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Abstract

This study presents a simple model within the effective mass approximation to describe the effect of an
external electric field on the energy structure and wave functions of quasiparticles in type II hemispherical
quantum dots. The case of an electric field perpendicular to the base of a hemispherical quantum dot is
considered. The solutions of the Schrödinger equation were obtained by two methods: finite element method
and the matrix method. The last method allowed to determine the partial contribution of the basic states in the
new states of quasiparticles obtained as a result of the action of an electric field.
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In recent years, semiconductor quantum dots different forms have attracted significant interest in scientific
research. These nanoscale particles possess unique properties and open up a wide range of possibilities for
improving existing and developing new optoelectronic devices [1, 2]. Quantum size effects play a key role in
the optoelectronic properties of nanoparticles, as the absorption and emission energies depend on their sizes.
Besides size, the geometric shape of quantum dots is also a crucial characteristic that significantly influences
their electronic structure and physical properties. Depending on the growth methods, quantum dots can assume
various shapes. In addition to spherical and cylindrical, which are the most studied, modern technologies allow
growing pyramidal, elliptical, lens-like, semi-spheroid and dome-shaped quantum dots [3–6].

Quantum dots can have a complex internal structure, which allows obtaining the energy spectrum and wave
functions of quasiparticles required for practical applications. In recent years, a new paradigm in the modeling
of nanostructures, known as wave function engineering, has appeared [7–11]. This approach enables the
design of nanostructures with high light absorption and emission efficiency, increased quantum yields, emission
wavelengths. Multilayer quantum dots are used to achieve desired optical characteristics, including optical
absorption and emission [10–13]. The simplest of these are core-shell quantum dots, which can be classified
into different types based on the relative positions of the bandgaps of the core and shell materials. In type-II
quantum dots, electrons and holes are spatially separated in different potential wells, reducing the effective
bandgap and shifting absorption energies toward longer wavelengths. This separation also decreases the
probability of radiative recombination processes, enhancing the efficiency of photovoltaic conversion.

The simplest nanostructures for theoretical investigations are those for which exact solutions of the
Schrödinger equation exist. For other cases, various approximation methods or numerical solutions of partial
differential equations are used, such as finite difference or finite element methods. The studies [14, 15]
investigate the magnetic and electric field effects on the optical properties of spherical core-shell Type II
quantum dots using wave function expansion based on an orthonormal basis of exact solutions of the
Schrödinger equation. The dependencies of the oscillator strength and the quantum energy transition on electric
field strength and magnetic field induction are calculated. However, these studies have been performed for
spherical quantum dots grown by colloidal chemistry methods. In the case of self-organized QDs on a flat
surface, their shape is non-spherical but can be approximated as hemispherical. In the case of hemispherical
quantum dots (HSQD) with infinite potential at the planar boundary, using the effective mass approximation
and rectangular potential barrier, one can obtain wave functions in analytical form and exact energy spectra
[16, 17]. This makes it possible to obtain approximate solutions for many more complicated problems. In
previous research [18], the authors investigated the electronic states in lens-shaped quantum dots based on the
wave functions of electrons in semi-spherical quantum dots with infinite potential barriers on all boundaries. In
another study [19], the influence of a periodic electric field on the energy spectrum of HSQD was explored.
The Zeeman splitting in hemispherical quantum dots has been studied by Lopez Gondar and others [20] on the
orthonormal wave functions obtained for an electron in HSQD without a magnetic field.

In this paper, we investigate the effect of a uniform electric field on the electron and hole states in the core–
shell of a type II HSQD. The energy spectrum of quasiparticles and their distribution in the nanostructure are
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obtained using a single-particle Schrödinger equation solved by the matrix method. To perform these
calculations, the quasiparticle wave functions are represented as expansions in an orthonormal basis of exact
solutions of the Schrödinger equation in the absence of external fields. This orthonormal basis is constructed
based on a linear combination of Bessel functions satisfying the boundary conditions of the investigated core-
shell quantum dot. The obtained results are compared with result finite element method via the 2D axis-
symmetric module of COMSOL-Multiphysics software.

Theoretical framework

The hemispherical quantum dot studied in this paper consists of a core (CdSe) and a hemispherical layer
(ZnTe). The radius of the core is  the outer radius of the spherical layer is  The geometric scheme and
scheme of the potential profile of the conduction band and valence band are shown in Figure 1.

Figure 1. Geometric and potential scheme of HSQD.
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The Schrödinger equation for an electron has the following form

(1)

where

(2)

 – free electron mass, 

(3)

(4)

We find solutions of Equation (1) as for the corresponding spherical quantum dot in the form 
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 but we choose those solutions which satisfy the boundary condition for HSQD

(5)

Considering  where  – associated Legendre polynomials, condition (5) is

fulfilled for such values of  and  for which  As follows from the property of associated

Legendre polynomials  the boundary condition is fulfilled when 
where   The radial part of the wave function of each quasiparticle in the regions where the

energy of the quasiparticle is greater than the potential energy  is obtained in the form of a linear
combination of spherical Bessel functions of the 1st and 2nd kind

(6)

where

(7)

In those regions where  in order to avoid complex numbers, appropriate modified spherical Bessel
functions are used. The unknown coefficients  and  are obtained from the boundary conditions
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(8)

and normalization conditions that takes into account the hemispherical shape of the quantum dot.

In order to calculate the influence of external electric fields parallel to the Oz axis on the energy spectrum and
wave functions of electron and hole localized in HSQD, it is necessary to solve the following Schrödinger
equation

(9)

with the Hamiltonian

(10)

where  is the electric field strength. When external fields are applied to the system, Schrödinger equation (1)
cannot be solved analytically. Therefore, the method of the electron wave functions expansion is used.

Electron wave function  has the form
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(11)

The wave functions expanded coefficients  and energy spectrum  are obtained from secular equation by
the diagonalization method. Using the wave function (11) the oscillator strengths of the interband quantum
transitions defines the strength of absorption lines, and can be obtained via the expression [10]

(12)

The selection rules for interband quantum transitions in HSQDs differ from those in spherical nanostructures.
Wave functions with different values of the orbital quantum number are no longer orthogonal in the region of
the hemispherical quantum dot. The selection rules become the same as for cylindrical systems

(13)

Analysis and discussion of results

The computer calculations have been done for HSQD CdSe/ZnTe with following physical parameters: CdSe: 

   ZnTe:     
 – potential barrier for an electron and hole at the CdSe/ZnTe heterojunction.
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The energy spectrum of an electron and a hole in an HSQD in the absence of external fields consists of
solutions of the Schrödinger equation (1) that satisfy the boundary condition (5), i.e., of the energies of states
for which the sum of the orbital and magnetic quantum of numbers is an odd number  where 

 Therefore, in the energy spectrum of the HSQD there are states with an odd value of 
 but an even value of  as well as states with an even value of  but odd

value of  The ground states of an electron and hole are states with  The energies
of the excited states with  are doubly degenerate for the magnetic quantum number sign. The energy
spectrum of the HSQD contains the same energies as the corresponding spherical quantum dot except for the
spherically symmetric s-states  which do not satisfy condition (5).

The wave functions of an electron  and a hole  in HSQD CdSe/ZnTe at   in
several lowest states are shown in Figure 2.

Figure 2. The wave functions of an electron  and a hole  in the five lowest states of the HSQD (
 ).
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It can be seen from the figure that the electron is localized in the core of the HSQD, and the hole is in the
spherical shell, and the overlap of the wave functions occurs due to the tunneling effect in the narrow region
near core-shell heterojunction.

The wave functions  form an orthonormal basis for calculations the wave functions  and the

energy spectrum  of electrons and holes in HSQD placed in an external electric field. Since, in the case of
the electric field effect, the magnetic quantum number remains a "good" quantum number, the decomposition
occurs only in states with different values of the quantum numbers  and  The quantum number  indicates
the number of the new state of the quasiparticle at a given quantum number 

Calculations of energies and wave functions were performed by two methods: the diagonalization method and
finite element method (FEM) in COMSOL. In expansion (11), about 10 terms were taken into account, which
ensured the accuracy of the calculation of about 0.1-0.4%. To demonstrate the convergence of the results,
obtained by different methods, Table 1 shows the energies of the ground states of the electron  and the hole

 in the QD at different values of electric field.

Note: The table layout displayed in ‘Edit’ view is not how it will appear in the printed/pdf version. This
html display is to enable content corrections to the table. To preview the printed/pdf presentation of the
table, please view the ‘PDF’ tab.

Table 1. Comparison of the ground state energies of an electron  and a hole  obtained
using both the diagonalization method and FEM in COMSOL software at different values of
electric field strength.

Methods F, kV/cm
−100 −50 −25 0 25 50 100

Diagonalization (matrix)  meV 3.146 29.18 41.52 53.41 64.87 75.92 96.86

 meV 119.4 95.57 80.70 60.90 36.11 9.215 −46.90

FEM (COMSOL)  meV 3.181 29.21 41.55 53.45 64.91 75.96 96.89

 meV 118.9 95.59 80.77 60.96 36.17 9.273 −46.84
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Figure 3 show the wave functions of an electron  and a hole  in the five lowest states at 
 which demonstrate the distribution of quasiparticles in the nanostructure. It can be seen

from Figure 3 that the electric field displaces both quasiparticles in different directions, but at the same time,
the wave functions of the hole, which is localized in the shell of the nanostructure, deform more strongly. The
topology of the hole wave function under influence of an electric field directed to the plane boundary HSQD
changes from quantum dot to quantum ring, both for the ground and excited states. A similar effect was
observed in the results of the study self-organized QD type II InAs/GaAsSb [19].

An interesting effect of the electric field is observed for the wave functions of the hole, which shifts it in the

direction of the planar heterojunction. The hole distribution in the states  and  at 

Figure 3. The wave functions of an electron  and a hole  in the five lowest states at 
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 and the values  and  become similar. With a stronger electric field, this situation is also

observed for the next pairs  and others.

The dependences of quasiparticle energies on the value and direction of the electric field are shown in Figure 4.
Most of the energy levels of electrons and holes are nearly linearly dependent on the electric field strength. But
the dependences of several hole energy levels in the case of a negative electric field are nonlinear. Among
them, the largest nonlinearity is observed in the dependences of the state with  – lowest states at each
value of the magnetic quantum number  and also other states, which are formed from states 

Figure 5 shows the dependence of the energies and oscillator strength of the several interband quantum

Figure 4. Dependence of the energy spectrum of electrons and holes in the HSQD on the electric field strength
(  – first column,  – second column).
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transitions on the electric field. These dependencies, in contrast to spherical quantum dots, have an asymmetric
shape. The energy of the quantum transition between the ground states of an electron and a hole rapidly
decreases with an increase in the intensity of the electric field oriented in the direction of quantum dot growth.
However, at the opposite direction of the electric field effect is significantly weaker. This result qualitatively
coincides with the result obtained by J. M. Llorens and others for self-organized QD type II InAs/GaAsSb
[21].

In the absence of an electric field, the oscillator strength of the quantum transition between ground states of

quasiparticles  (  ) is weaker than between excited states   and  For mixed quantum
transitions between electron and hole states with different quantum numbers j, the oscillator strength is zero.

Figure 5. Dependencies of the energy transitions (on the left) and oscillator strength (on the right) on the
electric field strength (  – top row;  – bottom row).
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However, under the influence of an electric field, the oscillator strength for the first quantum transitions
decreases, while it increases for mixed quantum transitions.

Conclusions

In this paper, we have investigated the electric field effect on the energy spectrum and wave functions of an
electron and a hole in the hemispherical quantum dots II type CdSe/ZnTe. An electron and a hole in such a
nanostructure are spatially separated, and the electric field affects their energy spectrum and distribution in the
HSQD in different ways. The results of the study show that the optical properties of hemispherical quantum
dots combine the properties of spherical and cylindrical nanostructure, and also have asymmetry in relation to
the direction of the electric field.

HSQD does not have spherical symmetry, but the wave functions of quasiparticles in such a nanostructure
contain spherical functions. In the absence of an electric field, the quantum states of quasiparticles are
characterized by an orbital quantum number. As a result, the rules for selecting interband quantum transitions
in HSQDs are the same as for spherical nanosystems, that is, transitions between states of quasiparticles with
different values of the orbital quantum number are forbidden. However, the probability of such mixed quantum
transitions increases under the influence of an electric field. Unlike spherical quantum dots, the energy of
quantum transitions in HSQDs depends on the direction of the electric field.
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