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ABSTRACT   

Energy spectrum, wave functions and binding energies of the electron to the donor impurity ion located in the center of a 

multilayer spherical quantum dot (MSQD) consisting of a core (GaAs) and two spherical shells (AlxGa1–xAs and GaAs) were 

studied within the effective mass approximation. The magnetic field influence on the energy spectrum and wave functions of 

the electron is calculated by the diagonalization method. It is shown that the decrease of the external shell thickness as well as 

the increase of the magnetic field induction changes the electron localization in the nanosystem and it significantly affects the 

binding energy of the electron with the impurity, photoionization cross section (PCS) and intersubband absorption coefficient. 

The position of the PCS peak associated with the quantum transition of an electron from the ground state to the 1p0 state shifts 

to the region of higher energies, and its height decreases. At the same time, the height of PCS peaks associated with quantum 

transitions to higher excited states increases.  

Keywords: multilayer quantum dot, donor impurity, photoionization cross section, absorption coefficient. 

 

INTRODUCTION  

Multilayer spherical quantum dots (MSQD) consisting of a core and several shells of semiconductor materials with different 

bandgap values are intensively studied due to the prospects of their use in various nanoelectronics and nanophotonics devices 

such as white light sources, high-efficiency photovoltaic devices, fluorescent labels with multimode radiation, various 

detectors, magneto-optical devices and memory elements for novel computers1-5. 

The creation of semiconductor devices requires theoretical studies of the MSQD optical properties, the influence of impurities 

and external fields on their energy spectrum. Most of such studies are based on solutions of the one-particle Schrödinger 

equation within the effective mass approximation. To find the energies of several lowest states, researchers often use different 

variational methods or the method of perturbation theory6-16, the potential morphing method17-19 or numerical finite element 

method20-23. The effect of charged impurities and external fields on the MSQD optical properties was also investigated by the 

matrix (diagonalization) method24-32. 

The calculation of the energy spectrum and wave functions (WF) of an electron in spherical nanosystems with an impurity by 

the diagonalization method requires consideration of a large number of terms due to the presence of a singular potential. The 

diagonalization of such matrices encounters technical problems of solution stability. 

For the case of a central impurity, this problem is solved by using exact solutions of the Schrödinger equation based on Mathieu 

and Whittaker functions, degenerate hypergeometric or Coulomb wave functions33-37. Their numerical calculation is more 

complicated than the Bessel functions, but the use an orthonormal basis on Coulomb WFs decreases the size of the matrix 

required for diagonalization when studying the effect of electric or magnetic field on the impurity states in MSQD.  

The similar orthonormal WF basis was used to study the magnetic field effect on the optical properties of spherical nanosystems 

of the core/shell type (MSQD with a single potential well)38. The impurity binding energy and the oscillator strength of quantum 

transitions in MSQD with two potential wells separated by potential barrier were studied using the exact solutions of the 

Schrödinger equation based on degenerate hypergeometric functions37, 39. 

Studies of MSQDs with two and three wells30, 40 show that a strong constant magnetic field reduces the effective width of the 

outer potential well which leads to changes in the electron localization in the ground and excited states and, thus, affects the 

dipole moment and the oscillator force of quantum transitions. 
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To increase the sensitivity of the nanosystem optical properties to the magnetic field, it is necessary to fit such MSQD core 

and shell size that the electron in the ground state is localized in the outer shell but transits into the inner shell upon a small 

decrease of the shell size41. 

The intersubband absorption coefficient and PCS are those optical characteristics that were intensely studied for simple 

spherical and cylindrical QDs and MSQDs with various profiles of confinement potential10-14, 16—19, 32. The electric32 and 

magnetic42 field effect on the PCS of the central and off-center donor impurity in the spherical shell which forms a potential 

well of finite depth was investigated by the diagonalization method using an orthonormal basis of Bessel functions. The need 

of taking into account quantum transitions to higher excited states was shown as their contribution grows with increasing 

external perturbation. Similar effects for MSQD with two wells were not studied. 

Here, we report the effect of the outer potential well width of the GaAs/AlxGa1–xAs/GaAs MSQD with a central donor 

impurity and magnetic field on the energy spectrum, wave functions, binding energy, impurity photoionization cross-section 

and intersubband optical absorption coefficient. We prove that the effect of an external magnetic field on the light absorption 

coefficient in MSQD is equivalent to a decrease in the size of the external potential well of the nanosystem. 

 

THEORY 

The multilayer spherical quantum dot investigated in this work consists of a spherical core GaAs and two spherical shells 

(AlxGa1–xAs and GaAs) placed in a wide-gap medium. The core radius is r0, the thickness of the spherical layers are 1 and 2. 

The MSQD core and the outer spherical shell form two potential wells for the electron, and the inner layer is a potential barrier 

with height V. The donor impurity is located in the center of the nanosystem core. The scheme of the electron potential energy 

in MSQD is shown in Fig.1.  

 

     Figure 1. Electron potential energy in GaAs/AlxGa1-xAs/GaAs MSQD at Z = 1. 

The Schrödinger equation for the electron has the form 

 −
ℏ
2

2
𝛻⃗ 

1

𝜇(𝑟)
𝛻⃗ 𝛹𝑛𝑙𝑚(𝑟 ) + [𝑈(𝑟) −

𝑍𝑒2

𝜀(𝑟)𝑟
]𝛹𝑛𝑙𝑚(𝑟 ) = 𝐸𝑛𝑙𝛹𝑛𝑙𝑚(𝑟 ), (1) 

where the coordinate dependences of the effective mass, dielectric constant and potential energy are expressed as 

 𝜇(𝑟) = 𝑚𝑒 {
𝑚0, 𝑟 ≤ 𝑟0, 𝑟1 < 𝑟 ≤ 𝑟2,
𝑚1,              𝑟0 < 𝑟 ≤ 𝑟1

, 𝜀(𝑟) = {
𝜀0, 𝑟 ≤ 𝑟0, 𝑟1 < 𝑟 ≤ 𝑟2
𝜀1,               𝑟0 < 𝑟 ≤ 𝑟1

, (2)  

where me is the free electron mass.  

     𝑈(𝑟) = {
0, 𝑟 ≤ 𝑟0, 𝑟1 < 𝑟 < 𝑟2,
𝑉,           𝑟0 < 𝑟 ≤ 𝑟1,
∞,                   𝑟 ≥ 𝑟2,

 (3)  
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Making Eq. (1) dimensionless by using the Rydberg energy 𝑅𝑦 = 𝑚𝑒𝑒
4 2ℏ2⁄  as a unit of energy and the Bohr radius 𝑎𝐵 =

ℏ
2/𝑚𝑒𝑒

2 as a unit of length, and taking into account the spherical symmetry of problem, the equation for the radial part of the 

wave function is expressed as 

 −
1

𝑚0
[

𝜕2

𝜕𝑟2 +
2

𝑟

𝜕

𝜕𝑟
−

𝑙(𝑙+1)

𝑟2 ] 𝑅𝑛𝑙(𝑟) −
2𝑍

𝜀0𝑟
𝑅𝑛𝑙(𝑟) = 𝐸𝑛𝑙𝑅𝑛𝑙(𝑟),        𝑟 ≤ 𝑟0, 𝑟1 < 𝑟 ≤ 𝑟2, (4) 

 −
1

𝑚1
[

𝜕2

𝜕𝑟2 +
2

𝑟

𝜕

𝜕𝑟
−

𝑙(𝑙+1)

𝑟2 ] 𝑅𝑛𝑙(𝑟) + (𝑉 −
2𝑍

𝜀1𝑟
) 𝑅𝑛𝑙(𝑟) = 𝐸𝑛𝑙𝑅𝑛𝑙(𝑟),      𝑟0 < 𝑟 ≤ 𝑟1 (5) 

The solutions of (3) and (4) contain the degenerate hypergeometric functions of the 1st and 2nd kind F(a, b, z) and G(a, b, z): 

𝑅𝑛𝑙(𝑟) = {
𝐴0𝑒

−
𝜉0𝑟

2 𝑟𝑙𝐹(𝑙 + 1 − 𝜂0, 2𝑙 + 2, 𝜉0𝑟),                                                        𝑟 ≤ 𝑟0
𝐴1𝑒

−𝜉1𝑟/2𝑟𝑙[𝐹(𝑙 + 1 − 𝜂1, 2𝑙 + 2, 𝜉1𝑟) + 𝐵1𝐺(𝑙 + 1 − 𝜂1, 2𝑙 + 2, 𝜉1𝑟)],   𝑟0 < 𝑟 ≤ 𝑟1,

𝐴2𝑒
−𝜉0𝑟/2𝑟𝑙[𝐹(𝑙 + 1 − 𝜂0, 2𝑙 + 2, 𝜉0𝑟) + 𝐵2𝐺(𝑙 + 1 − 𝜂0, 2𝑙 + 2, 𝜉0𝑟)],    𝑟1 < 𝑟 ≤ 𝑟2,

 (6) 

𝜉0 = −2sign(𝐸𝑛𝑙)√𝑚0(−𝐸𝑛𝑙),  𝜂0 =
2𝑍𝑚0

𝜀0𝜉0
,  𝜉1

𝑒,ℎ = 2sign(𝑉 − 𝐸𝑛𝑙)√𝑚1(𝑉 − 𝐸𝑛𝑙),  𝜂1 =
2𝑍𝑚1

𝜀1𝜉1
, (7) 

where sign(x) is a sign function that provides a single analytical form of WF for states with different signs of electron energy. 

The unknown coefficients and the energy spectrum are determined from the Ben-Daniel-Duke boundary conditions39. The 

binding energy of the electron and the impurity in the state (nl) can be obtain in the form 𝐸𝑛𝑙
𝑏 = 𝐸𝑛𝑙

𝑍=0 − 𝐸𝑛𝑙
𝑍=1. Based on the 

energy spectrum and wave functions the effective photoionization cross-section are calculated by the formulas: 

 𝜎(ℏ𝜔) =
4𝜋2

3𝑛𝑟
(
𝐹𝑒𝑓𝑓

𝐹0
)
2

𝛽𝐹𝑆ℏ𝜔∑ |⟨𝑅𝑛1
𝑍=0|𝑟|𝑅10

𝑍=1⟩|2𝑛 𝛿(𝐸𝑛1 − 𝐸10 − ℏ𝜔), (8) 

where 𝛿(𝐸) = 𝛤 [𝜋(𝐸2 + 𝛤2)]−1, ℏ𝜔 is the photon energy, nr is the refraction index, 𝛽𝐹𝑆= 1/237 is the fine structure constant, 

the ratio 𝐹𝑒𝑓𝑓/𝐹0 ≈ 1, Г = 0.4 meV32. Optical absorption coefficient was calculated for the cases of presence (Z = 1) and 

absence of impurities (Z = 0) according to the formula27 

 𝛼(ℏ𝜔) = 4𝜋𝛽𝐹𝑆 ∑
|⟨𝑅𝑛1|𝑟|𝑅10⟩|2𝜌ℏ𝜔ℏ𝛤0

(𝐸𝑛1−𝐸10−ℏ𝜔)2+(ℏ𝛤0)2𝑛 , (9) 

where 𝜌 = 1/𝑉 is the carrier density in MSQD, 𝛤0 = 1/𝜏0, 𝜏0 = 0.14 ps is the relaxation time27.  

The study the magnetic field influence on the optical absorption coefficient needs to solve the Schrödinger equation  

 (𝑝 −
𝑒

𝑐
𝐴 )

1

2𝜇(𝑟)
(𝑝 −

𝑒

𝑐
𝐴 )𝛹𝑓(𝑟 ) + [𝑈(𝑟) −

𝑍𝑒2

𝜀(𝑟) 𝑟
]𝛹𝑓(𝑟 ) = 𝐸𝑓𝛹𝑓(𝑟 ). (10)  

The electron wave functions in MSQD placed in a magnetic field are calculated by matrix method40,41 using the expansion 

  Ψ𝑗𝑚(𝑟 ) = ∑ 𝑐𝑛𝑙
𝑗𝑚

𝜓𝑛𝑙𝑚(𝑟 )𝑛,𝑙 ,  (11)  

where 𝜓𝑛𝑙𝑚(𝑟 ) = 𝑅𝑛𝑙(𝑟)𝑌𝑙𝑚(𝜃, 𝜙). 

To determine the coefficients 𝑐𝑛𝑙
𝑗𝑚

 and electron energy spectrum we obtain the secular equation |𝐻𝑛𝑙,𝑛′𝑙′ − 𝐸𝑗𝑚𝛿𝑛,𝑛′𝛿𝑙,𝑙′| = 0 . 

The eigenvalues (𝐸𝑗𝑚) and eigenvectors (𝑐𝑛𝑙
𝑗𝑚

) of the matrix 𝐻𝑛𝑙,𝑛′𝑙′ determine the energy spectrum and the wave functions of 

an electron in MSQD driven by the magnetic field41.  

 

RESULTS AND DISCUSSION 

The following physical parameters of MSQD were used in numerical calculations16: x=0.3, m0=0.067, m1=0.092, ε0=13.18, 

ε1=12.24, V = 248 meV, r0=10 nm, 1 =2 nm. The dependence of the electron energy spectrum in MSQD on 2 is shown in 
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Fig. 2. In the absence of impurities, at small values of 2<r0 the electron is localized in the nanosystem core as shown by the 

horizontal region of the E10 (2) dependence, and at 2 > r0 the electron is located in the outer potential well where its energy 

is less. The change in the electron localization occurs in the region of energy levels E10 and E20 anticrossing (2 ~ 10 nm). In 

the presence of impurity (Fig. 2a) the region of the anticrossing is shifted to 2 ~ 14 nm. 

  
      Figure 2. Dependence of the electron energy spectrum on 2 at r0= 10 nm and 1=2 nm (a – Z = 1, b – Z = 0). 

The radial distribution of electron density 𝑤(𝑟) = |𝑅𝑛𝑙(𝑟)|
2𝑟2 in the ground (1s) and excited states (1p, 2p) that participate in 

quantum transitions and determine the nanosystem optical properties is presented in Fig. 3. The dimensions of the outer 

potential well which correspond to the beginning (2 = 12 nm) and the end (2 = 18 nm) of the anticrossing region are selected 

for the display.  

 
     Figure 3. Distribution of electron density in 1s, 1p, 2p states: (Z = 1) a – 2= 12 nm, b – 2= 18 nm;  

     (Z = 0) c – 2= 12 nm, d – 2= 18 nm. 

One can estimate the electron binding energy to the impurity in s and p states from values energies of this states in nanosystem 

with and without impurity. The maximum values of the electron binding energy to the impurity correspond to the case of 

electron localization in the nanosystem core. 

The photon energy dependences of impurity PCS 𝜎(ℏ𝜔) at various values of 2 are plotted in Fig. 4. The main contributor to 

the PCS at 2= 20 nm is the quantum transition 1s–1p0 which is confirmed by the overlap of the corresponding WFs (Fig. 3 b, 

d). As the size of the outer potential well decreases, the electron in 1s and 2p0 states localizes in the core. Therefore, the first 
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PCS peak (1s–1p0) decreases and the second PCS peak associated with the 1s–2p0 quantum transition increases. Additionally, 

upon decreasing 2 all PCS peaks are shifted to the region of higher energies. 

The dependence 𝛼(ℏ𝜔) is shown in Fig. 3b. Unlike PCS, the expression for OAC contains the dipole moment of the quantum 

transition between states at Z = 1 (in the presence of impurity) or at Z = 0 (in the absence of impurity). But the qualitative 

behavior of absorption peaks with decreasing 2 value is somewhat similar to PCS, i.e. a shift of peaks to the region of higher 

energies and an increase in the value of peaks of higher excited states. 

 

     Figure 4. Spectral dependences 𝜎(ℏ𝜔) at various value 2.  

 

     Figure 5. Photon energy dependences of optical absorption coefficient at various value 2.  

Obtained changes in the spectral dependences 𝜎(ℏ𝜔) and 𝛼(ℏ𝜔) caused by the reduction of the outer potential well allow us 

to predict the effect of the external constant magnetic field on the MSQD optical characteristics. Increasing of the magnetic 

field induction reduces the electron cyclotron radius 𝑟𝑐 = √2 ℏ 𝑒𝐵⁄ . If this becomes smaller than the MSQD radius, the 

magnetic field will increase the confinement and decrease the effective potential well width in the direction perpendicular to 

the magnetic field. The change of the electron localization under the selected MSQD dimensions will require 10-15 T 

induction of the magnetic field (𝑟𝑐 ≈ 90/√𝐵 nm).  
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The magnetic field effect on the electron energy spectrum in MSQD with impurity (m=0) is shown in Fig.6. The electron wave 

functions are shown for the points B=10T and B=20 T. The energies of all electron states increase with magnetic field induction 

growth. It is like to the decrease of outer potential well (Fig. 2). 

The magnetic field effect on the light absorption coefficient of MSQD with impurity (m=0) is shown in Fig.7. The absorption 

peak 1s-1p becomes lower and 1s-2p peak becomes higher as magnetic field is stronger. A similar evolution of light situation 

is observed in the Fig.5. 

 

     Figure 6. Dependence of electron energy spectrum on magnetic field induction (Z=1). 

 

     Figure 7. Evolution of the spectral dependence of light absorption coefficient in magnetic field (Z=1). 
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CONCLUSIONS 

The exact solutions of the Schrödinger equation for the electron in a GaAs/AlxGa1–xAs/GaAs MSQD with central impurity 

were obtained. The impurity photoionization cross-section and the intersubband absorption coefficient were investigated on 

the basis of the energy spectrum and wave function of the electron for various values of the outer potential well size . It was 

shown that in the region of the energy levels anticrossing the nanosystem is most sensitive to the effect of impurity and external 

fields on its optical characteristics. A decrease of the outer potential well size of MSQD leads to the shift of PCS and OAC 

peaks to the high-energy region and to an increase in the contribution of quantum transitions to higher excited states to the 

optical characteristics. At the absence of impurity in MSQD intersubband absorption occurs mainly through the quantum 

transition 1s0–1p0, whereas in the presence of a central impurity the greatest absorption occurs at higher photon energy through 

the quantum transition 1s–2p. It is shown that the magnetic field with induction of 10-15 T influences the nanosystem optical 

characteristics as well as the reducing of the outer shell thickness does. 
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