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Abstract. A multi-point in time problem for a parabolic equation with power singularities of arbitrary order in coefficients for time
and spatial variables is considered. The existence and uniqueness of the solutions of the problem in the Holder spaces with degree

weight are established.
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Introduction. Nonlocal multi-point in time problem ap-
plies to nonlocal boundary value problems for partial dif-
ferential equations whose theory is developed intensively
since the seventies of the last century. The study of such
problems is conditioned by many applications in the fields
of mechanics, physics, chemistry, biology, ecology and
other natural sciences, that arise in mathematical modeling
of various processes [1, 2, 3].

At present, the theory of equations with degenerations
and singularities is extensive field of mathematical
knowledge with many areas of scientific research. It takes
an important place in the theory of partial differential equa-
tions, as at the expense of many analytical results, and
thanks to numerous applications in various sections of
mathematics and physics [4, 5].

This article suggests an algorithm for solving the non-
local multi-point in time problem for the parabolic second-
order equation with degree singularities and degenerations
in coefficients by time and spatial of variables arbitrary or-
der for some set of points. The existence and uniqueness of
a solution of the problem is proved in Holder spaces with
degree weight.

Previous data. In paper [6] for a second-order parabolic
equation problem with oblique derivative and impulse
influence was reviewed. In paper [7], the problem of
optimal control of a system described by the oblique
derivativeproblem and the integral condition for a time
variable for a second order parabolic equationwith power
singularities in the equation and boundary condition
coefficients is investigated. The coefficients of the
equation and the boundary condition have power
singulation arbitary order in the time space variables on
some set of points. With the help of modified methods
developed in the study of boundary-value problems
forparabolic equations with smooth coefficients, a priori
estimates, the existence and uniquenessof the solution of a
nonlocal parabolic boundary-value problem with
degeneracy was established.

This article is a continuation of research for nonlocal
parabolic equations with degeneracy.

Problem statement. Let n, t,, §;, ...ty Ty

be fixed positive numbers, 0<t,<t <...<t,,
ty <n<tyg. N#L, Ae{l,2,...,N}, let Q be

some bounded domain, Q—R"™™, dimQ<n-1.
Let us denote

gy ={t.x) 1telty, ty ), xe QFU{(t,x) it =n,

x e R"\ Q}. In the domain IT = [ty ty. ) x R™ we
consider a problem of finding the function u(t,X),
which, for (t, X) ¢ IT o) satisfies the equation

(Lu)(t, x) z[at - EH;AH (t.X)0,,0, +

i,j=1

) ()9, + Ay (63 Ju(t ) = T (6.2, @
i=1

and condition for the time variable

N
Uty +0,%)+ 2 b (ut;. ) =o(x). (2
j=1
The power singularities of coefficients of the differential
equation (1) at the point P (t, X) € IT\IT, are character-

ized by functions Sl(Bi(l),t) and SZ(Bi(Z),X) ;

@ _
s (B®,t) =|t—mPi if
s, (B17,1) =1 if

t-m<1,
t-m[=1,

5,3 %) =p"" (%) if p(9<1 5, (BP,x)=1
if p(x)>1, p(x):in(fl|x—z|, BM & (~o0,00)

ve{l2} B = (BM,...,p0") ,

B=p",p?).

Let’s denote by (Xl(l) ,...,Xi(l),..., Xr(11)) the coordi-

nates of the x® e R",

1 1 2 1
D xD X&) D

point
, Xr(ll)) are the coordinates
of the point xX?DeR", 7, a, q(l) ) q(z) , Y(l),
y(Z)’ H(jl), M(j2)
1>0, g >0, v >0, u(jv) >0, ae(0,1),
[1] isthe integer partof |.Let D be an arbitrary closed

ISCRn, Q:[toatNJrl)XD )

are real numbers, j €{0,1,...,n},

domain,
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Pl(t(l) X(l)) R(t(z) X(l)) H. (t(l) X(2))

) L 1 L I ) L
i1 e{l,2,...,n} are arbitrary points of the domain Q,
Q c I =[ty, ty,1) xR", Qo =QN1Il).

Let’s define the functional space in which we study
problem (1), (2).

H' (v:B;0;Q) is set of functions u(t,X) of space
L, (IT) , which have continuous partial derivatives in
Q\Qgy of the form dJat, 2i+|r[<[1] and a finite

value of the norm

luiviBiaiQly = 2. uiviBiaiQllyyy +

2 j+Hr=l
+(U;7;B;0;Q),
where, e.g.,
lu;v:B;0;Qlly =(sup|u(R,)]) =u; 1]y,
P eQ

Ju7iB:0:Ql 4 = 30D | (0% + 217,495, (0 + 2172x)
P eQ

. n
x|ofolu(P)[[ Tsu(r (r® =), tW)x
i=1
XS, (rI (Y(Z) _ Bi(Z) ), X(l))],

U aQ)y = >, {i sup 7[Sl(q(1)+|y(1),t(2))><

2j4+rl=[1] Lv=1(P.H, )=Q
n
x5,(@® +2j32 [ Tsy (rp2 1), (5 =B, ) x

i=1
-{1}
X

x5, (<{1I1BD 1) 5, ({1 3y - @, 1)) x® - x? |
x|otu(R) - 8jatu(H,)

1+

e f[sﬂq‘l’ +179,6)5,(g® + (1| r Py? x@)x
(P.R)=Q

n
= {172}
x [ [s:(=B®, D) s,(1 (v? B xO))t® @[T
1]

x| 836;u(R)—aJa;u(p1)|]}.
Marked here:
s,(a.f) =min(s (a.tV), s,(a,t®)),
5,(,%) = min(s,(a,x"), 5, (a,x?)),
0% =0%of .on

Let’s assume that the initial date of problems (1), (2)
satisfy the following conditions:

a) for the arbitrary vector &=(g,,...,&,) V(t,x) Il
the following inequality holds

mlgf< D) A5 B2.05 B0

i,j=1

2

xs, (B, )3, (BSP), )E.& <m, €%,

T, fixed

s (1,15, (1P, ) A € HE (v;B;0;TT) ,

[rl=r+..+r .

T, are positive  constants  and

511,15, (0 X) Ay e HE (;B;0:TT) |, Ay 20,
s (BP.1)s (B, 15, (B, x)5, (B, x) A €
e H*(v;B;0;Q)
(v)

Y™ = max{max (2+B™), max (uf —BSV)%“% '
ved{l2};

b) functions
@pe H**(7:B,0;R")

feH"(y:Bpe: 1)
bj(x)C*“(R")

N ~
b () [<hg <1, 7=(0,v?), p=(0,?).
j=1

Main results. Let’s formulate the main result of the
work.

Theorem 1. Let conditions a), b) be satisfied for prob-
lem (1), (2). Then there exists a unique solution of problem
(1), (2) in the space H 2**(y;B;0;I1) and the following
estimate is correct:

Jusv: B0, , <clf5viBino: T, +
oo, )=8. ©

To prove Theorem 1 we construct a sequence of
solutions of problems with smooth coefficients, the
boundary value of which is the solution of problem (1), (2).

Evaluation of solutions of problems with smooth

coefficients. Let I, =TIN

~{(t,x)ell: s, (L)>m ™t s, (L x) > m, '}, m=(m,,m,),

m >1, m,>1 be a sequence of domains that, for
m, =0, m, —>oo converges to IT\I1 .

In the domain IT we consider the problem of finding
the function u,(t,X) , that satisfies the

equation
n

(L, )(t,X) E[at - 281000, +

i,j=1

n
+ 228 (100, +89(60) Uy (0= T €2, @
i=1
and condition for the time variable

N
U (o +0, X) +ij (U (5, %) =@ (X).  (5)
j=1

Here, the coefficients a;;, a;, @, and functions f,

i ’
. O, for (t,x) eIy, coincide with A;, A;, A and
f,o respectively. For (t,x) eIT\I1,, the coefficients

a;, a;, @y, and functions f_, @ are continuous ex-

ij! i’

tensions of the coefficients A;, A;, A, and functions
f,
IT\IT,,, m=(m,m,).

Let us find the estimate of the solution to the problem

¢, from the domain II, into the domain
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@), (5). In the space C2**(IT) we introduce the norm ><|8t1'6;um(R)—836;um(Pl)|,
|Umsv:B; 0 TT]|, . which, for every m s equivalenttothe  d,(a,f) =min(d,(a,t®),d,(a,t®)),
Holder norm determined by the same way as d,(a, %) =min(d,(a X(l)) d,(a X(Z)))_
lu;v;B; 0 TT[, , but instead of the functions s,(BY 1)

O_y@|s&814 .0 _p0 ;@
and s,(B?,x) we take d,(BP,t) , d,(8?,x): It |XV Xy |_ 4 ndl(Y By tT)x
xd,(y® -B? %) =T, then

_g®
d, (B®,t) = max(s, BP,t),m ") it B >0 and
E, <26 % |upiviBiOiIIf,. (9
: IO <267 %|u_ ,
d, (B®,t) = min(s,(B®,t),m ") it p® <o;

- O _@]> & o ) 2y =
dz(Bi(z),x):max(sz(Bi(z),x),mz_Biz) if B >0 and [t -t |_16d1(2y Dda (27, x7) =T,

hen
(2) v\ _ mi (2) B2\ e a(2) t
d, (B ,x)_mnj(sz(Bi X),myt ) if B <O. E, <2 %||uy;v:B; 011, - (10)

For the solution of the problem (4), (5) we have a lving the i lation i lit
correct theorem. btApp ying the interpolation inequalities to (9), (10), we

Theorem 2. Let u,, be the classical solutions of prob- 0 alnE <.t B 0: .
lem (4), (5) in the domain IT and let conditions a), b) be 5 =& ||um,y,B, ’H”2+a +C(8)”um’H”0' (11)
satisfied. Then for u,,(t,x) the following estimate is true Let [x® —x@|<T,, and [t® -t@[<T,. We as-

N sume that d, (2y®,7) = d, (27", tW),
[up [< ¢ lon@=Y1b; )[R+ f;TT], |- (6)

m m é ! , i 1, d,(2y®, %) =d,(2y®,xD) , P xP)ell . In the
Inequality (6) is proved by the scheme of proving of domain IT we write problem (4), (5) in the form
Theorem 2.5 [8, p. 27]. B n @ o)

Theorem 3. If conditions a), b) are satisfied then for (Louy) = [5t __Z &j (t,x )axiaxj Jum =
the solution of the problem (4), (5) the following inequality )=l
is true: n @ .

Jum:7.B,011 ], <l fsviBings T, + = 2. [3 (t) —ay (7 xT)0,.0y U -
- i,j=1
JowiBoR'], ) @ :

Proof. Using the definition of the norm and _Zai (t’x)axium =8 (L, X)uy, + fr, (%) =

interpolation inequalities from [9, 10], we have = _F (i f 12
lum3 v B 0TI, , < (&%) (Ui viBi 0TI, + = Fin (6 XUg) + 1 (6), (12)
+c(e)uy: I, Up (o +0.X) =y, (t,X),  (13)
) . . N
where e is an _arbltrary real number, £€(0,1) Thisis | pare v, (1, %) :(pm(x)_zum(tj,x).
why it suffices to evaluate the half norm =1
(Up;v:B;0;IT), . From the definition of the half norm Let V., be a domain from T

it follows that, in I1 there exist the points B, R;, H,,, for V. ={(t,x) eTl, |t _t® < 8§T2 | X _x® <e,T,
€ ) 1 — l 1 1 — l

which one of the following inequalities is true . .
ie{L...,n}}. In problem (12), (13) we make the substi-

Ml )
5 lugiviBiom®@|  <E, 8e{lL2}  (8) ion Uy, (t,X) =V, (t, X) :
Where i y; =d; P, t)d, (B, xP)x.. As a result, we are ob-
E = z {Zdl((zJFO‘)Y(l)at(l)) x sessed
2j+rl=2v=l

n (Lvy)(ty) = [at - >d, (8P t9)d, (B, tM)
<[ Ty (-rB® D), (r, (v? =), 0)d, (-ap 1) x ij=1
i=1

B «d, (B2, xD)d, B?,xV)a. (t®,xDyo. o }v _
xd,(-a(y® =), Rx{P —xP [ x 2 2] i %% |¥m

x|afajuy, (B) —8fafu, (H,)], = '(:m(t,g;v,;)+ fm((t,y)), (14)
- V. (t,+0,y)=vy,(t,, V), (15)
Ey= 2 di(@+a)r® Ddy(@-Ir|+a)y® x®)x O oo
2 j+Hr=2 where y=(d1(—[31 it )dz(_Bl X )yl,---,
n . —al2 d (B tD)d, (B, xH) ).
XHdl(_riBi(l)'t)dz(n(y(Z)_ﬁi(Z))’X(Z))h(l)_t(Z)' Tk i (1)n &) n(1) @) @)y @
i=1 Let’s denote Yy;~ =d, (B;~,t"7)d, (B;”, X)X,
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1 2 1
W, ={ty)[t-tP|<el,, |y, - yO | < e, T, }
and take the triply differentiable function p(t,y) that sat-
isfies the conditions

1, (ty)eW,,, O0<p(ty)<l
0. (t.y)&Wsy,, [0/o%u[<c)
xd, (-2 jy® ,t®) x

n
[ Tdpry®,x®).
i=1

Then the function Z_(t,y) = u(t, y)v,,(t,y) isaso-
lution of the Cauchy problem

(LZy)(tY) = 30,0 ) (B 1)«

i,j=1

u(r,z) =

xdy (B x)d, (B xD)ay (€0 x V)
x[ﬁyi paijm +6yj pﬁyivm]+
n
+Vp, |: Zdl (Bi(l) ,t(l)) dl(B(jl) ,t(l)) d, (Bi(Z) ’ X(l)) %
ivj=1
xd, (B xP)ay (¥, x%)a, 0, - s

+ulFy + f]= R + iy, (16)
Z,({t+0,X) =y, (t, Vuto, ). A7)

On the basis of Theorem 5.1 from [8, p. 364], for the
solution of problem (16), (17) the following inequalities
are true:

ly® —y®[ " |ojayz,, t,yP) 8o}z, (. y?)|<

SR

Hrw 2oy 1getgy) = Bme (19)

—al2 j
[t 1@ |ajarz, @, y)-0)0Z,, (1?,y)|<

<¢B,,
2j+|r|=2.
Taking into account the properties of the function
u(t, y) we obtain

|F? + ufi, < 0,y (—(2+ o)y ™t @) x

C*(Ws/4)

xdy(—=(2+ )Y@ xB) (v, :7:0,0,Wy, |, +
Vi i Waya o + 1 Frni 710,27 Wayy [l ), (29)

W @)
v l2ee gu ety < Cada(=(+ )y 18

xdy(—(2+ )Y@, xD) |y i 7:0:0Wy [, (20)

Substituting (19), (20) into (18) and returning to the
variables (t,x), we obtain

44

Es <y (| Fri v Bi2vi Vo[l + [ T 7o Bi2viVay [, +
U Vasally +[|Um:v.B; 0 Va4 ||, +

Avmitfosl, ) @
Given the interpolation inequalities and estimates of the

norm of each additive of the

expressions F,, w,,, we obtain the inequalities

Es < (&) (n+2)+&°n?)|uviB;0Vay [, +
+¢luy, ;V3,4||0+ Cs (|| frnsvsBitto:Vays ”a +

S NI AHOAYA I} 22)

where ) )
[ Bi0Vas |, < cllomi7BOR"

o [Umiv.Bi 0 Vaya [, )-
Using inequalities (6), (8), (11), (21), (22) and choosing
¢ and g, sufficiently small, we obtain

the estimate (7).
Theorem is proved.

Now let’s establish the existence of a solution to the
problem (4), (5).

Such a theorem is correct.

Theorem 3. If the conditions a), b) are satisfied then
the unique solution to the problem (4), (5) exists for which
the estimate (3) is valid.

The solution of the problem (4), (5) is constructed in
the form

U (6,) = [ Zn (& Xt EWg (tg, E)AE + 0o (£, %),
Rn

+
2+a

Where @ (t,X) is the solution of the Cauchy problem
(Llu)m)(LX) = fm(t1x)1 0‘)m(to +0, X) :(Pm(x), (23)

where Z_(t,X,7,&) is fundamental solution of the

problem (23). Satisfying the condition (5), we obtain

N
Un (t +0,3) + 0y (%) [ Zin (15, X,to, E)up (t9, )dE =
=1 R"

N
j=L

Given the restrictions on functions bj(x) by the

method of successive approximations the solution of the
integral equation (24) is constructed. Substituting it into
(23) we obtain the solution of the problem (4), (5) for
which the estimate (7) is valid.

Proof of Theorem 1. Because

s Binos T, < F5v:Bipo: ]|,

om:7:B:0:R"| <c|o;7;B;0:R"

then based on the estimate (7) for the solution of the
problem (4), (5) the following estimate is true

lum;viB;0:11],,  <B, (25)

the right-hand side of inequality does not depend on
m=(m;, m,) . Moreover, the sequences
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UPy={u,},

U ={d, (" .0, (@ -B{* . %0, up (1.3,
U1 ={dy 2y 0, (v B, )

xd, (1% =B )0, 0, up ()3,

U7 =1d,(2y",1)d, (2v® ) 0,u,,(t, %)}

are uniformly bounded and equicontinuous in the domain
Q . According to the Arzela theorem, there exist

subsequences {Uéqvk)}, uniformly convergent in Q to

UMY, ve{0,1,2,3}. Since Q is an arbitrary domain,
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QcII, then passing to the limit for my —oo ,
problem (4), (5), we find that

u(t, x) :U((,O) — is the unique solution to the problem (1),

mzk —> 0 in

(2), in the space H 2+o (v;B;0;IT) . Theorem is proved.

Conclusions. The necessary and sufficient conditions
for the existence of the unique solution of a multipoint
problem for parabolic equations with degeneration are es-
tablished. Estimates of derivatives
of the solution of the problem in the Holder spaces with
power weight are found. The order of the degree weight
depends on the power of the degree features of the coeffi-
cients of the equation.
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