A CHARACTERIZATION OF THE UNIFORM CONVERGENCE POINTS SET
OF SOME CONVERGENT SEQUENCE OF FUNCTIONS
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ABSTRACT. We characterize the uniform convergence points set of a pointwisely convergent sequence of real-valued
functions defined on a perfectly normal space. We prove that if X is a perfectly normal space which can be covered
by a disjoint sequence of dense subsets and A C X, then A is the set of points of the uniform convergence for some
convergent sequence (fn)new of functions f, : X — R if and only if A is Gs-set which contains all isolated points of
X. This result generalizes a theorem of Jan Borsik published in 2019.

Dedicated to the memory of Jan Borsik

1. INTRODUCTION

Let X be a topological space, (Y, |- —-|) be a metric space; B(a,r) and Bla,r] be an open and a
closed ball in Y with a center a € Y and a radius r > 0, respectively. By A we denote a boundary
of a set A.

Let .# = (fn)new be a sequence of functions f, : X — Y. We denote PC(.%) the set of all
points € X such that the sequence (f,,(7))new is convergent in Y. Therefore, we define the limit
function f(x) by the rule f(z) = lim, o fn(z) for all x € PC(.%). Let us observe that the set
PC(%) can be represented in the form

(1.1) PC(Z)=(\U N ftnBLf (), Z5)).

kEw ncw mew

If every function f, is continuous, then the set PC(F) is F,s in X. Hans Hahn [6] and Waclaw
Sierpiriski [11] proved independently that the converse proposition is true for metrizable X and
Y = R, that is, for every F,s-subset A of a metrizable space X there exists a sequence .# of
real-valued continuous functions f,, : X — R such that A = PC(.%).

After appearance of this theorem many results were obtained in similar directions: other types
of convergence and other classes of functions were considered (see, for instance, [1, 4, 7, 8, 9, 10, 12,
13, 14]). Jan Borsik studied in [1], in particular, the uniform convergence points set of a (convergent
pointwisely) sequence of functions.

Definition 1. A sequence (f,)ne. of functions f,, : X — Y between a topological space X and a
metric space (Y, |- — - |) is uniformly Cauchy at a point zo € X, if for every € > 0 there exist a
neighborhood U of zy and a number ny € w such that |f,(z) — fn(x)| < € for all n,m > ny and
rel.

Let UC(F) be a set of all points with the uniform Cauchy property for a sequence . = (f,,)new-
It is easy to see that if (f,,)newn is convergent pointwisely on X to a function f: X — Y, then

(1.2) UC(F)={re X :Ve>03U 3¢ 3Ing Vn >ng |fu(y) — fly)| < e Vy e U}.

Moreover, in this case UC(.%) is the set of all points of the uniform convergence of .#.
Borsik proved the following result.
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Theorem A (Borsik, [1]). Let X be a metric space and A C X. Then A = UC(.F) for some
convergent sequence F = (fn)new of functions f, : X — R if and only if A is Gs and contains all
1solated points of X.

This short note is inspirited by the above mentioned paper of Jan Borsik. We generalize his
theorem on a wider class of topological spaces.

Definition 2. A topological space X is w-resolvable if there exists a partition {X,, : n € w} of X
by dense subsets.

For crowded spaces (i.e., spaces without isolated points) the class of all w-resolvable spaces in-
cludes all metrizable spaces, Hausdorff countably compact spaces, arcwise connected spaces, etc. [2]
The main result of our note is the following theorem.

Theorem 1. Let X be a perfectly normal w-resolvable space and A C X. The following conditions
are equivalent:

(i) A is a set of all points of uniform convergence for some convergent sequence (fn)new Of
functions f, : X — R;

(i1) A is a Gs-set which contains all isolated points of X.

2. PROOF OF THEOREM 1

The implication (i) = (ii) follows immediately from the equality (1.2).

(ii) = (i). Let (Gy)new be a sequence of open sets in X such that A =
for every n € w and let Gy = X.

Since X is perfectly normal, for every n € N there exist continuous functions ¢,,, ¥, : X — [0, 1]
such that ¢ 1(0) = G, and ¥;1(0) = X \ G,,. Then every function a,, : X — [—1, 1] defined by the
formula «,, = ¢,, — 1, has the following properties:

Gn7 Gn—H g Gn

new

an(x) <0 Vo € G,
an(z) =0 Vi€ dG,
an(r) >0 Vo € X\ G,.

We consider functions 3, : X — [—1, 1] defined by the rule

Bn(z) = max a;(x)
for all x € X. Then we claim that
G, = 3,(0)

for every n € N. We need to prove §,(z) = 0 < a,(x) = 0 for every z € X. Assume that
Ba(x) = 0. Then oy(z) < 0 for all i < n and ag(z) = 0 for some k < n. Then z € G; for all i < n. If
x & 0G,, then z € G,, C G, for all i < n, consequently, ay(x) < 0, a contradiction. Hence, = € G,
and a,(r) = 0. Conversely, if a,,(2) = 0, then x € G, C G,, C G| for all i < n. In consequence,
a;(x) <0 for all i < n and G,(z) = 0.

Now we put

n(®) = min [5;(z)]

i<n

and notice that

7. 1(0) = oG

i<n
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Finally, let

S (33)_ Oa IEEG_»,“_
" (x), € X\ G,.

Obviously, the functions 3,,, v, and 9,, are continuous and 9,, < 7,.
We put Uy g = Fro =10, k € N. For all k,n € N we define
Ukn =7 ([0,3)) and  F, =46, ([, 1]).

n \L%»

The sets Uy, and Fj, satisfy the following conditions:

for all k,n € N.
Moreover, the sets G,, satisfy the property

(G) (0G, \ 0G,—1)NIG; =0, i <n,neN.

Since the most of properties are evident, we prove only (C') and (G).

(C). It is enough to prove that Fy, C Fj 1. Fix x € Fy, for some k,n € N. Then §,(z) > %
and, in consequence, x € G,. Therefore, a,,(x) > 0 and a,11(z) > 0. Hence, 8,(z) > 0 and
Bni1(z) > 0. Since v,(z) = ,(z) > £, the inequality |5;(z)| > 1 holds for all i < n. In particular,
Bu@)| = Bule) > L. Then [Bua(#)] = Buna(®) > Bule) > L. Thus, bua(z) = unr(a) =

zrgrg% 18i(z)| > + and € Fy 41

(G). Fix r € 0G, \ 0G,_;. Since z € 9G,, v € G, \ G,. Then v € G,_;, because the
sequence (Gp)new is decreasing. Moreover, z ¢ 0G,_; and therefore x € G,_;. Again, since
(Gp)new decreases, x € G; for all i < n. Hence, x & 0G;, 1 < n.

Since X \ A is an open subset of the w-resolvable space X, it is w-resolvable also. Hence, there
exists a sequence (By)re, of mutually disjoint subsets of X \ A such that

X\A=|] B

kEw
and each set By in dense in X \ A.
For every x € X we put
L 2€0G,\0G,_; for some n € N,
(2.1) flw) = { 0, otherwise.

Notice that f is correctly defined because of property (G).
Now let

Crmn = (Ukn \ Ukn—1) U (B N (Fen \ Frn-1))
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and

L if 2 € Cyy for some n >k,
Julz) = { 0, otherwise.

In order to show that (fx)ken converges to f pointwisely on X we fix z € X.

If v € U, e, OGn, then we put N = min{n € w: x € dG,}. Therefore, since G, = ), property
(G) implies that N € N and = € Gy \ U,-y 0G; = O0Gy \ OGn_1. Hence, f(z) = . Then by
(F) we conclude that # € OGN C (,eny Urv and @ & (,_y_; OG; = (en Uk,n—1. In consequence,
taking into account (B) we conclude that there exists K € w such that x € Uy n \ Uy n—1 for all

k > K. Therefore, fy(z) = + = f(x) for all k > K. Hence, limy,_o fi(z) = f(z).

If © & U,e, Gy, then f(z) = 0. Let ¢ > 0 and n € N be such that £+ < e. Using (F) we
conclude that x & |J,,, 0G; = [\ en Ukn- Then, taking into account (B), we obtain that there is
K, € N such that x & Uy, for all k > K;. But z € UkEw By, and the sets By are disjoint, so there
is K > K; such that @ & |J,~ ;- Bx. Therefore, we have z & (.~ 5 (Uk,, U By).

Assume that & > K. Consider the case z € Uk,k. Then we choose the minimal number m < k
such that © € Uy,,. Then m > n (indeed, if m < n, then x € Uy, C Uy, a contradiction). In
particular, m > 1 and € U, \ Ugm—1 € Cim. Therefore, fip(z) = % < % < . Now we consider
the case & Uyy, then (B) implies that « & Uy, for any n < k. But = € By. Hence, z & Cj, for
every n > k. Thus, fi(z) =0 <e.

Now we prove that A = UC(F) for F = (f,)new- Fixz € A, ¢ > 0 and let ng € N be such that

1 . .
<& Since x € A, we conclude that x € G; for every i and then = ¢ Uigno 0G; = ken Ukono-

Then there exists ko > ng with @ ¢ Uy,_1,,. Therefore, property (B) implies that x ¢ Uy, for all
k> k.
We consider an open neighborhood

U= Gno \ Uko,no

of z in X. Take an arbitrary v € U and k > ky. Since u € G,,,, we have that v € G; and then
u ¢ 0G; for any i < ng. Therefore,

22) flw e L)

Let us observe that (B) and (C) imply that Cy,, C Uy U (B N Fyy) for all & > n. Therefore,
if u Q/ Uk:,k U (Fk,k N Bk), then fk(u) = f(u) = 0.

Let us consider the case u € Uy . Then we take the minimal ¢ < & such that x € Uy ;. Notice
that i > ng (indeed, if ¢ < ng, then (B) implies that v € Uy; C Ugny C Ugyngs & contradiction). In
particular, ¢ > 1 and then u € Uy; \ Ug;—1 C Cy;. Thus, fi(u) = % < nio

In the case u € Fj we choose the minimal j < k with u € Fj ;. Observe that j > ng (indeed,
if j < nyg, then u € Fy; C Fjp,, and so (D) implies u € G,,, which is impossible). In particular,
j>1land u € BN (Fi; \ Frj-1) € Cy,;. Therefore, fi(z) = % < %

Thus, we proved that in any case fi(u) € [0, nlo) Hence,

700~ fulu)] < — <.
No
Therefore, A C UC(.7).

Now we prove that UC(.#) C A. In order to do this we fix x ¢ A and show that x ¢ UC(.#) in
this case. Let ng = max{n € w:z € Gy}, ¢ = n01+1 — n01+2, U be an open neighborhood of z and
let ky € w. Notice that € Gy, \ Gpgi1-

Consider the case © € Gpy11. Then x € Go11 \ Gror1 = 0Gpyy1. Therefore, (E) implies that
r € 0Gno11 € ey Ukmo+1- On the other hand, z € G,,. So, x ¢ 9G; for any i < ng. Using
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(E) we conclude that x & (J;,,, 0Gi = [yen Ukno- Then, there exists ki € N such that z ¢ Uy, n,-
Therefore, (B) implies that « & Uy, for all k > ky. Hence, there exists k& > max{ko, no} such that
S Uk’,no-‘rl \ Uk’,no'

Since the set |, <not1 0G,, is nowhere dense in X, there is a nonempty open set V' such that V' C

UN (Ugng+1 \ Uk 10) \ Un<ngs1 9Gn. Take u € V. Then f(u) € [0, n0+2] because u & |, <, 11 9Gn,
and fi(u) = +1’ since u € Uy ng+1 \ Uk.ny- Therefore,

| f(u) = fi(u)| = n01+1 - n01+2 =c.

Now we assume that x ¢ G,,,+1. Thenx € G,,; & Gpyi1- Therefore T Z Uicng1 0Gi = ()}
Consequently, v,,+1(x) > 0. So, there exists mg € N such that — < y,,41(2). But x & Gpy1.

Therefore, 6,,41(2) = Yng+1(z) > m—o. Hence, x € int Fj, ng+1-
By property (C), there exists a number & > max{kqy,mg,no} such that = € intFj,, 1. Since
€ Gy, T & Finy. Then the set

= (U\ Guota) N (it Fy g1\ Frno)

is an open neighborhood of z. Since |J 0G,, is nowhere dense in X and By, is dense in X \ A,

there exists a point v € X such that

n<ng+1

c(@G\ |J 0G.)NnB.

n<ng+1
Then fi(v) = —L, since v € G py41, and f(v) € [0, - —L5], because v & |, <, 1 OGn. Hence,
|f(v) = fr(v)] = n01+1 - n01+2 =&
Therefore, A = UC(F). O

Remark 1. Actually, we use in the proof only the fact that the boundary of every open set in
a topological space X is a functionally closed set. It is find out that this is a characterization of
perfectly normal spaces. Moreover, the following conditions are equivalent:

(i) X is a perfectly normal space;

(ii) every closed nowhere dense subset of X is functionally closed.

Evidently, (i) = (ii). In order to prove (ii) = (i) we take a closed set F' C X. Since OF = F'\int F'is
closed and nowhere dense, there exists a continuous function g : X — [0, 1] such that OF = ¢g~1(0).
Let us define f: X — [0,1] by f(z) = g(x) if x € X \ int F and f(z) =0 if x € int F". It is easy to
see that f is continuous and F' = f~1(0). Therefore, X is perfectly normal by Vedenisoff’s theorem.

Remark 2. By one of reviewers, in Theorem 1 it is sufficient to assume that Y is a non-discrete
metric space.

Remark 3. Any topological vector space is w-resolvable [2]. So, the space of all continuous function
C,([0,1]) equipped with the topology of pointwise convergence is an example of perfectly normal
w-resolvable space which is not metrizable.

Remark 4. Eric K. van Douwen proved in [3, Theorem 5.2] that there exists a crowded countable
regular space which cannot be represented as a union of two disjoint dense subsets. It is easy to see
that this space is perfectly normal and not w-resolvable.
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