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OJIEHA KAPJIOBA, Bos1oAMUP MUXANIIOK
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1 Bcrvi

Y 1932-my porii B. Ceprincskwuii [12] 10BiB, 110 KOXKHa JIHCHO3HAYTHA HAPI3HO HETlEPEPBHA
dbyuxmig za R? 01H03HATHO BU3HAYAETHCS CBOIME 3HAMEHHAMH Ha, JIOBLIbHIN miiabHiil B R
MHOXKUHI. [HITIMEU cJioBaMu, SIKIO JIBI HAPi3HO HemepepBHI (QpYHKINT 30iraloThed Ha JesKiit
BCIOJIM ITIIbHIN MHOXKWHI, TO BOHI 000B’s13K0BO € piBnumu. [liznimre pesynbrar CeprincbKoro
6yB 111e pa3 joBejeHnii B poborax [13] 1 [5], a Takok po3BUBaBCH 1 y3araJbHIOBaBCs HararbMa
maremarukamu (gusucsk (3|, [1], [11], [4], [7], [6]).

Ak 6yno sugsaeno 3. IIborposekim i E. Binrmepom [11] pesysabraru mpo onHO3HAUHY
BU3HAYEHICTH HAPI3HO HEIIEPEPBHUX JIIICHO3HAYHUX (PYHKINH HECKJIATHO MOYXKHA TIE€PEHOCUTU
Ha BUIAJIOK BiIOOpaykeHb 31 3HAYCHHSIMHU Y JOBUILHOMY IIKOM DPEryasspHOMY TPOCTOpi. A
came, BOHH JIOBEJI TaKy TEOPEMY.

Teopema 1 ([11]). Hexait X 1Y — goBiibai Tonosoriaai npocropu. Tomgi sKiio

(1) koxxkma HapizHo HenepepBHa yukiis f: X X Y — R e sienp HenepepsHOIO,
TO

(2) 15T TOBIJIBHOIO IJIKOM PETYJISIPHOTO IMIPOCTOPY Z KOXKHE HAPI3ZHO HellepepBHE BIJI0ODasKeHHST
Ha X XY 13i 3HaYeHHSIMHI B Z OJHO3HAYHO BU3HAYAECTHCS CBOIMHU 3HAYCHHSIMH HA JJOBLIbHIH
Beroan mpiabHIE B X X Y MHOXKHHI.
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[Togampiumit po3BUTOK JaHOI TeMaTUKN 0B a3aHuii 3 mpareio M. I'eapikcena i P. Byuca
[4], sika mpuCBsSUeHA BUBYEHHIO BJIACTHBOCTEN monoaoezii napidnoi nenepepenocmi o(X X Y),
TOOTO Haficsabmol TomoJsorii Ha jo0yTKy X X Y 1ijgkoMm peryisgpaux mpoctopiB X i Y,
BIJTHOCHO KO KOKHa HapizHo HenepepBHa GyHKIA f : X XY — R e HenepepBHOIO. 30Kpema,
TaM 6yJ10 BCTaHOBJIEHO, O it Z = R i misikom peryssipaux mpocropis X i Y ymosu (1)
i (2) 3 reopemu 1 € piBHOoCcHIBEHIME. KpiM TOro, BOHE JOBE/N Take y3araJlbHEHHS TEOPEMU
CeprmiHCHKOTO.

Teopema 2. ([4, Teepmkennst 3.2, Jlema 3.4]) Hexaii N — Heckinvyennuii kapquaa, X — N*-
6epiBcpkuii mpoctip i Y — ronoJioriunuii mpoctip 3 m-xapakrepom < N. Toxi KoxKHa Hapi3zHO
HenepepsHa ¢yHkiis Ha f : X X Y — R oqHO3HAYHO BU3HAYIAETHCS CBOIMH 3HAYCHHSIMH HA
JIOBLIIbHII BCIOJW IILIBHIE B J0OYTKY X X Y MHOXKHHI.

Coi 3ayBaxkuTu, 1m0 y 7] ojepKano MoaibHA pe3yIbTarT, ssKuii JOBOIUTHCS 3 TOMOMOTOIO
xpecm-monoaoeii Ha 1o0yTKy X X Y, KoTpa TaKo:K TiCHO ITOB’sd3aHa 3 Hapi3HO HEellepepBHUMUI
GYHKITAMUA.

Teopema 3 (|7]). Hexait X — 6epiBcekuii mpoctip, Y — TomoJIOriaHuii mpocTip 31 3/ 9eHHIM
T-xapakKTepoM 1 / — ypucoHoBuii npoctip. Tojl koxkKHa Hapi3HO HerepepBHa (DYHKI[IST Ha
f: X XY — Z onnosznadno BU3HAYAETHCS CBOIMH 3HAYCHHSIMU Ha JIOBIIBHIH BCIOJIH IIIIHHIH
B 100yTKy X X Y MHOXKWUHI.

Pazom 3 yzaramgbuenusmu Tteopemu CepriHCHKOrO Ha BUIAJI0K aOCTPAKTHUX MPOCTOPIB
X, Y i Z upupo/iHo BUHUKAE TaKOXK MUTAHHS PO MOXKJIUBICTH MMOCIA0IEHHA YMOB HAPI3HOL
HelmepepBHOCTI. A caMe, MOBa iiJ1e TIPO OJIepKaHHs TEOPEM IIPO 0O0B’SI3KOBY PIBHICTD BiI0OparKeHb
f: X XY = Zig: X XY — Z 3 ueBHoro Kjacy, sikilo BOHI 30iraloThbCsd Ha JAeAKiil MiIbHiiT
B X x Y muoxuni. Takoro copry jociipkentst (jisi Bijo6pakeHb 6araTbox 3MiHHUX) OYJI0
poBeJIeHO Y pobori [6], e Oyimo omeprKaHo HACTYIHUI PE3yIIbTaT.

Teopema 4 (|6]). Hexaii X — 6epiBcekuii mpoctip, Y — Tomo ioriqauii mpocTip 31 3/1i9eHHuM
m-xapaktepoM, Z — ypuconoBuii npoctip, A C X XY —minmpaa B X X Y MmHOkKHHA, [ X X
Y - Zig: X XY — Z - Bijgobpazkenusi, siKi € c;1abDKO TOPH30HTAJIHLHO KBa3iHEIIePEPBHUMH,
HelepepBHUMH BIJTHOCHO JIPYTOI 3MIHHOI, OJJHOCTAHHO JieJIb HelIePEPBHUMHU BITHOCHO ITE€PIIOL
sminHOI i Taki, mo f|a = gla. Toxi f = g.

3a3HaunMo, 1110, He3BaXKAIYIN Ha JIOCUTD ITUPOKE PO3MAITTS YMOB 1 TEPMIHOJIOTTYHI BiIMiHHOCTI,
METO/IU JIOBEJIeHHs TeopeM 2, 3 1 4, B ILJIOMY, € TIOi0HuME. Y JIaHiil cTaTTi MU BUKJIaJIEMO Teit
MEeTO/1 y 3arajIbHiil peJlakIlii i OTPUMAEMO TeopeMy, TKa y3arajabHIOE BUIE3Ta laHl Pe3yIbTaTH.
Kpim Toro, Mmu npoanaJizyemo, Jijist SKUX KJIaCiB IPOCTOPIB BUKOHYETHCs TeopeMa CepIiHChKOro
JIJIS Hapi3HO HelepepBHUX (PYHKINH 1 HaBeIeMOo JiedKi TPUKJIa/IN.

2 OJIHOCTAIHI BJACTHUBOCTI BIJJOBPAYKEHb JIBOX BIJOBPAYKEHb

B manomy myHKTI MM PO3IJISTHEMO OJHOCTAifHI BJIACTHUBOCTI JIBOX BiIOOpasKeHb, SIKi JIJIsI
KBa3iHelepepBHOCTI 1 Jiesib HerepepBHOCTI Oysin BBejieHi B [6).



A GENERALIZATION OF SIERPINSKI THEOREM 57

Hexait X 1Y — ronoJsoriuuni npoctopu i P — jiesdka BJIacTuBicThb Bijjobparkenb. Mu Oyiemo
ropoputH, 1o Bijobpaxkennsa f 1 X — Yig: X — Y odnocmaiino eonroditoms eaacmusicmio
P, gkmo piaronasbie Bimobpazkenna h = fAg: X — Y2,

W) = (f(x), 9(x)),

Mag€ BJIaCTUBICTH P.

Jns Bimobpakenns f: X XY — Zitouok v € X iy €Y Bimoopaxkennusa f*:Y — Z,
f*(v) = f(z,v), i fy: X — Z, fy(u) = f(u,y), HABUBATHMEMO 8EPMUKANLHUM T -PO3PI3OM 1
20PUBOHMANDHUM 1Y-PO3PI30M BIJITIOBITHO.

Mu 6ynemo kazaru, mo Bijgoopaxkenus f : X XY — Z soaodie saacmusicmio P eidnocho
nepwioi 3minno%, KO KOXKHUI TOPH30HTAJIBHMI y-po3pis f, Bosojie BractusicTio P. I
BiAMOBIIHO, f 60s00i€ 6aacmusicmio P 6idHocHo dpyzoi 3minHo7, SIKIO KOXKHWI BEPTUKATLHAT
Z-po3pi3 f, BoJsojie BiracTusicTio P.

AnajiorivHo BBOIUTLCS HOHATTH OJHOCTARHOIO BOJIOJIHHSA TIEIO YU 1HIIOIO BJIACTUBICTIO
Jisg pyHKIiN gBox 3minnnx. Hexait X, Y 1 Z — ronosoriuni npoctopu i P — jiesika BJIaCTUBICTD
Bijobparkenb. Mu Oyjemo ropoputw, 1o Bimobpaxkenus: f : X XY — Zig: X xY — Z
odrocmatino eoaodie aacmusicmio P eidnocro nepuwoi (dpyeoi) 3minmol, SKIo JiaroHaibHe
Biobpazkenna h = fAg: X xY — Z2,

h(z,y) = (f(z,v),9(z,y)),

Mae BIaCTHBICTb P BitHOCHO mepInol (apyrol) 3MiHHOIL.

TBeppxkenns 1. Hexait X, Y, Z — ronosoriuni npocropu i P — jiesika BJIaCTUBICTH BIJJOODaKEHb.
Toxi Bigmobpazkerarst f : X XY — Z ig: X xY — Z oxHocraiiHO BOJIOIIFOTH BjacTHBICTIO P
BIJTHOCHO JIPYTOi 3MIHHOI TOJII 1 TiJIBKH TOJI, KOJIH JIJIT KOXKHOIrO x € X BepTHKaJbHI PO3PI3H

f* 1 g" omHoCTalHO BOJIOMIIOTH BjaacTuBicTIO P.

Jlosederns. Tloknagemo h = fAg: X x Y — Z2%. ajummioch 3ayBazKuTH, IO
JJISI KOXKHOTO © € X. O

AnajoriaHe TBepIXKEHHST Ma€ MICIIe 1 III0JI0 BJIACTUBOCTEN BiTHOCHO mepiol 3MmiHHoI. KpiM
TOr0, 3pO3YMLiJIO, IO JOBILJIbHI JIBa HellepepBHi BiJ0OPaXKeHHd € OJIHOCTAHO HEIePEePBHUMU,
a JIOBLJIbHI J[Ba HAPI3HO HellepepBHi BiI0OparKeHHs € OJIHOCTAHO HAPI3HO HellepEePBHIMU.

3 JIEAL HENEPEPBHICTH TA JIESAKI IT MOAU®DIKAIIIL

Haramaemo, 1mo Bimobpaxkenns f : X — Y wmixk Tonosoriunumu npocropamu X i Y
HA3UBAETHCA A€db HenepepsHum 6 mouyi xro € X, sKINO JJid JIOBUILHOIO OKOy V' Toukwd
f(x¢) B pocropi Y icHye HermopoxKHs BijkpuTa MHO)KUHA GG B ipoctopi X Taka, mo f(G) C
V. Bimobpaxkenns f : X — Y, gKe € jie/ib HellepepBHUM B KOXKHi#t Todrl © € X Ha3UBAETHCS
A€0b nenepeperum. Tammmu ciioBamu, Bitoopaxkenns f : X — Y € jie/ib HellepepBHUM, SKIITO

int f7H(V) #£ 2
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JUlsl JIOBLIBHOI BiIKpuToi B npoctopi Y muoxkunu V Takoi, mo f~1(V) # @.

Mu 6y1eM0 BUKOPUCTOBYBaTH HACTYIIHE TIOCIa0JIeHHSI JieJib HerlepepBHOCTI. BiobparkeHHst
f X — Y wmix ronosoriuammu npocropamu X 1 Y HazuBarumemo .edv* nenepepenum,
SIKIIIO

int f~H(V) # @

JUIsE JIOBLIBHOI BiIKpUTOI B ipocTopi Y muoxkunu V' Takoi, mo f~1(V) # @.

3po3yMijo, m0 KOXKHE JIeAb HellepepBHe BiIoOparKeHHs € JieAb* HellepepBHUM. 3 IHIIIOro
00Ky, obepHeHa IMILTIKAIA Ma€ MiCIle Y HACTYITHOMY BUIIQJIKY.

TBepmxkenns 2. Hexait X — tonosiorivnamii npoctip 1Y — peryaspuuit npoctip. Toi KoxKHe
Jgean* nenepepsne Bigobpazkennst f : X — Y € jieap HerepepBHAM.

Jlosedenns. Hexait V — BijkpuTa B ipoctopi Y mMuoxkuHa Taka, mo f~1(V) # &. Bubepemo
JoBibHy Touky xo € f~H(V) i Biakpuruit oxkin Vi Touku yo = f(x¢) B npocropi Y Takuii,
mo V; C V. Tertep maemo

int f~H(V) Dint f1(V,) £ 2.

O

Alte, sIK TIOKa3ye HACTYIHUI IIPUKJIal, 0bepHeHa IMILIIKaIlis 115 raycaopdOBUX IPOCTOPIB
Y ne € BipHOIO.

TBeppxkeuns 3. Icayiorp 3iidennuii MerpuzoBHuii npoctip X, rayciaopgosuii 3B s3Hmit
npoctip Y i sneap™ menepepsre Bimobpaykennst f 1 X — Y, sgKe He € JieJb HEIIEPEPBHUM y
KoxKHIH To4ri x € X.

Jlosedenna. Hexait QT = Q N [0,400), Tonosoriununii npocrip X = QF x Q nasinenwuii
eBKJI10B0I0 Tonosioriern 1Y = Q7 x Q e npocropom Binra (sus. |2, Ipukiaz 6.1.6]), ro6ro
JUtst KOxKHOT Toukn y = (u,v) € QF x Q 6a3y okosis miei ouku B PpocTopi Y yTBOPIOIOTH

MHOXKINHI

Ve(y) = {y} U{(r,0) : [r — 22| <e} U{(r,0) : [r — 22| <},
ae € > 0.
Posrasgremo Toroxkne Bimobpaxkenns [ : X — Y. Ockinbku musg goiibanx y € QT x Q
ie> 0 muoxkuna V.(y) Mae MOPOXKHIO BHYTPIIIHICTL B pocTopi X, TO Binobpazkenusi [ He
€ Jie/ib HellepepBHUM y KOKHift TodYIIl.
3 inimoro 60Ky, 3aMUKaHHsI B IPOCTOP Y KOXKHOT MHOKUHU V(1) Ma€ HEIIOPOYKHIO BHY TPIIITHICTH
B nipoctopi X . Tomy BimoOparkenus f € jie/ib HEIIEPEPBHUM y KOXKHI TOYII. O

Jero MondiKyr0Uun el IPUKJIa] MOXKHA OJIepPKaTh aHAJIOTITHUN Pe3yJIbTaT i J1J1s1 YPUCOHOBUX
pocTopiB Y.

Tomonoriunmit mpoctip X HA3WMBAETHCA YPUCOHOBUM, SKITO JJIsI JOBLILHUX PISHUX TOYOK
1, T9 € X icHyroTh 3amMkHeHi okosin U; 1 Us iux Todok Taki, mo Uy NU; = 9.

TBepazkenuns 4. Icayrors 3/i9enanii Mmerpuzoauii npocrip X, ypuconosuit npoctip Y i
Jeab* nerepepsre Bigobparkennss f : X — Y| gxe He € Jjiejb HEIIEPEPBHUM y KOXKHiil TOYI[I
r e X.



A GENERALIZATION OF SIERPINSKI THEOREM 59

Jlosedenns. Hexail, K 1 B monepeHLOMY TBepzKeHH1, Tomooriunmii npoctip X = Q1 x Q
HaJIeHnii eBKJIiIoBoio Tonosoriero i Y = Q1 x Q. Posruisaemo Ha MHOXKUHI Y HACTyIIHY
tonosiorito. st kKoxkuOl Toukn y = (u,v) € QF x Q 6azy okouip 1iel 0uKM B pocTopi Y
YTBOPIOBATUMYTH MHOXKUHU

Waly) = {u} U{(r.0) < Ir — 2] < 2},

ne e > 0.

Posriisinemo, sk i B TBepikeHHI 3, ToTOXKHe BijoOpaxkennsa f : X — Y gke me €
JIeJIb HEelepepBHUM y KOXKHiil Touni, apke Bei MHOKUHE W, (y) TAKOXK MAIOTh MOPOXKHIO
BHYTPIIIHICTH B ITpocTOpi X.

Kpim Toro, samukannsa W, (y) B mpocropi Y koxkHoi MuozkmHn W, (y) Mae BUTIIAT

Woly) = {(r,5) €@ x Q: r — 5| < e},

ney = (u,v). Tomy muozkuna W (i) Mae HEOPOXKHIO BHY TPiMIHiCTH B pocTopi X i BimoGparkenns
f € nenp HenepepBHUM y KOXKHiil TOMII. O

4 T'OPU3OHTAJIbHA CJIABKA KBA3IHEIIEPEPBHICTH BIJJTHOCHO BA3U

Hexait X, Y i Z — ronosoriuni npocropu. Bimoopaxkenusa f : X X Y — Z HasupaeThcd
CAGOKO 20PU3OHMANDHO KEA3IHENEPEPSHUM, TKITIO JIJIsI TOBLILHAX BiAKPUTHX B X 1Y MHOXKWUH
G i H i posinbuOl 1miiabaOl B G MHOKUHEE A C X BUKOHYETHCHA BKJIOUEHHS

f(GxH)C f(Ax H).

Mu OysieMo BUKOPUCTOBYBATH HACTYITHY MOJIUMDIKAINIO I[HOTO MOHITTS.

Hexait X, Y, Z — Tonosoriuni mpocropu i VV — cucrema i IMHOZKHUH TpocTopy Z . BimoOparkennsa
f: X XY — Z mazuBatumMeMo cAa0KO0 20pU30HMANGHO KEA3IHENEPEPEHUM BIOHOCHO CUCTNEMU,
W, ko s JoBiabHuX Bigkputux B X 1Y muokuH G 1 H, 10BiLIbHOT MLJIbHOT B G MHOKUHUI
A C X i noBinbHOT MmHOKUHE W € VW BUKOHYETHCS yMOBa

fAxH)CW = f(GxH)CW.
Hacrymai dpakTn J1erko J0BOJIATbCS 3 JIOMOMOTOI0 O3HAYEHb.

TBepaxkenns 5. Binoopaxkerrst f : X XY — Z e ctabko ropu30HTaIbHO KBa3IHEIIEPEPBHIM

Toi 1 TIIBKH TOJI, KO f € cJabKO MOpH30HTAJIbHO KBa3IHEIEePEePBHUM BITHOCHO CHCTEMU
27,

TBepaxxkennsi 6. Hexait Binoopaxkerrst f : X XY — Z € ciabko ropu30HTaIEHO KBa3IHEIIEPEPBHIM
BltHOCHO cucremu A i Bijjobparkenrst g : X XY — Z € cj1abKo roOpu30HTAJIBHO KBa3IHEIIePEPBHIM
BiHOCHO cucremu B. Toxi miaronasibhe Bigooparkenus: fAg : X XY — Z € ciiabko ropu30HTaJIbHO
KBasiHerlepepBHUM BIJTHOCHO cuctemu A X B.

Binobpazkenns f : X XY — Z HazuBaTUMEMO CAGOKO 20pU30HMANDHO KEA3THENEPEPEHUM
610HOCHO Oa3u, STKITO icHye 6a3a VY Toroorii mpocTopy Z Taka, mo f € cJ1abKO TOPU30HTAIBHO
KBa3iHermepepBHUM BiHOCHO WV .
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Hacaimoxk 1. J[oBijibHI c/TaOKO rOpU30HTAIBHO KBa3iHEIIepePBHI BITHOCHO 0a3u BIJJOODaXKEHHST
f:XXY —=Zig: X xY — Z e ogHocTaiiHO C/1AOKO TOPH30HTAIBHO KBa3IHEIIEPEPBHUM
BITHOCHO 6a3H.

Josedennsa. Hexait W, 1 Wy — taki 6a3u B mpoctopi Z, mo f € ciabko TOpU30HTAIBHO
KBa3iHerepepBHUM BiHOCHO 0a3u W i g € cj1abKo ropr30HTaIbHO KBa3iHEIIEPEPBHUM BiITHOCHO

6a3u Ws. Toxi srigno 3 TBepmKentsM 6 Bigoopazkerus f/Ag e ciiabko rOpu30HTAIBHO KBa3iHeIlepepBHIM
Bignocuno 6azu W; x Wh. O

Hacrymauit mpocTuit mpukia 1 mokasye, Mo HOHATT CJIa0K0 TOPU30HTAILHO KBa3iHEIIepepPBHOTO
BiJIHOCHO 0a3m Bi/IOOpasKeHHsI € iICTOTHUM PO3IIMPEHHSM IOHATTS CJIa0KO TOPU30HTAJIbHO
KBa3iHEIepEepPBHOIO BiT0OPasKEeHHS.

TBepaxkeHnsi 7. IcHye c1abKo ropu30HTAILHO KBa3lHEIIEpePBHE BIIHOCHO 6a3H Bi[OOpasKeHHs
f:]0,1]> = R, siKe He € c1abKO rOPU30HTALHO KBA3IHEIICPEDBHUM.

Jlosedenna. Hexait A=[0,1]1NQ 1 B =[0,1]\ Q. Jocrarapo posrisayTr byHKIHO

0, =€ A2
flz,y)=< 1, € (AxB)U(B x A),
2, x¢c B2

sIKa, € CJ1a0KO TOPU30HTAJIBHO KBasiHeNepepBHOIO BITHOCHO /TOBiIbHOI 6a3u Ha Biapisky [0, 1],
IO CKJIAJIAE€ThCS 3 MHOYXKUH JliaMeTpa MeHIoro, Hizk 1. KpiMm Toro, ockibku

F([0,1%) € f(A % [0,1]),

To dyHKIA [ He € cJITAOKO TOPU30HTAILHO KBa3iHEIepepBHOIO. L

Kpim Toro, 3ayBakumo, 1o aHaJior Hac/IiiKy 1 s crabKo ropu30HTAJIBHO KBa3iHelepepBHUX
BiioOpaskeHb He € BIpHUM.

Teepzxenns 8. IcHye c1abko ropH30HTAIbHO KBasiHenepepsHi Bijjoopaxents [ : [0,1]> —
0,1] ig : [0,1]* — [0, 1] Taxi, mo Bigobpaskenus f/\g He € c1a6KO rOPH30HTAIBHO KBA3IHEIICPEPBHIM.

Jlosedenna. Hexait A=[0,1]NQ1i B =10,1]\ Q. Jocrarubo posrusnyTn OyHKIIT

[0, yeA,
f(xay)_{ 1’ yEB,
i
. f(iL', )7 x#l’
oo ={ 150, 1L
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5 CVYKYIIHA JIEZHD* HEINEPEPBHICTB BIJOBPA>KEHBb JBOX 3MIHHUX

Hexait X, Y i Z — Tonosoriuni npocropu. Bigoopaxkenns f : X X Y — Z nHazuBaTumemo
20PU3OHMAALHO A€db HenepepsHuM 6 movuyi (o, Yo) € X X Y, SKINO Jyisi JIOBIILHOTO OKOJLY
W rouku f(zo,yo) B npoctopi Z icHye HemopoxKHst BigkpuTa MHOKHHA U B mpocropi X i
TOUKa ¥y € Y Taki, mo

fU x{y}) CW.

Bimoopaxkennus f : X XY — Z, ke € rOpU30HTAJIBHO JIeJb HEIIEPEPBHUM B KOXKHIi#l TOUII
(z,y) € X X Y HasuBATUMEMO 20pU30HMAALHO A0 HENEPEPEHUM.

3po3yMiJIo, 1110 FOPU30HTAJIBHA JIeIb HEIIEPEPBHICTD € OCJIabJIeHHSIM TOPU30HTAILHOI KBa3iHeIIepePBH:
1 Jle b HellepepBHOCTI BIIHOCHO MEPIIol 3MiHHOI.

Haramaemo neski o3navenns. Bimobparkenus f mixk TomoJioriaaumu mpocropamu X i Y
Ha3UBAETLCA KBA3IHENEPEPSHUM 6 MOoYUYL To € X, AKIIO JjId JTOBLILHOrO OKoy U TOYKHU
xo B mpocropi X i josinbHOTO OKOTy V' TOoukm Yy = f(xo) B mpoctopi Y icHye Binkpura B
X menopoxus mMuO)kMHA G C U Taka, mo f(G) C V. Bigobpaxkenns f : X — Y, ske €
KBa3iHeIepepBHUM B KOXKHill ToUIll & € X, HA3UBAETHCA KGA3IHENEPEPCHUM.

Cucrema B HENOPOXKHIX BIAKPUTHUX T AMHOXKUH TOMOJOTIHOTO IIPOCTOPY X Ha3UBAETHCH
nce6dobas3o01o, AKINO JJIsi JOBIIHHOI HEITOPOXKHBOI BiAKpuTol B X MHOXKuHKA (G iCHY€E eJleMeHT
B € B rakuii, mo B C G.

Cucrema B HEMOPOKHIX BIIKPUTHUX ITIMHOKUH TOTIOJIOTIIHOTO TTPOCTOPY X HA3UBAETHCS
nce6dobas0r 6 Moyl T, SIKIIO s TOBLIbHOrO okosry U TouKu = B mpocTopi X iCHY€E e/leMeHT
B € B raxuit, mo B C U.

st Tonostoritnoro upocropy X m-zapaxmepom Ty (x, X) npocmopy X 6 mowyi v € X
Ha3MBAaEThCA HailMeHIa IMOTYXKHICTH mceBaobasu B B Tourmi x. Bigmosinno m-zapaxmepom
npocmopy X HABUBAETHCA Kap/MHAJ

Ty (X) = sup my (z, X).
zeX

Hexait X — Heckingyennuii KapaunaJ. Tonosoriaauii mpoctip X HasuBaeThes N-6episcvruMm,
SKITO It AoBLIbHOI ciM’T (G @ ¢ € I) BimkpuTux Beoan miibHuX B X MHOXKHH (F; Takol,
mo || < W, neperun ()| G; € miapauM B poctopi X . 3po3yMisio, Mo TOMOJOrYHI TPOCTIp

iel

X € GepiBcbKuM TOI 1 Ti/IbKK TO/L, KO X € Ni-0epiBchbKuM, Jie Ny — MmepIinii He3/iYeHHui
Kap/IIHAJI.

Hacrynuuii pesyabrar mpo CyKylHy JeAb* HellepepBHICTb BiloOpazKeHb JIBOX 3MIHHHUX
3aiiMae IeHTpaJbHe MiCIle Y JIOBeIeHH] y3arajabHeHHsT TeopemMu CepriHChKOro.

Teopema 5. Hexaii X — Heckindennuii kapaunaJji, X — N-6epiBcbKuii mpoctip, Y — rorosoriauumii
1poctip, Z — ronoJioridamii npoctip, f: X XY — Z — BigobpaskeHHsI, sIKe € TOPH30HTAJIBHO
JIeJIb HEIIePEPBHUM 1 ¢J1aOKO MOPH30HTAJIBLHO KBa3iHellepepBHUM BijiHOCHO bazu. Hexait, Kpim
TOI0, BUKOHYETHCSI OJHA 3 HACTYITHUX YMOB:

(a) B mpocropi Y icuye miceiobaza B 3 |B| < N i f € jienp HeriepepBHUM BiIHOCHO Jpyrol

3MIHHOI;
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(6) m(Y) <N 1i f e kBasinerepepBHUM BIIHOCHO JPyroi 3MIHHOL.

Toxi f e sienp™ HenmepepBHUM 3a CYKYIIHICTIO 3MIHHIX.

Jlosederns. Bisbmemo JI0BUIBHY BiKpuTy B ipocTopi Z muoxkuny G Taky, mo f~1(G) # &,
1 IMoKaxkemMmo, III0

int f71(G) # @.

Hexait VW — 6a3a B mpocTopi Z, BiTHOCHO sIKOI f € cJIabKO NOPU30HTAJILHO KBa3iHEeIIepEPBHUM.
Bubepemo Touky (7o, %) € f1(G) i enement W € W raxi, mo

f(zo,90) =20 € W CG.

BuKOpHUCTOBYIOUM IOPU3OHTAIBHY Jie/b HelepepBHICTL Bigobpaxkenus f B rouri (o, Yo)
BHOEpeMO TOUKY ¥ € Y 1 BiAKpuUTy HernopoxHio MHOkuHy U; B ipocTopi X Taxi, 1o

J(UL x {y1}) € W.

(a). BukopucroByroun Jie/ip HerepepBHICTb BijoOpazkeHHs1 f BITHOCHO JpyToi 3MiHHOI,
JUtst KoskHOrO @ € Uy 3Haiiemo esement B(x) € B rakwuii, 1o

f{z} x B(x)) € W.
st koxkHOTO B € B 1oK/1aaeMo
A(B)={x €U, : B(x) = B}.

Ockimbku | J A(B) = Uy, |B] < Ri X e R-6GepiBcbkuM, TO iCHY€ BiJIKpUTA HEMOPOXKHSI
BeB

muoxkuua U C Uy i enement B € B raki, mo U C A(B). Toxi

f(A(B) x B) C W

f(UxB)CW,
ajKe [ € cabKo ropu30HTaIbHO KBasinenepepBHuM BijgHocHo V. Ternep maemo, 1110
@ #U x BCint f (W) Cint f1(G).
(6). Hexait B — ncesmobasza B Touni y; 3 |[B| < N. [Jami MipKyeMo IJIKOM aHATIOTITHO, sK

B JIOBEJICHHI IIYHKTY (&), BUKOPUCTOBYIOUYM KBasiHerepepBHICTh f BITHOCHO JIpyrol 3MiHHOL
3aMicTh 11 JieJib HEIEPEPBHOCTI BIJTHOCHO JIPYTOI 3MIHHOI. ]
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6 VY3ATAJIbBHEHHA TEOPEMU CEPIIIHCHKOI'O

Pozmnounemo 3 posrisiity BijgoOparkeHb OJIHI€T 3MIHHOI.

TBepmxkennsi 9. Hexait X i Y — romosoriuni npocropu, A C X — mpisibHa B X MHOXKHHA,
F CY —3zavmknena BY muoxwnna i f: X — Y — jiep HerepepBHe Bi/[OOpa’keHHsI Take, Io

f(A) C F. Toxi f(X)C F.

Jlosedenna. Tpumycrumo, mo ne ne tak, tooro f~HG) # &, ne G = Y \ F. Ockinbku
Bijlo6pazKkennst f Jie/b HerepepsHe, To Biakputa Muoxuaa U = int(f~!(G)) € HemopoKuboro.
Tomy U N A # &, amke muoxkuna A miiena B X. Temep, BuOpaBimm JOBIIbHY TOUKY a €
ANU, marumemo

fla)e f[ANFU) S FNG =0

110 HEMOXKJIUBO. O]

Hacuinok 2. Hexait X — romosorigauii npoctip, Y — raycaopcosuii npocrip, A C X
— mimpaa B X muoxkwuna, f : X — Y ig: X — Y — oxHOcraiino Jjienp HerepepBHi
Bigobpazkenrst taki, mo f(x) = g(x) mis koxuoro x € A. Toxi f = g.

Josedenns. Ockinbku npoctip Y raycmopdoBuii, TO j1iaroHaib

F={(y,y):yeY}

€ 3aMKHEHOIO B I0OYTKY Z = Y2, 3a/IUIII/I0Ch 3aCTOCYBATU TBEPIzKeHHA 9 110 J1e/ib HellepepBHOro
Bijjobpaxkenns h = fAg: X — Z. m

[ToxibHIM YUHOM JOBOJIMTHCS HACTYIHUN (haKT.

Teepaxkennust 10. Hexaii X — romosoriuanii npocrtip, Y — ypucornoBuii npoctip, A C X
— miipaa B X muoxkuna, [ 0 X — Y 19 : X — Y — ogmocraiino jenp* memepepsHi
Bizjobpazkennst raxi, mo f(x) = g(x) mrs koxxuoro x € A. Toxi f = g.

Jlosederns. Hexait Z = Y?2,
F={(yy):yeY}

i h = fAg. llpunycrumo, mo f # g, Tob6T0 icHye Touka xo € X Taka, mo zo = h(zg) ¢ F.
Ockinbku mpoctip Y ypuCcOHOBHit, TO icHye 3amMKHeHHUiT OKijl W Toukm 2y B Z Takwuii, mo
W NF =@. 3 neap® nenepepBHocTi BigobpazkeHHs /. BUILIUBAE, M0

U=inth (W) £ 2.

BauImiaoch, siK 1 Ipu J0BeIeHHI TBep zKeHHs 9 B3ATH J0BUIBHY TOoUKy a € ANU i ogepxaTtu
CYTEPETHICTD. O

Hacrymra Teopema € OCHOBHEM Pe3yJIbTaTOM JIAHOI CTATTI.
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Teopema 6. Hexaii X — Heckindennuit kapauaaJji, X — N-6epiBcbKuii mpoctip, Y — rorosoriaamit
mpoctip, A — miipra B X X Y mHOXKUMHA, Z — ypucoHoBuii npocrtip, f : X XY — Z i
g: X XY — Z — BiyjobpaKeHHsI, sIKi OJTHOCTaHHO FOPU30HTAJILHO JIEJIb HEIIePEePBHI 1 C1abKO
rOPU30HTAILHO KBa3iHeriepepBHe BiHOCHO 6asu. Hexaii, KpiM TOro, BUKOHYETHCS OJHA 3
HACTYIIHUX YMOB:

(a) B mpocropi Y icHye ncerobasza B 3 |B| < X ta f i g € ogHOCTAlHO J1€1b HEIEPEPBHIMHI
BIJIHOCHO JIPYTOI 3MIiHHOI;

(6) m(Y) < R 1a f ig e oxHOCTAliHO KBa3iHENIEPEDBHUMH BIHOCHO JDYyrol 3MIHHOI.

Toni sixmio f|a = gla, To f = g.

Jlosedenns. PosrisiHemo jiaronasibie BijoOpaxkenus h = f/Ag, sike 3a70BOJIbHSIE YMOBH
reopemu 5. Tomy h € jeap™ HenepepBHUM 3a CYKYNHICTIO 3MIHHEX, TOOTO BigoOpaskenus f
1 g € omHOCTAlHO JIeAb™ HellepepBHUMH 3a CYKYIIHICTIO 3MIHHUX. 3aJIUIINIOCh BUKOPUCTATH
TBepKeHHd 10.

]

7 Triiku CEPIIIHCBKOI'O I BUITA/IOK HAPI3HO HEINEPEPBHUX BIJJOBPAYKEHBb

Tpiiiky (X, Y, Z) rononoriuaux npocropis X, Y i Z nasusarumemo mpitikoro Cepnincokozo,
SIKIIO KOYKHE Hapi3HO HerepepBHe Bijjoopaxkenus f : X X Y — Z olHO3HAYHO BU3HAYAETHCS
CBOIMHM 3HAYEHHSIMH Ha JOBLAbHIN HabHIA B X X Y MHOXKNHI.

3 Teopemu 6 HeraifHO BUILIMBAE HACTYITHUN (DaKT.

Hacaimok 3. Hexaii X — HeckindenHuii kapauHas, X — N-6epiBcbKuii npoctip, Y — TomojoriaHmii
npocrip 37, (Y) < WiZ — ypuconosuii npocrip. Toxi tpiiika (X, Y, Z) e tpiiixoro CepriiHcbKOro.

Hacrynnwit npukiia, 3araibHiITy peJakiiio skoro MoxKHa 3uaiitu B [4, Teopema 3.6/,
BKa3y€ Ha iICTOTHICTH YMOBHU THUITY OEPOBOCTI B JJAHOMY TBEP/I2KCHHI.

Teepmxennsa 11. Icoye mapizno Hermepepsua mernymbosa ¢yakmis f : Q% — R rtaxa, mo
fla =0 gua gesxoi minproi B Q? MuoxkmHM A.

Jlosedenns. Hexait A — neaka minbaa B Q? MHOXKIHA TaKa, IO JIJIs KOXKHOTO 17 € Q MHOXKIHU

AN({r}xQ) i AN(@x{r})

€ CKIHYEeHHUMMU.
Hexait

Q={r,:neN}

Jie BCi umena r, — pisai. Bubepemo joBinbny Touky py € Q% \ A i nmokiagemo

f(po) =1
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Kpim Toro, noknaiemo
flp)=0

JUTs KoxKHOTO p € A. Jlai moctijoBHO JTOBU3HAYNMO (DYHKIHIO f Ha MHOXKHMHAX

{ri} x Q, Q x {r}, {ro} x Q, Q x {rs},...

TakK, H_[O6 S3BYXKEHHA Ha KOKHY 3 TaKUX MHOXKWH 6yIIO HeIllepepBHUM.
Jlerxo 6a4nTu, 10 1106Y10BaHA TAKHM YMHOM Hemyabosa dyukmia f : Q% — R e mapisao
HerepepsHoo 1 f|4 = 0. O

Y 3B’a3Ky 3 HacsiKoM 3 (1u Teopemamu 2, 3 i 4) BUHHKae TiloTesa mpo Te, Mo OIMiHKU Ha
IIceBI0XapaKkTep OJTHOrO 3 MHOKHUKIB X 1Y € HeoOXiIHUMU yMOBaMU JIJI YTBOPEHHS TPifloK
Cepmincbkoro. Hacrpas/ii 1ie He Tak, 60 pe3y/abraTi TUILY TeopeMu 1 pa3oM 3 pisHOMaHITHUMUI
y3arajabaerHsiMu Teopemu Hamioku [10] gaoTh MOXKJIMBICTE 0€P:KYBATH T KJIacH TPifiok
CepItiHCHKOT O, sIKi 3HAXO/IATHCS 38 MEXKaMU 3aCTOCYBAHHS METO/IY MipKyBaHb, BAKOPUCTAHOTO
pu JioBeienHi Teopemu 6. /lasi Mu Tpoxu JeTasbHile mpoaHaizyeMo TaKuii crocid mody1oBu
Tpiitok CepIriiHCHKOTO.

CrouaTky M# JJaMO Pe3yJIbTaTH, sKi y3araJbHIOIOTh i PO3BUBAIOTH TeopeMy 1.

Tormostoriunmit mpoctip X HA3UBAETHCS GYHKULOHAALHO 20YCOOPHOEUM, SIKITIO s JTOBLIBHUX
JIBOX pi3HUX TOUOK x,y € X icuye HenepepsHa dynknisg f : X — [0,1] raka, mo f(z) =01
fly) =1

Hacrynna reopema dakruauno Oyna jgosejena B [11].

Teopema 7. Hexait X 1Y — Tomosoridai mpocTopu Taki, III0 KOXKHa HApPI3HO HeEIepepBHA
Gyukmis [ X xY — [0,1] e seap menepepsroro. Tomi jist A0BiIbHOIO (DyHKIIOHAJBHO
rayciopgosoro npocropy Z tpiiika (X,Y, Z) e rpiiikoro CepriachKoro.

Josedennsa. Hexait A C X XY —minpna B X XY muoxkwuna, g: X XY — Zih: XxY — 7
— Hapi3HO HerepepBHIi BijoOpazkenHs Taki, mo g|4 = h|a. Josememo, mo g = h.
[Tpunycrumo, mo g # h, Tobro icaye Touka (g, o) € X X Y Taka, 1mo

Z = g(xo,yo) # h(x07y0> = Z3.

Bisememo menepepsry dyHKIH0 ¢ @ Z — [0, 1] Taxy, mo ¢(z1) = 11 ¢(29) = 0. Posrsaaemo
HapizHo HenepepeHy dyHkIio f: X XY — [0, 1],

f(@,y) = lelg(@,y) — o(h(z,y))l,

sIKa, 3U1JIHO 3 YMOBOIO € JieJib HellepepBHOO B TOUI (Zg, Yo). Ockiabku f(xg,yo) = 1, T0 icHye
BijiIkpuTa HenopoxHust MHOKHHA G C X X Y Taka, 1110

F(G) € (3. 1].
Aute B3siBIIM J0BLIbHY TOUKY a € A N G onepxumo f(a) = 0, 1m0 1a€e CyHepedHicTh. m

Tomostoriunuit npoctip X Ha3sUBATUMEMO UIAKOM 6I00KPEMHUM, AKIIO JJIs JTOBLILHUX
JIBOX Pi3HUX TOYOK z,y € X icHye HenepepsHa dynkmisg f: X — {0,1} taka, mo f(x) =01

fly)=1.
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Teopewma 8. Hexaii X 1Y — sgosisibHI Toriosorivui mpocropu. Toai KOXKHA 3 HACTYITHUX YMOB

BHUILJINBAE 3 HOIEPEHBOI:

(1) icHye HeTpHBiaJIbHUIT IIIJIKOM HE3B sI3HUI IPOCTIP Z TAKHIT, 10 KOKHA HAPI3HO HEITepEPBHE
Bigobpazkennst f : X XY — Z e jienp nerrepepBHUM;

(2) koxkma mapizHo nerepepsaa ¢yukiis f: X XY — {0, 1} € sieqp mHenepepsHoo;
(3) st moBLIbHOIO 1HiJIKOM He3B sizHOro npocropy Z rpiiika (X, Y, Z) e rpiiikoto CepiiiHcbKOTO.

Jlosedennsa. (1) = (2). Hexait 2q 1 21 — qoBinbHi pisui Touku npocropy Z,1 f : X xY — {0, 1}
—Hapi3Ho HenepepBHa GpyHKINA. Posrignemo napizno neriepepBhe Bijtodpazkenns g : X XY —
7, o3HadeHe (popMyJIor0

9(T,Y) = Zf(ay)

Tenep 3 j1e/1b HETEPEPBHOCTI Bi/IOOpaXKeHHs ¢ BUILINBAE JIe/Ib HEIIEPEPBHICTh (DYHKIT f.
Immutikaris (2) = (3) 10BOAUTBCA MOBHICTIO AHAJIOTIYIHO, SIK TeopeMa 7. O

Tenep nepexonuMo 10 OJepzKAHHS MPUKJIAIIB TPiitok CepriHchbKOoro.

TBepakenns 12. Hexait X 1Y rtomosoriuai npocropu Taki, 110 JIJIsT JJOBLIBHOI HApPI3HO
menepepsrol pyukmii f : X x Y — [0,1] i koxuoro y € Y mmoxkmna A, BCIX TO90K
x € X rakux, mo QyHKLiss f cykymHO HemepepBHa B Touli (x,y), € miapHo0 B X. Toui
JIIsI JIOBLIBHOTO (PyHKIIOHAIBHO rayciaopgoporo mnpocropy Z tpiiika (XY, Z) e rpiiikoro
CepItiHCBHKOIO.

Jlosederns. Jlerko nepepipuru, 1o KO¥KHa Hapi3HO HerniepepsHa Gyukiisa f : X XY — [0,1] e
KBa3iHeIepepBHOIO, a 0TKe, 1 Jiejib HEIEePEePBHO. 3aUIIIIOCh BUKOPUCTATH Teopemy 7. [

Hacaimok 4. Hexait X, Y — kommakTHi npocropu i Z — (DYHKIIOHAJIBHO TaycAopOBHii
npocrip. Toxi Tpiiika (X,Y, Z) e rpiiickoro CepriHCbKOIO.

Jlosedennsa. fx putmsae 3 reopemu Hamioku [10] mpocropu X 1Y 3a/10BOSIBHAIOTH YMOBH
TBep/KeHHd 12. O

BayBaxkennsi 1. Teopema Hamioku ysaraibHioBaiach 6ararbMa MaTeMaTHKAMU (JIUB., HAITPUKJIA/T,
[8] 1 BKazamy ram siteparypy). BUKOpUCTOBYIOUH 11i pE3YJIbTATH OJ€PKYIOTHCS IUPII KJIACH
npocropis X i Y, aki pazoMm 3 OBUILHUM (DYHKIIOHAJILHO raycopdOBUM MPOCTOPOM Z
YTBOPIOIOTH Tpitiku CepriiHChKOro.

Sk moka3ye HACTYIHWII TPUKJIAJ, Ha JIOOYTKY JOBLILHOIO O€piBCHKOro mpocropy X i
KOMITAKTHOTO TIPOcTOPY Y Teopema CepriHChKOr0 MOXKe He BUKOHYBATHCH.

TBepmxkennst 13. Icuyiors 6epiBcbkuii npocrip X, KommakTauii npoctip Y i HeHy/JIbOBa
HapizHo HerepepBHa yrkiis f X X Y — {0, 1}, ska jgopiBHIOE Hy/1eBI Ha JesKiil BCIOII
miabaiE B X X Y MmHoxkuHI A.

Jlosedenna. JlocTaTHBO POBIVISHYTH IPUKJIAJL CKPI3b PO3PUBHOI HAPI3HO HellepepBHOT (DYHKITT
3 9, Teopema 1.2]. O
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8 BIIKPUTI TUTAHHSA

IIuranus 1. Hexaiit X, Y 1 Z — Tonosoridxi IpocTopH Taki, 1[0 JOBLIbHE HAPI3HO HEIIepEPBHE
Biobpazkennsi f : X XY — Z e qeap HertepepBHuM. Yu 000B sI3KOBO JliarOHAJIb JBOX HAPIZHO
HerepepBHIX Bigobpazkedb g : X XY — Z ih: X XY — Z e jlenp HeniepepBHOO?

ITurannsa 2. Hexaii X, Y — rtomosoriuni mnpocropu i Z — ypucoHOBHE ((DyHKI[IOHAJIHHO

rayc1opoBHi, IiJIKOM peryasipHiii) IpOoCTIp TaKi, 1[0 JJOBLIbHE HAPI3HO HellepepBHE BITOOPAa KEeHH ST

f: XXY — Z enenp venepeppaum. Yu 060B’s13k0B0 piiika (X, Y, Z) e rpiiikoto CepiiiHcbKoro?
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In 1932 Sierpinski proved that every real-valued separately continuous function defined on
the plane R? is determined uniquely on any everywhere dense subset of R2. Namely, if two
separately continuous functions coincide of an everywhere dense subset of R?, then they are
equal at each point of the plane.



68

OJIEHA KAPJIOBA, BoJIOAUMUP MUXANIIOK

Piotrowski and Wingler showed that above-mentioned results can be transferred to maps
with values in completely regular spaces. They proved that if every separately continuous
function f : X x Y — R is feebly continuous, then for every completely regular space Z
every separately continuous map defined on X x Y with values in Z is determined uniquely on
everywhere dense subset of X x Y. Henriksen and Woods proved that for an infinite cardinal
R, an RT-Baire space X and a topological space Y with countable 7-character every separately
continuous function f : X XY — R is also determined uniquely on everywhere dense subset of
X x Y. Later, Mykhaylyuk proved the same result for a Baire space X, a topological space Y
with countable w-character and Urysohn space Z.

Moreover, it is natural to consider weaker conditions than separate continuity. The results
in this direction were obtained by Volodymyr Maslyuchenko and Filipchuk. They proved that
if X is a Baire space, Y is a topological space with countable 7-character, Z is Urysohn space,
A C X xY iseverywhere dense set, f: X XY — Z and g : X XY — Z are weakly horizontally
quasi-continuous, continuous with respect to the second variable, equi-feebly continuous wuth
respect to the first one and such that f|4 = g|a, then f =g.

In this paper we generalize all of the results mentioned above. Moreover, we analize classes
of topological spaces wich are favorable for Sierpinsi-type theorems.



