition of the space H 2Jr("(y;[i;O;Q), and condi-

tions 1° and 2°, we arrive at inequality (34). In view of the expression for G,(nk)(tk,x), we arrive at the esti-

mates

HG(O)’YBOQH(I—ZO)H <H(P(O) 7:B:0; DH , (37)

2400
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HG%C)Q'YQB;O;Q(I() N@= tk)H2+(x =c

W e g

Xl v:B50: 047V ol TR0 N =1, (38)

2+

ke{l2,.. N}.

Combining inequalities (21), (22), (33), (34), (37), and (38) and choosing sufficiently small €, we deduce
the inequalities

N N
. . . . A‘
[, 7:B:0:0,, < C{Z[E(HHW)Hc2+“<Qn<r=tp>)

k=1

(oS swB0so N =1 ||+ fusrBig:0® Y|

2400

+|m:v:B:8: 04| ) |+ [0l 7 Bi0:0 N (e =1 )
1+ 2+0

+Hfm;v;B;u0;Q(N)Ha+Hgm;v;l3;6;Q(N)Hl+a} (39)
Since
[fsv:Bing: @[] < el|fv:Bings0 @),
ot¥:7:B:0:0N (1 = tk)H2+(x < oo 7:B:0:0N (1 = fk)Hzm’ (40)
[g:7:B:8:0% )| < df|gsviBsdi @]

we substitute (40) in (39) and obtain inequality (20).

Proof of Theorem 1. The right-hand side of inequality (36) is independent of m; and m, and the se-
quences

W = {u, (P)},  Ptx)eQ®,
)} = 1,V =B 0y (v -B* 03, w,, ).
{uyy = {d, 2y 0d, 27 0)9,u,, )

Py = (" =B, (YO = BP0 dy, (v - B 0)dy (v —B(jz),x)axixj Uy, }
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are uniformly bounded and equicontinuous in the domain Q(k ), By the Arzela theorem, there exist subse-

quences {u,(#&)} uniformly convergent in Q(k) to {u(“)}, ne{0,1,2,3}. Passing to the limit as m(¢) — oo

in

problem (8)—(10), we conclude that u(t,x) = u(()o) is a unique solution of problem (1)—(3), u € H* (7:B:;0;0),

and estimate (7) is true.

)}

10.

11.
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