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Abstract. A multi-point in time problem for a parabolic equation with power singularities of arbitrary order in coefficients for time 

and spatial variables is considered. The existence and uniqueness of the solutions of the problem in the Hölder spaces with degree 

weight are established.  

Introduction. Nonlocal multi-point in time problem ap-

plies to nonlocal boundary value problems for partial dif-

ferential equations whose theory is developed intensively 

since the seventies of the last century. The study of such 

problems is conditioned by many applications in the fields 

of mechanics, physics, chemistry, biology, ecology and 

other natural sciences, that arise in mathematical modeling 

of various processes [1, 2, 3]. 

At present, the theory of equations with degenerations 

and singularities is extensive field of mathematical 

knowledge with many areas of scientific research. It takes 

an important place in the theory of partial differential equa-

tions, as at the expense of many analytical results, and 

thanks to numerous applications in various sections of 

mathematics and physics [4, 5]. 

This article suggests an algorithm for solving the non-

local multi-point in time problem for the parabolic second-

order equation with degree singularities and degenerations 

in coefficients by time and spatial of variables arbitrary or-

der for some set of points. The existence and uniqueness of 

a solution of the problem is proved in Hölder spaces with 

degree weight. 

Previous data. In paper [6] for a second-order parabolic 

equation problem with oblique derivative and impulse 

influence was reviewed. In paper [7], the problem of 

optimal control of a system described by the oblique 

derivativeproblem and the integral condition for a time 

variable for a second order parabolic equationwith power 

singularities in the equation and boundary condition 

coefficients is investigated. The coefficients of the 

equation and the boundary condition have power 

singulation arbitary order in the time space variables on 

some set of points. With the help of modified methods 

developed in the study of boundary-value problems 

forparabolic equations with smooth coefficients, a priori 

estimates, the existence and uniquenessof the solution of a 

nonlocal parabolic boundary-value problem with 

degeneracy was established. 

This article is a continuation of research for nonlocal 

parabolic equations with degeneracy. 

Problem statement. Let  , 
0t , 1t , , Nt , 1Nt +  

be fixed positive numbers, 0 1 10 Nt t t +   , 

0 1Nt t +   , t  , 1,2, ,N{ } , let   be 

some bounded domain, 
1nR − , dim 1.n −  

Let us denote 

(0) 0 1( , ) : [ , ), ( , ) : ,Nt x t t t x t x t+ =   = { } {

nx R \ }.  In the domain 0 1[ , ) n
Nt t R+ =   we 

consider a problem of finding the function ( , ),u t x  

which, for (0)( , )t x   satisfies the equation 

, =1

( )( , ) ( , )
n

t ij x xi j
i j

Lu t x A t x  −   +
   

0
=1

( , ) ( , ) ( , ) ( , ),
n

i xi
i

A t x A t x u t x f t x+  + =
  (1) 

and condition for the time variable 

0

1

( 0, ) ( ) ( , ) ( ).
N

j j

j

u t x b x u t x x
=

+ + =      (2) 

The power singularities of coefficients of the differential 

equation (1) at the point 0( , ) \P t x    are character-

ized by functions 
(1)

1 ( , )is t  and 
(2)

2 ( , )is x : 

(1)
(1)

1 ( , ) i
is t t


 = −   if 1,t −   

(1)
1 ( , ) 1is t =  if 1,t −   

(2)
(2)

2 ( , ) ( )i
is x x


 =   if ( ) 1,x   

(2)
2 ( , ) 1is x =  

if ( ) 1x  , ( ) inf
z

x x z


 = − , 
( ) ( , )i
  −  , 

1,2{ } , 
( ) ( ) ( )

1( , , )n
   =   , 

(1) (2)( , ) =   . 

Let’s denote by 
(1) (1) (1)
1( , , , , )i nx x x the coordi-

nates of the point 
(1) ,nx R  

(1) (1) (2) (1) (1)
1 1 1( , , , , , , )i i i nx x x x x− +   are the coordinates 

of the point 
(2) ,nx R  ,  , 

(1)q , 
(2)q , 

(1) , 

(2) , 
(1)
j , 

(2)
j  are real numbers, 0,1, ,j n { } , 

0l , 
( ) 0q   , 

( ) 0  , 
( ) 0j
  , (0,1) , 

l[ ] is the integer part of l . Let D  be an arbitrary closed 

domain, ,nD R  0 1[ , )NQ t t D+=  , 
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(1) (1)
1 ( , )P t x , 

(2) (1)( , )R t x , 
(1) (2)( , )iH t x , 

1,2, ,i n { }  are arbitrary points of the domain Q , 

0 1[ , ) ,n
NQ t t R+  =   (0) (0) .Q Q=   

Let’s define the functional space in which we study 

problem (1), (2).  

( ; ; ; )H q Q l
 is set of functions ( , )u t x  of space 

1( )L  , which have continuous partial derivatives in 

(0)\Q Q  of the form ,j r
t x   2 | | [ ]i r l+   and a finite 

value of the norm 

2 | |
2 | |

; ; ; ; ; ; ; ;

; ; ; ; ,

l j r
j r l

l

u q Q u q Q

u q Q

+
+ 

  =   +

+  


 

where, e.g., 

1

10 0
; ; ;0; (sup ( ) ) ; ,

P Q

u Q u P u


  =    

1

(1) (1) (1) (2) (2) (1)
1 22

; ; ; ; sup ( 2 , ) ( 2 , )
j r

P Q

u q Q s q j t s q j x
+



   +  +  


 

(1) (1) (1)
1 1

1

( ) ( ( ), )
n

j r
t x i i

i

u P s r t
=

    −   

(2) (2) (1)
2 ( ( ), )],i is r x  −  

1

(1) (1) (2)
1

( , )2 =1

; , , ; ( , )sup
n

P H Qj r

u q Q s q l t

 + = 

   = +   
 l

l[ ]

 

(2) (2) (1) (1) (2) (2)
2 1 2

=1

( 2 , ) ( , ) ( ( , ))
n

i i i i
i

s q j x s r t s r x +  −   −   

(1) (1) (2) (2) (1) (2)
1 2( { } , ) ( , )s l t s x x x

−

    −   − − 
{ }

({ } )
l

l  

1( ) ( ) ]j r j r
t x t xu P u H   −   +  

1

(1) (1) (2) (2) (2)
1 2

( , )

, ( | |) ,sup
P R Q

s q t s q l r x


+ +  + −  


( ) ( )l  

2(1) (2) (2) (1) (1) (2)
1 2

=1

, ( ,
n

i i i i
i

s r t s r x t t
−

 −   − − 
{ }

( ) ( ))
l /

1( ) ( ) . j r j r
t x t xu R u P    −  


 

Marked here: 

(1) (2)
1 1 1( , ) min ( , ), ( , )),s a t s a t s a t= (   

(1) (2)
2 2 2( , ) min ( ( , ), ( , ))s a x s a x s a x= ,  

1 2

1 2
... ,n

n

rr rr
x x x x

 =   
1 nr r r= + + . 

Let’s assume that the initial date of problems (1), (2) 

satisfy the following conditions:  

a) for the arbitrary vector 
1( , , )n =   ( , )t x   

the following inequality holds 

2 (1) (1)
1 1 1

, 1

( , ) ( , ) ( , )
n

ij i j
i j

A t x s t s t
=

       

2(2) (2)
2 2 2( , ) ( , ) ,i j i js x s x        

1 , 2  are fixed positive constants and 

(1) (2)
1 2( , ) ( , ) ( ; ;0; )i i is t s x A H       , 

(1) (2)
1 0 2 0 0( , ) ( , ) ( ; ;0; )s t s x A H       , 

0 0A  , 

(1) (1) (2) (2)
1 1 2 2( , ) ( , ) ( , ) ( , )i j i j ijs t s t s x s x A      

( ; ;0; )H Q   , 

 
( )

( ) ( ) ( ) ( ) 0max max(1 ),max( ), ,
2i i i

i i


    

 = +  −  

1,2{ };  

b) functions 0( ; ; ; )f H      , 

2
0 ( ; ,0; )nH R+    , 

2( ) ( )n
jb x C R+ , 

0

1

| ( ) | 1
N

j

j

b x
=

   , 
(2)(0, ) =  , 

(2)(0, )=  . 

Main results. Let’s formulate the main result of the 

work.  

Theorem 1. Let conditions a), b) be satisfied for prob-

lem (1), (2). Then there exists a unique solution of problem 

(1), (2) in the space 
2 ( ; ;0; )H +     and the following 

estimate is correct: 

02
; ; ;0; ( ; ; ; ;u c f

+ 
        +  

2
; ; ;0; ) .nR B

+
+              (3) 

 To prove Theorem 1 we construct a sequence of 

solutions of problems with smooth coefficients, the 

boundary value of which is the solution of problem (1), (2). 

 Evaluation of solutions of problems with smooth 

coefficients. Let 
m =

1 1
1 1 2 2 1 2( , ) : (1, ) , (1, ) }, ( , ),t x s t m s x m m m m− −    ={  

1 1,m   
2 1m   be a sequence of domains that, for 

1m → , 
2m →  converges to (0)\ .    

 In the domain   we consider the problem of finding 

the function ( , )mu t x , that satisfies the 

equation 

1
, 1

( )( , ) ( , )
n

m t ij x xi j
i j

L u t x a t x
=

  −   +
   

 
0

1

( , ) ( , ) ( , ) ( , ),
n

i x m mi
i

a t x a t x u t x f t x
=

+  + =
   (4) 

and condition for the time variable 

0

1

( 0, ) ( ) ( , ) ( ).
N

m j m j m

j

u t x b x u t x x
=

+ + =     (5) 

Here, the coefficients ija , 
ia , 0a  and functions 

mf

, m , for ( , ) mt x   coincide with ijA , iA , 0A  and 

,f   respectively. For ( , ) \ mt x    the coefficients 

ija , 
ia , 0a , and functions 

mf , 
m  are continuous ex-

tensions of the coefficients ijA , iA , 
0A  and functions 

mf , 
m  from the domain m  into the domain 

\ m  , 1 2( , )m m m= . 

Let us find the estimate of the solution to the problem 
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(4), (5). In the space 
2 ( )C +   we introduce the norm 

; ; ; ; ,m l
u q    which, for every m  s equivalent to the 

Hölder norm determined by the same way as 

; ; ; ; ,
l

u q    but instead of the functions 
(1)

1( , )is t  

and 
(2)

2 ( , )is x  we take 
(1)

1( , )id t , 
(2)

2 ( , ) :id x  

(1)
(1) (1)

1 1 1( , ) max( ( , ), )i
i id t s t m

−
 =   if 

(1) 0i   and 

(1)
(1) (1)

1 1 1( , ) min( ( , ), )i
i id t s t m

−
 =   if 

(1) 0;i   

(2)
(2) (2)

2 2 2( , ) max( ( , ), )i
i id x s x m

−
 =   if 

(2) 0i   and 

(2)
(2) (2)

2 2 2( , ) min( ( , ), )i
i id x s x m

−
 =   if 

(2) 0.i   

For the solution of the problem (4), (5) we have a 

correct theorem. 

Theorem 2. Let mu  be the classical solutions of prob-

lem (4), (5) in the domain   and let conditions a), b) be 

satisfied. Then for ( , )mu t x  the following estimate is true 

1

0
1 0

| | (1 | ( ) | ; ) ; .
N

n
m m j m

j

u c b x R f−

=

 
   − + 
 
 

  (6) 

Inequality (6) is proved by the scheme of proving of 

Theorem 2.5 [8, p. 27]. 

Theorem 3. If conditions a), b) are satisfied then for 

the solution of the problem (4), (5) the following inequality 

is true: 

02
; , ,0; ( ; ; ; ;m mu c f

+ 
        +  

2
; ; ;0; ).n

m R
+

+               (7) 

Proof. Using the definition of the norm and 

interpolation inequalities from [9, 10], we have 

2 2
; ; ;0; 1 ; ; ;0;m mu u

+ +
    +     +( )  

0
( ) ; ,mc u+    

where   is an arbitrary real number, (0,1)  This is 

why it suffices to evaluate the half norm 

2
; ; ;0;mu

+
   . From the definition of the half norm 

it follows that, in   there exist the points 1, ,iP R H , for 

which one of the following inequalities is true 

( )0

2

1
; ; ;0; ,      1,2

2
k

mu E+

 +
    { }     (8) 

Where 

 (1) (1)
1 1

2 2 1

2 ) ,
n

j r

E d t
+ = =

 +    (( )  

(1) (1) (2) (2) (1) (1)
1 2 1

=1

, ( ), ,
n

i i i i
i

d r t d r x d t   −   (- ) ( ) (- )  

(2) (2) (1) (2)
2 ( ),d x x x

−

     − − (- )  

1( ) ( ) ,j r j r
t x m t x mu P u H   −    

(1) (2) (2)
2 1 2

2 | | 2

(2 ) , (2 | | ) ,
j r

E d t d r x
+ =

 +  − +   ( ) ( )

2(1) (2) (2) (2) (1) (2)
1 2

1

, ( ),
n

i i i i
i

d r t d r x t t
−

=

 −   − −  ( ) ( )
/

1( ) ( ) ,     j r j r
t x m t x mu R u P   −    

(1) (2)
1 1 2( , ) min( ( , ), ( , )),d a t d a t d a t=  

(1) (2)
2 2( , ) min( ( , ), ( , )).xd a x d a x d a x=   

If 
(1) (2) (1) (1) (1)1

1
1

,
4

x x d t
n  


−   − ( )

(2) (2)
2 1,d x T  − ( )  then 

1 1 2
2 ; ; ;0; .mE u−           (9) 

If 
(1) (2) (1) (2) (2)1

1 2 22 , 2 ,
16

t t d t d x T


−    ( ) ( )  

then  

2 1 2
2 ; ; ;0; .mE u−           (10) 

Applying the interpolation inequalities to (9), (10), we 

obtain 

2 0
; ; ;0; ( ) ; . m mE u c u

 +
     +    (11) 

Let 
(1) (2)

1 ,  x x T −   and 
(1) (2)

2t t T−  . We as-

sume that 
(1) (1) (1)

1 1(2 , ) (2 , ),  d d t  =   

(2) (2) (1)
2 2(2 , ) (2 , )d x d x =  , 

(1) (1)( , )t x  . In the 

domain   we write problem (4), (5) in the form  

(1) (1)
2

, 1

( ) ( , )
n

m t ij x x mi j
i j

L u a t x u
=

   −   =
   

(1) (1)

, 1

( , ) ( , )
n

ij ij x x mi j
i j

a t x a t x u
=

= −   − [ ]  

0
1

( , ) ( , ) ( , )
n

i x m m mi
i

a t x u a t x u f t x
=

−  − +   

( , ; ) ( , ),m m mF t x u f t x +        (12) 

0 0( 0, ) ( , ),m mu t x t x+ =       (13) 

where 0
1

( , ) ( ) ( , ).
N

m m m j
j

t x x u t x
=

 =  −  

Let 
2

V  be a domain from  , 

2

(1) 2 (1)
2 2 2 1{( , ) , | | , | | ,i iV t x t t T x x T =  −   −  

{1,..., }}.i n  In problem (12), (13) we make the substi-

tution ( , ) ( , )m mu t x v t x= , 

(1) (1) (2) (1)
1 1( , ) ( , ) .i i i iy d t d x x=    As a result, we are ob-

sessed  

(1) (1) (1) (1)
2 1 1

, =1

( )( , ) ( , ) ( , )
n

m t i j
i j

L v t y d t d t  −   


  

(2) (1) (2) (1) (1) (1)
2 2( , ) ( , ) ( , )

ji j ij y y mi
d x d x a t x v     =


 

( , ; ) ( , )m m mF t y v f t y= + ,        (14) 

0 0( 0, ) ( , ),m mv t y t y+ =        (15) 

where 
(1) (1) (2) (1)

1 1 2 1 1( , ) ( , ) , ,y d t d x y= − −(  

(1) (1) (2) (1)
1 2( , ) ( , )n n nd t d x y− − ).   

Let’s denote 
(1) (1) (1) (2) (1) (1)

1 2( , ) ( , ) ,i i i iy d t d x x=    
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 
2

(1) 2 (1)
2 2 2 2( , ), , i iW t y t t T y y T = −   −    

and take the triply differentiable function ( , )t y  that sat-

isfies the conditions  

1/2

3/4

(1) (1)
1

(2) (2)
2

1

1, ( , ) , 0 ( , ) 1,

( , ) 0, ( , ) ,

2 ,

, .

j r
t x jr

n

j
i

t y W t y

z t y W c

d j t

d r x
=




    


  =      


 −  


 − 




( )

( )

 

Then the function ( , ) ( , ) ( , )m mZ t y t y v t y=  is a so-

lution of the Cauchy problem  

(1) (1) (1) (1)
2 1 1

, 1

( )( , ) ( , ) ( , )
n

m i j
i j

L Z t y d t d t
=

=     

(2) (1) (2) (1) (1) (1)
2 2( , ) ( , ) ( , )i j ijd x d x a t x     

y y m y y mi j j i
v v   +   +[ ]  

(1) (1) (1) (1) (2) (1)
1 1 2

, =1

( , ) ( , ) ( , )
n

m i j i
i j

v d t d t d x+    

  

(2) (1) (1) (1)
2 ( , ) ( , )j ij y y ti j

d x a t x +     −  


 

(1)[ ] ,m m m mF f F f+ +  +          (16) 

0 0 0( 0, ) ( , ) ( , ).m mZ t x t y t y+ =      (17) 

On the basis of Theorem 5.1 from [8, p. 364], for the 

solution of problem (16), (17) the following inequalities 

are true:  

(1) (2) (1) (2)( , ) ( , )j r j r
t y m t y my y Z t y Z t y

−
−   −     

)3/4

(1)

(m m C W
c F F  +  +(  

2
3/4 0( ( ))

,m mC W t t
B+ =

+  )       (18) 

/2(1) (2) (1) (2)( , ) ( , )j r j r
t y m t y mt t Z t y Z t y

−
−   −     

1 ,mc B  

where 
(1) (2) (1) (2)

1/4( , ), ( , ), ( , ), ( , ) ,t y t y t y t y W{ }  

2 2.j r+ =  

Taking into account the properties of the function 

( , )t y we obtain  

3/4

(1) (1) (1)
2 1

( )
(2 ) ,m m

C W
F f c d t


+  − +  ( )  

(2) (1)
2 3/4 2

(2 ) , ; ;0,0;md x v W − +    +( )(  

3/4 3/40
; ; ;0,2 ; ),m mv W F W


+ +      (19) 

2
3/4 0

(1) (1)
3 1( )

(2 ) ,m C W t t
c d t+ =

  − +   
( )

( )  

(2) (1)
2 3/4 2

(2 ) , ; ;0;0; ,md x W
+

 − +    ( )   (20) 

Substituting (19), (20) into (18) and returning to the 

variables ( , )t x , we obtain 

4 3/4 3/4( ; , ;2 ; ; , ;2 ;m mE c F V f V  
    +    +  

3/4 3/40 2
; ; , ;0;m mu V u V+ +   +  

3/4 2
; , ;0; ).m V

+
+            (21) 

Given the interpolation inequalities and estimates of the 

norm of each additive of the 

expressions mF , m , we obtain the inequalities 

 
2 2

1 3/4 2
( 2) ; ; ;0;mE n n u V

 +
  + +    +( )  

4 3/4 5 0 3/40
; ( ; , ; ;m mc u V c f V


+ +    +  

3/4 2
; , ;0; ),m V

+
+           (22) 

where 

3/4 2 2
; , ;0; ( ; , ;0; n

m mV c R
+ +

       +  

0 3/4 2
; , ;0; ).mu V

+
+    

Using inequalities (6), (8), (11), (21), (22) and choosing 

  and 1  sufficiently small, we obtain 

the estimate (7).  

Theorem is proved. 

Now let’s establish the existence of a solution to the 

problem (4), (5). 

Such a theorem is correct. 

Theorem 3. If the conditions а), b) are satisfied then 

the unique solution to the problem (4), (5) exists for which 

the estimate (3) is valid. 

The solution of the problem (4), (5) is constructed in 

the form 

0 0 0( , ) ( , , , ) ( , ) ( , ),
n

m m m

R

u t x Z t x t u t d t x=    +  

Where ( , )m t x  is the solution of the Cauchy problem 

1 0( )( , ) ( , ), ( 0, ) ( ),m m m mL t x f t x t x x =  + =  (23) 

where ( , , , )mZ t x    is fundamental solution of the 

problem (23). Satisfying the condition (5), we obtain 

0 0 0

1

( 0, ) ( ) ( , , , ) ( , )
n

N

m j m j m

j R

u t x b x Z t x t u t d
=

+ +    =   

1

( ) ( , ).
N

j m j

j

b x t x
=

= −            (24) 

Given the restrictions on functions ( )jb x  by the 

method of successive approximations the solution of the 

integral equation (24) is constructed. Substituting it into 

(23) we obtain the solution of the problem (4), (5) for 

which the estimate (7) is valid. 

Proof of Theorem 1. Because  

0 0; ; ; ; ; ; ; ; ,mf c f
 

          

2 2
; ; ;0; ; ; ;0; ,n n

m R c R
+ +

        

then based on the estimate (7) for the solution of the 

problem (4), (5) the following estimate is true  

2
; ; ;0; ,mu B

+
           (25) 

the right-hand side of inequality does not depend on 

1 2( , )m m m= . Moreover, the sequences 
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(0) ,m mU u{ } { }  

(1) (1) (2) (2)
1 2( , ) ( , )m i x mi

U d t d x u   − { } { },(t , x)  

(2) (1) (2) (2)
1 2(2 , ) ( , )m iU d t d x   − { } {

(2) (2)
2 ( , )

i jj x x md x u  −   },(t , x)  

(3) (1) (2)
1 2(2 , ) (2 , )m t mU d t d x u   { } { }(t , x)  

are uniformly bounded and equicontinuous in the domain 

Q . According to the Arzela theorem, there exist 

subsequences 
( ){ }

km
U 

, uniformly convergent in Q  to 

( )
0{ }U 

, {0,1,2,3} . Since Q  is an arbitrary domain, 

Q , then passing to the limit for 1km → , 

2km →  in problem (4), (5), we find that 

(0)
0( , )u t x U= – is the unique solution to the problem (1), 

(2), in the space 
2 ( ; ;0; )H +    . Theorem is proved. 

Conclusions. The necessary and sufficient conditions 

for the existence of the unique solution of a multipoint 

problem for parabolic equations with degeneration are es-

tablished. Estimates of derivatives 

of the solution of the problem in the Hölder spaces with 

power weight are found. The order of the degree weight 

depends on the power of the degree features of the coeffi-

cients of the equation. 
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