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GENERALIZED SPACES OF TYPE S AND EVOLUTIONARY
PSEUDODIFFERENTIAL EQUATIONS

V. V. Horodets’kyi', O. V. Martynyuk>>, and R.S. Kolisnyk* UDC 517.98

We study the main operations (argument shift, differentiation, etc.) in the generalized spaces of type S
and some classes of analytic functions and pseudodifferential operators in spaces of this kind, as well as
the properties of the Fourier transforms of generalized functions, convolutions, convolvers, and multipli-
cators. The correct solvability of the nonlocal time problem is proved for one class of pseudodifferential
equations in generalized spaces of type S. Its solution is presented in the form of convolution of the
fundamental solution with an initial function, which is an element of the space of generalized functions
of the ultradistribution type.

Introduction

Pseudodifferential operators and equations with pseudodifferential operators are closely connected with im-
portant problems of analysis, modern mathematical physics, probability theory, and the theory of fractals. Note
that differential operators, operators of fractional differentiation and integration, convolutions, etc. belong to the
class of pseudodifferential operators.

A broad class of pseudodifferential operators can be formally represented in the form

A=J1 Jat,x;0)Jxse], {x,0} CR, >0,

where a is the symbol of the operator A satisfying certain conditions and J and J~! are, respectively, the direct
and inverse Fourier (or Bessel) transforms. If the symbol a is an entire even function of the argument o, then the
evolutionary equations with operator A also contain singular differential equations, in particular, with the Bessel
operator

B i +@2v+ DHx! d 1

= — v X —, V> ——.

VT dx? dx 2

This operator contains the expression 1/x and can be formally represented in the form B, = F EUI [~02Fp,],

where Fp, is the integral Bessel transform. If a(t, x;0) = P(t,x;0), where P is a polynomial of the variable
o for fixed ¢ and x satisfying the “parabolicity” condition, then these equations belong to the class of parabolic
equations provided that Jx_,, = F is the Fourier transform or to the class of B-parabolic equations provided
that Jx.o = Fp,. The B-parabolic equations degenerate in the limit and their inner properties are close to the
properties of uniformly parabolic equations [1].
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Numerous mathematicians (Nagase, Shinkai, Tsutsumi, Shubin, Taylor, Hérmander, Kochubei, Dubins’kyi,
Ptashnyk, and others) studied the Cauchy problem for evolutionary equations with pseudodifferential operators
by using various methods and approaches and obtained important results concerning the solvability of the Cauchy
problem in different function spaces. Moreover, the initial functions often have singularities at one or several points
and admit regularization in certain spaces of generalized functions of the type of Sobolev—Schwarz distributions,
ultradistributions, hyperfunctions, etc. Thus, the Cauchy problem for the indicated equations admits a natural
statement also in the classes of generalized functions of finite and infinite orders.

As a generalization of the Cauchy problem, we can consider the following nonlocal time multipoint problem
with the initial condition

m
Z aku(t")|l‘=tk = f;
k=0

instead of u(z,-)|;=0 = f, where to = 0, {t1,....tm} C (0, T],0 <ty <tr <... <ty <T,{0g,01,...,am} C
R, m € N, are fixed numbers (foraep = land o1 = ... = o, = 0, we get the Cauchy problem); the corresponding
condition is interpreted either in the classical sense or in the weak sense if f is a generalized function, i.e., as the
limit relation

];)ak Jim (u(t,), 0) = (£, 9)

for an arbitrary function ¢ from the pivot space (here, { f, ¢) denotes the action of the functional f upon the test
function ).

A nonlocal (in time) multipoint problem belongs to the class of nonlocal problems for differential-operator
equations and partial differential equations. These problems are encountered in the simulation of various processes
and practical situations by boundary-value problems for partial differential equations with nonlocal conditions, in
the description of the well-defined problems for specific operators, and in the construction of the general theory of
boundary-value problems (see, e.g., [2-8]).

In the present paper, we study a nonlocal multipoint (in time) problem for the equation

W o(BY =0, (t.x) e (.00 xR (1)
ot 0x

j 0
where ¢ (;—) can be regarded as a pseudodifferential operator in generalized spaces of the type S constructed by
x

using the symbol function ¢ satisfying certain conditions. This equation contains, e.g., the operator of differentia-

tion of fractional order
id 3 \?
===
¢ ( ax ) ( ox )

constructed on the basis of the symbol function (o) = (1 + 02)1/ 2 o € R. We establish the correct solvabil-
ity of the nonlocal multipoint (in time) problem for Eq. (1), present its solution in the form of convolution of
the fundamental solution with the initial function, which is an element of the space of generalized functions of
ultradistribution type, and study the properties of the fundamental solution of nonlocal problem.

Note that the spaces of type S were introduced by Gelfand and Shilov in [9]. They are used in the investigation
of the problems on the classes of uniqueness and well-posedness of the Cauchy problem for partial differential
equations with constant coefficients or coefficients depending solely on the time variable. Spaces of the type S
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(the spaces Sf = S]’z:f) are constructed by using two sequences {kk“}, {n”ﬂ}, {k,n} C Z4, where o, B > 0 are
fixed parameters. Elements of these spaces are functions infinitely differentiable on R and satisfying the condition

}xk(p(n)(x)‘ < CAankkannﬂ, (kon) C 7y,

with constants ¢, A, B > 0 that depend on the function ¢. In [9], it was shown that every function from the space
Sg , together with all its derivatives, decreases as |x| — -oo faster than exp {—a|x|1/ “}, a>0,x € R. In
[10-16], it was established that the spaces of type S and S’ topologically dual to S are natural sets of initial data
of the Cauchy problem for broad classes of equations with partial derivatives of finite and infinite orders for which
the solutions are entire functions of the space variable. It is of interest to study the spaces SZ;;’ generalizing the
spaces of type S and constructed according to the sequences {ay} and {b,} of positive numbers (i.e., to analyze
the topological structures, properties of functions, and main operations in the indicated spaces). In the first part
of the present paper (Secs. 1-4), we give answers to the posed problems. We also study some classes of analytic
functions in the generalized spaces of type S, some classes of pseudodifferential operators in these spaces, and the
properties of the Fourier transforms of generalized functions from the space S’.

1. Preliminary Information. Generalized Spaces of Type S

Consider a sequence of positive numbers {m,,n € Z4 } with the following properties:
(i) YneZymy <muyy1,mo =1;

(i) M >03h>0Vne€Zy:mpyr < Mh"my;
(i) dw=>13L>1Lmgm,_p <wl"m,,0<k<n,neZs.

As examples of these sequences, we can mention Gevrey sequences of the form m, = n"%, m, = (n!)%,
n € Z, where @ > 0 is a fixed parameter (0° = 1).
We set

. mMp
= inf —, 0.
y(x) R RT x #

It is clear that y is a nonnegative even function on R \ {0}. If x € [—1, 1] \ {0}, then, by using property (i) of the
sequence {my,n € Z 4}, we obtain

My

inf

=1
nezy |X|n ’

ie., y(x) =1forx € [—1,1]\ {0}.

If 1 < x1 < xp,then y(x2) < y(x1) < y(1) = 1, i.e., y monotonically decreases in the interval [1, +00). In
view of the fact that the function y is even on R \ {0}, we conclude that y monotonically increases in the interval
(—o00,—1],0 < y(x) <1 Vx € R\ {0}.

Thus, if m, = n"*, n € Z4+, a > 0, then the following estimate holds for the function y in the interval
[1, +00) (see [9, p. 205]):

no

. ae _%El/a
V(S)—nglzf+ e <eze . Ex L
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If0 < & < 1, then

no

inf —=1< e%e_%él/a.
neZ+ én
Thus,
VE 0<é<oo p(§) < ce_%sl/a, c=e7.

In addition, on R \ {0}, the function y satisfies the inequality [9, p. 204]

_&|5|1/a . na
e e < inf
nez [§]"

Lemma 1. The inequality

Iny(x1) +Iny(xz) > Iny(xy + x2) V{x1,x2} C (0, 4+00)

is true.

Proof. First, we note that

{)/(.)C1), y(x2)’ V(xl + x2)} C (O’ 1]

fce_%ls‘l/a, c:e%, £ e R\ {0}.

(*)

@)

for any fixed {x1,x2} C (0,+00). Since y(x) = 1 for x € (0, 1], it suffices to prove inequality (2) in the
interval (1, 4+00). Indeed, if {x1,x2} C (0, 1] and (x; + x2) € (0, 1], then inequality (2) turns into the equality. If
{x1,x2} C (0,1]and x1+x, > 1, then inequality (2) is also true because 0 < y(x1+x2) < landIny(x1+x2) <0
and, moreover, y(x1) = y(x2) = l andIny(x1) = Iny(xz) = 0. If x; € (0,1] and x, > 1, then x1 + x2 > 1,

Iny(xy) = 0, and

Iny(x1) +Iny(x2) = Iny(xz) = Iny(x1 + x2)

because y(x1 + x2) < y(x2) [here, we have taken into account the fact that y monotonically decreases in the

interval (1, 400)]. Similarly, we can analyze the case x, € (0, 1], x1 > 1.
Further, let {x1, x2} C (1, +00). Inequality (2) is equivalent to the inequality

y(x1)y(x2) = y(x1 + x2),  {x1,x2} C (1, +00).

To prove (3), it suffices to show that

y)y(xa)
m_l, {Xl,Xz}C(1,+OO).

Let 1 < x; < x3. Since y monotonically decreases on (1, +00), we get y(x1) > y(x2). Therefore,

y(r)y(x2) 3 (x2)
y(x1+x2) 7 y(x1+x2)

3)
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By definition,

.om
y(x2) = inf —. x2 € (1, 400).
n€Z+ x2

Consider a sequence {s = Pry(x2), k € N}, where {8,k € N} is a sequence of positive numbers monotoni-
cally approaching zero. Hence, for ¢, > 0, there exists a number n; = ny () such that

T < () + e = (1+ Boy(xa).

2
ie.,
mnk
X2) > —=  keN.
Thus,
<—F  keN.
y(x1 +x2) < g

By using these inequalities, we conclude that, for the sequence of numbers {n;,k € N}, the following inequality
is true:

yy(x2) y2(x2) . m2, (X1 4 x2)"% _ i,

= > > , keN
y(rr+x2) Ty +x2) T (4B xFmy, (14 B2

(here, we have taken into account the fact that x; + xo > x5 and B; < B; Vk > 2). In addition,
m
y@) < —, nely,
an
forany o > 1 or
Va>1 VkeN: my, >a" y(a).
We set @« = x28, where § > 1 is a fixed number, and choose a number ;. such that the inequality
8" y(x28) = (1 + B1)?

is true. We directly obtain

T (B

For this number, the inequality

y(r)y(ra) _ X3°8"y(xad) _ 8"y (xaf)
yx1+x2) = (1+ B3¢ (1+p1)? ~

is true, Q.E.D.
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Let {ax,k € Z4} and {b,,n € Z 4} be sequences with properties (i)—(iii). By SLZ; + we denote a collection of
functions ¢ € C°°(R) satisfying the condition

3¢, A,B>0 Vi{k,n}CZy VxeR: ‘xkgo(”)(x)| < cA*B"ay by, 4)

(the constants ¢, A, B > 0 depend on the function ¢).

The collection Sé’,i’ coincides with the union of the spaces Sfl’: ’f over all indices {4, B} C N, where Sl[;]’: ’g

denotes the collection of functions ¢ € S,f « satisfying, for any &, p > 0, the inequalities
XM (x)| < csp(A + 8 (B + p)lagbn, tkony CZy, x€R,

with the same constants A, B > 0. Hence, St[;Z ’g turns into a complete countably normed space if a system of
norms in this space is given by the formulas

The sequence {¢,,v > 1} C Sf + converges to zero in this space if the functions ¢,, and their derivatives of
any order uniformly converge to zero on each segment [a, b] C R and the following inequalities are true:

ol = sup — L2 20 )]
g x,k,n (A+ 8)k (B + p)"ayby

W | =

’

| =

6.0} C {1,

}xktp]g")(x)‘ < cA*B"agb,, f{k.n}CZy, xeR,

where the constants ¢, A, B > 0 are independent of v.

Lemma 2. A function ¢ € C*°(R) is an element of the space Sg « if and only if it satisfies the condition

dc,a,B>0 VxeR\{0} Vik,n}CZ4:

lo™ (x)| < cB"bay(ax), |¢™(0)] < CB"by, (5)
where
. aj
= inf ——, R\ {0}
y(x) LN x € R\ {0}

Proof. Letg € Sf,’,’j, i.e., condition (4) is satisfied. Dividing both sides of inequality (4) by |x|*, x # 0, and
passing to the lower limit with respect to k on the right-hand side, we obtain

k

A
‘(p(”)(x){ < c¢B"b, inf Lk

. ag
——— =c¢B", inf ————— =c¢B"b,y(ax), x #0,

k€Z+ |41 x‘k
where a = A~ > 0. Moreover, (4) yields the estimate

0™ ()| < ¢B"bp,  neZy.
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Conversely, let the function ¢ € C*°(R) satisfy condition (5). Then

‘(p(”)(x)} <c¢B"b, inf ——

, neZy, x#0.
keZy |ax|k * 7

This yields the inequality
Vx € R\ {0}: |ax|k‘<p(")(x)} <c¢B"bpay, tk,n} CZy.
By using the estimate ‘go(”)(O)‘ <cB"by,n € Z4, we get
‘xkgo(”)(x)| <cA*B"ayb,, A=a"' Vik,nlCZ, VxeR,

Q.E.D.
For a function

1, lx[ <1,

yi(x) = . ag
inf ——,

k€Z+ |X|k

condition (5) can be replaced by the equivalent condition
dc,a,B>0 VxeR VneZyg: }(p(”)(x)‘ < c¢B"byy1(ax).

It

ap = k%, b, =n", {k.n}yCZ,,

where o, B > 0 are fixed parameters, then we denote the space S ;;,’jﬁ by Sf . The spaces So’? are called spaces of the

type S. These spaces were studied in detail in the monograph [9]. They can be also characterized as in [9, p. 210]:
The space So'l? consists of those and only those functions that are infinitely differentiable on R and satisfy the
inequalities

‘go(")(x)} < ¢B"n™ exp {—alxll/"‘} , ne€Zy, xé€eR,
with some constants ¢, a, B > 0 that depend only on the function ¢.

If0 < B <landa > 1— B, then Sf consists of those and only those functions ¢ € C°(R) that can be
analytically extended to the entire complex plane and satisfy the inequality

lo(x +iy)| < cexp {—a|x|1/°‘ + b|y|1/(1_‘3)}, c,a,b > 0.

The space S consists of functions ¢ € C*(R) that can be analytically extended into a certain strip [Imz| < §
(that depends on ¢) of the complex plane and, in addition, the estimate

|<p(x+iy)|fcexp{—a|x|1/a}, c,a>0, {x,y}CR,
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is true.

Aset FF C Sf,’,’j is called bounded in this space if F C Sj::f with some constants A, B > 0, i.e., for all
functions ¢ € F, estimates (4) are true with the same constants A, B > 0.

The spaces Sé’ « are called generalized spaces of type S. In the generalized spaces of type §, linear and contin-
uous operators of shift of the argument, multiplication by an independent variable, and differentiation are defined.

Thus, we can show that, in the space Sg « » the operator of shift of the argument ¢(x) — ¢(x —h) Vo € Sé’ 5
that maps this space into itself is defined and continuous.

Assume that ¢ runs through the bounded set FF C S[l,’,’j. This means that, for each function ¢ € F, the
inequalities

}xkgo(”)(x)‘ < cA*B"agb,, f{k.n}CZy, x€eR,
are true with some constants ¢, A, B > 0. Thus, we get

k
sup !x o™ (x — h)| = suP |(x + ko™ (x)| = suﬂg ZC’xfhk T (x)
xe j=0

=~

<> ¢fink sup |x/ ™ (x)]

k
<cZC’|h|k JATB"ajby = cB"by Y Cl AT |n[FI
j=0

k
< cB"agby Yy CL AW = c(A+ |h))* B agby = cA§ B ayby.
j=0

where A1 = A + |h|. This implies that the function @1 (x) = ¢(x — h) is an element of the space Sfl’: ’§+|h\’ ie.,

by _ by,B
2! € Sdl? - U Sak,
A,B>0

Thus, the image of a bounded set F under the indicated mapping is a bounded set from the space S, ” . This
means that the operator of shift of the argument is a linear bounded operator in the space Sa + and, hence, also a
linear continuous operator in this space because the first axiom of countability is true in the space S,f - As follows
from the general theory of linear continuous operators in countably normed spaces (see [9, pp. 81-82]), the class
of linear bounded operators in the spaces with the first axiom of countability coincides with the class of linear
continuous operators.

We also note that the spaces Sf,’j are perfect (i.e., spaces all bounded sets in which are compact). In view
of this fact and the general theory of perfect spaces (see [9, p. 171]), the operation of shift of the argument is
differentiable (and even infinitely differentiable) in a sense that the limit relations of the form

(@(x + 1) =)™ = ¢'(x),  h—0,
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are true for each function ¢ € S},’ «+ 1n a sense of convergence in the topology of the space Sg -

We now prove that a linear and continuous operator of multiplication by an integer independent variable that
maps this space into itself is defined in the space S(]; o

Assume that ¢ runs through a bounded set F' C Sé’ «» 1.e., each function ¢ € F satisfies the inequality

}xktp(")(x)’ < cA*B"agb,, f{k.n}CZy, xeR,
with some constants ¢, A, B > 0. We set ¥/ (x) := x¢(x). Then
[y @] = [xF (e (x)) ]
< K+ ()| + n[xF @D (x)|
< cAk"'lB”akan + ncAkB”_lakb,,_l.

By using property (ii) of the sequence {ay,k € Z} and property (i) of the sequence {b,,,n € Z}, we arrive at
the inequalities

|k (x)| < cAAB" M agby + 2" A¥B" B axby = ¢AX B ayby,

where ¢ = cAM + ¢B™', Ay = max{Ah, A}, and B; = max{1,2B}. Hence, a bounded set F multiplied by an
independent variable x is also a bounded set in the space S;;', Q.E.D.

We also note that gy € Sé’,’j for any {p, ¥} C Sé’,’j.

A function g € C*°(R) is called a multiplicator in the space Sé’,’: if gp € S};,? for any function ¢ € Sg,i’ and
¢ — go is a linear and continuous mapping that acts from S}; + into Sé’ i

Lemma 3. A multiplicator in the space Sf < is a function [ € C°(R) satisfying the condition

dByp>0 Ve>0 3dc, >0 VneZy VxeR\{0}:

| ™ ()| < ceBybaly(ex)™", (6)

| £ ™ (0)] < ce B bn.
Proof. Letg € S,f + - By Lemma 2, the inequalities
‘go(”)(x)| <c¢B"byy(ax), x e€R\{0}, neZs, ‘(p(”)(O)‘ <c¢B"b,

are true with some constants ¢, A, B > 0. We take ¢ € (0, a) and use estimates (6). Thus, we get

()™

=i ]r0w)| o)
j=0
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n
fccgzchjBn ]bn j)/(ax) x #0.
P yEx)

Since bjb,—j < wL"b, [see property (iii) of the sequence {b,,n € Z}], we get

(f(x)p(x))™| < éBIb, Eajg EBNppenY@)-ny(ex)

where ¢ = ccew and By = 2max{By, B}L. The inequality
Iny(ax) —Iny(ex) <Iny((a —e)x), O<e<a, x#0,
follows from (2). Thus, we obtain

(f()@(x)™| < EBybye™ Y @) = BIbyy(arx), a1 =a—e x#0.

|(F@P) ®lmo| < B, n e 2y

Hence, f - ¢ € SLZ; « - It follows from the presented reasoning that if ¢ runs through a bounded set F' C SLI; « » then

every function f - ¢, ¢ € F belongs to a bounded set F; C Sé’,’j, i.e., the operator Sé’,f 5¢ —> fp e Sé’,’(’ is
continuous.
Lemma 3 is proved.

If the sequences {ay,k € Z} and {b,,n € Z 4} satisfy the condition

a b
k> cak ™M kS cpk '
ar—1 k—1

) /“L’A‘zov /"L+A§1’
)

a
{kon} N, K2 < o4k,
ag

then, as indicated in [9, p. 290], the following formula is true:
byl _ n
F[Sak] - Sgk ’

where

F [Sfl’z] =1vY:yY(o) = /(p(o)emx dx Vo € S "

R

In particular,

F[S,f,’jﬁ] = [Sﬂ] = 5§ =Sly. a.p>0.
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The operator F': Sé’,’f ) Z " is continuous.
Since the sequence {ay,k € Z4} has property (ii), the inequality

a
ag

is true with constants co = hM? and A9 = h? [M, h > 0 are constants from property (ii)]. In what follows, we
assume that the sequences {ay, k € Z 4} and {b,,,n € Z4} satisfy condition (7).
Ifap = k@ k € Z 4, a > 0, then, as shown in [9, p. 240], this sequence satisfies the inequality

L >ik1_“, k e N,
ap—1 2¢

where 4 = max{l —«,0},ie, u =1 —aforO<a <land u =0fora > 1.

2. Some Classes of Analytic Functions in the Generalized Spaces of Type S

If a sequence {b,,n € Z 4} used to construct the space Sf + has a special form, then this space may consist of
infinitely differentiable functions on R admitting analytic extensions to the entire complex plane and characterized
by a certain order of increase. Assume that a sequence {ar,k € Z4} satisfies conditions (i)—(iii) and that a
sequence {b,,n € Z4} is characterized by “slow growth.” In order to construct the sequence {b, }, we consider a
monotonically decreasing sequence {p,,n € Z4}, po = 1, of positive numbers with the following properties:

(a) nlggo Ypn = 0;
(b) 3y €(0,1)Vn € N:py—1/pn < n?;
(¢) e, L>1ppppi <cL"py,k €{0,1,...,n}.

As an example of a sequence {p,,n € Z 4} with properties (a)—(c), we can mention a sequence p, = (n nA-1,
where B € (0, 1) is a fixed parameter. Indeed, first of all, we note that {p, } is a monotonically decreasing sequence,
Le.,

1 1
z
(=B = (n+ )H1-B

Pn = = pnt1 Vn €Z4.

By using the Stirling formula, we obtain

1 1

g Pn = =
NA=B)/n 1-=8)/n
(n!) (mnne—ne—neﬂ/lln)

1 el=h

= (ne—my=Bn ~ q1=B

0, n—o0, 0<0O<l.

Thus, the sequence {p,,n € Z} has property (a).
For any n € N, we get

poot _ )P g
po ((n=DH=F
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Hence, the sequence {p,,n € Z} satisfies condition (b) with the parameter y =1 — 8, y € (0, 1).
To prove property (c), it suffices to establish the inequality

Pbnk — opn keq01,....n),
Pn
where ¢, L > 1, are constants. Thus,
PkPn—k _ (n)'=# _ ( k)l_ﬂ
On (())1=B((n — k))1—A g ’

where C,f are the binomial coefficients in the binomial formula. Further, by using the fact that

n
k=,
k=0
we obtain
k — on NP _ ona-p)
Ck=2". kefo.l,...ny (cF) " =2n0P.
This yields the inequality
PkPn-i <cL"ppn, c=1, L=2"P>1kefo1,....n.
We now consider a sequence b, = nlp,, n € Z4, where {p,} is a sequence with properties (a)—(c). The

sequence {b,,n € Z4} has properties (i)—(iii) (see Sec. 1). Indeed, the inequality b, < byy1,n € Z4, is
equivalent to the inequality b, /b,4+1 < 1, n € Z 4. By using property (b) of the sequence {p, },we get

! y
bn _ n'pn _ 1 Pn < (n+1) — 1 : <1 VneZy.
bpt1 (n+ Dppy1 n+1pps1 n+1 (n+ 1)

Since the sequence {p,} is monotonically decreasing, we have
bpt1 = (n+ Dpnt1 =nl(n + Dppt1 < nlpa(n + 1) = (n + )by < 2"by.

Hence, the sequence {b,} satisfies condition (ii) with the parameters M = 1 and & = 2. By using the inequality
k'(n—k)! <n! k €{0,1,...,n}, and property (c) of the sequence {p,}, we get

biby—i = klpg(n —k)\pp_x < cL"nlp, =cL"b,, ke{0,1,...,n}.

Thus, the sequence {b, } satisfies condition (iii).

Theorem 1. Every function ¢ € S:,l]ip " can be analytically extended onto the complex plane as an entire
Sfunction ¢(z), z = x + iy € C, satisfying the condition

da,b,c >0 Vz=x+1iyeC: |p(x+iy)| <cyi(ax)p1(by),



GENERALIZED SPACES OF TYPE S AND EVOLUTIONARY PSEUDODIFFERENTIAL EQUATIONS 601

where

1’ |x|51, 19 y:O,

p1(y) =
inf (ak/|x|k), x| > 1, sup (|y["pn), ¥ #0.
k€Z+

n€Z+

yi(x) =

Proof. Letg € Sn p", ie.,
Jc1.A,B>0 YxeR Vikn}CZy: |x¥o™(x)| < c1A¥B byn'pn,
or

dci,a,B>0 VxeR VnelZy: |<p(")(x)‘ < c1B"n'pyy1(ax).

Therefore, it can be analytically extended onto the entire complex plane. Indeed, the remainder of the Taylor
formula

(m) (n)
o(x +h) = Z Y (x) +¢ n'@) h*, xeR,

where |x — &| < |h|, admits the following estimate:

(n)
G n@” " < c1 B palhl" = c1 (BIH] /pn)"

Since /p, — 0asn — oo, we have
Ve>0 3ng=ng(e) Vn>ng: pp <&".
. 1
We fix arbitrary || > 0 and set ¢ = 3 (B|h]). Hence, we get

le™ @)
n

|h|" < 2——)0, n— 0o.

This implies that the Taylor series of the function ¢(x) converges to ¢(x), x € R, i.e,,

© ,#)
@ (x)
p(x+h) = E - h"
n=0 ’

By using the estimate for the remainder, we conclude that the Taylor series of the function ¢ is also convergent
for complex values of 4. Thus, ¢ can be extended to an entire function ¢(z), z = x + iy € C, y # 0. Moreover,

o (iy)"
xk<p(x +iy) = Z - xk<p(”)(x)
n=0 ’
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and

o
[xko(x +iy)| < crAFar D 1y["B" pn

n=0

or

o0 o0
, 1
lp(x +iy)| < e1 Y |y"|B" payi(ax) =c1 Y 55 @By ony1(ax)
n=0

n=0
=1
< sup (1y1"pn) Y 35 11(@x) = eyi(@x)py(by).
n€Z+ n=0

where b = 2B, ¢ = 2¢1, and p1(y) = sup (|y|"pn). y # 0. QE.D.
n€Z+

Note that p; is an even nonnegative function on R monotonically increasing in the interval [1, +00), p1(y) = 1
for |y| < 1,and p1(y) > y"pn Vn € Z for |y| > 1.

As an example, we consider the sequences a; = k** and b, = n!(n)f~! = (")B, where « > 1 — B,
B € (0, 1). In this case,

ns np
Sbn = s = sy, = 58

(the inequality & > 1 — B is the condition of nontriviality of the space So‘? [9, p. 276]). Thus,

n
p1(y) = sup (ly|"pn) = sup (IyI"(n!)ﬂ_1> = sup ]

nezZy nezZy nez (n!)l_ﬂ
< sup ley|” _ 1 < 0B by = 1-8 e 1/(1=B)
" ez, n"(—P) . nn(1=8) — ’ e

neZy eyl
(here, we have used inequality (*) in Sec. 1). Moreover, it follows from this inequality that

o
y1(x) < coexp(—c1|x|V®), ¢ =—, and co=e*/?
e

Thus, for the space So’? ,a > 1—f, by virtue of Theorem 1, every function ¢ from this space can be analytically

extended onto the complex plane as an entire function ¢(x 4 iy) satisfying the condition
[9(x + )] < cexp {—alx] '/ + bly|1/0-D)}

with some constants ¢, a, b > 0 (this condition is the well-known result established in [9, p. 209]).
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3. Spaces of Generalized Functions of the Type S’

By (Sg ,’j)/ we denote the space of all linear continuous functionals defined in the pivot space Sff + with weak

convergence. The elements of this space are called generalized functions.
Linear continuous functionals whose action upon a test function ¢ € Sff © 1s given by the formula

(frg) = / F)p(o)dx
R

are called regular generalized functions or regular functionals.
Every function f locally integrable on R and satisfying the condition

Ve>0 Jcg>0 Vx e R\ {0} |f(x)| < ce(y(ex)) ™1, (8)

generates a regular generalized function Fy € (S(];,J 7'

(F.g) = f fe()dx Vg e St
R

The following statement is true: Let [ and g be functions locally integrable on R and satisfying condition (8).
Assume that these functions do not coincide on a set of positive Lebesgue measure. Then there exists a function
@Yo € SLI,),’{’ such that { f, o) # (g.¢o). i.e., Fy # Fg. Conversely, if Fy # Fg, then the functions f and g do not
coincide on a set of positive Lebesgue measure.

The proof of this statement is similar to the proof of the corresponding assertion in [17].

The formulated statement enables us to identify the functions locally integrable on R and satisfying condition
(8) with generalized functions from the space (Sé’ ,’j)/ generated by these functions. By using the properties of the
Lebesgue integral, we conclude that the embedding

Shns f — Fyp e (Sb)

is continuous.
Since the operation of shift of the argument 7 is defined in the pivot space Sf; + » we introduce the convolution

of a generalized function f € (Sf; ,f)/ with a test function by the formula

(f %)) = (fe. Txp(0)) = (fe. o(x =) ¢() = 9(=§)

(here, (f¢, T—x@(§)) denotes the action of the functional f upon the test function 7_¢(§) as a function of the
argument £). It follows from the property of infinite differentiability of the operation of shift of the argument in the
space Sf + that the convolution f * ¢ is an ordinary infinitely differentiable function on R.

Let f € (Sf,’j)’. If f*x¢c€ Sg,’j Yo € Sf,’j and the relation ¢, — 0 as v — 400 in the topology of the
space sz’,g implies that f * ¢, — 0 as v — +o0 in the topology of the space SLI; « » then the functional f is called
a convolver in the space Sg,’(’.

We define the Fourier transform of a generalized function f € (Sé7 ,’j)/ by the formula

(FIfl.9) =(fFlol) Voes,"
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This implies that F[f] € (Sg:)/ for f € (Sf,’,g)’ Moreover, the operator F': (Sé’]’j)/ — (SZ]:’)/ is continuous.

Theorem 2. If a generalized function f € (S!,),’Z), is a convolver in the space S!,),’Z , then, for any function

@ € Sg,’j, the formula

F[f x ¢l = F[f]1F[¢]
is true.
Proof. By the condition of the theorem, f * ¢ € Sf,’: Yo € Sf,’:. By using the Fourier transform of a

generalized function from the space (Scl,7 ,’:)/ and the definition of convolution of a generalized function with a test
function, we arrive at the relations:

+o00
Vy e Sy (FIf xl.y) = (f *¢. Fly]) = /(f * @) (x) F[y](x)dx

400
- / (for p(x — ) FIY]()dx
+o00
=<fg, / w(x—S)F[W](X)dX>. ©)
Let
+o0
1) = / o(x — H)F[Y](x)dx.
Then, by the Fubini theorem,
+00 400 +00 400
1) = [ o —£) f ¥(0)e % do |dx = / [ o(x — EY (0)e* dodx
+00 +00 o0
- / / o ()% dodt = | Y(0)Flgl(0)e!®édo = FIFlgly](§) e SP.

Hence,

(FLf *¢l.¥) = (f F[Flply]) = (FIf]. Floly) = (FIf1Flpl.¥) Yy €S,

This yields the equality F[f * ¢] = F[f]F[¢].
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It remains to show that relation (9) is true. We introduce the notation
r
1) = [ V@ Flglo)e*tdo, 1>
—r

To prove (9), it suffices to establish that /,(§) — I(£) as r — +o00 in the space Sé’,’j, ie., ar(§) == 1) —

I,(§) - 0 as r — 400 in the topology of the space Sf,’ « - This implies that:

(i) the family of functions {aﬁn)(é), r > O}, n € Z4, uniformly converges to zero as r — oo on each
segment [a, b] C R;

(ii) ‘af”)‘ < cB"b,y(af) and |oz£n)(0)‘ < cB"b, Vn € Z4, where the constants ¢, B, a > 0 are independent
of r.

The integral

+o0

400
| Dt (@ FI@e™) ds = [ 0y v Fldlo)e*t do

—00

converges uniformly in £ because

Ve e R: [ D} (V(@)Flgl0)e'*F)| < 10"y (@) Flpl@)]. o <R,
+o00
[ 10" Flpl(@l do < +oc

(since 0" Fp](0) € Sgl: for any n € Z ). Thus,
}aﬁ")(f)‘ < / lo" Flgpl(0)|do — 0, r — +oo,
lo|=r

uniformly in £ € R as the remainder of the convergent integral. Thus, condition (i) is satisfied.
Further, we verify condition (ii). Since

Djar(§) = D}1(§) — D} 1r(§). n e Ly,
we have

|DYer(®)] < |DEI®)| + |DELE)].

Consider nonnegative functions

DY 1y 4(8) = max (DE1,(€).0) . DY I—(§) = —min (D} 1,(€).0).
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We take into account the fact that
|DE1(8)| = D{ 1r4(€) + D Ir,—(§) < 2| DEI(E)).
This yields
|Dley(£)] <3| DEIE)| = 3| DEF[Flely]€)| Vr > 0. (10)
Since F[F[ply] € Sqr Vo € Sqr, ¢ € S, in view of relation (10), this yields
|D§l0{r(é)‘ < cB"byy(ak), £ #0, \D?a,(0)| <cB"b,, neZyg,

where the constants ¢, B, a > 0 are independent of r. Thus, condition (ii) is satisfied.
Theorem 2 is proved.

By virtue of Theorem 2, if a generalized function f is a convolver in the space SLI; « » then its Fourier transform
is a multiplicator in the space S,

4. Pseudodifferential Operators in the Generalized Spaces of Type S

Consider a function
1, lo| <1,

y(0) = o |F
sup —, |o| > 1.
kEZ+ ag

It is clear that y is a nonnegative even function on R monotonically increasing in the interval [1, +00), and
such that y(o) > 1 for |o| > 1. Since

o1 !
wp L= . o e R\(0)
keZ keZ, o |k

1
foro € R\ {0}.
y(0)
Thus, if a5 = kk"‘, k € Z4, a > 0, then the function y constructed according to this sequence satisfies the

the function y (o) coincides with the function

inequalities

|1/Dt
’

o 1/« ~ o _ae
coe ! f)/(a)feel‘T co=¢e 2, o€R.

By using inequality (2) satisfied by the function Iny (see Lemma 2), we arrive at the following convexity
inequality for the function In y:

Iny(o1) +Iny(02) <Iny(o1 +02) Vi{o1,02} C (0, +00). (11

Let ¢ be an infinitely differentiable function on R with the following properties:
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(1) ¢(o) > Q(0) >Iny(o), 0 € R;
(i) Ve>03c, >0Vo € R:p(0) <cy(c0);
(iii) Jco,Bo>0Vn e N Vo € R: |<p(”)(0)| < coBgn!.

Here,

(o2

Qo) = [ wEdE 00, Q) = Q(-0),

0

where ©(£), 0 < £ < +o00, is a monotonically increasing continuous function such that ¢ (0) = 0 and

lim u(§) = +oo.

§—>+o0

It is clear that Q2 is a continuously differentiable even function on R monotonically increasing on [0, +00).
The function €2 also has the following properties:

(a) Ya e (0,1) Yo € [0, +00): Qo) < af2(0);
(b) Ya > 1Vo €0, +00): 2(ao) > aQ2(0).

As an example, we prove property (a). Since the function y is monotonically increasing on [0, +00), we get

Q(a0) = / w(E)dE = a [ n@y)dy <a / w(dy = a0).
0 0 0

Note that, by virtue of properties (ii) and (iii) of the function ¢, this function is a multiplicator in the space

S alk =S L'l’: (the proof of this fact is similar to the proof of Lemma 3). This implies that a linear and continuous

pseudodifferential operator A constructed according to the function
p: Ay = F o) F[Y]l Yy e S

is defined in the space S{" = S/}

Consider a self-adjoint operator ;— in the Hilbert space L,(R) with domain of definition
X

D (g) — (¥ € LyR):3 Y € Ly®)}.

By virtue of the main theorem on self-adjoint operators,

400
X0
o(5) = [ vaeas
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0
where £, A € R, is the spectral function of the operator ;— It is known (see, e.g., [18]) that
x

1 A +o00 1 A

Exy = [ / V(1)e'’Fdt b e do = — / F[y](0)e % do.
b4 2w
—0oQ —OoQ —0oQ

1 .
This yields the relation dE )y = - F[y](M)e™**d A Thus,
b4

400
id 1 » B
‘P(a) = 5r / oW F[Y)(Me™ ™ dr = FU e F[y]] Yy € S,
—00
. id o . . ) ' . .
i.e., the operator ¢ = coincides with the pseudodifferential operator A in the space S| constructed according
X

to the function (symbol) ¢, which is a multiplicator in the space S ‘} "

1/2

As an example, we consider a function ¢(c) = (1 + 02) , 0 € R. We can directly show that the function ¢

has the following properties:
(i) ¢ € C®R), ¢(0) > |o],0 € R, Ve > 03¢, > 0:¢0(0) < coexp(elo]), o0 € R, c; = 21/2 max{1,1/e};
(ii) ‘Dc’}gp(o)‘ <coByn! <c1Bin",neN,o eR.

This implies that ¢ is a multiplicator in the space S 11 =S I?Z . Hence, the operator

)oY -G - [

coincides with the pseudodifferential operator F~! [(1 + A2 F ] in the space S 11
A function

po)=>10+ 02)‘“/2, o €R,

where w € [1,2), is a fixed parameter, has similar properties:
9 € C®R), ¢0)>10]”, o€eR, ¢(0)<ceexpielo]|®}, o €R,
where ¢, = 29/2 max{1, 1/¢}, and
|D}¢(0)| < coBin! < c1Bin™.

. . . . . 1 _ n
The function ¢ is a multiplicator in the space S o = S I?k o

f(2)-(-()) "

and the operator
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coincides in the space S 11 /® \ith the pseudodifferential operator constructed according to the symbol

o(0)=(1+02)"% oeR.
5. Nonlocal (in Time) Problem
Consider a differential-operator equation
ou(t, x io
(8t ) go(g)u(t,x) =0, (,x)e(0,+00) xR =Q4, (12)

X
¢, which is a multiplicator in the space S, ;k [the function ¢ has properties (i)—(iii) formulated in Sec. 4]. Hence,

0. . . : . .
where ¢ (3—) is understood as a pseudodifferential operator in the space S f” constructed according to the function

0
w(;—x) v = F ' [p(0)Fy]] V¥ € 5o,

A solution of Eq. (12) is understood as a function u(z, x), (¢,x) € 4, continuously differentiable with
respect to the variable 7 and such that u(-, x) € S{" for every r > 0 and u(z, x), (t,x) € Q, satisfies Eq. (12).

For Eq. (12), we formulate a nonlocal multipoint (in time) problem as follows:

To find a solution of Eq. (12) satisfying the condition
pu(0,x) — pru(ti, x) — ... — pu(tm. x) = f(x), xeR, f eS8, (13)
where

u(0,x) = tl_i)rilou(t,x), m € N,

{M,Ml,’ﬂm}c(ov‘i‘oo), {tl,,tm}C(O,‘FOO)

are fixed numbers such that 0 < #; < ... < t;;; < +00 and, moreover,
m
w>my .
k=1

By using the Fourier transforms, we seek the solution of problem (12), (13) in the form u(¢, x) = F~'[v(z,-)].
For the function v: 24+ — R, we obtain the following problem with the parameter o':

dv(t,o)
dt

+ @(0)v(t,0) =0, (t,0)€ Q4, (14)

p(0.0) = ) wev(tx.0) = f(o). 0 €R. (15)
k=1
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where f (o) = F[f](0). The general solution of Eq. (14) has the form

v(t,0) = cexp{—tp(o)}, (t,x) € Q4, (16)
where ¢ = c¢(0) is determined from condition (15). Substituting (16) in Eq. (15), we obtain
m -1
¢ =f©) (u SO exp{—w(o)}) . oER.
k=1
We introduce the notation: G(¢,x) = F~[Q(t,0)] and Q(¢t,0) = Q1(¢t,0)Q2(c), where
m -1
01(t,0) = exp{—t¢(0)}, 02(0) = (M -> qul(tk,G)) :
k=1

Further, as a result of formal reasoning, we arrive at the relation

u(t,x) = / G(t,x — &) f(§)dE = G(t,x) * f(x).
R
Indeed,

u(t,x) =)~ [ 0oy | [ f@©eFaE )T do
foeolf

_ / (2m)"! / 0(1,0)e 7Dt | f(g)dk
R

R

= /G(t,x = f(§)dE =Gt x)x f(x), (1,x) € Q.
R
The validity of the performed transformations and the property of convergence of the corresponding integrals
follow from the properties of the function G presented in what follows. The properties of the function G are
determined by the properties of the function Q because G = F~![Q]. Thus, first of all, we study the properties of

the function Q (¢, o) regarded as a function of the argument o.

Lemma 4. The derivatives of the function Q1(t,0), (t,0) € Q4+ (with respect to the variable o) satisfy the
following estimates:

|DyQ1(t,0)| < cA"t“"n" exp{—tp(0)}, (t.0) €4, neN, (17)

where w = 0for0 <t <1,w = 1fort > 1, and the constants ¢ > 1 and A > 0 are independent of t.
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Proof. To prove the assertion, we use the Faa di Bruno formula of differentiation of a composite function

. Lgr n! d no (gl P
DGF(g(o))=;@F<g)2m(%g(o)) . (l,d,g< )) e

(the index of summation runs through all integer nonnegative solutions of the equation p; +2p, +...+Ip; = n,
p1+...+ p; = p), where we set F = e® and g = —t¢(0). Then

n
|
Dle—te(0) — ,~19(0) A

where the symbol A denotes the expression

d D1 1 d p2 1 pi
A= (%(—tgo(a))) (z,d (~19(0 ))) . (Z,d e w(o))) .

In view of property (iii) of the function ¢, which remains true for the derivatives of the function ¢, we obtain

2 ~
IA| < CPH- +plBP1+ P2t +lp1[p1+ +pr < G citP B, G = max{l,co}.

By using property (i) of the function ¢ and the Stirling formula, we arrive at the inequalities
‘Dng(t,cr)| < g Byt?"nlexp{—t(0)} < cA"t®"n" exp{—t@(0)}, o €R, (18)
where w = 0for0 <t <1, w = 1fort > 1, and the constants ¢ > 1 and A > 0 are independent of ¢.

Lemma 4 is proved.

Remark 1. 1t follows from estimates (18) that Q1(¢,) € S Jk forany t > 0.

Indeed, let r € (0, 1). By using property (i) of the function ¢ and property (a) of the function €2, we obtain the
inequalities

e—t(p(a) < e—tQ(G) < e—Q(tU) < e—ln?(ta) — elny(ta) — ]/(ZO), ceR \ {0}

(here, we have used the fact that y (o) = ( 3 ,o0 € R\ {0})

Ift > 1,t #n,wheren € {2,3,...}, thent = [t] + {t}. We get
e~ 19(0) — p=110(0) ,~i1}0(0) < ,—{1}0(0) < ,—11}R(0) < ,—R({1}0)
< e M) = y({1}o), o R\ {0}.

Ift =n,ne{2,3,...},thent = 1 + n — 1. In this case, we obtain

e 190) — ,—¢(0) ,~(n—1)¢(0) < e ?) < e~ 2(0) < e~ V() — y(0), o R\ {0}
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Hence,
e 799 < y(ao), o eR\{0} (19)

wherea = {t}fort Zn,n e N,anda = 1 fort =n,n € N.
Therefore, for fixed # > 0, the inequalities

|D2Q1(t.0)| < cA™n"y(ao), o €R\{0}, neZyg, (20)
where A = Ar®, are true. Since e 1?0 < ¢772(0) — | we have
DQ1(t,0) < cA"n", nelZs;.

By using this result and Lemma 2, we conclude that Q1 (¢,0) € S;k for any ¢t > 0.

Lemma 5. The function Q» is a multiplicator in the space S ;k.

Proof. By using property (i) of the function ¢, we conclude that the inequalities
01(tx,0) <exp{—trp(0)} <1, kef{l,...,m}, oeR,
i "
are true. Since y© > Zk:l Wi, we get

1 « 1 —
— Zﬂle(fk,U) <— Zﬂk <1
R = H =

By using the polynomial formula, we obtain

3

Z le(fk,O)) = Z (Zuke"kw(“))

02(0) = 1( .
m !

o0
_ r! _ r _ 'm
=Sty — (ule tup(a)) ~-<Mme tmrp(o))

rl.... m-

o0
B r!
=2 WY ik o),
r=0 )

rip....
r+..+trm=r 1 m

where A :=t1r1+...+tmrmand Q1(A,0) = e—Ae(0) By using this result and (17), we arrive at the inequalities

o
_ r!
[D5Q2(0)] < e Yy pu™0HD Y e ufA" exp{—Ap(0)}

ri!...
r=0 rit..trm=r 1 m
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o0

r!
< n,wn n —(r+1),,r .n :
<cA"t,)"n ZM Hol Z —rl!---rm!, neN,
r=0 ri+..+rm=r
where 1o = max{{ty, ... m}. Further,in view of the fact that
r!
Z | | - mr’
I — ri:..."'m:
we get
o0
|D202(0)| < ' Afn" Z,&rr" =cAn", neN, (21)
r=0

where i = u tpuom < 1,¢’ = cu™t,

[e.e]
~ / ~
c=c E a'r',
r=0

and A; = At). The last inequality and the boundedness of the function Q> on R imply that Q5 is a multiplicator
in the space S (}k
Lemma 5 is proved.

By using (17), (21) and the Leibniz formula of differentiation of the product of two functions, we find

|D2O(t.0)| = |> CIDLO1(t.0) D} Q2(0)

=0

n
<cd Yy ClA I AT (0 — 1" exp{—t9(0)}
=0

< bB"t°"n" exp{—tp(0)},

where b = ¢éand B = 2 max{A, A;}. By using the last inequality, Remark 1, and estimate (20), we conclude that
Q(t,0) is an element of the space S ;k as a function of the variable o (for any ¢ > 0). Since G = F~![Q], the
function G(z, ) is an element of the space S7” for any ¢ > 0.

Lemma 6. The function G(t,-), t € (0, 4+00), as an abstract function of the parameter t with values in the
an . . . .
space S7", is differentiable with respect to t.

Proof. In view of the continuity of direct and inverse Fourier transforms in the spaces of type S, in order
to prove the required assertion, it suffices to show that the function F[G(z,-)] = Q(t,), regarded as an abstract
function of the parameter ¢ with values in the space S alk, is differentiable with respect to 7. In other words, it is
necessary to prove that the limit relation

1 0
CDAI‘(O) ::E[Q(t-i_At")_Q(t")]_)8_tQ(tv')’ At—>0,
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is true in a sense that:

(1) ngDAt(G)A_)ng (—p(0)Q(t,0)), n € Z4, uniformly on each segment [a, b] C R;
t—

(i) |DI®a/(0)| <CB " n"y(@o),n € Zs, 0 € R\ {0},

where the constants ¢, @, B > 0 are independent of At if At is sufficiently small.
The function Q(¢,0), (t,0) € Q4, is differentiable with respect to ¢ in the ordinary sense. By virtue of the
Lagrange theorem on finite increments, we get

DOpr(0) = —p(0)Q( + 0ALt,0), 0<8 <.

Hence,
n
Do) == CIDLp(@) DY Ot + AL, 0) (22)
=0
and
8 n
D" ((DA,(U) e Q(t,o)) =—Y CiDly(o) [Dg—lQ(z + 0At,0)— DO, o)].
=0
Since

D" Q@+ 0A1,0)— DOt 0) = DO + 6,A1,0)0A1, 0 <6y <1,
in view of estimates (17), this yields
D10t + 0,A1,06)0A1 -0, At — 0,

uniformly on any segment [a, b] C R. By using the properties of the function ¢, we obtain
n nf 9
Di®as(0) = Dy % O(t,o)), At—0,

uniformly on any segment [a, b] C R. Thus, condition (i) is satisfied.
By using (22) and estimates for the functions ¢(o) and Q(¢, ) and their derivatives, we get

n
|DE®A(0)] &) CIBIT A" (1 + 0A1) 21D e (HIADD ()
=0

(here, ¢ > 0 is an arbitrary fixed number and ¢ = ¢(g) > 0). Since t + At < T, where T > 1 is fixed, we arrive
at the estimate

|DE®A(0)| <TL'n"e D j(e0), L =2max{AT, B}.
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Further, by using the inequality

expi—tg(0)} < y(ao), o €R\{0}

[see (19)], we obtain
]D(’}Cbm(a)‘ < EL"n"y(ao)j(c0)
_— Gfnyne—In7(a0) JnF(e0)
_ Gimptem 7@ i) o e R\ {01,

where (o) = 1/y(0)). By using the convexity inequality (11) satisfied by the function In}, we arrive at the
inequality

Iny(eog) +Iny((a —e)o) <Iny(ac), €€ (0,a), oceR\{0},
or at the inequality
—Iny(ac)+Iny(eoc) <—Iny((a —e)o), o €R\{0}, ¢e¢€(0,a).
Thus,
|D3®At(o)‘ < L'n"eMV(@10) = G1 "y (a10),
ay=a—¢&, nezZy, oeR\{0}L

moreover, all constants are independent of At, i.e., condition (ii) is satisfied.
Lemma 6 is proved.

Corollary 1. The following relation is true:

G (t, x)

o Ve (s, t>o0.

0

g(f*G(t,x)) = f *

Proof. According to the definition of convolution of a generalized function with test function, we get
f 560 = (/6. TG @.9). .6 = Gt.—-).

Thus,

DG = lim L[ Gl AL~ 4Gl

1 v v
= li — | 7= At,)—T_ 1)
dimy (e 5 [Fx60+ 809 - TG00
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By Lemma 6, the limit relation

1 v v 9 v
-~ [T_XG(t +ALE) = TG, g)] — ST G(LE). A0,

is true in a sense of convergence in the topology of the space S f . Thus, we obtain
d . 1 v v
S (f #6() = (fe lim —[T-xG( + A1) ~ TG (1.5 ]

0 v J 0
- <fs, 5 TG, s)> = <fg, T o G(r,s)> = %5 G,
Corollary 1 is proved.

Lemma 7. In the space (S f ”)/, the following limit relations are true:

(i) G(t,-) — F70Q3], At — +0.
(ii)

m

uG(t,) =Y uGig,) > 8, 1 — +0, (23)
k=1

where § is the Dirac delta function.

Proof. (i) In view of the continuity of direct and inverse Fourier transforms in the spaces of type S’, in order
to prove the required assertion, it suffices to show that

FlG@. )] = 0(t.)) = 0:1(1,)Q2() = @20). 1= +0,

in the space (S ; . )/. To this end, we take an arbitrary function ¢ € S 5} «» use the fact that Q> is a multiplicator in
the space S ;k, and apply the Lebesgue theorem on the limit transition in the Lebesgue integral. As a result, we

obtain

(01(.9)020). V) = (Q1(,-). Q2()¥ ()

[ eeor0:0rio — [ 0xewords
R R

= (L 0200¥()) = (Q2.¥).

This yields Assertion 1 of Lemma 7.

(ii) By using assertion 1, we get
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nG(t) = 3 Gt ) —> wF Q2] = 3 i Glte.)
k=1 k=1

= uF~ 0, - Z ik F01(tk, ) 02()]

k=1

=F ' n0s— Z Mle(lk,')Qz(')} = F_1|:(M — Z Mle(fk,')) Qz(')}

L k=1 k=1

B m m -1
=F! (u— > qul(zk,o)) (u - ukgl(rk,o)) =F'[1] =6.
| k=1 k=1

Thus, relation (23) is true in the space (S7 ”)/.
Lemma 7 is proved,

Remark 2. If u =1and u; = ... = um = 0, then problem (12), (13) is reduced to the Cauchy problem for
Eq. (12). In this case,
02(0)=1 VYoeR,  G(t,x)= F e %],
and
G(t,)— F\[1]=6, t— 40,
in the space (S¢")".
Theorem 3. Suppose that

o(t.x)=fxGt.x), fe(S{). (t.x) ey,

’, ; . .
where (S f ”*) is a class of convolvers in the space S la”. Then the limit relation

po(t,) = Y o, ) = f, = 40, (24)
k=1

. . !
is true in the space (S f ") .

Proof. We now prove that the limit relation

F {uw(h V= > k(. -)} — F[f]. t—+0, (25)

k=1

is true in the space (S;k),. Since f € (Sf”;), and G(1,-) € S{" for any ¢ > 0, we find (see Theorem 2)
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Flo(t,)] = F[f * G(.)] = F[f]IF[G(.)] = F[f]Q(.").

Thus, it is necessary to show that

F[f] (uQ(r, V= > e Q. -)) — F[f]

k=1
as t — +0 in the space (S;k)/. Since
O(t,)) = 01(t,)02() — Qa() as t— +0

in the space (S (} k), [see the proof of Assertion (i) in Lemma 7)], we conclude that

HOW) = D Qi) = 102() = Y e Q1 (1) Q2()

k=1 k=1
= (M— ZMle(fk,U)) 02(0) =1
k=1

in the space (S ;k)/. Thus, relations (25) and (24) are true in the corresponding spaces.
Theorem 3 is proved.

The function G (¢, x), (¢, x) € Q4, satisfies Eq. (12). Indeed,

8 _2 —1 _ —1 2 _ —1
2 6x = S F0o) = F [at Q(z,o)}— F'p(0)0(1.0)].

0
‘”(g_x) G(t.x) = F'[p(@) FT'[G(1. )] = F'p(0) Q(t.0)].

Thus,

aG(t, x) +o i9 G(t,x)=0, (t,x)€Qy,
ot ax

Q.ED.

By Theorem 3, the nonlocal multipoint (in time) problem for Eq. (12) can be formulated as follows:
To find a function u(¢, x), (¢, x) € Q4+, satisfying Eq. (12) and the condition

i lim u(t) = 3 wute) = o f € (S5 26)
k=1

[the limit relation (26) is considered in the space (S f "’)/, and the restrictions imposed on the parameters u,
Uis- -y Um,t1, ..,y are the same as for problem (12), (13)].
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Theorem 4. The nonlocal multipoint (in time) problem (12), (13) is correctly solvable and its solution is
given by the formula
u(t,x) = f*xG(t,x), (t,x)eQ4t,
where u(t,-) € S{" foranyt > 0.

Proof. We now show that the function u(z, x), (¢, x) € Q4, satisfies Eq. (12). Indeed (see Corollary 1),

du(t,x) 0 B aG(z,-)
o —5(f*G(t,-))—f* Py

and

0
o( 52 ) w0 = FR@)FIT 5 Gl

Since f is a convolver in the space S f ", we have
FIf G )] = FIfIF[G(.)] = F[f]0(.).

Hence,

0
w(g—x) u(t.x) = F[9(0)Q(1.0) F[f)(0)]

= [2 0worrint] = -t [P [ 242 iy ]

1 aG(t,-) _ aG(t,-)
=—-F |:F|:f>k 5 :|:|_ f* o

This implies that the function u(¢, x), (¢, x) € Q 4, satisfies Eq. (12).
By Theorem 3, the function u(z, x), (¢, x) € 24, satisfies condition (26) in the indicated sense.
It remains to show that problem (12), (26) is uniquely solvable. To this end, we consider a Cauchy problem

9
a—’;—Av=o, (. x)€[0,10) xR=Q', 0<t<tp< 400, 27)

v(t. M=o =¥, ¥ € (ST, (28)

where A is the restriction of the operator adjoint to the operator

0\ .
w(g)—F [pF]

to the space S f” C (S f ”*)/ Condition (28) is understood in a weak sense. The Cauchy problem (27), (28) is
solvable and, moreover, v(z,-) € S7" for any ¢ € [0,79) [the Cauchy problem (27), (28) is investigated by using
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the same scheme as in the investigation of problem (10), (26) with the parameters u = 1, u; = ... = U = 0 by
taking into account the fact that A = F~1[p - F] and, moreover,

v(t,x) =y xG(t,x) and G(t,x) = F—l[e(t—to)w(cr)]].

Let Q;O: (ST ”*)/ — S{" be an operator that associates a function ¥ € (S} ’fk)/ with the solution of problem
(27), (28). The operator Q§0 is linear and continuous. Furthermore, it is defined for any ¢ and ¢y such that
0 <t < tp < 400 and has the following properties;

oV
dt

vy e (ST —AQy ¥ =0, Jlim 01y =V

(the limit is considered in the space (S{)").

Consider a solution u (¢, x), (¢, x) € Q4+, of problem (12), (26), regarded as a regular functional from the space
(S la ’”*)/. We prove that problem (12), (26) may have only one solution in the space (S i’;)/. To this end, it suffices
to show that the functional u (¢, x) = 0 is the sole possible solution of Eq. (12) with the trivial initial conditions
(for any ¢ € (0, +00)). Further, we apply the functional u to the function ng ¥, where v is an arbitrarily fixed

element of the space S f” C (S f ’;)/ Differentiating with respect to ¢ and using Eqgs. (12) and (27), we obtain

9 d 0L ¥
£ st {2 o) )
la t t
(i)t

()i () wir) o, s ctoan

Hence, (u (t,-), QiOW) is a constant. By using the properties of abstract functions, we deduce the relation

tli)ntlo (u(t’ ')’ Qi()‘//) = (M(l(), ')’ ‘/f) = const

at any point ¢y € (0, +00). If f = 0in (26), then
m m
p lim (s, ), ) - Z (ute. ). ¥) = peo — Y pycg =0,
k=1 k=1

where cg, c1, ..., Cm are arbitrary constants. This implies that co = ¢; = ... = ¢ = 0. Indeed, assume that this
is not true, i.e., e.g., co # 0. In this case, we get the relation

m
=Y ey =0,
k=1
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where oy, = ¢ /co, k € {1,...,m}. Since i, 1,..., im are fixed parameters and, in addition,
m
> g
k=1
the obtained contradiction proves that ¢ = 0. Similarly, we can show that c; = ¢ = ... = ¢, = 0. Thus,

(u(to,-), ¥) = 0 forany ¥ € S{", i.e., u(to, x) is a zero functional from the space (Si’;)/. Since 79 € (0, +00)
and 7¢ is arbitrary, we conclude that u(¢,-) = 0 for all ¢t € (0, +00).
Theorem 4 is proved.

Indeed, let

i9 5 \2\""?
==
(p(ax) (Bx)

: . . . / .
be the operator of differentiation of fractional order in the space Sl1 fo ]Z’Z “ constructed according to the

function ¢(0) = (1 + 62)®/2, o6 € R, where w € [1,2) is a fixed parameter, which is a multiplicator in the space

sl =8 ]2’,’: /o~ Then, by Theorem 4, the nonlocal multipoint (in time) problem for Eq. (12) with this operator is

1/w
correctly solvable provided that the generalized function f in condition (26) is an element of the space (S 11 ’/*w)/.
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