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NONLOCAL (IN TIME) PROBLEM FOR THE EVOLUTIONARY EQUATION WITH
FRACTIONAL DIFFERENTIAL OPERATOR

V. V. Horodets’kyi"2, R.S. Kolisnyk>*, and N. M. Shevchuk>° UDC 517.98

We establish the correct solvability of a multipoint nonlocal (in time) problem for the evolutionary equa-
tion with operator of fractional differentiation and an initial function, which is an element of the space of
generalized functions of the distribution type. The analytic representation of the solution is presented. We
also analyze the behavior of the solution in the case of unlimited growth of the time variable (stabilization
of the solution).

Various classical function spaces (e.g., Sobolev spaces, spaces of analytic functions, spaces of infinitely dif-
ferential functions, and spaces of Schwartz distributions) can be understood as positive and negative spaces with
respect to L, constructed either on the basis of functions of the operator of differentiation or of multiplication by
an independent variable or as projective and inductive limits of these spaces [1]. In the cited work, the nonlocal
multipoint (in time) problem was investigated in the half space ¢ > 0 for the differential-operator equation

0
—u—l—Au:O,
Jt

where A = |Dx|%, Dy =d/dx,and o € (1, +00)\{2, 3,4, ...} is the fractional power of modulus of the operator
of differentiation. This operator can be regarded as an analog of the Weyl operator of fractional differentiation,
which is used in the theory of periodic functions [2, 3]. The analyzed problem is a generalization of the Cauchy
problem in the case where the initial condition u(¢, -)|;=¢ = f is replaced by the condition

> weu(t )=y = f.

k=0
where 1o = 0, {t1,....tm} C (0,4+00), 0 < t; <tr <... <ty < 400, and {io, U1,..., Um} C R, m € N, are
fixed numbers (for uo = 1, 41 = ... = um = 0, we get the Cauchy problem). This condition is treated either in

the classic sense or in the weak sense if f is a generalized function, i.e., in a sense of the limit relation
m
D e lim (u(, ), 9) = (f9),
k=0 t—>ty

for any function ¢ from the pivot space (here, { f, ¢) denotes the action of a functional f on a test function). This
problem is nonlocal in time and belongs to the class of multipoint problems for differential-operator equations

Uyu. Fed’kovych Chernivtsi National University, Universytets’ka Str., 28, Chernivtsi, 58012, Ukraine; e-mail: v.gorodetskiy @chnu.edu.ua.
2 Corresponding author.

3 Yu. Fed’kovych Chernivtsi National University, Universytets'ka Str., 28, Chernivtsi, 58012, Ukraine; e-mail: r.kolisnyk @chnu.edu.ua.

4 Corresponding author.

3 Yu. Fed’kovych Chernivtsi National University, Universytets'ka Str., 28, Chernivtsi, 58012, Ukraine; e-mail: n.shevchuk @chnu.edu.ua.
6 Corresponding author.

Translated from Neliniini Kolyvannya, Vol. 24, No. 4, pp. 439-459, October—December, 2021. Original article submitted August 13, 2021.

1072-3374/23/2732-0181 (© 2023 Springer Nature Switzerland AG 181



182 V. V. HORODETS’KYI, R. S. KOLISNYK, AND N. M. SHEVCHUK

(for a survey of works devoted to nonlocal problems for differential-operator equations and partial differential
equations, see, e.g., [4]).

In the present paper, we establish correct solvability of the indicated problem with initial function, which is an
element of the space of generalized functions of the distribution type, and present the analytic representation of the
solution u(z, x) as t — 400 (stabilization of the solution). It is shown that every pseudodifferential operator (in
the case of one independent variable) constructed according to a homogeneous function of order «, which is not
differentiable at the point 0, coincides with the restriction of the operator A to a certain locally convex topological
space, which is a projective limit of Banach spaces continuously embedded into each other.

1. Spaces of Test and Generalized Functions

1.1. The Space ®,. Leta be a fixed number from the set (1, +00) \ {2,3,4,...}, letag := [o] + 1, (o] is
the integral part of a number «), let M(x) := 1 + |x|, x € R, and let

Dy = {go € C®(R) ‘ Vk € Zy 3cg = k() > 0 Vx € R: M2 (x)|o® (x)| < ck} .

In ®,, we introduce the structure of countably normed space with the help of norms

p
lollp := sup { Y~ M*(x)je®()|p. e dy. peiy.
x€R k=0

Moreover (see [5, pp. 103-110]), ,, is a complete perfect countably normed space with the topology of projective
limit of Banach spaces

o0
(Dp’a : @a == pli)l’go pI' @p,a == mo @p’a
p=

(®p,q is the complement of @, with respect to the pth norm) and the embeddings ®p 41,4 C Pp o, p € Z 4, are
continuous.
The function
o) = (1+x3) 2 L eR w400\ {2.3... )

can be regarded as an example of an element of the space ®.
By induction, we can show that the derivatives of this function have the form

(P(k)(X) — Pk(X) (1 + XZ)_(k+([0‘]+1)/2) . xeR, ke 7y,

where Py, is a polynomial of degree k. This implies that all norms |¢||,, p € Z 4, are finite.
A set B C @, is called bounded if

VpeZy 3cp >0 VoeB:|olp<cp

(i.e., each norm of the space &, is bounded on the set B by its constant).
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A sequence of functions {¢,, v > 1} C ®4 converges in @y to a function g € Oy asv — +ooiif ||py—¢|, —
Oasv — 4+ooforany p € Z .

Note that a continuous operation of shift of the argument T¢: ¢(x) — ¢(x + &), ¢ € @y and the operation of
differentiation are also defined in the space ®,, (see [5, pp. 108—110]). Since P, is a perfect space, according to the
general results of the theory of perfect spaces [6, pp. 171-172], the operation of shift of the argument in the space
®,, is not only continuous but also infinitely differentiable (i.e., limit relations of the form (¢(x +h)—@(x))h~! —
¢'(x), h — 0, are true in a sense of convergence in the topology of the space ®g).

1.2. The Space V. Since functions from the space ®, are absolutely integrable on R, the operation of
Fourier transformation F can be defined for these functions as follows:

Flpl(o) = / o) dx, ¢ € B,
R

By ¥, we denote the Fourier transform of the space ®,: Wy = F[®Pg]. It is clear that each function F[g],
¢ € &y, is bounded and continuous on R. We now consider main properties of functions from the space Wy (see
[7, pp. 197-210]):

(i) If € Oq, then Flp] € L1(R).
(ii)) If ¢ € @q, then F[¢] is an infinitely differentiable function on R \ {0}.

Note that the function F [¢] can be not differentiable at the point & = 0. Thus, the function ¢(x) = (14+x2)7!,
x € R, is an element of the space @, o € (1,2). However, it is known that

Flpl(0) = wexp{—|o]}, o €R.

This function is not differentiable at the point ¢ = 0. Another example: the function ¢(x) = (1 + x2)™™, x € R,
m € N, is an element of the space @y, o € (2m — 1,2m). In this case (see [8, pp. 364-367]),

o €R.

~1
Flglo) = Y ol

o % |
o
(m—l)!k 0k!(m—k—1)!2m+k

These examples characterize elements from ®,, as Fourier preimages of functions nonsmooth at the point 0.
(iii) The function Dé‘F [0](0), ¢ € ®y 0 # 0, k € N, has finite unilateral limits liri . DgF [¢](0).
o—>

(iv) The Fourier transformation continuously and bijectively maps &, onto W,,.

(v) Functions from the space W, satisfy the condition

Vk € Z4+ Fcg =cp() > 0: sup ‘Okl/fk(c)’ <cr, VeV,
oeR\{0}

In W, we introduce the structure of countably normed space with the help of the norms

p
[¥lp = sup { \akW(o)(}, Y eV, pels.
oeR\{0} | =
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o0
In this case, Wy is a complete countably normed space, ¥, = ﬂ W), «. where W, 4 is the complement of the

=0
space W, with respect to the norm || - ||, and the embedding W, 11,4 C Wp o, p € Z 4, is continuous.

A function g € C(R) N C*°(R \ {0}) (or g € C°°(R)) is called a multiplicator in the space ¥, if gy € ¥,
for any function ¥y € W, and the mapping ¥ — g is a linear and continuous operator from W, into Wy.

1.3. The Space ®],. By @, we denote the space of all linear continuous functionals defined on ®, with
weak convergence. Since the topology of projective limit of the Banach spaces ®,, is introduced in the pivot space
®, and the embeddings @, 11,4 C Ppo, p € Z+, are continuous, we conclude that [1, pp. 53-54]

/
o, = ( lim pr Qp,a) :pli)n;oind D), -

p—>00

Thus, if f € @, then f € q’fp,a for some p € Z . The least of these p is called the order of f and, moreover,

(Sl =clellp. @ € Pa,
where ¢ = || f[|p is the norm of the functional f"in the space @), ,. The space ®j, is complete.

1.4. Convolutionin ®,. 1If f € @, ¢ € ®q, then the convolution f * ¢ exists and is given by the formula
(see [5, pp. 112-118])

(f *9) (0) = (fe. T-x@(®)),  ¢(&) 1= p(=§);

moreover, f * ¢ is an ordinary function infinitely differentiable on R (here, { f¢, T—x¢(§)) denotes the action of a
functional f upon a test function T_@(€) regarded as a function of the argument §).

Let f € @,,.If f % ¢ € ®q for any function ¢ € Py and the fact that ¢, — 0 as v — 400 in the space Py
implies that f x ¢, — 0as v — +o0 in the space @, then the functional f is called a convolver in the space .

The Fourier transform of a generalized function f € @), is defined by the formula

(FIf] Flol) =27(f.¢). ¢ € Pa.
This implies that F[f] € W/, for f € ®,,.If f is a convolver in the space ®q, then
F[f x ¢l = F[f]* Flp] Vo € ®q.

In this case, F[f] is a multiplicator in the space ¥, (see [7, p. 219]).
For example, the Dirac §-function (§: (8, ¢) := ¢(0)) is a convolver in the space @y, i.e.,

§x @ = (0. Tx9(§)) = T-x¢(0) = ¢(—x) = ¢(x) V¢ € Dy.

At the same time, the function F[§] = 1 is a multiplicator in the space Wy .
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2. Fractional Differentiation in the Space &
Consider an operator
A = |Dyx|* = |iDx|%, D, =d/dx,

which is a fractional power of the modulus of the operator of differentiation. The operator A is a nonnegative
self-adjoint operator in the Hilbert space L, (RR) because i D is a self-adjoint operator in L, (R) with the domain
of definition

D(iDx) = {p € L2(R) | 3¢’ € Lo(R)}.

If E), A € R, is the spectral function of the operator i D, then, in view of the main spectral theorem for self-adjoint
operators, we get

400
A = |Dy|*¢ = [ AL dEjp.
—0oQ

o0
o€ DA) = 19 € Ly®): / AP d(Ezp.9) < o0
—00

In view of the form of the spectral function E, of the operator i Dy (see [9, p. 421]), we conclude that an
arbitrary function ¢ € &5 C L, (R) satisfies the relation

{ A +o00 1 A
Ezo(t) = — / / e(Te9%dr e Mo = — / Flo](0)e "7 do.
2 2
—OoQ —0oQ —0oQ
This yields
1 .
dE ¢ = — F[p]l(M)e " dA.
2
Hence,

+o00
1 .
Ag= o [ WEFlI0E ™ ar = FIARFIIL € @ (M

To substantiate relation (1), we prove the following statement:

Lemma 1. The function y(o) = |o|*, o € R, is a multiplicator in the space V.

Proof. We take an arbitrary function { € W, and prove that y - € W,. To this end, it suffices to show that,
foro # 0,

V4
VpeZi 3> 03 lol (1@ @)®| < cp.
k=0
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Leto:|o| > 1. Then

ol | @ @n®| = ok ”» (01| [y Do)
=0

k
<10l Y. Cllat@—1)...@— (= D)o [y* Do)

=0

bl

=Y claollol p* D). @ =la@-1...@=1-D)

=0

Further, we use the following inequality from [7, p. 206]:

b
O] = g izl kezs

which is true for any function ¥ € W,,. Thus, for o: [o| > 1, we obtain
ol _§
ol | (@ @0 = Zc bt = D Chanbi-1 = .
=0
Hence, for : |o| > 1, we can write
p
|a|k\(x<o)w(o))<k>\ Y =5
k=0 k=0

If o # 0:|o| < 1, then
k
ol | @)®| = 3 claylot! |y *D o).
=0

By using the inequality |o|¥|y® ()| < ¢k, 0 # 0, k € Z (see Property 5 in Sec. 1), we arrive at the
inequality

k
ol | @ @) ®| = Y. Clareks =&, o #£0. ol <1.

Thus,
VpeZy 3Fcp >0yl <cp.

1.e., y¥ € Wy. The operator ¥y, > v — yy¥ € W, is bounded because it maps every bounded set from the space
W, into a bounded set from the same space (this property is proved by using the scheme described above). Note
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that, in the space W, as a space with the first axiom of countability, the class of linear bounded operators coincides
with the class of linear continuous operators. This implies that the function y(c0), o € R, is a multiplicator in the
space Wy .

Let A := Ale, be the restriction of the operator A to &,. By Lemma 1, the operator A maps @ into D .
Moreover, it is a linear operator and coincides on ®, with a pseudodifferential operator F~1[y(c) F] constructed
on the basis of the function symbol y(o) = |0|%, o € R.

Remark 1. 1f a(0), 0 € R, is a homogeneous function of order o € (1, +00) \ {2, 3,4, ...} continuous on
R and infinitely differentiable on R \ {0}, then it is known that a(o) has the form a(c) = c|o|%, ¢ = const.

According to the reasoning presented above, in the case of one independent variable, every pseudodifferential
operator constructed on the basis of the function a(0), o € R, coincides with the operator A = A|q, .

3. Nonlocal (in Time) Problem

Consider an evolutionary equation

du(t, x)
ot

+ Au(t,x) =0, (t,x) € (0,400) xR = Q, 2)

where A is the operator of fractional differentiation in the space ®, considered in Sec. 2.
A solution of Eq. (2) is understood as a function u(¢, x), (¢, x) € Q with the following properties:

(i) 1itis continuously differentiable with respect to the variable ¢;
(i) u(t,-) € &y forany ¢t > 0;
(i) u(t, x), (¢, x) € Q, satisfies Eq. (2).

For Eq. (2), we now formulate the nonlocal (in time) multipoint problem as follows:
To find the solution of Eq. (2) satisfying the condition

pu(0,x) — pru(ty, x) — ... — umu(tm, x) = f(x), x€R, [ € dq, (3)

where u (0, x) = lir_rl_lou(t,x), xeR,me N, {u, 1,..., um} C (0,4+00), {t1,...,tm} C (0, 4+00) are fixed
t—

numbers, 0 <t < ... <ty < +00, and
m
> g
k=1
We seek the solution of problem (2), (3) by using the Fourier transform in the form
u(t,x) = F~v(t,0)].

For the function v: 2 — R, we obtain the following problem with a parameter o':

dv(t,o)
dt

+ |lo|%v(t,0) =0, (t,0) €, 4
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m ~
p(0.0) = ) wev(tx.0) = f(o). 0 €R. 5)
k=1
where f (0) = F[f](0). A solution of problem (4), (5) is given by the formula
m -1
v(t,0) = f(o)exp{—t|o|*} (M— D 1 exp{—fklala}) , o€R.
k=1

Thus, the function

u(t,x) = (2n)_1/v(t,0)e_ix0d0
R

is the solution of problem (2), (3).
We introduce the notation G(¢,x) = F~'[Q(¢,0)], where

Q(t,0) = 01(t.0)Q2(0).  Q1(t.0) =exp{—t|o|*},
m -1
02(0) = (M =3 eXP{—lklffl"l}) :
k=1

Reasoning formally, we get

u(t,x) = / G(t,x — &) f(§)ds = G(t,x) * f(x).
R
Indeed,

u(t.x) = @0~ [ Qo) | [ fE)'7FdE | e do
Jeeol/

- / @) / 0(1.0)e 79 do | £(e) e
R

R
Z/G(I,X—f)f(é)dézG(I,X)*f(X), (t.x) € Q2.
R

The validity of transformations performed above follows from the properties of the function Q(, o) regarded
as a function of the variable g, which are presented in what follows.

Lemma 2. For fixed t > 0, the function Q(t,0) is infinitely differentiable with respect to the variable o €
R\ {0}. Its derivatives satisfy the estimates
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|D;Q(t,0)] < bst?|o|“ S exp{—t|o|*}, o #0, seN, (6)
where the constant by = bg(at) > 0 is independent of t,

0 for 0<t<1,
)/:
1 for t>1,

a for o#0, |o|<l,
a)s ==
as for |o|>1.

Proof. To prove the lemma, we use the Faa di Bruno formula of differentiation of a composite function:

dm
D3 F(g(0)) = Z F(g) >

m=1

d e (gl &
X(%g(a)) (Z'd 780 )) (l'd ;8o )) : @

where the index of summation runs over all solutions of the equation in nonnegative integers,

my+2ma + ...+l =S, my A+ iy =

In this formula, we set F = e, g = —t|o|*. Then
N s'
s _ o —t|o|¥ :
|Dy exp{—t|o|*}| <e MZ_IZ—%!WWA, 0#0, seN,

where

- 7 7
A= (dd_a (—t|o|°‘))ml (% szz g(a))m (ll, ddl,g( )) 1 oo
Since o > 1, the inequalities
ala—Da=2)...a—(l—-1)) <a@+1...(0+])<a-20-3x...la i
are true. By using the last inequality, we arrive at the following estimate for A:
A < 171 G | | @D g2 o 20702 o (@ =2)sa g g | o (@= Dy

— tﬁll-i-...-‘rr;l[aﬁl1+2n~12+...+ln~11 |O.|Ol(r711+...+r711)—(77l1 +2my+...+1lmy)
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= t"a5|o|*" S, o £ 0.
Hence,

|Dg Q1(t.0)| = | Dy exp{—t|o|*}|
S ~ ~
<a’s! Z "o |*" S exp {—t|o|*}
m=1
< st || S exp{—t|o|*}, o #£0,
where ¢y = cg(a) > 0,

0 for 0<t<1, a for 0#0, |o|<l,
y = and ws =
1 for t>1, as for |o| > 1.

By using the Leibnitz formula of differentiation of the product of two functions, we get
S
D3O(t.0) = D3(01(1.0)02(0)) = Y CF 0P (1.0) DS 02(0).
p=0
In our subsequent analysis, we also use relation (7) with F = ¢~1, ¢ = R, where
m
R(o) =p— Y urexp{—iklo|*} = 05" (0).
k=1

Then Q»(0) = F(¢) = R~ ! and

s m

d s!
~ _R! .
dR™ Zl’h ...my!

D3 02(0)] = .

m=1

I do!

x(iR(o))ml...<1 d R(O’)) , 0#0, seN.
do

Let || > 1. In view of the form of the function R and estimate (8), we obtain

d’
doJ ¢

—txlo|*

1 d’ 1 &
.——-R(U)'E.— Mk
']!dﬁf j!kgl

m
Gj Vi jei—j ,—tklo|®
< il E Mkty” o] e
k=1

®)
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Uy .
<¢ Zuk—lal J=Bilol™, jefl....l}
Pl it
(here, we have used the inequality
- it
lo|* exp{—tr|o]|*} < —. Je€ {1,....1}).
4
k

Thus, if |o| > 1, then the following estimate is true:

d mi dl i

< B o] By o2 L By o T

< ﬂrﬁ1+...+rﬁ/|O_|—(r711+2n~12+...+ln~11) — Igrﬁ|0_|—s’
where f = max{B1,...,Bm}.Ifo # 0, |o| < 1, then

‘——R(G)

| doJ <cit¥llo| exp{~ti|o|*} < lo|™, jefl,....[}

(here we have used the inequality 0 < #] < ... < t). Thus, A < /3”~1|0|_S . Moreover,

dﬂ1

W -1 _ (_l)rﬁnjl'R—(Iﬁ-‘rl)

Since exp{—t;|o|*} <1Vo e R,k € {1,...,m}, we get

m m
=Y e expi{—telo]®t = p— Y .

By the condition,

m
> g
k=1
Hence,

_1 -
R (o) < _ - — 0 d" R < g+l
©) <|u—=Y m| =po>0 IR =By m

k=1

191
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By using the last inequalities, we obtain

D5 02(0) <51y Bgt p™iml|o| ™ = &lo| 5. o #0. ©)

m=1

Therefore [see (8) and (9)],

A
ID§Q(t.0)| <Y CPtYP|o|*? 7P Cspeplo] ™ expi—t|o|*}
p=0

< bst¥|o | S exp{—t|o|*}, o #0, se€N.

Lemma 2 is proved.

Remark 2. In view of estimates (6) and (8), we get {Q1(z,-), Q(¢,-)} C Wy for every ¢ > 0. This fact and
the boundedness of the function Q, on R also imply that O, is a multiplicator in the space Q.

Remark 3. Reasoning similarly, we conclude that, for # > 1, the derivatives of the function

-1
0 (1.170) = exp {—lo*} (u -3 e {—r—lrk|o|“})
k=1

satisfy the inequalities

‘D(S,Q (t,t_l/“a)’ < Lglo|* S exp{—|o|*}, o0 #0, se€N, (10)
where the constants Ly > 0 are independent of #. If 0 < ¢ < 1, then

‘D(S,Q (t,t_l/“o)‘ <Lt %lo|”Fexp{—|o|*}, o #0, seN. (11)
We now consider a function

G(t.x) = 2n)7! / O(t,0)e % do = F7O(t,0)].
R

It follows from Remark 2 that
G(t,") € Doy = F~'[W,]

forevery t > 0, i.e.,
1G(t,x)| < cx )1 + |x|) AT+ ¢ xyeQ, keZ,.

In estimates for the function G(z, x) and its derivatives (with respect to the variable x), we now separate the
dependence on the parameter ¢.
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Lemma 3. The function G(t,x), (t,x) € 2, and its derivatives (with respect to the variable x) satisfy the
estimates

—(1+[a]+k)
) keZs, (12)

9’

’D];G(t,x)‘ < th)t(k) (tl/a + |x]

where the constants ¢y > 0 are independent of t,

—((a + (@ = D([a] + k))/a) for 0<1=<1,

Ak) =
[o] /et for t>1.

Proof. Let k = 0. We now perform the change of variable of integration 0 = (Ve y and obtain the

following representation for the function G:

G(t,x) = (2n)_1t_1/°‘/ 0 (l,t_l/"‘y) exp {—it_l/“xy} dy = 17Y%Gy(t, 2),
R

where

Go(t,z) = (27r)_1/Q (z,z—l/“y) exp{—izyldy, z=1""%.
R

Further, we assume that 1 > 1. If z # 0, then, as a result of integration by parts s = 1 + [«] times, we

represent Gy in the form

_ -1 - —1/a —izy
Go(t,z) = (2n) sl—l>r£0 / Q(l,t y)e dy

|y|=e

s .
= (2m) g—sal_iinm / Dy 0 (t,t_l/“y) e ' dy +r(ez) |,

ly|=¢

where the symbol r (¢, z) denotes the expression located outside the integral, which consists of terms of the form
DJI,Q(t, t_l/"‘y)e_’zy, 0 <[ < s — 1, with values at the points y = ¢ and y = —e&. In view of estimates (10), we

obtain the following inequalities for y # 0, |y| < 1:

DLo (oY) = Lyl Tefl =1 s =1+

‘Q (t,t_”“y)’ < (/L - ki::l Mk)_l

and, in addition, @ — [ > & — [¢] = {«}. This implies that limg— 4o 7(e,z) = 0 at every point z € R \ {0}. At
infinity, the indicated terms located outside the integral become equal to zero because

yiniloo IDLo@. 7 y) =0, 1efo.1,....5—1}
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By using the estimates for the derivatives of the function Q(z, e y) [see (10)], we find

~ +o0
Got. Z)'<W / YO exp {—y®} dy
0
~ 1 —+00
C _ _
= ﬁ /y"‘ Sexp{—y*tdy + [ ¥ S exp{—y*} dy
0 1

The integrand y*~* exp{—y®} has an integrable singularity at the point y = 0 because o« —s = o — (1 + [@]) =
{a} — 1. Hence,

|Go(t,2)| < c|lz|7AH D 220, ¢>1, (13)

and the constant ¢ > 0 is independent of ¢. Since

1

‘Qz(t Ve, ‘_( Z’U“k) Vi >0, yeR,

we get
Gott.2)] = @0~ [ |oa.r~ep)|ay
R

-1

<@mn~! (u -y Mk) feXp{—lyl"‘} dy = co
k=1

R

for t > 0 and z € R. By using this result and (13), we conclude that, for f > 1 and z € R,
Go(t.2)| < cy(1+ |z~ OHED 7 = p~Veyx  xeR.
Indeed, if |z| < 1 and |x| < 7'/, then
(1 + 2D Gy (t, 2)| < 2 ¥eg = ¢y,

At the same time, if |z| > 1 (Jx| > £1/%), then, in view of estimate (13), we get

1+[]
(1 + 12D Go(r.2)| = Z Cl i 1agl?'1Go(t, 2)|

1+[c]
I+[e] . —
= Z C +[0t]| z|f |1+[a] =2 ¢ =2
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Thus,
|Go(t,2)| < &(1 + [2))~HED = (1 4 1o )= HD
= ¢ (I+leD/e (zl/“ + |x|)_(1+[“]), t>1, xeR.
This yields
1G(t,x)| = t7V%|Go(t, z)| < érleV/e (zl/“ + |x|)_(1+[“]), t>1, xeR

Letk € N and ¢t > 1. We have

DEG(t.x) = (2m)~ 'O/ [ 0 (z,t—l/“y) yKexpi—izy}dy, z=1""%,
R

Reasoning as in the case k = 0 and integrating by parts s = 1 + [a] + k times, we find

DEG(t,x) = z—jﬂ”k)/“ / D} (Q(l,t_l/“y)yk) eIV Ay, z 0.
R

By using the formula of differentiation of the product of two functions, we conclude that the evaluation of deriva-
tives of the function G is reduced to the evaluation of the sum of integrals of the form

~ 0 )
| ot g o)k o0 )
0 0
o0
+k(k —1) %/yk_z ‘D;_ZQ (t,t_l/“y)‘ dy +...|. (14)
0

Each integral in (14) has an integrable singularity at the point y = 0. Indeed, consider one of the integrals of
the form

oo

/yk_P‘D;_PQ(I’I_I/ay))dy’ Ofpfk, S=1+[a]+k’ t>1.
0

In view of estimates (10), the integrand admits the following estimate in a neighborhood of the point y = 0:
WP D50 (107 | < Lopyk Tyl
— Lsyk—p—i-(x—(l-i-[a]—}-k—p) — Lsya—[a]—l — Lsy{“}_l.

This yields the convergence of the corresponding integral.
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As in the previous case (kK = 0), we estimate each integral in sum (14) and arrive at the following estimate:

, t>1, xelR.

—(1+[a]+k)
‘D)IEG(t,x)‘ < ¢ttt/ (tl/a n |x|)

Similarly, we consider the case 0 < ¢ < 1 with regard for relations (11). As a result, we obtain estimates (12).
Lemma 3 is proved.

Remark 4. Tt follows from the properties of the function Q(z, o) that the function G(¢, x) is continuously
differentiable as a function of the argument ¢ € (0, +00). Moreover, since

0(t,0) = F[G(t, x)] =/G(t,x)eix" dx,

R

we obtain

m -1
0(.0) = (u— Zuk) - [Ge.vax
k=1

R

. m .
Remark 5. Since p > Zk—l Lk, We obtain

m 1 m
D mkexp{—tglo®t < = > gk < L.
k=1 L

==

By using the polynomial formula, we get

(1_

p D Z

ri+..+rm=r

02(0) =

=~
= |-
=~

m -1 [es) m r
Zukexp{—zkwl“}) = Zw( Mke—rklola)
k=1 r=0 k=1

r T,
r! (ule_"l"la) l ...(/Lme_t”’k"a) "

ril...rm!

e

‘
Il
o

e

_ R IANTIAL

" (r+1) Z et Sl (O 01(X,0),
rl.. . rm!

0 ri+..+rm=r

~
Il

where A :=t1r1 + ...+ tyrmand Q1(A,0) = e~ Mol® This yields the following representation for the function
G(t, x):

oo

|
—(r+1 r ry rm ,—A+D)|o|% —ixo
pon Y ﬁ“l"'“mme( ol ,—ixa g
=0 ri+...trm=r 1 fme

G(t,x) = (2n)"!
/

r
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00 r T
rlatt oo -
= Z,u_(r""l) Z Dhy - Hm G(tiri+ ...+ tyrm + 1, %),
r=0

ril. . rm!
ri+...+rm=r 1
where

G +1t,x)=Qn)"! [e—(“”lal‘*e—iw = F 01\ +1,0)].
R

Lemma 4. The function G(t,-), t € (0, 4+00), as an abstract function of the parameter t with values in the
space Dy, is differentiable with respect to t.

Proof. Since the Fourier transform is continuous, in order to prove the lemma, it suffices to show that the
function F[G(t,-)] = O(t,-), regarded as an abstract function of the parameter ¢ with values in the space W, is
differentiable with respect to ¢. In other words, it is necessary to prove that the limit relation

1 0
Lat(0) := A [O(t 4+ At,0) — QO(t,0)] = % 0(t,0), At —0,
is true in a sense of convergence in the topology of the space ¥,. Note that

Car(0) = —|o|*Q(t + 0At,0), 0<6 <1,

Ta¢(o) — % O(t,0) = |o]?%0(t + 61 A)OAL, 0 <6 < 1.

In view of the properties of the function Q(¢, o), we can show that

—~0, At—>0 VpeZy.

0
Cay — —
At 8tQp

Corollary 1. The equality

aG(t,-)
ot

DG = 1 Vie®, >0

is true.

Proof. By the definition of convolution of a generalized function with a test function, we find

G = (fe.Gw8). Ct.§)=GCt.-b.

Then

(G = Jim (%Gl + ML) = (f % Gt )

— lim <f§,i [T_xé(t +Az,g)—T_xé(z,g)]>.

At—0
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By Lemma 4, the limit relation
1 v y i) .
=~ [T_xG(t ALY~ TG, -)] — - TG, AL 0.

is true in a sense of convergence in the topology of the space ®,. Hence, in view of the continuity of the functional
f, we get

9 o 3 .
= (f % G(t.x) = <f,3, Jim [T_xG(t + AL — TG (1, )]>

(o gr T G0.6)) = T G.0) = 1« P50,
Q.E.D.
Lemma 5. [n the space @, the following relations are true:
(i) G@t,) > F7'Qs), 1 —> +0;
(ii)
m
pG(t.) = Y peGlte.) = 8. 1= +0 (15)

k=1

(8 is the Dirac delta function).

Proof. (i). Since the Fourier operator F: ®,, — W/, is continuous, to prove the required assertion, it suffices
to show that

F[G@. )] = 01(.)02() = Q2(). 1 — +0,

in the space W,,. To this end, we take an arbitrary function ¢ € Wy and use the fact that Q» is a multiplicator in
the space Wy. Thus, by virtue of the Lebesgue theorem on limit transition under the sign of Lebesgue integral, we
obtain

(Q1(2.)020).¥) = (Q1(t.). Q2()¥ ()

- [ 01000000 d0 — [ 02w (@) ds
R R

= (L. Q20)¥ () = (Q2.¥).

This yields assertion (i) of Lemma 5.
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(ii). By using assertion (ii) of Lemma 5, we get

G = ) kGl ) —2 wF Q2] = D e F[Q1(2,)Q2()]
k=1

k=1

= F ' no, - Z Mle(lk,')Qz(')}

L k=1

= F! (M — ZMle(lk")) Qz(')}

k=1

m m -1
= F! (u - qul(tk,-))<u - Mle(fk")) =F 1] =4
i k=1 k=1

Thus, relation (15) is true in the space @, .
Lemma 5 is proved.

Remark 6. If p = 1and u; = ... = u, = 0, then problem (2), (3) turns into the Cauchy problem for
Eq. (2). In this case, 0»(0) = 1 Vo € R,

G(t,x) = F~'[e7tlo1"],
and G(t,+) — F~1[1] = § as t — 40 in the space ®/,.
Corollary 2. Let
w(t,x)= f*xG(t,x), [ € @&,*, (t,x) e Q
(here, CDfx,* is a class of convolvers in the space ®q). Then the following limit relation is true in the space P, :
m
uol(t,-) — Z wro(ty,?) — f, t — +0. (16)
k=1

Proof. We now prove that the limit relation

F |:/'Lw(t’ ) - Z I’Lka)(tk’ )i| - F[f]’ I — +0’ (17)

k=1

is true in the space W,,. Since [ € @, , and G(t,) € P4 for any ¢ > 0, we obtain

Flo(,)] = F[f *G(,)] = F[f]- F[G(,)] = F[f]- Q..
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Hence, it is necessary to show that

F[f] (/AQ(I, D= > Q. -)) — F[f]

k=1

ast — +0 in the space W),. Since
0(,") = 01(.)02() > 02() as 1 —>+0
in the space W), (see the proof of assertion (i) in Lemma 5), we conclude that

pO() = 3 Qi) =2 1O2() = D 1k 1tk Q2()

k=1 k=1
= (u— Zukgl(zk,-)) 02() =1
k=1

in the space W, .
Thus, relation (17) and, hence, also (16) are true in the corresponding spaces.
Corollary 2 is proved.

Remark 7. The function G(¢, x), (¢, x) € L, is a solution of Eq. (2). Indeed,

260 =—F ol 0.0
AG(t,x) = FY|o|*FIF'Q(t,)]] = F~'[lo|*Q(t,0)].
This yields
%G(z,x) + AG(t,x) =0, (1,x)€Q,

Q.ED.

In what follows, we say that the function G (¢, x), (¢, x) € Q, is a fundamental solution of the multipoint (in
time) problem for Eq. (2).

By Corollary 2, the nonlocal multipoint (in time) problem for Eq. (2) can be formulated as follows: To find a
function u(z, x), (¢, x) € Q, satisfying Eq. (2) and the condition

m
. _ /
plim u(t,) = ) (e ) = f f € ¥, (18)
k=1
[the limit relation (18) is considered in the space q)fx and the restrictions imposed on the parameters i, i1, ..., Um,

t1,...,tm are the same as in problem (2), (3)].
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Theorem 1. The nonlocal multipoint (in time) problem (2), (18) is correctly solvable, its solution is given by
the formula

u(t,x) = f*xG(t,x), (t,x)eQ,
and u(t,-) € &y foranyt > 0.

Proof. We now show that the function u(z, x), (¢, x) € 2, satisfies Eq. (2). Indeed (see, Corollary 1),

du(t,x) 0 . aG(t, x)
o =g O = x—

and
Au(t,x) = F7Y|o|*F[f * G(t,")]].

Since f is a convolver in the space @, we get

F[f *G@. )] = FIfIF[G(r.)] = F[f]0(.").

Hence,

dut,x) = [l 0. LAY = ~F 7| 1 0PI

- d I IG(1.) 7] _ IG(t,")
=-F 1|:F[§G(t,-)]F[f]]_—F 1[F[f* Py H_—f* o

This implies that the function u(¢, x), (¢, x) € 2, satisfies Eq. (2).

It follows from Corollary 2 that u satisfies condition (18) in the indicated sense. We also note that u continu-
ously depends on the function f € @&’* because the operation of convolution has the property of continuity.

It remains to show that problem (2), (18) possesses a unique solution. To this end, we consider the Cauchy
problem

du(t, x)

= A*v(t,x), (t,x)€[0.10) xR=Q', 0<1<ty< +oo, (19)

v(t, ) =V, ¥ e Dy, (20)

t=to

where A* is the restriction of the adjoint operator A to the space ®,. Condition (20) is understood in a weak sense.
The Cauchy problem (19), (20) is correctly solvable. Its solution is given by the formula

v(t,x) =Y« G*(t,x), G*(t,x) = F exp{(t —to)|0|*}], v(t,-) € Dy

for every t € [0, tp).
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Let Qf : @, , — ®q be an operator that associates the functional ¥ € @, , with the solution of problem
(19), (20). The operator Qio is linear and continuous. It is defined for any ¢ and 79 such that 0 <t < 19 < 400,

and has the following properties:

a0y

Vi € @, o

= A* 0! v, tli—>ntl() QL v =V,

(the limit is considered in the space ®,).

Consider a solution u(¢, x), (¢, x) € €2, of problem (2), (18), which is understood as a regular functional from
the space CD&,* D ®,. We now prove that problem (2), (18) may have only a unique solution in the space @&,*. To
this end, it suffices to show that the role of unique solution of Eq. (2) with the trivial initial condition can be played
solely by the functional u(z, x) = 0 (for every ¢ € (0, c0)). We apply the functional u to a function Qiow € O,
where v is an arbitrary fixed element from the space &, C d)fx,*. Differentiating with respect to ¢, in view of
Egs. (2) and (19), we get

) 2 20"
5 (M(l, ')? Qi(,l”) = <a_l:v Q;OW> + <u’ Btt >

= (—/fu, Q§0w> + <u, A* Q50W>
—<Au, Q;O¢>+(Au, 0! ¥) =0, 1e0, ).
Thus, (u(z,-), QiOW) is a constant. By using the properties of abstract functions, we obtain the relation
lim (u(t,-), Qiow) = (u(to,"),¥) =const=c, c¢ = c(ty),
t—1o

at any point 79 € (0, +00). Hence, if f = 0 in (18), then

o im (e, ), 9) = Z (u(t. ). ) = peo = Y pcx = 0.

k=1
This implies that co = ¢; = ... = ¢ = 0. Indeed, assume that this is not true. Thus, let ¢g # 0. This yields the
m
relation p — oy = 0, where o = ci/co, i.e.
W Zk=1 194894 s k k/ 0 s
m
=) .
k=1
Since oy, are arbitrary constants and, by the condition, u, (i1, ..., (s, are fixed parameters such that
m
> g
k=1

the obtained contradiction proves that ¢g = 0. Similarly, we can show thatc; = ... = ¢, = 0.
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Thus, (u(tg,-),¥) = 0 for any ¥ € Py, i.e., u(to, x) is a null functional from the space @fx’*. Since to €
(0, +00) and ¢ is chosen arbitrarily, we conclude that u(¢, x) = 0 for all ¢ € (0, +00).

Theorem 1 is proved.

Theorem 2. Suppose that u(t, x), (t,x) € Q, is a solution of problem (2), (18) with an initial function
f e @fx’* with bounded support (i.e., supp f is a bounded set in R). Then u(t,x) — 0 ast — 400 uniformly in
R.

Proof. Letsupp f C [a1,b1] C [az,bz] C R. Consider a function ¢ € &, such that ¢(x) = 1, x € [a1, b1],

and supp@ C [az,b2]. This function exists because the space P, contains finite functions. We represent the
function u(¢, x) in the form

u(t,x) = (fSﬁ(p(é)G(tvx _é)) + (f&" V(S)G([’x - E))’

where y = 1 — ¢. Since supp (y(§)G(t,x — §)) Nsupp f = &, we have

u(tox) = 7V fe 1P Gl x - 8).

The generalized function
[e.e]
fed, , co,=|]o,,
p=0

has a finite order. Hence,

(.0l <t S lp I Tl
where

Lix(§) = 129G (1. x — §).

Note that I'; x(§) = 0 for § € R\ [a2, b>]. Therefore, in order to prove the formulated assertion, it suffices to
show that I'; x(§) is bounded in the norm of the space ®p ¢, i.e., |t x|l < cp. where the constant ¢, > 0 is
independent of t and x (¢ > 1 and x € R). To this end, we use the estimate

—(1+[a]+])
DLG(t.x — g)| < ¢;tll/e (rl/“ ¥l — g|)

< clt[a]/otl—(l-i—[a]—i-l)/ot < Clt_l/a, leZy, 1)

which is true for > 1, x € R, and § € [a3, b>] and follows from (12). Since I'; x(§) = 0 for § € R \ [a2, bs], by
virtue of (21), we get

p
ITexllp =1/ sup {Z(msn”[a”k (w(E)G(t,x—S))(k)‘}

Ee[az,bz] k=0
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» k
il sup 3370+ STl Do) |D{G (x| | <
§€laz.b2] | =9 1=0

where ¢ = max{|az|, |b>|} (here, we have used the fact that | (&)] < c;, 1 €40,1,....k}, § € [az, ba]). Thus,

lu(t, x)| < épr~ /e,

t>1, xeR,

where ¢, = ¢p| f ||p. which implies that u(¢, x) — 0 as t — +o0 uniformly on R.
Theorem 2 is proved.

In particular, if /' = 6 € @, , and supp$ = {0} in condition (18), then
ut,x)=36*%G@,x) =G, x)—0

as t — oo uniformly on R. In this case, the same result directly follows either from estimate (12) (for ¢ = 0) or
from the estimate

1G(t. ) = 2m)! / 0(1.0)e "% do| < (27)"! / 10(.0)|do
R R

< @m)! / 19|04 (0)| do

R

m -1
< (27_[)—1 (/J“ - Z Mk) /e—t|0|a do
k=1

R

= cot /@ f e P dy = cjr7V* vx eR.
R

4. Conclusions

It is shown that the restriction of the operator A = |Dy|%, @ € (1, +00) \ {2, 3, ...} to the space @, coincides
with the pseudodifferential operator constructed according to the function symbol y(0) = |o|%, 0 € R, which
is not differentiable at the point ¢ = 0. This enables us to apply the method of Fourier transformation to the
investigation of the nonlocal multipoint problem for the evolutionary equation with this operator. We prove the
correct solvability of the indicated problem with initial function, which is an element of the space of generalized
functions of the distribution type. The proposed statement of the problem enables one to extend the class of initial
functions because each function with power singularity at the point O can be regularized in the space of Schwarz-
type distributions (i.e., it can be regarded as a regular functional). We also obtain the representation of the solution
in the form of the convolution of the fundamental solution with the initial function, investigate the properties of
this fundamental solution, and establish the fact that, under certain restrictions imposed on the initial function, the
solution of the problem uniformly converges to zero as t — +o00 on R.
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