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LOCALIZATION PROPERTY FOR REGULAR SOLUTIONS OF THE CAUCHY PROBLEM
FOR A FRACTAL EQUATION OF THE INTEGRAL FORM

V. A. Litovchenko UDC 517.956

We consider a fractal equation of the integral form with Bessel fractional integrodifferential operator
and a positive parameter. In a part of the initial hyperplane, where the limit value has good properties,
we establish the property of local strengthening of the convergence of regular solutions with generalized
limit values.

Keywords: Cauchy problem, generalized limit value, localization property of the solution, Bessel frac-
tional integrodifferential operator.

Introduction

In view of the nonlocality of fractional derivatives, numerous dynamical systems are described more exactly
due to the application of differential equations of fractional orders. Various natural systems in different fields
of science, such as the viscoelasticity, electric circuits, nonlinear oscillations caused by earthquakes, or diffusion
processes in fractal media exhibit an intermediate behavior that can be modeled solely with the help of differen-
tial equations of fractional orders. Therefore, these equations form an important alternative to differential equa-
tions of integer orders. At present, they attract significant attention of the researchers and form a subject of
active debates and discussions at various scientific meetings and conferences (see, e.g., [9, 14,15, 17, 18]).

Consider a fractal equation of the integral form

Y
du(t. )+ [ (a€—A)"u)t.x)dT =0, (1.x)€ll:=(0+00)xR", (1)

— o0

where y>0, (a€-A, )T/2 is the Bessel operator of fractional integrodifferentiation with a parameter a >1

[10, 13]. Moreover, the values of a and 7y are such that the function QY(') = 13“{(')_13“{ (0) is convex on

the set [0,+0c0). Here, £ is the identity operator, A := ail +...+ 8)26 is the Laplace operator, and

In the Schwartz space S of rapidly decreasing functions [19], Eq. (1) is equivalent to the pseudodifferen-
tial equation [7]
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atu(t,x)+F_I[Py(é)F[u](t,é)](t,x) =0, (t,x)ell,

whose structure is close to the structure of the classical heat-conduction equation. Here, F is the Fourier trans-
formation operator, P, (-):= IBY (|-I) denotes pseudodifferentiation, ||-||:=(-,-)"* is the Euclidean norm,

and (-,-) is the scalar productin R".
In [7], the author established the absolute solvability of the Cauchy problem for Eq. (1) in special spac-
es WBQ obtained as certain generalization of the well-known Gelfand, Shilov, and Gurevich spaces S and W

[2,4]. Actually, in the cited work, one can find the description of the entire set of initial data for which this
problem is correctly solvable. In this case, its solution is regular and has the same property of smoothness and
the same behavior in the neighborhoods of infinitely remote space points as the fundamental solution of the
Cauchy problem.

It is worth noting that this set of initial data forms a sufficiently broad class some elements of which are
generalized functions. Therefore, the initial condition of this Cauchy problem was formulated with a somewhat

weakened notion of the limit. However, it is known from the classical theory of Cauchy problem for parabolic
equations (and, in particular, for the heat-conduction equation) that the classical solutions u(#,-) of these equa-

tions with continuous limit values f(-) on the initial hyperplane #=0 approach f(-) as t - +0 uniformly
in the space variable on every compact part of this hyperplane (see [12, 14]). Thus, it is natural to ask whether
the property of convergence in the initial condition of the Cauchy problem for Eq. (1) considered in [7] can be
locally strengthened in the case where the initial generalized function f has “good” local properties. In other
words, we arrive at the problem of localization principle.

Note that a similar problem was first considered in the theory of trigonometric series (see [11]). The inves-
tigations aimed at getting the localization principle were carried out for the solutions of partial differential equa-
tions parabolic in Petrovskii’s and Shilov’s sense in [3, 8, 16] and for the pseudodifferential equations with en-
tire analytic symbols in [6].

The present work is devoted to the analysis of the property of localization of the regular solutions of Eq. (1)
with generalized limit values in the form of Gurevich-type generalized functions. We preliminarily improve the
estimate for the fundamental solution of the Cauchy problem with respect to the time variable and perform
an extension of the space of test functions by finite functions required for the correct definition of the equality of
generalized functions on a set. The accumulated results are illustrated on a model example.

1. Preliminary Information

Let N be the set of all natural numbers, let R" and C" be, respectively, the real and complex spaces of
dimension n, and let Z be the set of all n-dimensional multiindices. We use the following notation: i is

the imaginary unit;

7 ::zf1 ...zﬁ", || :=¢,+...4¢, for z:=(z,..,z,)€C" and (:=((,,...0,)eEL];
C”(R") is the class of all functions infinitely differentiable on R"; § is the Schwartz space of rapidly de-

creasing functions; L, (R™) is the Lebesgue space of functions square summable on R”, and pu(-) is a func-
tion continuously increasing on [0,+0) and such that

lim p(t)=+c and p(0)=0.

T—>+oo
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We put

T

M(1):= [u@)de, 120.
0

In the set [0,+<0), the function M (+) isincreasing, differentiable, and convex. Moreover, M (0)=0 and

lim M (T)=+oo.
T—>+oo

Parallel with M (-), we consider a similar function f)(~) constructed according to the function ®(-),
which has the same properties as ().

Let M(x):=M(|x|)) and Q(x):=Q(|x

), xeR". For a0.>0 and B>0, we set

1/00

SP = {9peC™(R")|3c>0,34>0,35>0 Vk e 2", Vx e R":| 0¥ o(x)| < cAl*| i PH] =8Iy
W = {peC™(R")|Te>0,34>0,35 >0 Vke Z", Vx e R":| 0k g(x)| < cAl*l| 1 PIH M 1)y

The space WO? is defined as the set of all elements from the class C”(R") admitting analytic extensions

in C" to entire functions such that
1/ow
Je>0, IA>0, I8>0 Vz=x+iyeC":|o(z)| < ce ST+,
In [2, 7], these spaces are endowed with related topologies. With the indicated topologies, these spaces
turn into unions of complete perfect countably normed spaces. In particular, a sequence of elements

{o,(),veN} S(E in the space Sg

1) is bounded if

3c>0, JA>0, 38>0 VkeZ”, vxeR",vVeN;\aﬁz(pv(x)\scA"“|k|ﬁ"“e—5HxH”“;

p
2) converges to zero (we denote (PvToiwm) if it is bounded in this space and regularly conver-
gent, i.e.,
X xelkk
VkeZ!, VKcR":970,(x) = 0
V—>+oo

(here, we speak about uniform convergence with respect to x on every compact set /C).
If M(-) and M(-) are functions constructed according to the corresponding (-) and [(-) that are dual
in Young’s sense (see the definition in [4]), then the following topological equalities are true:

FIW' 1 =wg,  F[sh1=s5. )
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Here, the operator F' is continuous in each of these spaces.
The results obtained in [7] immediately imply that the function g(-)e C”(R") is a multiplier in the
space D e {S(E,ng} only if

V850, 3cy>0, 345>0 VkeZ!, VxeR":|o*g(x)| < Al |iPM E5(x), 3)

where

R
ES (.x) =

200 <I):W£.

Thus, in view of (2) and the equality
FIf=l(-) = FIf1O)FlI(), VoeF[®],

which is true for the convolvers f e F[®’] [1], we conclude that f from F[®’] is a convolver in the
space F[®] iff its Fourier transform F[ f](-) is a multiplier in @, i.e., iff F[f](-) satisfies the correspond-
ing condition (3). Here, @ is the space topologically dual to @ .

Let M y(') be a function dual in Young’s sense to Qy(~) and let

Q (x):= sz(||x||) and M, (x):=M,(x|), xeR".
For Eq. (1), we impose the following initial condition:
M, .,
(WB Y) MY ’
ut,) ——=0— /> fG(WB ) 4)

’

o . M
(in this case, we speak about weak convergence in the space (W[3 ).

The following assertion is true [7]:

In order that the Cauchy problem (1), (4) be correctly solvable and its solution u(t,-) belong to the space

M .. .. o . . M,
A ", B=1, itis necessary and sufficient that the initial generalized function f from (WB ") be a convolv-

M
er in the space WB " In this case, the equality

u(t,x) = (f*G)(t,x) = (f,G(t,x=)), (t,x)ell, (%)
holds and the derivatives satisfy the following relations on the set 11:

o,u(t,x) = (£,9,G(t,x—-)), ou(t,x)= <f,a§G(t,x— -)>, keZ".
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Here, G is the fundamental solution of problem (1), (4), and the action of a generalized function upon a test
function is denoted by (-,-).

In [7], it was established that

G(t,-)=F'[6,(E)]t,), t>0,

where
0,8 =¢%  @oem,

and, moreover, 0,(-) belongs to the space ngz for any fixed ¢>0.
Y

Thus, in view of relation (2), we arrive at the following assertion:

M
Corollary 1. For any fixed t >0, the fundamental solution G(t,-) is an element of the space W, ¥

To study the properties of the solution u(¢,-) of the Cauchy problem (1), (4) with respect to the variable 7,
it is first necessary to clarify the properties of the fundamental solution G(¢,-) with respect to this variable.

Therefore, in the first turn, we get the exact estimates for the derivatives 82 0,(§) by separating, in all cases, the

dependence on t.
To simplify calculations, we consider the case where n=1 (the general case neN is studied by induc-
tion). According to the Faa di Bruno formula [5], we obtain

d'p©)|'
0de’

'la*p,©)[
21dE?

. (1,8 ell,

k u k' P
086, @) < X "0 @‘ 11dE

where the operation of summation is carried out over all integer nonnegative solutions of the equation
k=i+2j+...+/¢h, and the number p=i+ j+...+h. By using the following estimates from [7]:

d"P, (&) <
m\dg"™

1n(a+§2 n

k

|

Z,J{’ 77 2k, Y1<eeof
p

we find

P, (©))"

|0£6, (&) < A*kt0 (&)Z,,i +&%)7?

cP (1P, (&))"~
i'jl...h!

< A*k1*70 (&)2
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—kly —1
sup.o{t7 e "}
i

k
< AfkIM0,, ()Y
p

<, ATKIMY0, 0 (E), (1) e,

where A, c, Aj, and c; are positive constants independent of ¢, x, and k.

Hence, in view of the relations
Vo>0 3¢, >0 VEER":P(E) 2 c,(a+|E|f) T2, (6)

for {k,q} cZ}Q and (z,x)eIl, we get

[x*01G (0| = @m)™"| [ e D0k &, ©)dE
RV!

k
<Y c; [|otee||of e, ®)|ag
V4

=0 R"

k
0 k=t 0y 4!
<e, Y A k-0 g e
(=0

| =Seq gl
x [l e 150 ag
Rn

i o —ol
XSup{‘ch“e_T} _[ e_Tt”g”y d§
Rn

[k _nHqlvg

< alklplalpy 29 5=
< c AYBIk glvo t Vo e(0,7).

Here, the estimated quantities ¢, A, and B, are positive and independent of #, x, k, and ¢. In this case,
A 1is also independent of o and

1, t€(0,1),

Yo =
Yo=1-a/y, t21.
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Hence, the following proposition is true:
Lemma 1. The function G(t,-), t >0, is infinitely differentiable on the set R" and, in addition,

36>0 Voae(,y) 3F¢,>0, 3IB,>0, VgeZj,

Jal _ nHqlvo e
V(t,x) €1 39G(1,x)| < c, B |glv-or T T

Corollary 2. The fundamental solution G(t,-) of the Cauchy problem for Eq. (1) is an element of the
space Sll/(y_a) forall o€ (0,y) and any fixed t>0.

2. Localization Principle

As t —+0, the solution of the Cauchy problem (1), (4) approaches a generalized function f in a sense

of weak convergence. However, it is possible that, in a certain domain Q c R", f coincides with a smooth
function. Is it true that a local strengthening of convergence of the indicated solution occurs in the indicat-
ed case? We now try to answer this question.

Note that the notion of equality of generalized functions on the set Q < R" requires the presence of finite
functions in the corresponding space of test functions [2]:

The elements f and g from the space ®  are equal on the set Q provided that
(f-80()=0 Vo()e®, suppocO.

M
By definition, the space WB " is formed solely by entire analytic functions. Therefore, it is first necessary
M,
to restrict, in a proper way, the corresponding space (W[3 ") of initial data of the Cauchy problem (1), (4)

M
by complementing the space WB " by smooth finite functions.

Estimate (6) guarantees the validity of the embedding
p B
WQY C Siity-a)

for B>0 and o €(0,7). Hence, in view of (2), we arrive at the following chain of continuous embeddings:

M - r n ’ r\’ - ’ M,
Wy ' cS§ T e Sy S LR S c(Sp) (ST c(wy )

for all B>0, oe(0,y), and (\(—oc)_1 <r. In view of the presence of finite functions in the space Sg
for B>1 [2], this yields the required restrictions of the space of initial data:

S cSp ST ey Y, B0, 1<(y-a)<r,
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Two following assertions are true:
Theorem 1. Let >1 and let the parameters o€ (0,Y) and r >0 be such that

A

-1
I<(y—a) < v+

(7

If a generalized function f e (Sé Y is equal to zero on a set Q c R", then the corresponding function u(t,-),

t >0, given by equality (5) converges to zero together with all its derivatives Biu(t,x) as t—+0 uniformly
in the variable x on every compact set ICc Q.

Proof. Let Kc K, cQ, where K, isacompact set from R" such that

Vxel, VEeR™K:||x-¢§||2b>0. (8)

1/(y-a)

Consider a finite function n(-)e SB whose support is located in @ such that n(€)=1, {ek.

We set v(-):=1-m(-). Since the operations of multiplication and ordinary shift of the argument are defined in

the spaces Sg, Corollary 2 implies that
k k 1/(y—o)
{n()axG(t’x_)’V()axG(tax_)}CSB ) (I,X)GH.
Thus, for all ke Z:’ and (¢,x) ell, we arrive at the representation

Au(t.x) = (fmAGE.x=))+{fV()IHG(t.x-")).

In view of the equality f =0 validon Q and the relation

supp(N()LG(r,.x—) < Q,
this yields

oku(txy = 1T (f0f (), 0,50, (x)el,

where of ():=1""" Ty G(r,x-).
Hence, in order to prove the theorem, it is sufficient to establish the uniform boundedness of the fami-
ly (Df,x(') in the space Sé with respect to the parameters 0 <t <1 and x€lC, i.e., to prove the following

estimate:

e l/B Y
‘agwf,x(&-')| < CA|q‘|q|r‘q|e el VqEZ+, )
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where the positive constants ¢, A, and & are independent of ¢, x, &, and ¢. Since mf’x &)=0 for €K,

it is sufficient to establish estimate (9) only for & e R"\K,.
By using the Leibnitz formula of differentiation of the product of functions, assertion of Lemma 1, and the
fact that n(-) belongs to Sé/(y_a) , we find

\agmf’x(aﬂ < fﬁl‘*{|a’;igG(r,x—§)\

+3ctfor ot o - &)\}
(=0

o +nH k+q|

Scgt 7 e~ S=Ell {BL{‘Jrq' ||k + q”\yk%\

q lg| [k+(|
+Y chq‘fBL{‘+‘l||q—e|3a|k+z|w}
=0

lk+q] — o +nH k+q|

lktg] L o ElY
SCB|k+q||k+q| a1 ot

et _oc]+n+\ k+q| _ 8b 5
ScB|k+q||k+q|‘vfgc‘ sup {t e e 2’7}6_2)(_&
te(0,1)

| k+q|(1+y) _
< B k4 gl 7w supgedllh e Bl

xeK
O<t<1l, xeK, ¢&EeR"K, {kq}cZ].
Thus, estimate (9) now becomes obvious. Theorem 1 is proved.

v+1
Y(y—o)

B>1, coincides, on a set Q cR", with a function g(-) continuously differentiable on Q up to the or-

Theorem 2. Let y>1, let ove(y—1,y—1/y], and let r = . If a generalized function f e (Sé ),

der g, € Z, inclusively, then the corresponding function u(t,-)={f,G(t,x—-)) converges, together with all

its derivatives Biu(t,x), k<gq,, to aig(x) as t—+0 uniformly in the variable x on every compact
set IKcQ.

Proof. First, we note that the fact that o belongs to (y -1, YT_I} is equivalent to the condition

l<(y-a)' <y
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and

v+1

r2 Y= & (y—oc)_l Sry < (y+1).

Therefore, the conditions imposed on the parameters 0. and r in the analyzed theorem guarantee the va-
lidity of condition (7) from Theorem 1 for these parameters.
We now use the quantities /C, K;, n(-), and v(-) from the proof of the previous assertion.

It follows from the equalities f—g=0 on Q and vf=0 on K, the assertion of Theorem 1, and the

representation
kut,x) = (n(f = £).05G(t,x =)+ (vf.94G (1, x =)+ (ng.95G (1. x - )

that, in order to prove Theorem 2, it suffices to establish the following limit relation:

xell
1f():=(ng,9{Grx =) = M),

In view of the regularity of the functional Mg and the equality
HG(t.x-8) = (- Gux-8),

as a result of integration by parts, we arrive at the representation

If(0) = [ Gx-8)oEMe)&)dE, k<.
e

By using this representation and the equality

| Gu.x-8)dg =0,00), >0,
Rn

for (t,x)ell and k <g,,we find

|15 (x)- 0¥ (me)(x)|

=| [ G(.x-E) 3k (e)(x) - 9f M)(E))dE— O(1) % (ng)(x)
RV!

< [16a.5)0%_ () - -2k me) )|t
s
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+lo®)]| 9t (mg)(x)

B

where
O(t):=1-6,(0) = 0.
t—+0
The function Bi (mg)(x) is continuous and supp(ai (ng)) € Q. Therefore,

(i) sup|o(Mg)(x)| = N, <+eo;
xel

(i)  sup af_g Mg)(x—§)— ok (ng)(x)\ =N, <teo;

xelC,(eR”

(i) Ve>0 38,>0 VxeIC, V{eR",

e = C—xl[=[[Cl] < 8:

d5_c(M)(x—§)—0k(ng)(x)| <e.

Thus, in view of the assertion of Lemma 1, for x€XC, re€(0,1), and k< gy, we get

[16a.0)0"_ (ng)x-5) -2k me))|dg
Rn

<e [ [G@DldE +N, [ [G@L)dg
1€/, [[g]=8

<ot [ MW gy o, [N dC]
(4N 6128,

1
< oD [ S g o oo (20 nel -1 -3lclhe”
< ct eje C + cNyt 55 sup{t""e "} J e ¢
R” 0 ™0 /4]=1

_39 —1-
S(coe+01551_”t7).[ e 2H§Hd§ = coe+cyd; Y.
Rn

Note that the quantity ¢? is infinitesimal at the point ¢#=0. Hence, for any 8, €(0,1), one can find
to €(0,1) such that, for all #€(0,7,), the inequality 8(1)+" > 72 s true. Thus,

Vee(0,1) 3r,e€(0,8), Vie(04,) VkeZ!, k<gq,:

sup| IX (x)— 0¥ (ng)(x)| < cfe+ce?’? + N,0(e).
xelC



12 V.A.LITOVCHENKO

Therefore, in view of the equality ng=g on IC, we arrive at the assertion of the theorem. The theorem
is proved.

3. Example 1. Consider the Cauchy problem for Eq. (1) with n=1, y=3/2, and an initial generalized
function f from the corresponding space (WIMY )'. The action of this generalized function upon the test func-

tions ()€ WIMy is specified with the help of the following ordinary function:

|x[7Y%, 0<|x|<1,

fx) =

e |x| >1,
according to the rule:

(o) = [ 2aer | Ford.
G VBT g

It is clear that this equality enables us to continuously extend the functional f onto the space Sé/(y_a),

a € (0,7). Moreover, f isaconvolverin Sé/(y_a). Indeed, for any @(-) e Sé/(y_a), a € (0,y), the function

v =(foa-) = | QO Saes [ e Fo-g)ae
da VST

is infinitely differentiable on R and its derivatives satisfy the estimates

k)¢, _ 2
‘W(k)(x)| < J. Md&+ J. e—é ‘(p(k)(x—ﬁ)‘di
g VIS g

gl x_g [T o
ScAkkBk J. &d§+ j 6—52—5|X—§|Y dé
da VISl €t

SCOAkkBke_B‘)lx'Ya[ J. d_§+ j e—(§2—51|§\y_a)d&
alsl g

N—

’ — o
< coAkkBke Bl|

forall keZ,, xeR, and ae(0,y).

+

. . . M
In a similar way, we conclude that f is also a convolver in the space W, '.
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Hence, the corresponding function

wn = [ G28 ey [ e FGaa-tidE, el
ga ST g

is an ordinary solution of Eq. (1) satisfying the corresponding initial condition (4) in a sense of weak conver-
. M, . s . . . .
gence in the space (W, *) . However, the functional f in the space (Sl5 /2)/ coincides with the smooth func-

tions
_ RY
go()=[1" and g ()=e"

on each set 0, =(-1,0) U(0,1) and 0 = R”\QO, respectively. Therefore, according to the assertion of Theo-

rem 2, the limit relations

. xeKcQ, . ' xeKcQ, ‘
dyu(t,x) = g(() )(x), dyu(t,x) = 8% '(x)
1—+0 1—=+0

hold for all k€ Z, and every compact set JC from the corresponding set Q It

CONCLUSIONS

By analyzing the proofs of Theorems 1 and 2, we can make the following conclusions:

The localization principle for the solution of the Cauchy problem for Eq. (1) with generalized limit value
M, s M
from the space (WB "), B=1, can be successfully established if the corresponding space WB " of test func-

tions admits an extension by smooth finite functions such that the fundamental solution of the analyzed problem
is strongly bounded for 0 <7 «1.
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