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MULTIPOINT BOUNDARY-VALUE PROBLEM OF OPTIMAL CONTROL FOR
PARABOLIC EQUATIONS WITH DEGENERATION

I.D. Pukal’s’kyi' and B.O. Yashan'” UDC 517.956

We study the problem of optimal control over the process described by a multipoint problem with
oblique derivative for a second-order parabolic equation and consider the cases of internal, starting, and
boundary control. The performance criterion is specified as the sum of volume and surface integrals.
By using the principle of maximum and a priori estimates, we establish the existence and uniqueness of
solutions of a multipoint boundary-value problem with degeneration. The coefficients of the parabolic
equation and boundary conditions have power singularities of any order for any variables on a certain set
of points. We establish estimates for the solution of the multipoint boundary-value problem and its de-
rivatives in Holder spaces with power weight. The necessary and sufficient conditions for the existence
of the optimal solution of the problem are presented.

Keywords: interpolation inequalities, maximum principle, a priori estimates, degeneration, boundary
conditions.

The theory of optimal control over the processes described by the boundary-value problems for partial dif-
ferential equations is characterized by a great number of accumulated results. Moreover, it is extensively devel-
oped at present. The necessity of investigations of this kind is connected with their active applications in solv-
ing the problems of natural sciences including, in particular, the problems of hydrodynamics and gas dynamics,
physics of heat, filtration, diffusion, plasma, and the theory of biological populations.

For the first time, fundamentals of the theory of optimal control of deterministic systems governed by par-
tial differential equations, were systematically described in the monograph [3]. Important results obtained in
this theory for the case of evolutionary equations given in a bounded time interval were obtained, in particular,
in [1, 11-13, 15]. In [14, 16], the state of controlled systems was described by the Dirichlet problem for linear
parabolic equations. The existence and uniqueness of the optimal control in the case of final observation was
proved and necessary conditions of optimality were established in the form of generalized Lagrange multipliers
rule in [16].

The works [5, 8] were devoted to the problem of choice of the optimal control over the processes described
by parabolic boundary-value problems with bounded internal control. The performance functional has the form
of a volume integral.

In the present paper, we consider the multipoint boundary-value problem with oblique derivative for a para-
bolic equation with power singularities of any order in coefficients of the equation and in the boundary condition
with respect to any variables on a certain set of points. By using a priori estimates and the maximum principle,
we prove the existence of unique solution of the posed problem and establish estimates for its derivatives in
Holder spaces with power weights. The accumulated results are used to establish necessary and sufficient con-
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ditions for the existence of the optimal solution to a system described by the boundary-value problem with inter-
nal, starting, and boundary controls and integral performance criteria.

1. Statement of the Problem and Main Restrictions
Let t4,t;,...,ty4,N be arbitrary numbers, 0<t, <t, <...<ty,, N#t,, k€{0,1,....,N+1}, let D bea

bounded domain in R" with boundary dD, dimD=n, and let Q be a bounded domain, QcD with
dimQ <n-1. Denote

Oy ={t.0)[t elty .ty 1, x e QRU{(t,0)[t =m,x e D}, ne(ty.tyy), T=[0,T)x dD.

In the domain Q =[t),ty,;)X D, we consider the problem of finding the functions (u,q), q=1(q,.9,.93)
for which the functional

INy1
Ig)= [ dt| F(t.xu(t.xq).q,(t.0)dx

1 D
IN+1

+ [ dr [ Fy(txut.xiq).q,(6.x))d,S
ty 9D

+ [ Pyt %9010ty x39).. oty x:9)q5 (X)) dx (1)
D

attains its minimum in the class of the functions

g€V = {qlq €C*(Q).q, € C"""(D).q3 € C*"(Q).v), (1.0) <
SV (8,X),V5, (£,X) S @y SV, (1,X),V3(X) S g3 S V3, (X)),

where o €(0,1), C% is the space of functions with continuous derivative of order o; 4> q,, and g5 are
controls (internal, boundary, and limit), and v, (f,x) is the restriction imposed on control. In this case, for

(t,x)e Q(O) =0\ Q(O), the function u(t,x;q,(,x),q,(t,x),q5(x)) satisfies the equation

(Lu)(t,x) = |9,— Y, Ay (1,009, 0, +2Ai(t,x)axi + Ay (t,%) |u

ij=1 i=1
:f(te-X;q1(t’x))’ (2)

the nonlocal condition with respect to the time variable
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N
(Bu)(x) = u(ty,x;q)+ X, 5 (Dulty,x:9) = 0(x305(x)), 3)
k=1

and the boundary condition

lim (Bu—y)(t,0) = lim | Db (t,2)d, u(t,x%q)

x—z€dD x—zedD| j 1

— by (1, x)u(t,x;q)— \Il(f,x;q3(X))} =0 4

on the lateral surface.

The power singularities of the coefficients of differential expressions L and B, atthe point P(f,x) € Q(O)

are characterized by the functions s, (Bgl) ,t) and s, (Bgz) ,X):

) - Je=ml<1, 2) ¥ (), pr)<1
si(B;7st) = s,(Bi7x) = ’ ’
1, [t—=m|>1, 1, p(x)>1,

p(x):ing_f2|x—z|, BV e (=o0,00), ve{l2}, BY =@BM....8M), =Y.

We now define the spaces used to study problem (1)—(4). Denote by ¢, q(l), q(z), y(l), 7(2) , 81, 8@,

u(jl), and u(jz) real numbers, je{0,1,...,n}, £=0, [¢] is the integral part of a number ¢, {¢}=/{—[¢],
g 20, vV 20, 8V 20, u 20, ve{1.2}; Pr.x), PV .xD), P V), RV xP) are arbi-

trary points from Q(O), ie{l,2,...,n}, x(l):(xfl),...,xl(l),...,x,(ll)), and x(z)=(x1(1),...,xﬁi,xfz),xl(ﬂ...,xfll)).

By H é('y;B;q;Q) we denote the set of functions u with continuous derivatives in Q(O) of the form

9;0"u, 2s+|r|<[¢], for which the norm

u;v;3;0;0l|, = {Sgp\”” = l:Qlly -

wyibigQl, = |

254 r|<[0]

Y335 40l + (3B 5:2)
is finite. Here, e.g., we have

1 1 2 2 K
7B q: Ol = sup s1g™ +257".1)5, (g% +257® )]0} 0L u(P)
€
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T =B (1™ =) .
i=1

(w:7:B:q:0), = ) {i[ sup {sl(qa)”sy(l)’t(z))

254 r|=[4] v=1 | (P2 R, )cQ
2 2 & 1 1 2
x55(q® + 25y O[T s, (rn (v =Bt ®)
i=1
x5, ((Y? =), %) 0) 9L u(Py) - 3: Du(R, )|
-4}
x| —x@ s (™ P @)

st({g}(y(z)—ﬁ(vz)),f)}r sup [Sl(q(l)+fv(”,t~)
(BP0

x5, (q® + Qs+ {Hy? [T s, (=B 1)
i=1

2 2 1 1 2|42}
s B )

x|8f8;u(l’1)—8f8;u(P2)q}, Irl=r 4. 47,

sl(q,f) = min{sl(q,t(1>),s2(q,t(z))}, and  s5,(q,%) = min{s2(q,x(l)),sz(q,x(z))}.

Suppose that, for problem (1)—(4), the following conditions are satisfied:

(1°) for any vector £=(§,.&,.....§,) and V(r,x)eQ\ Q) the inequality

| g < 2 Ay (1,x)s, (B J)%(B(jl) )5, (B, x)s, (B )88 <, | g,

ij=1

holds; here, m; and 7, are fixed positive constants,
1 1 2 2
s (B )5, (BY1)s, (B )’X)SZ(B(j )’x)Aij € H* (1:3;0;0),

sl(ligl) J)Sz(uﬁz)aX)Ai e H%(v:B;0;0),

)
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1) 2) A H(X . 0 A > O
(I‘LO ’ ) (MO »X ) 0e (Yaﬁv ’Q)e 0 =Y
51(8M )5, (8, x)by € H™(v3B;0;0),
1 2 1
51 (B, 1)5, (B ,x)b; € H™* (v:B;0;0),

the vectors

b ={p*,...b0"},

-1/2
where bi(s) = sl(Bgl),t)sz(Bgz),x)bi, and e={e,....e,}, ¢ = bl.(zzﬂb,f) , form an angle smaller than
n/2, with the direction of the outer normal n to dD at the point P(t,x)el’, b, (t,x)|r >0, dDeC>™,
and
N
lim {qf(to,x;q2 (ty, X))+ E‘Ck(x)\p(tk,x;q2 (tk,x))—Bl(p(x;qg;(x))} =0
x—z€dD =1
a X N
lim Zb (t,x Ck( ) =0, DL <h, <1,
x—z€dD k=1
L (x) e CP(D);
(2°)

Vi €CHQ), v, €CHQ),  flt.xiq(t.x) = F(t,x)€ H*(:B:0:0),
Vi  €CHHD), vy, €CHHD),  0xg5(x) = D(x) € HP(1:;0; D),
Vv €CTHQ), vy eCHQ),  W(txg, (X)) = G(1,x) € H (133;0,0)
B=0p%), 7=y,

y(v)—max{max(1+[3(v))max( v) B<V>) m” 5<V>}, ve{l,2}.

The following theorem is true:

Theorem 1. Suppose that conditions (1°) and (2°) are satisfied for problem (2)—(4). Then there exists a

unique solution of problem (2)—(4) from the space H* (7:B;0:0), and the inequality
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3733500l < c(|f575:050], +\ (P;T(;B;O;DH2+0c +|lw:7:B:0:0ll,,,) (6)

is true.

To prove Theorem 1, we first establish the correct solvability of boundary-value problems with smooth co-
efficients. In the obtained family of solutions, we select a convergent sequence whose limit value is the solution
of problem (2)—(4).

2. Estimation of the Solutions of Boundary-Value Problems with Smooth Coefficients

Let Qm:QU{(t,x)eQ|s1(1,t)2ml_l,sz(l,x)ngl}, m=(m;,my), m; >1, m,>1, be sequences of
domains that converge to Q as m; — o and m, —>oo.

In the domain @, we consider the problem of finding the solutions of the equation

(Lyu,, )(t,x)=|0,— 2 al-j(t,x)axi axj +2ai(t,x)axi +ay (t,x) |u,, (t,x)

ij=1 i=1
= f,,(t.x:q)) (7)

satisfying the following conditions with respect to the variable ¢:
(Bu,, )(x) = 9,,(x;43) (®)

and the boundary condition

n
lim (B, =W, )(t,x) = lim | X/ h(1,0)0, u,,

x—z€dD x—zedD| j_y

+h0(t,x)um—\|!m(t,x;q3)} =0. 9)

Here, the coefficients a;, a;, 4y, h;, and h, and the functions f,, ¢, , and y, are determined as
follows: If (¢,x)eQ, , then the coefficients a;

coincide with Al.j, A;, Ay, by, by, f, @, and y, respectively. Moreover, in the domains Q\Q, , they are

continuous extensions of the coefficients Al.j, A, Ay, b

> a;, ay, h;, and hy and the functions f, ,¢,, and Wy,

., and b, and the functions f, ¢, and W, respec-
tively, from the domains Q
p- 82].

. tothe domains Q\Q, with preservation of smoothness and the norm (see [10,

Theorem 2. Suppose that u, (t,x) is a classical solution of problem (7)—~(9) in the domain Q and that

conditions (1°) and (2°) are satisfied. Then the following estimate is true for u,, (t,x):
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4,301y < el@n: Dlly +[m30lly +lw,301)- (10)

Proof. The proof of estimate (10) is obtained by using the same methods as in the proof of Theorem 2.2

in [2, p. 25], i.e., we analyze all possible positions of the positive maximum and negative minimum of the func-
tion u,, (¢,x).

By (G,(nl)(t,x,T,E,),G,f)(t,x,r,é)) we denote the Green function [4, p. 141] of the boundary-value problem
(Llum )(t’x) = fm (ta-X;ql ) s
u, (0,x) = 9,,(x:q3), (1D

lim (Byu,, —W,,)(t,x) = 0.

x—>z€dD

Theorem 3. Suppose that conditions (1°) and (2°) are satisfied. Then there exists the Green function of
problem (7)—(9) with the components {G,(,f),G,(nz),Zl(l),...,ZI(\}),Zl(Z),...,ZI(VZ)} and the following formula is

true:

t
u, (1,x) = [de[ G (1,x,0.8)f, (1.E4)dE+ [ G (1,x,0,8)0,, (8 q3)dE
0 D D

t
+jdr j G (t,x,TEV,, (1.84,)d:S
0 oD

N

Tk
+ 3| [at[Z{ @, 1.x1.8)f, (1.Eiq))dE

k=1L0 D

[ 201, 1.%.0.8)9,, (E:q3)dE
D

I
+ [t [ 2Pt 1 x 0 8)y, (1.E:4,)d:S | (12)
0 dD

Proof. We seek the solution of problem (7)—(9) in the form

Uy (1,3) = v, (1.0 + [ G (1,%,0,8)u,,(0,8)dE, (13)
D

where v, (f,x) is asolution of problem (11). For v, (f,x), we get the following representation [2, p. 141]:
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t
v, (t.x) = [de[ G (1.x.1.8)f,, (1.E:q)dE+ [ G (1.x.0.£),,(E:q;)dE
0 D D

t
+far [ G x )y, (1.8:4,)dcS. (14)
0 oD

Satisfying the nonlocal condition (8), we get

N
t,, (0.)+ 2.5, () [ GO (1.2,0.8)u,(0.8)dE

k=1 D

N
==Y L, (), (1) = F(x). (15)

k=1
Since GV (2,x,7,£)20 and jDG,gp(z,x,r,F,)dgsL we find
i 1 ul 1
Y [GY;.x.0.8)dEl < 3 C | [ G (2;.x,0.8)dE < Ay
J=1 D J=1 D

Thus, for the solution of Eq. (15), we get
< A .
1,0.9) < 72510l (16

We solve the integral equation (15) by the method of successive approximations. We represent the solution
of the integral equation (15) in the form

1, (0.) = F(x0)+ [ Z,, (x.)F, ()dy, (17)
D

where Z  (x,y) is the resolvent satisfying the integral equation

N
Z,(x,8)+ Y 5 (0G)(t;,x,0,8)

k=1

N
=- j D LG (1.x,0,0)Z,,(y.E)dy,
D k=1

whence we get the following estimate:
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37“0

T—hy

[EMERSYS
D

Substituting the relation

N I
R() = —Zck(x{jdrjGﬁi)(r,y,r,&)fm(r,&;ql)d&
0 D

k=1

+ [ GO 1,.5.0.8)0,,(E:q5)dE
D

I
+[drt [ Gy n.0v,, (1.8q,)d:S
0 dD

in equality (17) and changing the order of integration, we obtain

N |
1, 0.x) = Y| [dt [Tt .x,7.8)f, (t.84q,)dE

k=1L0 D

+ [T (1, x.0.8)9,, (Eq5)dE
D

Tg
+Jdtjl“(,,zl)(tk,X,T,ﬁ)llfm(f,@%)dgs ’
0 D

where

T (1, 1.8) = =0 (DG (1,518 = [ £, (10Z,, ()G (1 v, 1.8)dy,  ve{l2}.

D

909

(18)

Substituting the value of u,,(0,x) in equality (13), applying relation (14) for v, (¢,x), and changing the

order of integration, we obtain

t
u, (1,x) = [de[ G (1, x,0.8)f, (1.E4)dE+ [ G (1,x,0.€)0,,(E:45)dE
0 D D

t
+jdr j G (t,x,TEV,, (1.84,)d:S
0 oD

N |
+ 2| [at[Z{" @, 1.x1.8)f, (1.Eq))dE

k=1L0 D
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+ [ 201, 1.%.0.8)9,, (E:q3)dE
D

Iy
+ [t [ 2Pt 1 x 18y, (1.E:4,)d:S |,
0 dD

where

Z (128 = [GR (x0T (1 .y t.8)dy,  ke{l...N},  ve{l.2}.

D
In the domain Q, we consider the following problem:
(Lyuy, )2,%) = £, (8,2:q,),
u,(0,x) =G, (x),

limaD(Bzum -y, )(t,x) =0,

X—ZE

where

N
G,,(x) = @, (x,q3)— >, Ly, (t1,%).
k=1

(19)

(20)

The solution of the boundary-value problem (20) in the domain @ exists and is unique in the space

C*™™(Q) (see [4,p. 90]).

We now estimate the derivatives of the solutions u,,(7,x). In the space C E(Q), we introduce the norm

||um ;y;B;q;QH ) For fixed m; and m,, this norm is equivalent to the Holder norm, which is expressed in the

same way as |

d1(q(1),t) and dz(q(z),x), respectively:

_,(
max(sl(q(l),t),m1 1 q(l) >0,
1
dl(q( ),f) = -
min(sl(q(l),t),ml_q ), q(l) <0,
_,2
max(sz(qm,x),mzq ), q? >0,
2
dz(q( ),x) = )
min(sl(q(z),x),mz_q ), q(z) <0.

u;y;B;q;QHE but, instead of the functions sl(q(l),t) and sz(q(z),x), it is necessary to take
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Theorem 4. If conditions (1°) and (2°) are satisfied, then the solution of problem (7)—(9) satisfies the fol-
lowing estimate:

[1,3%:B:0: 01, < e({|@:7:B:0: D], H1F57:8:0: 0l +Iws ¥:B3050]l ) - 21)

The constant c is independent of m.

Proof. By using the definition of norm and the interpolation inequalities from [6, 10], we get

[4,,37:B: 050, < (L") {u,,31:B:0:0),, , +c(®)|u,,: 0l
2

where € is an arbitrary real number from (0,1). Therefore, it is sufficient to estimate the seminorm
(1,37:3:050), -

It follows from the definition of the seminorm that the domain @ contains points P, P,, and H; for
which one of the following inequalities is true:

Ay +1
02 l,57:B:0:0l,, < Ey»  mef1,2}, (22)

where
n

E= Y {2dl<2sv“>,t<2>>d2<zsv<2>,@Hdl(r,-(vm—B?)),r@)

2sHrj=2 Lv=1 i=1

xdy (r,(Y? =BP).5) 0 9, (Py) =35 D, (H)|

t¥x"m tox"m

—o/2 ~
x| D - x| dl<a<v“>—B<J>>,t“>>d2<oc<v(2>—B%,x)},
E, = dj(2+o)y V. 1)d,((2s + o)y x]]d, (-rB".7)
i=1

—o/2 r YA
dy (r.(y® =B, x M) e = @950 u, (P)-0°%u, (Py)

tox"m tox"m

2s+|r| = 2.
If
1 2 € ) 7 2 2) = _
[ =xP| 2 L, (v 0.7y (v - B F) = T,

and €, is an arbitrary real number from (0,1), then
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-0 R0
E; < 2&7%|u,,:v:B:0:0)|,. (23)
If

2
€ ~ ~
(1@ 2 T a, (29 Py (292 ) =T
then
o
< 280 %l 7:8:0:0]} - (24)
Applying the interpolation inequalities to (23) and (24), we find

E, <&%||u,;:v:B:0:0|,,,, +c(®)l|u,:0l|;- (25)

Let ‘xﬁ-l) _x§2)‘ <T, and let ‘t(l) - t(z)‘ <T,. We assume that

di(yV.7) = d, (Y V), d(vP5) = dy (v D).

Assume that either |x, —§ |<2T,, {€dD,,, or |x—&|<2T,n.

Consider a sphere KC(r,P) of radius r, r24T,n, centered at a point P eI’ and containing the points
P, H,, and P,. By using the restriction imposed on smoothness of the boundary dD, we can straighten
0D K(r,P) with the help of a bijective transformation x =w(y) [10, p. 155], as a result of which the domain

I=QNK(,P)

transforms into the domain II; for the points of which y, 20 and 720.

If we set u,, (t,x)=w,(t,y), =R, H,=M,, P,=R,, and dz(y(z),x(l)):pz(y(z),y(l)) and denote

the coefficients of the differential expressions L; and B,; under this transformation by kl.j, k;, kg, and

l’

{y, then ®, 1is a solution of the problem

[at— 2 k;(R)I, ayj}“)m = 2 [k (1) =k (R)], 9, ©

i,j=1 i,j=1
L 0
+ 2 k(1,93 0, +k (1.0)0, +F, w0 = FY @y, (26)
i=1

©,,0,y) = G,,0,y(y), 27)

m|y i Ze (1.R)J, ©, -
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= 2 ([ (t.R)= L (190, ©,, = Lo(t.3)0,, +y, (WO,
k=1

=G, .y, - (28)
In problem (26)—(28), we perform the change ®,,(z,y)=V, (¢,z), where

1 1 2 1
2 =di (B 1) x py(BY .y )y, ke{l,...n}.

By II, we denote the domain of definition of the functions V, (z,z). Then the function V, is a solution
of the problem

n
1 1 1 1 2 1 2 1
Ly, =0, 2, di(B" e, (B, 1) p,y (B .y )y (B3
i.j=1

inj(Rl)azi azj Vi = F;?z(t’z)a
Vm(O’Z) = Gm(Z) = (I)m(Z)’

n
_ (1 2) . _
BV, l. o = 2By 1)y (B V) (1 RDI, V| = R, (1.2)], .
k=1 n

where

1 1 2 1 1 1 2 1
Z = (d,(-BS" .t ) py (B vy )z seend (=B 1) py (B )z, ).

We denote

2 1 2 1 -
Zfl)=d1(B§1>»t(l))P2(B§ )aY1)Y§1)’ HS) :{(f,Z)€H2||t_t( )|SH TZ"Zi _Zzg )‘ SuyT, i€ {l....n}}

and take a three times differentiable function n(¢,z) satisfying the following conditions:

1, toel, o0<ne<l,
n,z) = ‘
0, (t,2) €Ny, |0F0ine.2)| < cpydy (=2k+] DY D 1 D) py (—2k +| Py .y ).

Then the function W, (¢,z) =n(¢,z)V,, (¢,z) is a solution of the boundary-value problem
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n
W, = 2% di(BLD)d B D)p, B,y D) p, (BP .y )k (R)

i,j=1

x[9, M9, V,,+3, I V,]

n
+%[2%®9ﬂ%4®?%%%®9¢% (B )

ij=1
inj(Rl)azi azjn—BtT]}+Fn(10)n = Fn(ll)(t,z), (29)

n
= Edlwi”,r<“>p2<B§3’,y<“>vm£k<r,Rl>azkn—Rm@’Z)“} = R(). &)
k

z,=0
According to the imposed conditions, the coefficients in Eq. (29) and in the boundary condition (31) are

bounded by constants independent of the point R,;. Therefore, by Theorem 6.2 in [2, p. 368], for any points
{M,.M,}c HI/Z’ we arrive at the inequality

(1, M[431Y,, ()~ 4007, ()

<c(HF(l)Hca o) +H(I)(1)HC2+Oc 1O, o ) ||G1||Cl+a (I/Lﬂ{(l,z)eﬂgl,ilznzo}))’ (32)

where 2k+|j|=2 and d(M,,M,) is the parabolic distance between M, and M,.

In view of the properties of the function m(#,z), we obtain

1B e, S ci(=@+ 07Dt D)py (=@ + oy )
%[0, |, +{[VisTS | +[Vavs0. 050 ).
195 ez oy S =@+ or D)y (=@ oy 5 1)
x| @,,:7:0:0:155 N {7 =0}, (33)

IR < cdy (-2 + o)y 1 V)

C1+OL l—l(l) ) N{(t Z)EH(gl/)“IZfO})
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x py (=2 +ay®,yV)(||R,, ;7,011

‘ |1+oc

+||Vm;\(,0;0;1'1(31/)4H2 +HVm;H(31/)4HO).
Substituting (33) in (32) and returning to the variables (¢,y), we find
E, < c(||F, v B2y, +[|@,,:7.5:0:1, N =0},
GBI+ eV v B[, +V, L)), re{i2y G4

Taking into account the definition of the space H o (7,B;0;Q) and conditions (1°) and (2°), we get
E, < c(n’p® +e%(n+ 2))\|u,, ;y,B;O;QHZW +¢/(||£,, ;V’B?O3Q”2+u
o[, ¥:B: 0501+ 0,3 V5B 0:0 N = 0|

sy Biv:Ollyy g +llwni0lly).  me{l2}, (35)

€ and p are arbitrary numbers, p €(0,1), and €€ (0,1).
Let |x—&|22T,n. Consider a problem

[at— D a; (P, axj]um = > la;(t.0)-a; (R0, 0, u,,
i,j=1 i,j=1
+ 3 (a;(t,)d  u,, +ag(t, X)), + f,, = F2(1,2), (36)

i=1

u,,(0,x) = G, (x). (37)

Let ng) €Q, let ng) be a cube centered at the point P, and let

0P ={(t.x)e 0¥ [1=1V]< 167027y |x; - 2P| <4p™'T, i€ 12,0} ).

In problem (36), (37), we perform the change of variables
u, (t.x)=0, ), x,=dB",D)d,BP,xD)y, . ie{l,2,...,n}.

By I® we denote the domain of definition of the functions ®,, (t,y). Then ®, (¢z,y) is a solution of the
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problem
X D L D L
Ly, =|9,~ X, a;(P)d, (B 1")a, (B.1D)
ij=1
xdy (B 2y (B )0, 0 }wm = FJ(Y), (38)
®,,0,y)=G6,), (39)
where
Y = (d, (B .1 )dy (—B{ 2y (Bt D)y (B D)y, ).
We denote
3D =dy (B .1 D)y (B )l
and

N = {(t.y) e[ =V <1677 [V — x| < 47T i e {1} }

and take a trice differentiable function n,(z,y)

L (y)elll), 0<n@y)<1,

Th (f,)’) = .
0. (ty)£105), |07, (t.)| < cid (2K +] jhy "ty (—2k+ j hy® . x D).

Then the function Vn(zl)(t,y) =w,, (z,y)n,(t,y) is asolution of the Cauchy problem

n
Ly = Y ay(Pdy (B D), (B 10y (B 2V )y (BP V)
ij=I1

X [ayi n, ayj ®, +8yj uf ayi o,]

n
T, 2 a;; (P ), (B 1), (B(jl)’f(l))dz(mz) x1)
i.j=1

XdZ(B(jZ)’x(l))ayi ayjn] _azn1:|+F;£zZ)nl = F”, (40)
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Vi (0.3) = G,y (0.y) = R, (41)
According to Theorem 5.1 in [2, p. 364], for any points {M,,M,}cC HS%, the inequality

d_a(Ml’Mz)‘afaiwm(Mﬂ_afaiwm(Mz)‘

< C(HF';?’)HCQ(Véa) +HRY(3)||C2+OL(V3(/IA);Q{I=O})j’ 2k+| _]| =2,

is true.
In view of the properties of the function m,(z,y), the definition of the space H o (v:B;0;0), and re-

strictions (1°) and (2°), we arrive at the inequality
2
E, < c(np® +e%(n+2))|lu,,:v:B:0:0ll,, o, + Aol 3 v:B:0: 0]l

+¢1(([0,:v:B:0: D, +11£,:7:8:0:0] ) (42)

Combining inequalities (22), (25), (35), and (42) and choosing sufficiently small €, we obtain the inequali-

ties
14,37:B50:0ll, < (13573830501, +][@,,37:B50: D,
v, v:B:0:0l, ). (43)
Since
1£,057:B:0:0)|, < cllf37:B;0:0ll,,»
|0,:7:B:0:D, < cfjos:7:Bs0: D, (44)

W 7:Bs8:0| g, < cllwiviBsdi0ll g,

substituting (37) in (36), we get inequality (21).
Proof of Theorem 1. The right-hand side of inequality (21) does not depend on m; and m, and the se-

quences

{uP} = {u,,(P)}, P@tx)€Q,

{ufy} = 1, (v =BV dy (v - B )9, w,, )
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{uy = {d, 2y 1)d, (27 x)0,u,, },
f)} = { (v =BV 0y (VY =B 0 dy (v =B ) dy (v* =B )0, 9, uy}

are uniformly bounded and equicontinuous in the domain Q. According to the Arzela theorem, there exist sub-
sequences {u;‘;&)} uniformly convergentin Q to {u(“)}, we{0,1,2,3}. Passing to the limit as m({) — e
in problem (7)—(9), we conclude that u(z,x) = u(()o) is a unique solution of problem (1)-(3), u e H zto (7:B;0;0),

and estimate (6) is true.

3. Problem of Optimal Control

In the domain @, we consider problem (1)—(4). Assume that both conditions (1°), (2°) and the following
conditions are satisfied:

(3°) the functions f(1,%,¢,)=r (1) f P (x,q,(x)), Wt.x.g)=rV OV (x,q,(x),  Ft.xu39),
F,(t,x;u;q,), and F3()c,u(t1 X,q),u(ty,X,q),...,.u(ty ,x,q),q3) have the second-order derivatives with respect to
the variables (u,q,.9,.95), which belong, as functions of the variables (f,x) and x, to the spaces C *0),
c'te (I'), and C 2+OL(D), respectively.

To solve problem (1)—(4), we construct a sequence of solutions of the problems whose limit value is a solu-

tion of problem (1)-(4).
In the domain Q, we consider the problem of finding the functions (u,,,q) for which the functional

T T
1(g) = [dt [ (x5, (,%,9).9,)dx+ [ dt [ Fy (55, (2,%,9),,)d,S

0 D 0 D
[ Pyt s, (1) 2,0) ety (1 2,0), 05 () dx (45)
D

attains its minimum value in the class of functions g€V, where u,, satisfies Eq. (7) for

fn@,2,q) = 1O £ (x,q,(x)),

the multipoint condition (8) with respect to the time variable, and the boundary condition (9) on the lateral sur-
face I'" for

v, (t1.5:0,)=rP Oy (x,q, (x)) .

Denote

W = (um(tl ’xaq)’um(tz7-xaq)a~--au,«n(tNax’q)’qS) = (m19('02”m]\l+1)7
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T T _
ME) = [rO@dr | aFl(t’x’uamu(t’x’q)’ql)G,(nl)(t,x,r,i)dx
0 T D m

N I

+er(0)(r)dr,[d ,[aF — uau(f LA ql)Zl(cl)(fk’f x,T,8)dx
k=10 D "

T T
oF, (t,x;u,, (t,x,9),
+Ir,§10)(T)dTJdtj 5 (t,x ua,,l;( x,q) ql)G,(f)(t,x,T,?;)de
0 T dD "

N Tk T
dF, (t,x;u,, (t,x,q),
XA e [ SRR 0, xS

Ju
k=10 T 9D m
N |1
+y jrg’)(r)drjMGW(z x,T,E)dx
J=1 0 D O;
N
oF
+Y [riP(wydr 3(x m)z,i“(rk,tj,x,r,g)dx ,
k=10 D
T T
oF (¢t,x;u, (t,x,9),q,)
Ay @) = [rD(@yarfar [ - P92 G0 (1,x,1.8)dx
0 T D m

+Z,[ (1)(r)drjdtj T Mau(t L ql)Z(l)(fk’t x,1.8)dx
k=10 "

T T
oF, (t,x;u, (t,x,q),
+fr,§11)(r)dr,[df,[ 2l xua,,;( = qz)Gg)(I’x’T’g)de
0 T dD "

oF, (t,x;u,, (t,x,9),
B[ ousfr | POSLD0) 0,118y
k=10 T "

t.

N |"J
+2 J.rﬂ)(”C)dTJ‘MGQ)(f x,1.6)d.S
J

J=1l 0 oD

+2J (1)(T)dTJ 3(x m)Z(Z)(tk,tj,x’Tvi)de ’
k=10

919
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T
oF, (t,x;u, (t,x,9),
Ay(®) = [ar [ 20 ”a"L( DA G0 ;1 .0.5)dx
0 m

D

oF (t, t,
+Zfdf (t,x; uu( x.q), ql)Z,(cl)(tk,t,x,O,ﬁ)dx
k=10 D m

aF
+J 3(X 0)) (1)0,, £0,8)

+i 0F;(x;®)

ey Z (ty.1;.x,0.8) |dx

k=1

T
oF, (t,x;u,, (t,x,9),
+[ar | 2t 53y, (1,2,G) qZ)G,(f)(t,x,O,i)de
0

du,,

N
oF, (t,x;u, (t,x,q),q,)
+Zjdt.[ 2 an; q qz Z](CZ)(tk,t’an’é)de’
k=10 9D "

T
Hy oty Xy oay) = M@V Gy @)+ [ B (&, .q0)dt
0

T
Hy (&t My 05) = Ay OV (6,05 €N+ [ Fy (1.E:1,,.0,)dr
0

H3(§,um A3.q3) = 7V3(§)(Pm(§"I3 &N+ F3(§;0)),

¢ = (q{o) qgo) ,qgo) ) is the optimal control, and um(t,x,q(o) ) is the optimal solution of problem (7)—(9).

The following theorem is true:

Theorem 5. If

aql_ H,(&u, .\ ,q;)>0,

then the optimal control is q(o) =V,,ie{l,2,3}. If

aql_ H,(&u, .\ ,q;)<0,

then the optimal control is qEO) =V,, ie{l,2,3}.
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Proof.  Consider, e.g., the case i=3. Let Ag, be an arbitrary increment of the control g;(x)eV,

Ag, >0, g3+Ag;€V. By A gtm We denote the corresponding increment of the function u,, (¢,x;q). Then

A a3tm is a solution of the boundary-value problem

(LA u,)(1.2) =0, lim (ByA, u,)(t.x) = 0,

x—z€dD

(46)
(BAqsum)(x) =0,,(x:qg3+Agq3)— 0, (x;q3) = Aq3(pm (x3q5)

in the domain Q.

We represent a partial increment of the functional /(g) by the Taylor formula as follows:

T
Aqsl = jdt.[aum F (t,xu,,,q, )Aq3um dx
0 D

T
+fdt J aum Fy(t,x;u,,,q, )Aq3um d.sS
0 odD

N
+ 2 jamk F3(x;(o)Aq3(Dk dx + j8q3 F;(x;0)Aq, dx
k=1p D

T

+Idtjo(‘A43“m‘2)dx+ J[Od A, |2)

0 D D

N T
+20(|Aq303k‘2)}dx+.fdt | 0, 4n|*)d,S. (47)
k=1 0 oD

Since A atm is a solution of problem (46), by using formula (12), we obtain

Agu= G .x08)A, 0, Ed)dE
D

N
+ > |20, 1.x.0.0A, 0, (Eq3)dE. (48)
k=1p

Substituting (48) in (47) and changing the order of integration, we find

Ay 1 = [[04, HaGoty M3,03)803+0( A, 8, )+ 0( g ) Jav. (49)
D
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If g3=V5,(x) and Bq3 H; >0, then, for sufficiently small Ag;, we get Aq3l >0. If g3=V3,(x) and
Bq3 H; <0, then, for sufficiently small Ag;, we have Aq3l >0. If H3(§,um ,7L3,q3) 1S not monotone as a
function of the argument g5, then 8q3 H3(§,um ,l3 .g3) is an alternating function: 8q3 H3(§,um ,X3 ,q3)>0
in the domain D™ ¢ D and 8q3 H3(§,um ,X3 ,43) <0 inthe domain D~ =D\ D*.

By the mean-value theorem, we find

Aq3] = an H3(§+,u,+n,7u§,q;r) _[ Agsdx
D+

—|8q3 Hy (& u, A5 ,qg)‘ j Agdx
il

2 2
+ [[0( A ua|*)+0(8g5]%) Jax.
D

For sufficiently small Ag;, the sign of A 6131 is determined by the first terms depending on the quantities
mesD*, mesD”, and Agq5. Thus, the functional /(g) for the control g; does not attain its minimum value.
Similar reasoning should also be used in the case where Ag; <0.

In proving the theorem in the cases where i€ {1,2}, it is necessary to use the scheme applied in the case
i=3.

Assume that the conditions of Theorem 5 are not satisfied. Then the following theorem is valid:

Theorem 6. In order that the control q(o) = {qfo) ,qéo) ,qgo)} be optimal, it is necessary and sufficient that
the following conditions be satisfied:

(i) the functions H(E.u,, ,\;.q;) take their minimum value as functions of the argument gq; at the point

q©, ie{1,2,3};

(ii) for any vector (e,(:),e,({z)) #0, the inequality

2 N (] D2 L0 (D) (2
aum Fk(t’x’um’%(c ))(e]g )) +2aqk aum Fk(t’x’um’ql(c ))el(< )e](c )
+0; F(t.xu,:¢)(e?)? >0,  ke{l2},
is true;
(iii) for any vector (e;,e,,....en.;)#0, the inequality
N+1

2 .
2 awiwj Fy(x;0)ee; >0
i,j=1

holds.
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Proof. The proof of Theorem 6 is carried out by the methods proposed in [7, 9]. Passing to the limit in

problem (7)—(9), (45) as m; — o and m, — o, we arrive at the optimal solution of problem (1)—(4).

10.
11.

12.

13.

14.

15.

16.
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