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ÀÍÎÒÀÖIß

Äîðîø À.Á. Àïðîêñèìàöiÿ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ

äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü çi çìiííèì çàïiçíåííÿì. � Êâà-

ëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-

ìàòåìàòè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.02 äèôåðåíöiàëüíi ðiâíÿííÿ.

� ×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, ×åðíiâöi,

2018.

Äèñåðòàöiþ ïðèñâÿ÷åíî äîñëiäæåííþ äîñòàòíiõ óìîâ iñíóâàííÿ òà ðîçðîáöi

ìåòîäiâ íàáëèæåíîãî çíàõîäæåííÿ ðîçâ'ÿçêiâ äåÿêèõ êëàñiâ êðàéîâèõ çàäà÷

äëÿ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü çi çìiííèì çàïiçíåííÿì. Çîêðå-

ìà, ðîçãëÿäàþòüñÿ ëiíiéíi òà íåëiíiéíi êðàéîâi çàäà÷i iç çàïiçíåííÿì òà íåé-

òðàëüíîãî òèïiâ, à òàêîæ êðàéîâi çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü

iç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ.

Ðîçðîáëåíî ìåòîäèêó çíàõîäæåííÿ äîñòàòíiõ óìîâ iñíóâàííÿ ðîçâ'ÿçêiâ

äëÿ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü:

• àíàëiç âëàñòèâîñòåé çìiííèõ çàïiçíåíü;

• äîñëiäæåííÿ ãëàäêîñòi ðîçâ'ÿçêiâ;

• âèáið ôóíêöiîíàëüíîãî ïðîñòîðó iñíóâàííÿ ðîçâ'ÿçêiâ;

• ïåðåõiä äî åêâiâàëåíòíîãî iíòåãðàëüíîãî ðiâíÿííÿ;

• çàñòîñóâàííÿ ìåòîäó ñòèñëèõ âiäîáðàæåíü äëÿ îäåðæàííÿ äîñòàòíiõ

óìîâ iñíóâàííÿ ðîçâ'ÿçêó.

Âiäçíà÷åíî ïðèíöèïîâî ðiçíi âïëèâè âiäõèëåíü àðãóìåíòà íà ìîæëèâi òî-

÷êè ðîçðèâó äðóãî¨ ïîõiäíî¨ ðîçâ'ÿçêó êðàéîâèõ çàäà÷ ó äîäàíêàõ, ùî âèçíà-

÷àþòü çàïiçíþþ÷èé òà íåéòðàëüíèé òèï.
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Çíàéäåíî ëåãêi äëÿ ïðàêòè÷íî¨ ïåðåâiðêè äîñòàòíi êîåôiöi¹íòíi óìîâè íà

âèõiäíå ðiâíÿííÿ, ïðè âèêîíàííi ÿêèõ iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i

äëÿ ëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü

iç çàïiçíåííÿì i íåéòðàëüíîãî òèïiâ.

Ó çâ'ÿçêó ç âiäñóòíiñòþ åôåêòèâíèõ àëãîðèòìiâ iíòåãðóâàííÿ äèôåðåíöi-

àëüíèõ ðiâíÿíü çi çìiííèì çàïiçíåííÿì ó ÿâíîìó âèãëÿäi âàæëèâîãî çíà÷åííÿ

íàáóâàþòü íàáëèæåíi ìåòîäè ¨õ iíòåãðóâàííÿ.

Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ ñõåìà çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó

êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà iíòåãðî-äèôåðåíöiàëüíèõ

ðiâíÿíü iç çàïiçíåííÿì òà íåéòðàëüíîãî òèïó, ùî áàçó¹òüñÿ íà àïðîêñèìàöi¨

ðîçâ'ÿçêó êóái÷íèìè ñïëàéíàìè äåôåêòó 2.

Íàâåäåíî îñíîâíi îçíà÷åííÿ òà âiäîìîñòi ïðî êóái÷íi iíòåðïîëÿöiéíi ñïëàé-

íè, îäåðæàíî ¨õí¹ àíàëiòè÷íå çîáðàæåííÿ òà íàâåäåíî îöiíêè òî÷íîñòi àïðî-

êñèìàöi¨. Çàïðîïîíîâàíî iòåðàöiéíó ñõåìó íàáëèæåííÿ ðîçâ'ÿçêiâ êðàéîâèõ

çàäà÷ ó âèãëÿäi ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ äåôåêòó 2 äëÿ ðÿäó êëàñiâ

äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü.

Îòðèìàíî äîñòàòíi êîåôiöi¹íòíi óìîâè, ùî çàáåçïå÷óþòü çáiæíiñòü iòåðà-

öiéíîãî ïðîöåñó.

Äëÿ ïðàêòè÷íîãî ìîäåëþâàííÿ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-

ðiçíèöåâèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì òà íåéòðàëü-

íîãî òèïó ðîçðîáëåíî ïðèêëàäíå ïðîãðàìíå çàáåçïå÷åííÿ çi çðó÷íèì êîðè-

ñòóâàöüêèì iíòåðôåéñîì. Àíàëiç çäiéñíåíèõ ÷èñëîâèõ åêñïåðèìåíòiâ äëÿ ìî-

äåëüíèõ òåñòîâèõ ïðèêëàäiâ ïiäòâåðäæóþòü íàâåäåíi â ðîáîòi òåîðåòè÷íi ðå-

çóëüòàòè.

Êëþ÷îâi ñëîâà: êðàéîâà çàäà÷à, äèôåðåíöiàëüíî-ðiçíèöåâå ðiâíÿííÿ,

iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ, çàïiçíåííÿ, íåéòðàëüíèé òèï, êóái÷íèé

ñïëàéí, ìåòîä ñïëàéí-àïðîêñèìàöi¨, íàáëèæåííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i.
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ABSTRACT

Dorosh A.B. Approximation of boundary value problem solutions

for di�erential-di�erence equations with variable delay. � Quali�cation

scienti�c work on the rights of a manuscript.

Thesis for the scienti�c degree of Candidate of Physical and Mathematical

Science (Doctor of Philosophy) in the speciality 01.01.02 � Di�erential Equations.

� Yuriy Fedkovych Chernivtsi National University, Chernivtsi, 2018.

The thesis is devoted to the study of su�cient conditions for existence and the

development of methods for �nding approximate solutions of certain classes of

boundary value problems for di�erential-functional equations with variable delay.

In particular, linear and nonlinear boundary-value problems with delay and of

neutral type are considered, as well as boundary value problems for integro-

di�erential equations with a deviating argument.

A method for �nding su�cient conditions for di�erential-functional equation

solution existence is developed:

• analysis of variable delays;

• study of the solution smoothness;

• choosing a functional space for the solution existence;

• transition to an equivalent integral equation;

• application of the contraction mapping principle for obtaining su�cient

conditions for the solution existence.

Fundamentally di�erent e�ects of the argument deviations on the possible

break points of the second derivative of the boundary value problem solution

are noted due to the terms which de�ne the delay and the neutral type.
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In the thesis easy for practical veri�cation su�cient coe�cient conditions for

the initial equation are found, under which there exists a unique solution of the

boundary value problem for linear di�erential-di�erence and integro-di�erential

equations with delay and of neutral type.

Due to the lack of e�ective algorithms for integrating di�erential equations

with variable delay in explicit form, approximate methods of their integration

become important.

In this paper, a scheme of �nding an approximate solution of boundary value

problems for delay and neutral delay di�erential-di�erence and integro-di�erential

equations is investigated, which is based on the approximation of the solution

using cubic splines with the defect 2.

The main de�nitions and information about cubic interpolation splines are gi-

ven, their analytical formula is obtained and estimates of approximation accuracy

are given. An iterative scheme of boundary value problem solution approximation

is proposed for a number of classes of di�erential-di�erence equations, in the form

of a sequence of cubic splines with defect 2.

Su�cient coe�cient conditions are obtained that ensure the convergence of the

iterative process.

For practical modeling of boundary value problems for delay and neutral delay

di�erential-di�erence and integro-di�erential equations, a software with a user-

friendly interface has been developed. The analysis of the performed numerical

experiments for model test cases con�rm the theoretical results presented in the

thesis.

Keywords: boundary value problem, di�erential-di�erence equation, integro-

di�erential equation, delay, neutral type, cubic spline, spline approximation

method, approximation of a boundary value problem solution.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Ìàòåìàòè÷íi ìîäåëi, ùî îïèñóþòü ïðîöåñè â ãàëóçi

ìåõàíiêè, ôiçèêè, åëåêòðîìåõàíiêè, òåîði¨ êåðóâàííÿ, ÷àñòî ïðèçâîäÿòü äî

äîñëiäæåííÿ ðîçâ'ÿçêiâ ðiçíèõ òèïiâ êðàéîâèõ çàäà÷. Ó çàäà÷àõ êîñìi÷íî¨

íàâiãàöi¨, îïòèìàëüíîãî êåðóâàííÿ ñèñòåìàìè ç ïiñëÿäi¹þ, çàäà÷àõ åêîëîãi¨

òà iìóíîëîãi¨ âèíèêàþòü êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì, ÿêi ¹ âàæëèâèì ðîçäiëîì

ñó÷àñíî¨ òåîði¨ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü.

Îñíîâè ÿêiñíî¨ òåîði¨ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ i äèôåðåíöiàëüíî-

ðiçíèöåâèõ ðiâíÿíü çàêëàäåíî â ïðàöÿõ À. Ä. Ìèøêiñà, Ë. Å. Åëüñãîëüöà, Ì.

Ì. Êðàñîâñüêîãî, Ð. Áåëìàíà, Äæ. Õåéëà òà ií. Âàæëèâi ðåçóëüòàòè â îêðåìèõ

íàïðÿìêàõ òåîði¨ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü îäåðæàíî Þ. Î.

Ìèòðîïîëüñüêèì, À. Ì. Ñàìîéëåíêîì, Ì. Â. Àçáåëåâèì, Â. I. Ôîä÷óêîì, Ã. Ï.

Ïåëþõîì, Â. Þ. Ñëþñàð÷óêîì, �. Ô. Öàðêîâèì, Ä. ß. Õóñà¨íîâèì òà iíøèìè.

Äîñëiäæåííÿ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü äðó-

ãîãî ïîðÿäêó ðîçïî÷àëîñÿ ç ïðàöü À. Ä. Ìèøêiñà, Ã. À. Êàìåíñüêîãî, Ë. Ã.

Ãðiììà òà Ê. Øìiäòà, Ê. Íåâåðñà, â ÿêèõ çàïðîïîíîâàíî ¨õ êëàñèôiêàöiþ òà

îäåðæàíî ïåðøi äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ çà äîïîìîãîþ ïðèíöèïó

íåðóõîìî¨ òî÷êè Øàóäåðà-Òèõîíîâà.

Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ âèêîðèñòîâóþòü ïðîåêöiéíî-

iòåðàöiéíi òà êîëîêàöiéíi ìåòîäè, ìåòîäè ïîñëiäîâíèõ íàáëèæåíü i ðÿä ÷èñëî-

âèõ àëãîðèòìiâ. Âiäçíà÷èìî ÷èñåëüíî-àíàëiòè÷íèé ìåòîä À. Ì. Ñàìîéëåíêà,

ÿêèé óñïiøíî çàñòîñóâàëè Ì. I. Ðîíòî, Ä. I. Ìàðòèíþê, Ñ. I. Òðîõèì÷óê, Þ.

Â. Òåïëiíñüêèé, I. I. Êîðîëü òà iíøi äî ðiçíèõ êëàñiâ êðàéîâèõ çàäà÷.

Çíàõîäæåííÿ òî÷íèõ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-

ðiçíèöåâèõ ðiâíÿíü ìîæëèâå òiëüêè äëÿ íàéïðîñòiøèõ êëàñiâ, òîìó àêòóàëü-

íîþ i âàæëèâîþ ¹ ðîçðîáêà íàáëèæåíèõ àëãîðèòìiâ ¨õ çíàõîäæåííÿ. Íà äàíèé
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÷àñ ó ïðàöÿõ À. Ì. Ñàìîéëåíêà òà Ì. I. Ðîíòî, Ã. À. Êàìåíñüêîãî òà Å. Ä.

Êîíîíåíêà äëÿ ðîçâ'ÿçóâàííÿ êðàéîâèõ çàäà÷ iç çàïiçíåííÿì çàïðîïîíîâàíi

ìåòîäè êîëîêàöié. Ïðîåêöiéíî-iòåðàöiéíi ìåòîäè íàáëèæåíîãî ðîçâ'ÿçóâàííÿ

êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç

çàïiçíåííÿì ðîçãëÿäàëèñÿ â ïðàöÿõ À. Þ. Ëó÷êè òà éîãî ó÷íiâ. Óñïiøíî çà-

ñòîñîâàíèé ÷èñåëüíî-àíàëiòè÷íèé ìåòîä äëÿ ðiçíèõ êëàñiâ êðàéîâèõ çàäà÷ iç

çàïiçíåííÿì ó ïðàöÿõ À. Ì. Ñàìîéëåíêà, Ä. I. Ìàðòèíþêà, Ë. Â. Ñòåëüìà-

ùóê, I. I. Êîðîëÿ.

Ìåòîä ñïëàéí-êîëîêàöié äëÿ ðîçâ'ÿçóâàííÿ êðàéîâèõ çàäà÷ iç çàïiçíåííÿì

çàïðîïîíîâàíî â ïðàöÿõ Õ. Å. Áåíêñà òà Ô. Êàïïåëÿ, À. Áåëëåíà òà Æ. Ìi-

ãóëè. Çàñòîñóâàííÿ êóái÷íèõ ñïëàéíiâ äî ðiçíèõ êëàñiâ òàêèõ êðàéîâèõ çàäà÷

ðîçãëÿäàëîñÿ â ïðàöÿõ Â. Ë. Ìiðîøíè÷åíêà, Ô. É. Áóðêîâñüêîãî, Ò. Ñ. Íiêî-

ëîâî¨ òà Ä. Ä. Áàéíîâà, I. Ì. ×åðåâêà, I. Â. ßêiìîâà, Í. Ï. Íàñòàñü¹âî¨.

Ó äàíié ðîáîòi äîñëiäæåíî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ êðà-

éîâèõ çàäà÷ äëÿ ðiçíèõ êëàñiâ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì òà íåéòðàëüíîãî òèïó. Çàïðîïîíî-

âàíî é îá ðóíòîâàíî ñõåìè ñïëàéí-àïðîêñèìàöié äëÿ íàáëèæåííÿ ðîçâ'ÿç-

êiâ öèõ êðàéîâèõ çàäà÷ ç óðàõóâàííÿì ìîæëèâèõ ðîçðèâiâ ¨õíiõ ïîõiäíèõ.

Ðîçðîáëåíî ïðèêëàäíå ïðîãðàìíå çàáåçïå÷åííÿ äëÿ çíàõîäæåííÿ íàáëèæå-

íèõ ðîçâ'ÿçêiâ ìîäåëüíèõ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì i íåéòðàëüíîãî òèïó.

Äîñëiäæåííÿ öèõ ïèòàíü ìà¹ âàæëèâå çíà÷åííÿ äëÿ ïîäàëüøîãî ðîçâèòêó

òåîði¨ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü, i â ñèëó öüîãî òåìà äèñåðòàöi¨ ¹

àêòóàëüíîþ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Äî-

ñëiäæåííÿ äèñåðòàöiéíî¨ ðîáîòè áóëè ðîçïî÷àòi â ðàìêàõ äåðæáþäæåòíî¨ íà-

óêîâî¨ òåìè Êàôåäðè ìàòåìàòè÷íîãî ìîäåëþâàííÿ ×åðíiâåöüêîãî íàöiîíàëü-
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íîãî óíiâåðñèòåòó iìåíi Þðiÿ Ôåäüêîâè÷à �Ìåòîäè àíàëiçó äèôåðåíöiàëüíî-

ôóíêöiîíàëüíèõ i åâîëþöiéíèõ ðiâíÿíü òà ìàòåìàòè÷íå ìîäåëþâàííÿ ïðîöå-

ñiâ ç ïiñëÿäi¹þ òà âèïàäêîâîñòÿìè� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0111U000181)

i ïðîäîâæåíi â ðàìêàõ íàóêîâî-äîñëiäíî¨ ðîáîòè �Äîñëiäæåííÿ àñèìïòîòè-

÷íî¨ ïîâåäiíêè ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ òà åâîëþöiéíèõ

ðiâíÿíü i ìîäåëþâàííÿ äåòåðìiíîâàíèõ òà ñòîõàñòè÷íèõ ïðèêëàäíèõ ïðîöå-

ñiâ� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0116U004084), ùî âèêîíó¹òüñÿ â ×åðíiâå-

öüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Þðiÿ Ôåäüêîâè÷à.

Ìåòà i çàâäàííÿ äîñëiäæåííÿ � âñòàíîâèòè óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ

êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü i ðîçðîáèòè àëãîðè-

òìè ¨õ íàáëèæåíîãî çíàõîäæåííÿ.

Îá'¹êò äîñëiäæåííÿ � êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì òà íåéòðàëüíîãî òèïó.

Ïðåäìåò äîñëiäæåííÿ � óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ

ðiçíèõ êëàñiâ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü, àëãîðèòìè ïîáóäîâè iòåðà-

öiéíèõ ñõåì íàáëèæåííÿ öèõ ðîçâ'ÿçêiâ òà ¨õíÿ êîìï'þòåðíà ðåàëiçàöiÿ.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òåîði¨

äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü, òåîði¨ ñïëàéí-àïðîêñèìàöié, ìåòî-

äè ïîñëiäîâíèõ íàáëèæåíü i ïðèíöèï ñòèñëèõ âiäîáðàæåíü.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Îñíîâíi íàóêîâi ðåçóëüòà-

òè, ùî âèíîñÿòüñÿ íà çàõèñò, òàêi:

� Îäåðæàíî çîáðàæåííÿ iíòåðïîëÿöiéíîãî êóái÷íîãî ñïëàéíó äåôåêòó 2 òà

äîñëiäæåíî óìîâè éîãî iñíóâàííÿ.

� Óñòàíîâëåíî êîåôiöi¹íòíi äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨

çàäà÷i äëÿ ëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü iç áàãàòüìà çìií-

íèìè âiäõèëåííÿìè àðãóìåíòó çàïiçíþþ÷îãî òà íåéòðàëüíîãî òèïiâ, à
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òàêîæ äëÿ ëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ç àðãóìåíòîì, ùî

âiäõèëÿ¹òüñÿ.

� Ïîáóäîâàíî é îá ðóíòîâàíî iòåðàöiéíi ñõåìè çíàõîäæåííÿ ðîçâ'ÿçêó êðà-

éîâèõ çàäà÷ äëÿ ëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü iç áàãà-

òüìà çìiííèìè âiäõèëåííÿìè àðãóìåíòó çàïiçíþþ÷îãî òà íåéòðàëüíîãî

òèïiâ, à òàêîæ äëÿ ëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ç àðãóìåí-

òîì, ùî âiäõèëÿ¹òüñÿ.

� Îòðèìàíî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i äëÿ íåëi-

íiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü òà iíòåãðî-äèôåðåíöiàëüíèõ

ðiâíÿíü iç çàïiçíåííÿì i íåéòðàëüíîãî òèïó.

� Çàïðîïîíîâàíî é îá ðóíòîâàíî iòåðàöiéíi ñõåìè çíàõîäæåííÿ ðîçâ'ÿçêó

êðàéîâèõ çàäà÷ äëÿ íåëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü òà

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì i íåéòðàëüíîãî òèïó çà

äîïîìîãîþ êóái÷íèõ ñïëàéíiâ äåôåêòó 2.

� Ðîçðîáëåíî ïðèêëàäíå ïðîãðàìíå çàáåçïå÷åííÿ äëÿ ìîäåëüíèõ êðàéî-

âèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà iíòåãðî-äèôåðåíöiàëüíèõ

ðiâíÿíü iç çàïiçíåííÿì i íåéòðàëüíîãî òèïó.

Òåîðåòè÷íå òà ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ðå-

çóëüòàòè äèñåðòàöi¨ ìàþòü â îñíîâíîìó òåîðåòè÷íèé õàðàêòåð. Âîíè ¹ âàãî-

ìèì âíåñêîì ó ìåòîäèêó äîñëiäæåííÿ êðàéîâèõ çàäà÷i äëÿ ëiíiéíèõ i íåëiíié-

íèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü

iç çàïiçíåííÿì i íåéòðàëüíîãî òèïó. Ïîáóäîâàíi òà îá ðóíòîâàíi iòåðàöiéíi ñõå-

ìè çíàõîäæåííÿ ðîçâ'ÿçêó êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ

ðiâíÿíü òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì i íåéòðàëüíîãî

òèïó çà äîïîìîãîþ êóái÷íèõ ñïëàéíiâ äåôåêòó 2 ìîæóòü áóòè âèêîðèñòàíi
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ïðè âèâ÷åííi ïðèêëàäíèõ çàäà÷ îïòèìàëüíîãî êåðóâàííÿ, äèíàìi÷íèõ ïðîöå-

ñiâ åêîëîãi¨, åêîíîìiêè òîùî.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Óñi íàóêîâi ðåçóëüòàòè, âêëþ÷åíi â äè-

ñåðòàöiþ, îòðèìàíi àâòîðîì îñîáèñòî. Ó ñïiëüíèõ ïóáëiêàöiÿõ iç íàóêîâèì

êåðiâíèêîì [1�11] I.Ì. ×åðåâêó íàëåæèòü ïîñòàíîâêà çàäà÷i, âèçíà÷åííÿ çà-

ãàëüíî¨ ñõåìè äîñëiäæåíü òà îáãîâîðåííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ó ñïiëü-

íèõ ðîáîòàõ [12, 13] I.Ì. ×åðåâêó íàëåæèòü ïîñòàíîâêà çàäà÷i òà âèçíà÷åííÿ

ñõåìè äîñëiäæåíü, à Ë.À. Ïiääóáíié � îáãîâîðåííÿ îäåðæàíèõ ðåçóëüòàòiâ i

ïîðiâíÿííÿ ç âiäîìèìè àíàëîãàìè.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ äîïîâiäàëèñÿ

íà òàêèõ êîíôåðåíöiÿõ òà ñåìiíàðàõ:

• XIX âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëåìè ïðèêëàäíî¨

ìàòåìàòèêè òà iíôîðìàòèêè�, Ëüâiâ, Óêðà¨íà, 3�4 æîâòíÿ 2013 ð.

• VI ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷íî-

ãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìiçàöi¨�, Êàì'ÿíåöü-Ïîäiëüñüêèé,

Óêðà¨íà, 2014 ð.

• I ìiæíàðîäíà XX âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëå-

ìè ïðèêëàäíî¨ ìàòåìàòèêè òà iíôîðìàòèêè�, Ëüâiâ, Óêðà¨íà, 7�9 êâiòíÿ

2014 ð.

• IV ìiæíàðîäíà ãàíñüêà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 135-é ði÷íèöi âiä äíÿ

íàðîäæåííÿ Ãàíñà Ãàíà, ×åðíiâöi, Óêðà¨íà, 30 ÷åðâíÿ � 5 ëèïíÿ 2014 ð.

• Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �The Third Conference of Mathemati-

cal Society of the Republic of Moldova: dedicated to the 50th anniversary

of the foundation of the Institute of Mathematics and Computer Science�,

Êèøèíiâ, Ìîëäîâà, 19�23 ñåðïíÿ 2014 ð.
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• Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �The 23rd Conference On Applied And

Industrial Mathematics�, Ñó÷àâà, Ðóìóíiÿ, 17�20 âåðåñíÿ 2015 ð.

• Ìiæíàðîäíà ìàòåìàòè÷íà êîíôåðåíöiÿ iì. Â. ß. Ñêîðîáîãàòüêà, Äðîãî-

áè÷, Óêðà¨íà, 25�28 ñåðïíÿ 2015 ð.

• VII ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷íî-

ãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìiçàöi¨�, Êàì'ÿíåöü-Ïîäiëüñüêèé,

Óêðà¨íà, 2016 ð.

• Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �Äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâ-

íÿííÿ òà ¨õ çàñòîñóâàííÿ�, ïðèñâÿ÷åíà 80-ði÷÷þ âiä äíÿ íàðîäæåííÿ ïðî-

ôåñîðà Â.I. Ôîä÷óêà, ×åðíiâöi, Óêðà¨íà, 28�30 âåðåñíÿ 2016 ð.

• Ìiæíàðîäíà êîíôåðåíöiÿ �Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ�,

ïðèñâÿ÷åíà 75-ði÷÷þ âiä äíÿ íàðîäæåííÿ äîêòîðà ôiçèêî-ìàòåìàòè÷íèõ

íàóê, ïðîôåñîðà Ä.I. Ìàðòèíþêà, Êàì'ÿíåöü-Ïîäiëüñüêèé, Óêðà¨íà, 2017

ð.

• Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ �The 25th Conference On Applied And

Industrial Mathematics�, ßññè, Ðóìóíiÿ, 14�17 âåðåñíÿ 2017 ð.

• Íàóêîâi ñåìiíàðè Êàôåäðè ìàòåìàòè÷íîãî ìîäåëþâàííÿ òà Ôàêóëüòåòó

ìàòåìàòèêè òà iíôîðìàòèêè ×åðíiâåöüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó

iìåíi Þðiÿ Ôåäüêîâè÷à.

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè îïóáëiêîâàíi ó 17

ïðàöÿõ, iç íèõ 2 � â çàêîðäîííèõ âèäàííÿõ [3, 9], 4 � ó íàóêîâèõ æóðíàëàõ [1,

3�5], 2 � ó çáiðíèêàõ íàóêîâèõ ïðàöü [2, 6] i 10 � ó ìàòåðiàëàõ âñåóêðà¨íñüêèõ

òà ìiæíàðîäíèõ íàóêîâèõ êîíôåðåíöié [7, 8, 10�17]. Ñåðåä ïóáëiêàöié 6 ïðàöü

ó ñïåöiàëiçîâàíèõ íàóêîâèõ ôàõîâèõ âèäàííÿõ [1�5, 9], 1 ç ÿêèõ âõîäèòü äî

íàóêîâî-ìåòðè÷íî¨ áàçè �Web of Science� [1].
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Ñòðóêòóðà i îáñÿã ðîáîòè. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ çi âñòó-

ïó, ï'ÿòè ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë, ùî ìiñòèòü 95

íàéìåíóâàíü, òà äîäàòêó. Ïîâíèé îáñÿã ðîáîòè ñòàíîâèòü 166 ñòîðiíîê.
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Ðîçäië 1

Îãëÿä ëiòåðàòóðè çà òåìîþ

äèñåðòàöiéíîãî äîñëiäæåííÿ òà

äîïîìiæíi ìàòåðiàëè

1.1 Âiäîìîñòi ç òåîði¨ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâ-

íÿíü

Äèôåðåíöiàëüíi ðiâíÿííÿ, â ÿêèõ íåâiäîìà ôóíêöiÿ òà ¨¨ ïîõiäíi âõîäÿòü

ïðè ðiçíèõ çíà÷åííÿõ àðãóìåíòó, ïî¹äíóþòü ó ñîái âëàñòèâîñòi çâè÷àéíèõ äè-

ôåðåíöiàëüíèõ òà ðiçíèöåâèõ ðiâíÿíü. Âîíè âiäîìi âæå áiëüøå äâîõ ñòîëiòü

i ¹ ïðåäìåòîì àêòèâíîãî äîñëiäæåííÿ ïðîòÿãîì îñòàííiõ 50 ðîêiâ. ×àñòî òà-

êi ðiâíÿííÿ íàçèâàþòü äèôåðåíöiàëüíî-ðiçíèöåâèìè ðiâíÿííÿìè (ÄÐÐ). Çà

äîïîìîãîþ òàêèõ ðiâíÿíü âäàëîñÿ âèÿâèòè òà îïèñàòè íîâi åôåêòè i ÿâèùà

â òåîði¨ îïòèìàëüíîãî êåðóâàííÿ, äèíàìiöi õiìiêî-òåõíîëîãi÷íèõ ïðîöåñiâ, ó

íàïiâïðîâiäíèêîâèõ ñèñòåìàõ çi çâîðîòíiì çâ'ÿçêîì òà iíøèõ ïðèêëàäíèõ çà-

äà÷àõ, åâîëþöiÿ ÿêèõ çàëåæèòü âiä ïåðåäiñòîði¨.

Çàãàëüíîïðèéíÿòîþ ¹ òàêà êëàñèôiêàöiÿ ÄÐÐ [18�21]: ðiâíÿííÿ iç çàïiçíå-

ííÿì, íåéòðàëüíîãî òèïó i ç âèïåðåäæåííÿì àðãóìåíòó. Íàéáiëüø äîñëiäæå-
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íèìè ¹ äèôåðåíöiàëüíi ðiâíÿííÿ iç çàïiçíåííÿì

ẏ(x) = f(x, y(x), y(x− τ)), (1.1)

äå x ∈ R, y(x), y(x− τ) ∈ Rn, f � íåïåðåðâíà ôóíêöiÿ, τ > 0.

Çàôiêñó¹ìî ïî÷àòêîâó òî÷êó x = x0 i âèçíà÷èìî ïî÷àòêîâó ìíîæèíó

Ex0 = [x0 − τ ;x0]. Íà ìíîæèíi Ex0 âèçíà÷èìî íåïåðåðâíó ïî÷àòêîâó ôóí-

êöiþ ϕ : Ex0 → Rn.

Ïiä íåïåðåðâíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1.1) iç ïî÷àòêîâîþ ôóíêöi¹þ ϕ ðî-

çóìiþòü ôóíêöiþ y(x) [20], ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (1.1) i ñïiâïàäà¹ ç ïî-

÷àòêîâîþ ôóíêöi¹þ íà ìíîæèíi Ex0:

y(x) = ϕ(x), x ∈ Ex0. (1.2)

Ó ïðàöÿõ [18�22] âñòàíîâëåíî òåîðåìè iñíóâàííÿ, ¹äèíîñòi òà íåïåðåðâíî¨

çàëåæíîñòi ðîçâ'ÿçêiâ âiä ïî÷àòêîâèõ óìîâ äëÿ ðiçíèõ êëàñiâ ÄÐÐ iç âèêîðè-

ñòàííÿì ïðèíöèïó ñòèñëèõ âiäîáðàæåíü òà ìåòîäó ïîñëiäîâíèõ íàáëèæåíü.

Óçàãàëüíåííÿì ÄÐÐ ¹ äèôåðåíöiàëüíî-ôóíêöiîíàëüíi ðiâíÿííÿ (ÄÔÐ) [21,

23�26]. Â îñíîâi ÄÔÐ ëåæèòü òðàêòóâàííÿ ðîçâ'ÿçêó, çàïðîïîíîâàíå Ì.Ì.

Êðàñîâñüêèì [24], ÿê ëiíi¨ â ðîçøèðåíîìó íåñêií÷åííîâèìiðíîìó ïðîñòîði

R × C. Íàéáiëüø øèðîêî âèâ÷åíi ëiíiéíi ÄÔÐ iç çàïiçíåííÿì. Äîñëiäæåíî

ñòðóêòóðó ïðîñòîðó ðîçâ'ÿçêiâ ëiíiéíèõ ðiâíÿíü, ïîáóäîâàíî òåîðiþ ñòiéêî-

ñòi, âèâ÷åíî ïèòàííÿ iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ òîùî.

Äî iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü âiäíîñÿòü òàêi ôóíêöiîíàëüíi ðiâíÿ-

ííÿ, â ÿêèõ íåâiäîìà ôóíêöiÿ òà ¨¨ ïîõiäíi ìîæóòü âõîäèòè ÿê ïiä çíàê iíòå-

ãðàëà, òàê i áóòè ïîçà íèì.

Ìàòåìàòè÷íi ìîäåëi, ùî îïèñóþòüñÿ iíòåãðî-äèôåðåíöiàëüíèìè ðiâíÿííÿ-

ìè, âèíèêàþòü ïðè äîñëiäæåííi åêîëîãi÷íèõ, ôiçè÷íèõ, åêîíîìi÷íèõ ïðîöåñiâ

[27�29]. Ó äîñëiäæåííÿõ, ùî ïîâ'ÿçàíi ç ìàòåìàòè÷íîþ ôiçèêîþ, ìåõàíiêîþ,
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åêîíîìiêîþ, òàêîæ ç'ÿâëÿþòüñÿ iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ ç àðãóìåí-

òîì, ùî âiäõèëÿ¹òüñÿ. Öi ðiâíÿííÿ âiäiãðàþòü âàæëèâó ðîëü ïðè ìîäåëþâàííi

ðiçíîìàíiòíèõ çàäà÷ â iìóíîëîãi¨, ìåäèöèíi. Çîêðåìà iíòåãðî-äèôåðåíöiàëüíi

ðiâíÿííÿ Âîëüòåððè iç çàïiçíåííÿì äîçâîëÿþòü îïèñàòè áàãàòî ðåàëüíèõ

ÿâèù â åêîëîãi¨, âïåðøå ÿêi äîñëiäæóâàâ Â. Âîëüòåððà â 1928 ð. [30�33]

Îäíi¹þ ç îñíîâíèõ çàäà÷ òåîði¨ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç àð-

ãóìåíòîì, ùî âiäõèëÿ¹òüñÿ, ¹ âñòàíîâëåííÿ çðó÷íèõ óìîâ, ùî ãàðàíòóþòü

iñíóâàííÿ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü [34�37].

Ðîçâ'ÿçóâàííÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì â àíàëi-

òè÷íié ôîðìi ¹ ñêëàäíîþ çàäà÷åþ, òîìó âåëèêà óâàãà ïðèäiëÿ¹òüñÿ ðîç-

ðîáöi åôåêòèâíèõ ìåòîäiâ ¨õ íàáëèæåíîãî ðîçâ'ÿçàííÿ. Ìåòîäè ñêií÷åííèõ

ðiçíèöü òà êîëîêàöiéíi ìåòîäè ðîçâèíåíi â ðîáîòàõ [38�41], çàñòîñóâàííÿ

àñèìïòîòè÷íèõ ðîçâèíåíü âèâ÷à¹òüñÿ â ïðàöÿõ [42, 43]. Ðîçðîáêó ÷èñåëüíèõ

ìåòîäiâ ïîáóäîâè íàáëèæåíîãî îïòèìàëüíîãî ðîçâ'ÿçêó äëÿ ñèñòåì iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì äîñëiäæåíî â [44].

1.2 Îñíîâíi òâåðäæåííÿ ñòîñîâíî êðàéîâèõ çàäà÷ äëÿ

äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü

Íà äàíèé ÷àñ òåîðiÿ êðàéîâèõ çàäà÷ äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-

íÿíü ïðåäñòàâëåíà àíàëiòè÷íèìè, ôóíêöiîíàëüíî-àíàëiòè÷íèìè, ÷èñåëüíî-

àíàëiòè÷íèìè òà ÷èñåëüíèìè ìåòîäàìè [45�52]. Âîíè îði¹íòîâàíi ÿê íà âè-

â÷åííÿ ÿêiñíèõ çàäà÷ iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó, òàê i íà áåçïîñåðåäíié

ïîøóê íàáëèæåíèõ ðîçâ'ÿçêiâ. Âiäçíà÷èìî, ùî ÷èñåëüíî-àíàëiòè÷íi ìåòîäè

âîëîäiþòü ïåâíîþ óíiâåðñàëüíiñòþ ÿê äëÿ äîñëiäæåííÿ iñíóâàííÿ, òàê i äëÿ

ïðàêòè÷íî¨ ïîáóäîâè ðîçâ'ÿçêiâ.

Êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü âèíèêàþòü ïðè äî-
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ñëiäæåííi âàðiàöiéíèõ çàäà÷ i çàäà÷ îïòèìàëüíîãî êåðóâàííÿ ñèñòåìàìè iç

çàïiçíåííÿì, à òàêîæ ó çàäà÷àõ êîñìi÷íî¨ íàâiãàöi¨, iìóíîëîãi¨, åêîëîãi¨ òà ií-

øèõ ïðèêëàäíèõ ïðîöåñàõ. Âèâ÷åííÿ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ

ðiâíÿíü äðóãîãî ïîðÿäêó ç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ, ðîçïî÷àëîñü iç ðîáiò

[53�56].

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ ç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ:

y′′(x) = f
(
x, y(x), y

(
σ1(x)

)
, y′(x), y′

(
σ2(x)

))
, x ∈ [a; b], (1.3)

äå x, y ∈ R, f � çàäàíà ôóíêöiÿ, σ1(x), σ2(x) � çàäàíi íåïåðåðâíi ôóíêöi¨,

âèçíà÷åíi íà [a; b]. Äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì σ1(x) ≤

x, σ2(x) ≤ x, íàïðèêëàä, σ1(x) = x − τ1, σ2(x) = x − τ2, äå τ1, τ2 � äîäà-

òíi ñòàëi.

Ïîçíà÷èìî

α = min

(
min
x∈[a;b]

σ1(x), min
x∈[a;b]

σ2(x)

)
,

β = max

(
max
x∈[a;b]

σ1(x), max
x∈[a;b]

σ2(x)

)
.

ßêùî α < a, β < b, òî äëÿ ðiâíÿííÿ (1.3) çàäàþòü êðàéîâi óìîâè

y(i)(x) = ϕ(i)(x), i = 0, 1, x ∈ [α; a], y(b) = γ, (1.4)

äå ϕ(x) � çàäàíà íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ íà [α; a], γ � ñòàëà.

Êðàéîâà çàäà÷à (1.3)-(1.4) íàçèâà¹òüñÿ êðàéîâîþ çàäà÷åþ çi ñêií÷åííèì

äåôåêòîì [57, 58], íà îñíîâi òîãî ùî íà îäíîìó ç êiíöiâ iíòåðâàëà, íà ÿêî-

ìó øóêà¹òüñÿ ðîçâ'ÿçîê, íå âèñòà÷à¹ çàäàííÿ åëåìåíòà ñêií÷åííîâèìiðíîãî

ïðîñòîðó (â íàøîìó âèïàäêó ÷èñëà).

ßêùî α < a, β > b, òîäi äëÿ ðiâíÿííÿ (1.3) äîäàþòü êðàéîâi óìîâè

y(i)(x) = ϕ(i)(x), x ∈ [α; a], y(i)(x) = ψ(i)(x), x ∈ [b; β], i = 0, 1, (1.5)

äå ϕ(x) ∈ C1[α; a], ψ(x) ∈ C1[b; β].
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Êðàéîâó çàäà÷ó (1.3)-(1.5) íàçèâàþòü êðàéîâîþ çàäà÷åþ íåñêií÷åííîãî äå-

ôåêòó [57, 58], îñêiëüêè äëÿ âèçíà÷åííÿ ðîçâ'ÿçêó òåïåð íà êîæíîìó iç êiíöiâ

âiäðiçêà [a; b] ïîòðiáíî çàäàâàòè åëåìåíòè íåñêií÷åííîâèìiðíîãî ïðîñòîðó.

Êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü íåñêií÷åííîãî äåôåêòó äî-

ñëiäæóâàëèñü ó ðîáîòàõ [57�60]. Ó äàíié äèñåðòàöiéíié ðîáîòi ðîçãëÿäàþòüñÿ

êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ,

ñêií÷åííîãî äåôåêòó. Íàâåäåìî äåÿêi ðåçóëüòàòè äëÿ êðàéîâèõ çàäà÷ (1.3)-

(1.4) iç ïðàöü [55, 61, 62].

Ïîçíà÷èìî J = [α; a], I = [a; b]. Íåõàé f(x, ξ1, ξ2, η1, η2) � íåïåðåðâíà ôóí-

êöiÿ â îáëàñòi G = [a; b]× G1 × G1 × G2 × G2, äå G1 = {ξ : ξ ∈ R, |ξ| ≤ Q1},

G2 = {η : η ∈ R, |η| ≤ Q2};

σ1(x) = x− τ1(x), σ2(x) = x− τ2(x), τ1(x), τ2(x) ≥ 0,

Q =
{

sup |f(x, ξ1, ξ2, η1, η2)| : ξ1, ξ2 ∈ G1, η1, η2 ∈ G2, x ∈ I
}
.

Ó çàãàëüíîìó âèïàäêó, ïiä ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1.3)-(1.4) ó [55,

59] ðîçóìiþòü ôóíêöiþ y(x) ∈ C(J ∪ I) ∩ C1(J) ∩ C1(I), ÿêà ìà¹ òî÷êîâî-

íåïåðåðâíó äðóãó ïîõiäíó íà [a; b], çàäîâîëüíÿ¹ ðiâíÿííÿ (1.3) i êðàéîâi óìîâè

(1.4). Ó òî÷öi x = a ðîçâ'ÿçîê òiëüêè íåïåðåðâíèé, ïðè öüîìó y′(a) � ïðàâà

ïîõiäíà.

Óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1.3)-(1.4) âèçíà÷à¹ òàêà òåî-

ðåìà:

Òåîðåìà 1.1. Íåõàé âèêîíóþòüñÿ óìîâè [55]:

1) b− a ≤ min
{

(8Q1

Q )1/2, 2Q2

Q

}
,

2) |ϕ(a)−γb−a | ≤ Q2.

Òîäi êðàéîâà çàäà÷à (1.3)-(1.4) ìà¹ ðîçâ'ÿçîê äëÿ äîâiëüíî¨ ϕ ∈ C1[J ] :

|ϕ(x)| ≤ Q1, |ϕ′(x)| ≤ Q2, |γ| ≤ Q1.
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Óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéîâèõ çàäà÷ äëÿ ðÿäó êëàñiâ ðiâíÿíü íåé-

òðàëüíîãî òèïó ðîçãëÿíóòî â ðîáîòàõ [57, 58, 60�62]. Ïðè öüîìó äëÿ âñòàíîâ-

ëåííÿ óìîâ iñíóâàííÿ âèêîðèñòîâóþòüñÿ ìîäèôiêàöi¨ ïðèíöèïó íåðóõîìî¨ òî-

÷êè Øàóäåðà-Òèõîíîâà, à òàêîæ òåõíiêà äâîñòîðîííiõ íàáëèæåíü ðîçâ'ÿçêó

òà óìîâè òèïó Íàãóìî.

Ðåçóëüòàòè ùîäî ¹äèíîñòi ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1.3)-(1.4) ïîâ'ÿçàíi ç

óìîâàìè Ëiïøèöÿ ñòîñîâíî ôóíêöi¨ f(x, ξ1, ξ2, η1, η2) [52, 58, 62].

Íåõàé σ2(x) ∈ [a; b], ôóíêöi¨ ϕ(x), f(x, ξ1, ξ2, η1, η2) � íåïåðåðâíi. Ðîçâ'ÿç-

êîì êðàéîâî¨ çàäà÷i (1.3)-(1.4) â öüîìó âèïàäêó áóäå ôóíêöiÿ y(x), ÿêà íà-

ëåæèòü ïðîñòîðó B[a; b] äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíèõ íà [a; b] ôóíêöié,

ùî çàäîâîëüíÿþòü ðiâíÿííÿ (1.3) òà êðàéîâi óìîâè (1.4) [58].

Íåõàé ‖y‖ = max
x∈[a;b]

|y(x)|, M = ‖f(x, 0, 0, 0, 0)‖. Âèçíà÷èìî â ïðîñòîði

B[a; b] íîðìó

‖y‖B = max

{
8

(b− a)2
‖y‖, 2

b− a
‖y′‖

}
.

Òåîðåìà 1.2. Íåõàé âèêîíóþòüñÿ óìîâè [58]:

1) |f(x, ξ1, ξ2, η1, η2)− f(x, ξ′1, ξ
′
2, η
′
1, η
′
2)| ≤ L1|ξ1 − ξ′1|+ L2|ξ2 − ξ′2|+ L3|η1 −

η′1|+ L4|η2 − η′2|,

2) θ = (b−a)2
8 (L1 + L2) + b−a

2 (L3 + L4) < 1,

3) äëÿ äåÿêîãî ρ > 0: θ < ρ(1−M).

Òîäi â êóëi ‖y‖ < ρ iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1.3)-(1.4).

Ó ïðàöi [58] ðîçãëÿäà¹òüñÿ ðÿä iíøèõ òðàêòîâîê ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i

(1.3)-(1.4), ùî ñòîñóþòüñÿ ïîñëàáëåííÿ ãëàäêîñòi ðîçâ'ÿçêó.

Çíàéòè òî÷íèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü âäà¹òüñÿ

òiëüêè â íàéïðîñòiøíèõ âèïàäêàõ, òîìó ìåòîäè ïîáóäîâè íàáëèæåíèõ

ðîçâ'ÿçêiâ äëÿ òàêèõ ðiâíÿíü ìàþòü âàæëèâå çíà÷åííÿ. Îäíàê ó äàíèé ÷àñ
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äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü íåìà¹ âåëèêî¨ êiëüêîñòi àëãîðèòìiâ i

âiäñóòíi ïîøèðåíi ïàêåòè ïðèêëàäíèõ ïðîãðàì äëÿ òàêèõ ðiâíÿíü.

Áiëüøiñòü ÷èñåëüíèõ àëãîðèòìiâ, ïîáóäîâàíèõ äëÿ çâè÷àéíèõ äèôåðåí-

öiàëüíèõ ðiâíÿíü, ìîæíà ïðèñòîñóâàòè äëÿ ðiâíÿíü iç çàïiçíåííÿì [63�67].

Îäíàê ïðè öüîìó íåîáõiäíî âðàõîâóâàòè, ùî ðîçâ'ÿçêè ðiâíÿíü iç àðãóìåí-

òîì, ùî âiäõèëÿ¹òüñÿ, ìàþòü ðîçðèâè ïîõiäíèõ, ùî óñêëàäíþ¹ âèêîðèñòàííÿ

ñêií÷åííî-ðiçíèöåâèõ ìåòîäiâ. Âiäçíà÷èìî äåòàëüíèé àíàëiç çàñòîñóâàííÿ ìå-

òîäiâ Ðóíãå-Êóòòè äî äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì ó ðîáîòàõ [68�

70].

Âàæëèâiñòü äîñëiäæåííÿ êðàéîâèõ çàäà÷ äëÿ ñèñòåì iç çàïiçíåííÿì òà äî-

äàòêîâi ñêëàäíîñòi, ùî ïðè öüîìó âèíèêàþòü, âiäìi÷åíi â ðîáîòi [71]. Íà äà-

íèé ÷àñ äîñòàòíüî äîáðå ðîçðîáëåíi äëÿ êðàéîâèõ çàäà÷ iç çàïiçíåííÿì ìå-

òîäè êîëîêàöié [49, 72, 73]. Çàñòîñóâàííÿ ïðîåêöiéíî-iòåðàöiéíèõ ìåòîäiâ äëÿ

íàáëèæåíîãî ðîçâ'ÿçàííÿ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ òà iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì äîñëiäæåíî â [72, 74]. Âiäçíà÷èìî

÷èñåëüíî-àíàëiòè÷íèé ìåòîä À. Ì. Ñàìîéëåíêà [49, 75], ÿêèé óñïiøíî ïåðå-

íåñåíèé äëÿ çíàõîäæåííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ òà ðîçâ'ÿçóâàííÿ êðàéîâèõ

çàäà÷ ðiçíèõ êëàñiâ ðiâíÿíü iç çàïiçíåííÿì [76�78].

Äîñòàòíüî åôåêòèâíèì âèÿâèëîñü çàñòîñóâàííÿ ìåòîäó ñïëàéí-ôóíêöié

[79�81] äëÿ ðîçðàõóâàííÿ ïî÷àòêîâèõ i êðàéîâèõ çàäà÷ ðiâíÿíü iç çàïiçíåí-

íÿì òà íåéòðàëüíîãî òèïiâ. Íàáëèæåíîìó ðîçâ'ÿçàííþ ïî÷àòêîâèõ çàäà÷ äëÿ

äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü ìåòîäîì ñïëàéí-ôóíêöié ïðèñâÿ÷åíà âå-

ëèêà êiëüêiñòü ïðàöü, âiäçíà÷èìî äåÿêi ç íèõ [64, 82�84]. Äëÿ êðàéîâèõ çàäà÷

iç çàïiçíåííÿì çðó÷íèì âèÿâèëîñü âèêîðèñòàííÿ êóái÷íèõ ñïëàéíiâ. Çîêðåìà

â ïðàöÿõ [85, 86] ðîçãëÿíóòî çàñòîñóâàííÿ êóái÷íèõ ñïëàéí-ôóíêöié äëÿ íà-

áëèæåíîãî çíàõîäæåííÿ ãëàäêèõ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ iç çàïiçíåííÿì.

Ó ðîáîòi [87] ïîáóäîâàíî é îá ðóíòîâàíî ñõåìó çàñòîñóâàííÿ áàçèñíèõ êó-
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ái÷íèõ ñïëàéíiâ äëÿ íàáëèæåíîãî ðîçâ'ÿçàííÿ ëiíiéíèõ êðàéîâèõ çàäà÷ äëÿ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì.

Çàñòîñóâàííÿ òàêèõ ñïëàéíiâ äîçâîëÿ¹ ïîáóäóâàòè íàéáiëüø ïðîñòi äëÿ

ðåàëiçàöi¨ àëãîðèòìè.

Âiäçíà÷èìî, ùî çàñòîñóâàííÿ ìåòîäó ñïëàéí-ôóíêöié äëÿ ðîçâ'ÿçàííÿ êðà-

éîâèõ çàäà÷ çàïiçíþþ÷îãî òà íåéòðàëüíîãî òèïiâ iç âðàõóâàííÿì ðîçðèâiâ

ïîõiäíèõ äîñëiäæåíî â [88�90].

Ó ïðàöÿõ [91, 92] çàïðîïîíîâàíî íîâèé ïiäõiä íàáëèæåíîãî ðîçâ'ÿçàííÿ

êðàéîâèõ çàäà÷ iç çàïiçíåííÿì, ùî áàçó¹òüñÿ íà àïðîêñèìàöi¨ ðiâíÿíü iç çàïi-

çíåííÿì ïîñëiäîâíiñòþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.
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Ðîçäië 2

Ëiíiéíi ñïëàéíè

2.1 Çàãàëüíà òåîðiÿ ñïëàéíiâ

Íåõàé íà âiäðiçêó [a; b] çàäàíå ðîçáèòòÿ ∆ : a = x0 < x1 < . . . < xm = b.

Äëÿ öiëîãî k ≥ 0 ÷åðåç Ck = Ck[a; b] ïîçíà÷èìî ìíîæèíó k ðàçiâ íåïåðåðâíî-

äèôåðåíöiéîâíèõ íà [a; b] ôóíêöié, à ÷åðåç C−1[a; b] � ìíîæèíó êóñêîâî-

íåïåðåðâíèõ ôóíêöié ç òî÷êàìè ðîçðèâó ïåðøîãî ðîäó.

Îçíà÷åííÿ 2.1. Ôóíêöiÿ Sn,ν(x) íàçèâà¹òüñÿ ñïëàéíîì ñòåïåíÿ n äåôåêòó

ν (ν � öiëå ÷èñëî, 0 ≤ ν ≤ n+ 1) ç âóçëàìè íà ñiòöi ∆, ÿêùî:

a) íà êîæíîìó âiäðiçêó [xi;xi+1] ôóíêöiÿ Sn,ν(x) ¹ ìíîãî÷ëåíîì ñòåïåíÿ n,

òîáòî

Sn,ν(x) =
n∑

α=0

aiα (x− xi)α , x ∈ [xi;xi+1], i = 0, . . . ,m− 1, (2.1)

b) Sn,ν(x) ∈ Cn−ν[a; b].

Ñïëàéí ìà¹ çìiñò i íà âñié äiéñíié îñi R, ÿêùî ïîêëàñòè a = −∞, b = +∞.

Íà êîæíîìó âiäðiçêó [xi;xi+1] äëÿ ñïëàéíà, îêðiì ôîðìóëè (2.1), ìîæëèâå

éîãî çîáðàæåííÿ ó âèãëÿäi

Sn,v(x) =
n∑

α=0

biα (x− xi+1)
α , i = 0, . . . ,m− 1. (2.2)
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Ïðè öüîìó íà ïiâîñi (−∞;x1] áåðåòüñÿ òiëüêè ôîðìóëà (2.2), à íà ïiâîñi

[xm−1;∞) � òiëüêè ôîðìóëà (2.1).

Îòæå, ñïëàéí Sn,ν(x) ìà¹ íåïåðåðâíi ïîõiäíi äî ïîðÿäêó n − ν âêëþ-

÷íî. Ïîõiäíi âèùå ïîðÿäêó n − ν ìîæóòü ìàòè ðîçðèâè ïåðøîãî ðîäó â òî-

÷êàõ xi, i = 1, . . . ,m − 1. Äëÿ âèçíà÷åíîñòi áóäåìî ââàæàòè, ùî ôóíêöiÿ

S
(r)
n,ν(x), r > n− ν, íåïåðåðâíà ñïðàâà, òîáòî

S(r)
n,ν(xi) = S(r)

n,ν(xi + 0), r = n− ν + 1, . . . , n, i = 0, . . . ,m− 1.

Ìíîæèíó ñïëàéíiâ, ùî çàäîâîëüíÿþòü îçíà÷åííÿ, ïîçíà÷èìî ÷åðåç

Sn,ν(∆). Öié ìíîæèíi íàëåæàòü i ñïëàéíè ñòåïåíÿ n äåôåêòó ν1 > ν i ñïëàéíè

ñòåïåíÿ n1 < n äåôåêòó ν1 < ν, ÿêùî n1 − ν1 ≥ n − ν, â òîìó ÷èñëi ìíîãî-

÷ëåíè ñòåïåíÿ íå âèùå n. Îñêiëüêè çâè÷àéíi îïåðàöi¨ äîäàâàííÿ åëåìåíòiâ

ç Sn,ν(∆) òà ¨õ ìíîæåííÿ íà äiéñíi ÷èñëà íå âèâîäÿòü çà ìåæi ìíîæèíè, òî

âîíà ¹ ëiíiéíèì ïðîñòîðîì.

Òàêîæ ó òåîði¨ ñïëàéíiâ ðîçãëÿäàþòüñÿ çðiçàíi ñòåïåíåâi ôóíêöi¨

(x− xi)α
′

+ ,

çâ'ÿçàíi ç òî÷êàìè ñiòêè ∆. Ïðè n− ν + 1 ≤ α′ ≤ n âîíè íàëåæàòü ìíîæèíi

Sn,ν(∆).

Òåîðåìà 2.1. Ôóíêöi¨ xα, α = 0, . . . , n,

(x− xi)α
′

+ , α
′ = n− ν + 1, . . . , n, 1 ≤ ν ≤ n+ 1, i = 0, . . . ,m− 1, (2.3)

ëiíiéíî íåçàëåæíi é óòâîðþþòü áàçèñ ó ïðîñòîði Sn,ν(∆) ðîçìiðíîñòi (n+

1) + ν(m− 1) [80].

Íàñëiäîê. Ðîçãëÿíåìî ïðîñòið êóái÷íèõ ñïëàéíiâ äåôåêòó 1 íà ñiòöi ∆ ç

êiëüêiñòþ âóçëiâ m. Òîäi ðîçìiðíiñòü öüîãî ïðîñòîðó, çãiäíî òåîðåìè 2.1,

äîðiâíþ¹ m+ 3.
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2.2 Êóái÷íi ñïëàéíè äåôåêòó 1

Íåõàé íà âiäðiçêó [a; b] ó âóçëàõ ñiòêè ∆ : a = x0 < x1 < . . . < xm = b

çàäàíî çíà÷åííÿ äåÿêî¨ ôóíêöi¨

yi = y(xi), i = 0, . . . ,m. (2.4)

Îçíà÷åííÿ 2.2. Êóái÷íèì ñïëàéíîì äåôåêòó 1 íàçèâà¹òüñÿ ôóíêöiÿ S(x),

ùî çàäîâîëüíÿ¹ óìîâè:

1) S(x) ∈ P3(x), x ∈ [xi;xi+1], i = 0, 1, . . . ,m − 1, äå P3(x) � ìíîæèíà

ìíîãî÷ëåíiâ 3-ãî ñòåïåíÿ,

2) S(x) ∈ C2[a; b]. (2.5)

Îçíà÷åííÿ 2.3. Êóái÷íèé ñïëàéí S(x, y) íàçèâàòèìåìî êóái÷íèì iíòåðïî-

ëÿöiéíèì ñïëàéíîì äëÿ ôóíêöi¨ y(x) íà ñiòöi ∆, ÿêùî

S(xi, y) = y(xi), i = 0,m. (2.6)

Ñïëàéí S(x, y) íà êîæíîìó âiäðiçêó [xi;xi+1], i = 0,m− 1 âèçíà÷à¹òüñÿ

÷îòèðìà êîåôiöi¹íòàìè, òîìó äëÿ éîãî ïîáóäîâè íà [a; b] ïîòðiáíî 4m êî-

åôiöi¹íòiâ. Óìîâà (2.5) çàáåçïå÷ó¹ íåïåðåðâíiñòü ñïëàéíà i éîãî ïîõiäíèõ

S(p)(x, y), p = 0, 1, 2, â óñiõ âíóòðiøíiõ âóçëàõ xi, i = 1,m− 1 ñiòêè ∆. Öÿ

óìîâà äà¹ 3(m − 1) ðiâíîñòi äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ ñïëàéíà. Ðàçîì

iç ðiâíîñòÿìè (2.6) ìà¹ìî 4m− 2 ñïiââiäíîøåííÿ äëÿ ïîáóäîâè ñïëàéíà. Äâi

óìîâè, ÿêèõ íå âèñòà÷à¹, çðó÷íî çàäàâàòè ó âèãëÿäi îáìåæåíü íà çíà÷åííÿ

ñïëàéíà òà éîãî ïîõiäíèõ íà êiíöÿõ ïðîìiæêó [a; b]. Íàéáiëüø óæèâàíèìè ¹

òàêi òèïè êðàéîâèõ óìîâ:

1) S ′(a, y) = y′(a), S ′(b, y) = y′(b) (2.7)

2) S ′′(a, y) = y′′(a), S ′′(b, y) = y′′(b) (2.8)

30



3) S(p)(a, y) = S(p)(b, y), r = 1, 2 (2.9)

4) S ′′′(xi + 0, y) = S ′′′(xi − 0, y), i = 1,m− 1 (2.10)

Ðîçãëÿíåìî ïèòàííÿ iñíóâàííÿ êóái÷íèõ iíòåðïîëÿöiéíèõ ñïëàéíiâ íà ñi-

òöi ∆. Ââåäåìî â ðîçãëÿä âåëè÷èíè: Mi = S ′′(xi), i = 0,m. Iç îçíà÷åííÿ

2.2 âèïëèâà¹, ùî ñïëàéí S(x) ¹ êóái÷íèì ìíîãî÷ëåíîì íà êîæíîìó âiäðiçêó

[xi−1;xi], i = 1,m i S(x) ∈ C2[a; b].

Âðàõîâóþ÷è óìîâè iíòåðïîëÿöi¨, äiñòà¹ìî çîáðàæåííÿ äëÿ êóái÷íîãî

ñïëàéíà [80]:

S(x) =
Mi

6hi
(x− xi−1)3 +

Mi−1

6hi
(xi − x)3+ (2.11)(

yi−1 −Mi−1
h2i
6

)
xi − x
hi

+

(
yi −Mi

h2i
6

)
x− xi−1

hi
,

x ∈ [xi−1;xi], hi = xi − xi−1, i = 1, . . . ,m.

Iç îçíà÷åííÿ ñïëàéíà ìà¹ìî, ùî

S ′(xi + 0) = S ′(xi − 0), i = 1, . . . ,m− 1. (2.12)

Îá÷èñëèâøè ïîõiäíi ñïëàéíà

S ′(xi + 0) =
yi+1 − yi

hi
− hi

6
(2Mi +Mi+1), (2.13)

S ′(xi − 0) =
yi+1 − yi
hi−1

+
hi−1

6
(Mi−1 + 2Mi),

äiñòàíåìî ñèñòåìó ðiâíÿíü äëÿ âåëè÷èí Mi:

µiMi−1 + 2Mi + λiMi+1 =
6

hi−1 + hi

(
yi+1 − yi

hi
− yi − yi−1

hi−1

)
, (2.14)

i = 1, . . . ,m− 1,

äå µi = hi−1(hi−1 + hi)
−1, λi = 1− µi.
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Öi ðiâíÿííÿ ðàçîì iç êðàéîâèìè óìîâàìè óòâîðþþòü ñèñòåìó (m + 1)-ãî

ïîðÿäêó âiäíîñíî íåâiäîìèõ Mi. Ó âèïàäêó êðàéîâèõ óìîâ òèïó 1) i 2) âîíà

ìà¹ âèãëÿä

2M0 + λ∗0M1 = d∗0, (2.15)

µiMi−1 + 2Mi + λiMi+1 = di, i = 1, . . . ,m− 1,

µ∗mMm−1 + 2Mm = d∗m,

äå di = 6
hi−1+hi

(
yi+1−yi
hi
− yi−yi−1

hi−1

)
.

Äëÿ âèïàäêó êðàéîâèõ óìîâ òèïó 1) ïàðàìåòðè ñèñòåìè (2.15) ¹ òàêèìè:

λ∗0 = µ∗m = 1,

d∗0 =
6

h0

(
y1 − y0
h0

− y′0
)
, (2.16)

d∗m =
6

hm−1

(
y′m −

ym − ym−1
hm−1

)
.

Ìàòðèöÿ ñèñòåìè (2.15) ¹ òðèäiàãîíàëüíîþ. Íå ñêëàäíî ïîáà÷èòè, ùî âîíà

ìà¹ ïåðåâàæàþ÷ó äiàãîíàëü, à çíà÷èòü ¹ íåâèðîäæíåíîþ. Ïiñëÿ îá÷èñëåííÿ

âñiõMi, i = 0,m çíà÷åííÿ êóái÷íîãî ñïëàéíà â äîâiëüíié òî÷öi x ∈ [a; b] ìîæå

áóòè îá÷èñëåíå çà ôîðìóëîþ (2.11).

Äëÿ ñïëàéíà S(x) äåôåêòó 1, ïîáóäîâàíîãî, ÿê ïîêàçàíî âèùå, ñïðàâåäëèâà

òàêà òåîðåìà:

Òåîðåìà 2.2. Iíòåðïîëÿöiéíèé êóái÷íèé ñïëàéí S(x), ÿêèé çàäîâîëüíÿ¹

óìîâè òèïó (2.6) òà îäíó ç êðàéîâèõ óìîâ òèïó 1)-4), iñíó¹ i ¹äèíèé [80].

Ââåäåìî ïîçíà÷åííÿ:

h = max
i
hi, h = min

i
hi, β =

h

h
,

ωi(f) = max
x′,x′′∈[xi;xi+1]

|y(x′′)− y(x′)| ,

ω(f) = max
0≤i≤m−1

wi(f).
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Äëÿ îöiíêè ïîõèáêè iíòåðïîëÿöi¨ ñïðàâåäëèâà òàêà òåîðåìà:

Òåîðåìà 2.3. Íåõàé y(x) ∈ C2[a; b] i ∆ � ñiòêà íà [a; b], à S(x, y) � êóái÷íèé

ñïëàéí, ùî iíòåðïîëþ¹ y(x) íà ñiòöi ∆. Òîäi [80]:

‖y(i)(x)− S(i)(x, y)‖ ≤ kiH
2−iω(y′′(x), H), (2.17)

k0 =
5

2
, k1 = k2 = 5, H = max

i
hj.

Ðîçãëÿíåìî âèïàäîê ðiâíîìiðíî¨ ñiòêè íà âiäðiçêó [a; b]:

∆ : xi = a+ ih, i = 0,m, h =
b− a
m

.

Âèçíà÷èìî êóái÷íèé ñïëàéí S(x, y), ÿêèé iíòåðïîëþ¹ íà ñiòöi ∆ ôóíêöiþ

y(x), ùî çàäîâîëüíÿ¹ óìîâè y(a) = y(b) = c. Éîãî ìîæíà çîáðàçèòè ïðè

x ∈ [xj−1;xj], j = 1,m ó âèãëÿäi

S(x, y) = Mj−1
(xj − x)3

6h
+Mj

(x− xj−1)3

6h
+ (yj−1 −

h2

6
Mj−1)

xj − x
h

+

+(yj −
h2

6
Mj)

x− xj−1
h

. (2.18)

Ó öüîìó âèïàäêó çäiéñíþþòüñÿ ñïiââiäíîøåííÿ

yj+1 − 2yi + yj−1 =
h2

6
(Mj+1 + 4Mj +Mj−1), j = 1,m− 1, (2.19)

ÿêi çàáåçïå÷óþòü íåïåðåðâíiñòü ïåðøèõ ïîõiäíèõ S ′(x, y) ó âíóòðiøíiõ âóçëàõ

ñiòêè ∆. Ó ìàòðè÷íîìó âèãëÿäi ñïiââiäíîøåííÿ (2.18) áóäóòü ìàòè âèãëÿä

AY =
h2

6
BM, (2.20)

äå Y = (y0, y1, . . . , ym)T , M = (M0,M1, . . . ,Mm)T , A = (aij) � ìàòðèöÿ ðîç-

ìiðíîñòi (m−1)× (m−1), B = (bij) � ìàòðèöÿ ðîçìiðíîñòi (m−1)× (m+ 1),

ÿêi çàäàþòüñÿ åëåìåíòàìè aij òà bij âiäïîâiäíî

aij =


−2, i = j,

1, |i− j| = 1,

0, â iíøèõ âèïàäêàõ.

(2.21)
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bij =


4, j − i = 1,

1, j − i = 0 àáî j − i = 2,

0, â iíøèõ âèïàäêàõ.

(2.22)

Ðîçãëÿíåìî äåÿêi òâåðäæåííÿ âiäíîñíî ìàòðèöü A = (aij) òà B = (bij).

Ëåìà 2.1. Ïðàâèëüíi òàêi ñïiââiäíîøåííÿ:

1) det(A) = (−1)m−1m,

2) ‖A−1‖ ≤ m2

8 ,

3) max
1≤i≤m−2

m−1∑
j=1

∣∣a−1i+1,j − a−1ij
∣∣ ≤ m

2 , äå a
−1
ij � åëåìåíòè ìàòðèöi A−1,

4) ‖B‖ = 6.

Äîâåäåííÿ. Òâåðäæåííÿ 1) i 4) íåñêëàäíî çäîáóòè ìåòîäîì ìàòåìàòè÷íî¨ ií-

äóêöi¨ òà âèêîðèñòàâøè îçíà÷åííÿ íîðìè ìàòðèöi. Äëÿ åëåìåíòiâ ìàòðèöi

A−1, âèêîðèñòîâóþ÷è òâåðäæåííÿ 1), îäåðæó¹ìî ñïiââiäíîøåííÿ:

aij =

−
j(m−i)
m , j ≤ i,

− i(m−j)
m , i ≤ j,

i, j = 1,m− 1. (2.23)

Ïiäðàõó¹ìî çíà÷åííÿ âåëè÷èí Si =
m−1∑
j=1

∣∣a−1ij ∣∣ òà Ri =
m−1∑
j=1

∣∣a−1i+1,j − a−1ij
∣∣,

âèêîðèñòîâóþ÷è âèðàçè äëÿ åëåìåíòiâ a−1ij :

Si =
i∑

j=1

∣∣∣∣−j(m− i)m

∣∣∣∣+
m−1∑
j=i+1

∣∣∣∣−i(m− j)m

∣∣∣∣ =

=
1

m

(
i∑

j=1

j(m− i) +
m−1∑
j=i+1

i(m− j)

)
=
im− i2

2
. (2.24)

Ri =
i−1∑
j=1

∣∣∣∣j(i+ 1−m)

m
+
j(m− i)

m

∣∣∣∣+
m−1∑
j=i+1

∣∣∣∣(i+ 1)(j −m)

m
+
i(m− j)

m

∣∣∣∣+
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+

∣∣∣∣i(i+ 1−m)

m
+
i(m− i)

m

∣∣∣∣ =
1

m

(
i∑

j=1

j +
m−1∑
j=i+1

(m− j) + i

)
= (2.25)

=
1

m

(
2i2 − (m− 1)(m− 2i)

)
.

Îöiíþþ÷è ïðàâi ÷àñòèíè ðiâíîñòåé (2.24)-(2.25), îäåðæó¹ìî

max
1≤i≤m−1

Si = max
1≤i≤m−1

(
im− i2

2

)
≤ m2

2
, (2.26)

max
1≤i≤m−2

Ri = max
1≤i≤m−2

1

2

(
2i2 − (m− i)(m− 2i)

)
≤ m

2
. (2.27)

Ëåìó äîâåäåíî.

2.3 Êóái÷íi ñïëàéíè äåôåêòó 2

Íåõàé íà [a; b] çàäàíî ñiòêó

∆ : a = x0 < x1 < . . . < xm = b. (2.28)

Îçíà÷åííÿ 2.4. Ôóíêöiþ S(x), âèçíà÷åíó íà iíòåðâàëi [a; b], íàçâåìî êóái-

÷íèì ñïëàéíîì äåôåêòó äâà íà ñiòöi ∆, ÿêùî âèêîíóþòüñÿ óìîâè:

1) S(x) ∈ P3(x), x ∈ [xi;xi+1], i = 0,m− 1, äå P3(x) � ìíîæèíà ìíîãî÷ëå-

íiâ 3-ãî ñòåïåíÿ,

2) S(x) ∈ C1[a; b],

3) S(x) ∈ C2[xi;xi+1], i = 0,m− 1. (2.29)

Îçíà÷åííÿ 2.5. Ñïëàéí S(x), ÿêèé çàäîâîëüíÿ¹ óìîâè

1) S(xi) = y(xi), i = 0,m,

2) S ′′(x0 + 0) = y′′(x0 + 0), S ′′(xm − 0) = y′′(xm − 0),

3) S ′′(xs − 0) = y′′(xs − 0), S ′′(xs + 0) = y′′(xs + 0), s = 1,m− 1, (2.30)

35



íàçèâà¹òüñÿ ñïëàéíîì äåôåêòó äâà, ÿêèé iíòåðïîëþ¹ ôóíêöiþ y(x) ó âóçëàõ

xi (i = 0, 1, . . . ,m), i ïîçíà÷à¹òüñÿ S(x, y).

Ââåäåìî ïîçíà÷åííÿ:

M+
j = S ′′(xj + 0, y), j = 0, 1, . . . ,m− 1, (2.31)

M−
j = S ′′(xj − 0, y), j = 1, 2, . . . ,m. (2.32)

Ïîêàæåìî, ùî îçíà÷åííÿ 1 i 2 çàäàþòü ñïëàéí S(x, y), ùî iíòåðïîëþ¹ ôóí-

êöiþ y(x) i ìà¹ âèãëÿä:

S(x, y) = M+
j−1

(xj − x)3

6hj
+M−

j

(x− xj−1)3

6hj
+ (2.33)

+

(
yj−1 −

M+
j−1h

2
j

6

)
xj − x
hj

+

(
yj −

M−
j h

2
j

6

)
x− xj−1

hj
,

x ∈ [xj−1;xj], j = 1, 2, . . . ,m.

Ðîçãëÿíåìî iíòåðâàë [xj−1;xj]. Íåõàé S ′′(x, y) = px+ q. Âðàõîâóþ÷è (2.31)

i (2.32), ìà¹ìî íà [xj−1;xj]: pxj−1 + q = M+
j−1,

pxj + q = M−
j .

Çâiäñè îòðèìà¹ìî

p =
M−

j −M+
j−1

hj
, q = M+

j−1 −
M−

j M
+
j−1

hj
xj−1.

Îòæå, iíòåãðóþ÷è äâi÷i, äiñòà¹ìî

S(x, y) = M−
j

(x− xj−1)3

6hj
+M+

j−1
(xj − x)3

6hj
+ c1x+ c2. (2.34)

Âðàõîâóþ÷è (2.30), ìà¹ìî: M−
j

(xj−xj−1)3
6hj

+ c1xj + c2 = yj,

M+
j−1

(xj−xj−1)3
6hj

+ c1xj−1 + c2 = yj−1.
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Çâiäñè îäåðæèìî:

c1 =
yj − yj−1

hj
− hj

6

(
M−

j −M+
j−1
)
,

c2 = yj−1
xj
hj
−M+

j−1
xjhj

6
− yj

xj−1
hj

+M−
j

xj−1hj
6

.

Ïiäñòàâëÿþ÷è öi âèðàçè â (2.34), îäåðæèìî âèãëÿä ñïëàéíà äåôåêòó 2 ó

ôîðìi (2.33).

Âðàõîâóþ÷è âëàñòèâîñòi êóái÷íîãî ñïëàéíà ó âíóòðiøíiõ âóçëàõ ñiòêè ∆,

ìà¹ìî ðiâíîñòi:

S ′j(xj − 0, y) = S ′j+1(xj + 0, y), j = 1,m− 1. (2.35)

Âðàõîâóþ÷è âèãëÿä ñïëàéíà, ðiâíîñòi (2.35) ïåðåïèøåìî ó âèãëÿäi ñèñòåìè

ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü, ÿêó çàäîâîëüíÿþòü âåëè÷èíè M+
j−1 i M

−
j (j =

1, 2, . . . ,m). 
hj+1yj−1 − (hj + hj+1)yj + hjyj+1 =

hjhj+1

6 ×

×
(
hjM

+
j−1 + 2hjM

−
j + 2hj+1M

+
j + hj+1M

−
j+1

)
,

j = 1,m− 1.

(2.36)

Ïîõiäíà S ′(x, y) âiä ôóíêöi¨ S(x, y) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

S ′(x, y) = −M+
j−1

(xj − x)2

2hj
+M−

j

(x− xj−1)2

2hj
+M+

j−1
hj
6
−M−

j

hj
6

+

+
yj − yj−1

hj
, x ∈ [xj−1;xj], j = 1,m. (2.37)

Çàïèøåìî ñèñòåìó (2.36) ó ìàòðè÷íié ôîðìi:

Amy = BM + d, (2.38)
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äå ìàòðèöÿ

Am =



−(h1 + h2) h1 0 . . . 0 0

h3 −(h2 + h3) h2 . . . 0 0

. . . . . . . . . . . . . . . . . .

0 0 0 . . . −(hm−2 + hm−1) hm−2

0 0 0 . . . hm −(hm−1 + hm)


ðîçìiðíîñòi (m−1)× (m−1), âåêòîð d = (−h2y0, 0, . . . , 0,−hm−1ym)T ðîçìið-

íîñòi m − 1, B � ìàòðèöÿ êîåôiöi¹íòiâ ïðàâî¨ ÷àñòèíè ñïiââiäíîøåíü (2.36)

ðîçìiðíîñòi (m− 1)× 2m òà âåêòîð

M = (M+
0 ,M

−
1 ,M

+
1 ,M

−
2 ,M

+
2 , . . . ,M

−
m−1,M

+
m−1,M

−
m)T

ðîçìiðíîñòi 2m.

Ëåìà 2.2. Äëÿ ìàòðèöi Am ìàþòü ìiñöå òàêi ñïiââiäíîøåííÿ:

1) |Am| = (−1)m−1h2h3 . . . hm−1(b− a), (2.39)

2) ∥∥A−1m ∥∥ = max
i

m−1∑
j=1

|a−1ij | ≤
k2

8h3
(b− a)2, (2.40)

3) max
−1≤i≤m−2

m−1∑
j=1

|a−1i+1,j − a−1ij | ≤
k2(b− a)

2h2
, (2.41)

4)
m−1∑
j=1

|a−1ij | ≤
k2(b− a)

2h2
, i = 1,m− 1, (2.42)

äå a−1ij � åëåìåíòè îáåðíåíî¨ ìàòðèöi A−1m , k = H
h , h = min

j
hj (j =

1,m), H = max
j
hj (j = 1,m),

5) ‖B‖ = max
i

m−1∑
j=1

|bij| = H3. (2.43)
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Äîâåäåííÿ. Âñòàíîâèìî âëàñòèâiñòü 1), âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè÷íî¨

iíäóêöi¨.

Ïîêëàäåìî m = 2. Òîäi

|A2| = −(h1 + h2) = −(b− a).

Äëÿ m = 3 ìà¹ìî:

|A3| =

∣∣∣∣∣∣−(h1 + h2) h1

h3 −(h2 + h3)

∣∣∣∣∣∣ = h2(h1 + h2 + h3) = h2(b− a).

Àíàëîãi÷íî, äëÿ m = 4 äiñòà¹ìî:

|A4| =

∣∣∣∣∣∣∣∣∣
−(h1 + h2) h1 0

h3 −(h2 + h3) h3

0 h4 −(h3 + h4)

∣∣∣∣∣∣∣∣∣ = −(h3 + h4)|A3|−

−h4

∣∣∣∣∣∣−(h1 + h2) 0

h3 h2

∣∣∣∣∣∣ = −h2h3(h1 + h2 + h3 + h4) = −h2h3(b− a).

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ íåðiâíiñòü

|Am| = (−1)m−1h2h3 . . . hm−1(b− a).

Òîäi äëÿ Am+1 äiñòà¹ìî:

|Am+1| =

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−(h1 + h2) h1 0 . . . 0 0

h3 −(h2 + h3) h2 . . . 0 0

. . . . . . . . . . . . . . . . . .

0 0 0 . . . hm−2 0

0 0 0 . . . −(hm−1 + hm) hm−1

0 0 0 . . . hm+1 −(hm + hm+1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= −(hm + hm+1)|Am| − hm+1hm−1|Am−1| =
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= (−1)m−1h2 . . . hm−1(b− a)(hm + hm+1)−

−(−1)m−2h2 . . . hm−2(b− a)hm−1hm+1 =

= (−1)mh2h3 . . . hm−1hm(b− a).

Îòæå, ðiâíiñòü 1) äîâåäåíî.

Âëàñòèâîñòi 2)-5) ìîæíà äîâåñòè àíàëîãi÷íî, âèêîðèñòîâóþ÷è ìåòîä ìàòå-

ìàòè÷íî¨ iíäóêöi¨.

2.4 Âèñíîâêè äî ðîçäiëó 2

Ó äàíîìó ðîçäiëi ðîçãëÿäàþòüñÿ åëåìåíòè òåîði¨ ëiíiéíèõ ñïëàéíiâ.

Ó ïiäðîçäiëi 2.1 ââåäåíî îñíîâíi ïîçíà÷åííÿ òà îçíà÷åííÿ ëiíiéíèõ ñïëàé-

íiâ, ñôîðìóëüîâàíî òâåðäæåííÿ ïðî ðîçìiðíiñòü ïðîñòîðó ñïëàéíiâ ñòåïåíÿ

n äåôåêòó ν.

Ó ïiäðîçäiëi 2.2 ðîçãëÿíóòî êóái÷íi ñïëàéíè äåôåêòó 1, íàâåäåíî ¨õ àíà-

ëiòè÷íå çîáðàæåííÿ òà ñôîðìóëüîâàíî òâåðäæåííÿ ïðî ¨õ iñíóâàííÿ òà ¹äè-

íiñòü.

Ó ïiäðîçäiëi 2.3 äîñëiäæóþòüñÿ êóái÷íi ñïëàéíè äåôåêòó 2: îäåðæàíî àíà-

ëiòè÷íå çîáðàæåííÿ, ðîçãëÿíóòî ¨õíi âëàñòèâîñòi òà íàâåäåíî îöiíêè òî÷íîñòi

àïðîêñèìàöi¨.
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Ðîçäië 3

Êðàéîâi çàäà÷i äëÿ

äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü

3.1 Ëiíiéíi êðàéîâi çàäà÷i ç çàïiçíåííÿì

3.1.1 Ïîñòàíîâêà çàäà÷i. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′ (x) =
n∑
i=0

(
ai (x) y (x− τi (x)) + bi (x) y′ (x− τi (x))

)
+ f (x) , (3.1)

y(j) (x) = ϕ(j) (x) , j = 0, 1, x ∈ [a∗; a] , y (b) = γ, (3.2)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨, âè-

çíà÷åíi íà [a, b], ϕ (x) � çàäàíà íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ íà [a∗; a],

γ ∈ R,

a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Íåõàé ôóíêöi¨ ai(x), bi(x), i = 0, n, f(x) � íåïåðåðâíi íà [a; b].

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

E =
n⋃
i=1

Ei.
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Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæèíè

Ei, i = 1, n ¹ ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E â ïîðÿäêó çðîñòà-

ííÿ.

Ââåäåìî ïîçíà÷åííÿ:

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B
(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃
j=1

C2 (Ij)

))
, |y (x)| ≤ P1, |y′(x)| ≤ P2

}
,

äå P1, P2 � äîäàòíi ñòàëi.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (3.1)-(3.2) ââàæàòèìåìî ôóíêöiþ y = y (x),

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (3.1) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî÷îê

ìíîæèíè E) i êðàéîâi óìîâè (3.2). Áóäåìî øóêàòè ðîçâ'ÿçîê çàäà÷i (3.1)-(3.2),

ÿêèé íàëåæèòü ïðîñòîðó B(J ∪ I).

Iç îçíà÷åííÿ ïðîñòîðó B(J ∪ I) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (3.1)-(3.2)

áóäå íåïåðåâíî-äèôåðåíöiéîâíèì äëÿ áóäü-ÿêîãî x ∈ [a, b], äå y′ (a) � ïðàâà

ïîõiäíà.

Ââåäåìî íîðìó â ïðîñòîði B(J ∪ I):

‖y‖B = max

{
8

(b− a)2
max
x∈J ∪ I

|y (x)| , 2

b− a
max

(
max
x∈J
|y′ (x)| ,max

x∈I
|y′ (x)|

)}
.

Ïðîñòið B(J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì.

Êðàéîâà çàäà÷à (3.1)-(3.2) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [55, 58]

y (x) =

b∫
a∗

[
n∑
i=0

ai (s) y (s− τi (s)) +
n∑
i=0

bi (s) y
′ (s− τi (s))

]
× (3.3)

×G (x, s) ds+ l (x) , x ∈ J ∪ I,
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G (x, s) =

G (x, s) , x, s ∈ I,

0, â iíøîìó âèïàäêó,

l (x) =

 ϕ (x) , x ∈ J,
γ−ϕ(a)
b−a (x− a) + ϕ (a) , x ∈ I,

äå G (x, s) � ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði B(J ∪ I) íàñòóïíèì ÷èíîì

(Ty) (x) =

b∫
a∗

[
n∑
i=0

ai (s) y (s− τi (s)) +
n∑
i=0

bi (s) y
′ (s− τi (s))

]
×

×G (x, s) ds+ l (x) , x ∈ J ∪ I.

Çâiäñè

(Ty)′ (x) =

b∫
a∗

[
n∑
i=0

ai (s) y (s− τi (s)) +
n∑
i=0

bi (s) y
′ (s− τi (s))

]
× (3.4)

×G
′

x (x, s) ds+
γ − ϕ (a)

b− a
, x ∈ J ∪ I.

Íåõàé êîåôiöi¹íòè ó ðiâíÿííi (3.1) òàêi, ùî ñïðàâäæóþòüñÿ íåðiâíîñòi

|ai(x)| ≤ Ai, |bi(x)| ≤ Bi, i = 0, n, |f(x)| ≤ F ïðè x ∈ [a; b]. Ïîçíà÷èìî

P = P1

n∑
i=0

Ai+P2

n∑
i=0

Bi+F , äå P1, P2 � äîäàòíi ñòàëi, ùî âõîäÿòü â îçíà÷åííÿ

ïðîñòîðó B(J ∪ I).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.1. Íåõàé âèêîíóþòüñÿ óìîâè:

1) max

{
max
x∈J
|ϕ (x)| , (b−a)2

8 P + max
{
|ϕ (a)| , |γ|

}}
≤ P1,

2) max

{
max
x∈J
|ϕ′ (x)| , b−a

2 P +
∣∣∣γ−ϕ(a)b−a

∣∣∣} ≤ P2,
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3) (b−a)2
8

n∑
i=0

Ai + b−a
2

n∑
i=0

Bi < 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.1)-(3.2) ó ïðîñòîði B (J ∪ I).

Äîâåäåííÿ. Iç âèãëÿäó ôóíêöi¨ Ãðiíà

G (x, s) =


(s−a)(x−b)

b−a , a ≤ s ≤ x ≤ b,

(x−a)(s−b)
b−a , a ≤ x ≤ s ≤ b,

îäåðæó¹ìî íàñòóïíi îöiíêè [93]

b∫
a

∣∣∣G (x, s)
∣∣∣ds ≤ (b− a)2

8
,

b∫
a

∣∣∣G′x(x, s)∣∣∣ds ≤ b− a
2

. (3.5)

ßêùî ñïðàâäæóþòüñÿ óìîâè 1)-2) òà íåðiâíîñòi (3.5), òîäi îïåðàòîð T âiä-

îáðàæà¹ ïðîñòið B(J ∪ I) ó ñåáå. Ïîêàæåìî, ùî öå äiéñíî òàê. Âðàõîâóþ÷è

(3.3), ìà¹ìî:

∣∣(Ty)(x)
∣∣ ≤ max

{∣∣∣∣∣
a∫

a∗

[
n∑
i=0

ai (s) y (s− τi (s)) +
n∑
i=0

bi (s) y
′ (s− τi (s))

]
×

×G(x, s)ds+ l(x)

∣∣∣∣∣,∣∣∣∣∣
b∫

a

[
n∑
i=0

ai (s) y (s− τi (s)) +
n∑
i=0

bi (s) y
′ (s− τi (s))

]
G(x, s)ds+ l(x)

∣∣∣∣∣
}
≤

≤ max

{
|ϕ(x)|,

(
P1

n∑
i=0

Ai + P2

n∑
i=0

Bi + F

) b∫
a

G(x, s)ds+ |l(x)|

}
≤

≤ max

{
|ϕ(x)|, P (b− a)2

8
+ |l(x)|

}
≤

≤ max

{
max
x∈J
|ϕ(x)|, P (b− a)2

8
+ max

{
|ϕ(a)|, |γ|

}}
≤ P1,

∣∣(Ty)′(x)
∣∣ ≤ max

{∣∣∣∣∣
a∫

a∗

[
n∑
i=0

ai (s) y (s− τi (s)) +
n∑
i=0

bi (s) y
′ (s− τi (s))

]
×
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×G′x(x, s)ds+ l′(x)

∣∣∣∣∣,∣∣∣∣∣
b∫

a

[
n∑
i=0

ai (s) y (s− τi (s)) +
n∑
i=0

bi (s) y
′ (s− τi (s))

]
G
′
x(x, s)ds+ l′(x)

∣∣∣∣∣
}
≤

≤ max

{
|ϕ′(x)|,

(
P1

n∑
i=0

Ai + P2

n∑
i=0

Bi + F

) b∫
a

G′x(x, s)ds+ |l′(x)|

}
≤

≤ max

{
|ϕ′(x)|, P b− a

2
+

∣∣∣∣γ − ϕ(a)

b− a

∣∣∣∣
}
≤

≤ max

{
max
x∈J
|ϕ′(x)|, P b− a

2
+

∣∣∣∣γ − ϕ(a)

b− a

∣∣∣∣
}
≤ P2.

Çãiäíî âèáîðó ìíîæèí Ei, i = 1, n, y (x) ∈

(
C(J ∪ I)∩

(
C1(J)∪C1(I)

)
∩(

k+1⋃
j=1

C2 (Ij)

))
, îòæå, (Ty)(x) ∈ B(J ∪ I).

Íåõàé y1, y2 ∈ B (J ∪ I). Âðàõîâóþ÷è îöiíêè (3.5), îäåðæó¹ìî:∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ =

=

∣∣∣∣∣
b∫

a∗

[
n∑
i=0

ai(s)
(
y1(s− τi(s))− y2(s− τi(s))

)
+

+
n∑
i=0

bi(s)
(
y′1(s− τi(s))− y′2(s− τi(s))

)]
Ḡ(x, s)ds

∣∣∣∣∣ ≤
≤

b∫
a∗

[
n∑
i=0

Ai

∣∣∣y1(s− τi(s))− y2(s− τi(s))∣∣∣+
+

n∑
i=0

Bi

∣∣∣y′1(s− τi(s))− y′2(s− τi(s))∣∣∣
]∣∣∣Ḡ(x, s)

∣∣∣ds ≤
≤

b∫
a∗

[
n∑
i=0

Aimax
s∈J∪I

∣∣∣y1 − y2∣∣∣+
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+
n∑
i=0

Bi max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣}
]∣∣∣Ḡ(x, s)

∣∣∣ds =

=

b∫
a∗

[
(b− a)2

8

8

(b− a)2
max
s∈J∪I

∣∣∣y1 − y2∣∣∣ n∑
i=0

Ai+

+
b− a

2

2

b− a
max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣} n∑
i=0

Bi

]
×

×
∣∣∣Ḡ(x, s)

∣∣∣ds ≤
≤ (b− a)2

8

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi

]
‖y1 − y2‖B,

Àíàëîãi÷íî, ∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣ ≤

≤ b− a
2

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi

]
‖y1 − y2‖B.

Ç îäåðæàíèõ îöiíîê âèïëèâà¹, ùî

max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤

≤ (b− a)2

8

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi

]
‖y1 − y2‖B,

max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤

≤ b− a
2

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi

]
‖y1 − y2‖B.

Äîìíîæèìî ïåðøó íåðiâíiñòü íà 8
(b−a)2 , à äðóãó � íà

2
b−a :

8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤

≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi

]
‖y1 − y2‖B,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤
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≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi

]
‖y1 − y2‖B.

Âðàõîâóþ÷è îäåðæàíi íåðiâíîñòi, äiñòà¹ìî

max

{
8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣}} ≤

≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi

]
‖y1 − y2‖B.

Iç îçíà÷åííÿ íîðìè ïðîñòîðó B(J ∪ I) ìà¹ìî:∥∥∥(Ty1)(x)− (Ty2)(x)
∥∥∥
B
≤ (3.6)

≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi

]
‖y1 − y2‖B.

Íåðiâíiñòü (3.6) òà óìîâà 3) çàáåçïå÷óþòü, ùî îïåðàòîð T ¹ ñòèñëèì ó ïðîñòî-

ði B(J ∪ I) i ìà¹ ¹äèíó íåðóõîìó òî÷êó [93]. Òîìó êðàéîâà çàäà÷à (3.1)-(3.2)

ìà¹ ¹äèíèé ðîçâ'ÿçîê y(x) ∈ B(J ∪ I).

Òåîðåìó 3.1 äîâåäåíî.

3.1.2 Îá÷èñëþâàëüíà ñõåìà. Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiäðiç-

êó [a; b], òàêó ùî E ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé êóái÷íèé

ñïëàéí äåôåêòó äâà íà ∆ äëÿ ôóíêöi¨ y (x), ÿêèé íàëåæèòü ïðîñòîðó B(J∪I).

Áóäåìî øóêàòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.1)-(3.2) ó âèãëÿäi ïîñëiäîâíîñòi

êóái÷íèõ ñïëàéíiâ äåôåêòó 2 çà íàñòóïíîþ ñõåìîþ:

A) Âèáåðåìî êóái÷íèé ñïëàéí S
(
y(0), x

)
= γ−ϕ(a)

b−a (x− a) +ϕ (a), ÿêèé çàäî-

âîëüíÿ¹ êðàéîâi óìîâè (3.2) ïðè x = a òà x = b.
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B) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (3.1) òà ñïëàéí S
(
y(k), x

)
, çíàõîäèìî

äëÿ k = 0, 1, . . .:

M
+(k+1)
j =

n∑
i=0

(
ai(xj)S

(
y(k), xj − τi(xj) + 0

)
+ (3.7)

+bi(xj)S
′(y(k), xj − τi(xj) + 0

))
+ f(xj), j = 0,m− 1,

M
−(k+1)
j =

n∑
i=0

(
ai(xj)S

(
y(k), xj − τi(xj)− 0

)
+ (3.8)

+bi(xj)S
′(y(k), xj − τi(xj)− 0

))
+ f(xj), j = 1,m.

Ó ñïiââiäíîøåííÿõ (3.7), (3.8) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= ϕ(p)(x), p =

0, 1 ïðè x < a.

C) Îá÷èñëþ¹ìî y(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (2.36).

D) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (2.33), âèêîðèñòîâóþ÷è

çíàéäåíi çíà÷åííÿ y(k+1)
j , j = 0,m, M+(k+1)

j , j = 0,m− 1, M−(k+1)
j , j =

1,m. Öåé ñïëàéí âèñòóïà¹ â ÿêîñòi íàñòóïíîãî íàáëèæåííÿ.

Ââåäåìî ïîçíà÷åííÿ:

λ1 =
n∑
i=0

max
x∈[a;b]

∣∣ai(x)
∣∣, λ2 =

n∑
i=0

max
x∈[a;b]

∣∣bi(x)
∣∣, (3.9)

u =
K5

8
(b− a)2 +

H2

8
, v =

K5

2
(b− a) +

2H

3
,

µ = 5

(
1 +

1

2
λ1H

2 + λ2H

)
.

Òåîðåìà 3.2. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.1)-(3.2) iñíó¹ òà íàëåæèòü

ïðîñòîðó B(J ∪ I). Òîäi ïðè âèêîíàííi íåðiâíîñòi

θ = uλ1 + vλ2 < 1 (3.10)

iñíó¹ òàêå H∗, ùî ïðè âñiõ 0 < H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ{
S
(
y(k), x

)}
, k = 0, 1, . . . ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b].
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Äîâåäåííÿ. Ïîêàæåìî, ùî ðÿäè

S(p)
(
y(0), x

)
+
∞∑
i=1

[
S(p)

(
y(i), x

)
− S(p)

(
y(i−1), x

)]
, p = 0, 1

ðiâíîìiðíî çáiãàþòüñÿ íà [a; b], i òèì ñàìèì îäåðæèìî ðiâíîìiðíó çáiæíiñòü

ïîñëiäîâíîñòåé S(p)
(
y(k), x

)
, k = 0, 1, . . . , p = 0, 1.

Âèçíà÷èìî ñêàëÿðíi ôóíêöi¨ y(x), M(x) íà [a; b] i ïîçíà÷èìî âåêòîðè

y =
(
y (x1) , . . . , y (xm−1)

)T
,

M =
(
M (x0 + 0) ,M (x1 − 0) ,M (x1 + 0) , . . . ,M (xm−1 − 0) ,

M (xm−1 + 0) ,M (xm − 0)
)T
.

Iòåðàöiéíèé àëãîðèòì A)-D) ïðåäñòàâèìî ó ìàòðè÷íié ôîðìi:

y(k+1) = A−1BM
k+1

+ A−1d, (3.11)

äå êîìïîíåíòè âåêòîðà M âèçíà÷åíi çãiäíî (3.7)-(3.8), à ñòàëèé âåêòîð d çà-

ëåæèòü ëèøå âiä êðàéîâèõ óìîâ (3.2). Çãiäíî (2.39), ìàòðèöÿ A � íåâèðî-

äæåíà, îòæå ïîáóäîâà iòåðàöiéíî¨ ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ S
(
y(k), x

)
,

k=0, 1, . . . ìîæëèâà.

Ç (3.11) âèïëèâàþòü íàñòóïíi îöiíêè:∥∥∥y(k+1) − y(k)
∥∥∥ =

∥∥A−1BMk+1 − A−1BMk
∥∥ ≤ (3.12)

≤
∥∥A−1∥∥ ‖B‖∥∥∥Mk+1 −Mk

∥∥∥ .
Iç (3.7)-(3.8) òà âèãëÿäó ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (3.1) îäåðæó¹ìî íåðiâíî-

ñòi ∥∥∥M+(k+1)
j −M+(k)

j

∥∥∥ ≤ λ1 max
x∈[a;b]

∣∣∣S (y(k), x)− S (y(k−1), x)∣∣∣+ (3.13)

+λ2 max
x∈[a;b]

∣∣∣S ′ (y(k), x)− S ′ (y(k−1), x)∣∣∣ , j = 0,m− 1,∥∥∥M−(k+1)
j −M−(k)

j

∥∥∥ ≤ λ1 max
x∈[a;b]

∣∣∣S (y(k), x)− S (y(k−1), x)∣∣∣+
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+λ2 max
x∈[a;b]

∣∣∣S ′ (y(k), x)− S ′ (y(k−1), x)∣∣∣ , j = 1,m.

Çâiäñè, âðàõîâóþ÷è ñïiââiäíîøåííÿ (2.39)-(2.43), íåðiâíiñòü (3.12) ìîæíà çà-

ïèñàòè íàñòóïíèì ÷èíîì:∥∥∥y(k+1) − y(k)
∥∥∥ ≤ K5

8
(b− a)2

[
λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+ (3.14)

+λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥].
Íåõàé x ∈ [xj−1;xj]. Âðàõîâóþ÷è (2.33), ìà¹ìî∣∣∣S (y(k+1), x

)
− S

(
y(k), x

)∣∣∣ ≤ ∣∣∣∣xj − x6hj

(
(xj − x)2 − h2j

)
+ (3.15)

+
x− xj−1

6hj

(
(x− xj−1)2 − h2j

)∣∣∣∣ ∥∥∥Mk+1 −Mk
∥∥∥+

+
∣∣yk+1
j−1 − ykj

∣∣ ∣∣∣∣xj − xhj

∣∣∣∣+
∣∣yk+1
j − ykj

∣∣ ∣∣∣∣x− xj−1hj

∣∣∣∣ .
Ðîçãëÿíåìî ôóíêöiþ

ξ(x) =
xj − x

6hj

(
h2j − (xj − x)2

)
+
x− xj−1

6hj

(
h2j − (x− xj−1)2

)
íà âiäðiçêó [xj−1;xj]. Çíàéäåìî ¨¨ ïîõiäíó i ïðèðiâíÿ¹ìî äî íóëÿ:

ξ′(x) =
(xj − x)2 − (x− xj−1)2

3hj
= 0.

Çâiäñè äiñòà¹ìî x∗ = xj − h
2 . Îñêiëüêè ξ(xj−1) = 0, ξ(xj) = 0, òî â òî÷öi x∗

ôóíêöiÿ ξ(x) äîñÿãà¹ ñâîãî íàéáiëüøîãî çíà÷åííÿ

max
[xj−1;xj ]

ξ(x) =
H2

8
. (3.16)

Âèêîðèñòîâóþ÷è (3.13), (3.14), (3.16), ç (3.15) ìà¹ìî∥∥∥S (y(k+1), x
)
− S

(
y(k), x

)∥∥∥ ≤ (3.17)

≤ H2

8

∥∥∥Mk+1 −Mk
∥∥∥+

∥∥∥y(k+1) − y(k)
∥∥∥ ≤

50



≤
(
K5

8
(b− a)2 +

H2

8

)(
λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+

+λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥).
Çãiäíî âèãëÿäó ñïëàéíà (2.33), îòðèìó¹ìî∣∣∣S ′ (y(k+1), x

)
− S ′

(
y(k), x

)∣∣∣ ≤ (3.18)

≤

∣∣∣∣∣hj6 − (xj − x)2

2hj

∣∣∣∣∣ ∣∣∣M+(k+1)
j−1 −M+(k)

j−1

∣∣∣+
+

∣∣∣∣∣(x− xj−1)22hj
− hj

6

∣∣∣∣∣ ∣∣∣M−(k+1)
j −M−(k)

j

∣∣∣+
1

hj

∣∣yk+1
j − yk+1

j−1 −
(
ykj − ykj−1

)∣∣ .
Î÷åâèäíî, ñïðàâäæóþòüñÿ íåðiâíîñòi

max
x∈[xj−1;xj ]

(∣∣∣∣∣hj6 − (xj − x)2

2hj

∣∣∣∣∣+

∣∣∣∣∣(x− xj−1)22hj
− hj

6

∣∣∣∣∣
)
≤ 2H

3
, (3.19)

max
1<j<n

∣∣yk+1
j − yk+1

j−1 −
(
ykj − ykj−1

)∣∣ ≤ K4

2
(b− a)H

∥∥∥Mk+1 −Mk
∥∥∥ . (3.20)

Çãiäíî (3.19)-(3.20), ç íåðiâíîñòi (3.18) âèïëèâà¹∥∥∥S ′ (y(k+1), x
)
− S ′

(
y(k), x

)∥∥∥ ≤ (3.21)

≤
(
K5

2
(b− a) +

2

3
H

)(
λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+

+λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥).
Iòåðóþ÷è (3.17), (3.21) i âðàõîâóþ÷è ïîçíà÷åííÿ (3.9) òà óìîâó (3.10), îäåð-

æó¹ìî ∥∥∥S (y(k+1), x
)
− S

(
y(k), x

)∥∥∥ ≤ (3.22)

≤ uθk−1
(
λ1

∥∥∥S (y(1), x)− S (y(0), x)∥∥∥+ λ2

∥∥∥S ′ (y(1), x)− S ′ (y(0), x)∥∥∥) ,∥∥∥S ′ (y(k+1), x
)
− S ′

(
y(k), x

)∥∥∥ ≤
≤ vθk−1

(
λ1

∥∥∥S (y(1), x)− S (y(0), x)∥∥∥+ λ2

∥∥∥S ′ (y(1), x)− S ′ (y(0), x)∥∥∥) .
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Ñïiââiäíîøåííÿ (3.22) ïðè âèêîíàííi óìîâè (3.10) çàáåçïå÷óþòü çáiæíiñòü

ïîñëiäîâíîñòåé ñïëàéíiâ
{
S(p)

(
y(k), x

)}
, k = 0, 1, . . . , p = 0, 1. Òåîðåìó 3.2

äîâåäåíî.

Ïîçíà÷èìî

lim
k→∞

S(p)
(
y(k), x

)
= S(p) (ỹ, x) , p = 0, 1,

M̃+
j = S ′′ (ỹ, xj + 0) , j = 0,m− 1,

M̃−
j = S ′′ (ỹ, xj − 0) , j = 1,m,

ỹj = S (ỹ, xj) , j = 1,m.

Ïðè öüîìó

M̃+
j =

n∑
i=0

(
ai(xj)S

(
ỹ, xj − τi(xj) + 0

)
+ bi(xj)S

′(ỹ, xj − τi(xj) + 0
))

+

+f(xj), j = 0,m− 1,

M̃−
j =

n∑
i=0

(
ai(xj)S

(
ỹ, xj − τi(xj)− 0

)
+ bi(xj)S

′(ỹ, xj − τi(xj)− 0
))

+

+f(xj), j = 1,m.

Ïàðàìåòðè M̃+
j , M̃

−
j ñïëàéíà S (ỹ, x) çàäîâîëüíÿþòü ñèñòåìó (2.36) òà ðiâ-

íÿííÿ (3.7)-(3.8).

Íåõàé S (y, x) � êóái÷íèé ñïëàéí äåôåêòó 2, ÿêèé iíòåðïîëþ¹ ðîçâ'ÿçîê

y (x) êðàéîâî¨ çàäà÷i (3.1)-(3.2). Òîäi∥∥∥S(p) (ỹ, x)− y(p) (x)
∥∥∥ ≤ ∥∥∥S(p) (ỹ, x)− S(p) (y, x)

∥∥∥+
∥∥∥S(p) (y, x)− y(p) (x)

∥∥∥ ,
p = 0, 1. (3.23)

Äëÿ äðóãîãî äîäàíêà ó ïðàâié ÷àñòèíi (3.23) ñïðàâäæóþòüñÿ íåðiâíîñòi

[94]: ∥∥∥S(p) (y, x)− y(p) (x)
∥∥∥ ≤ KpH

2−pω (y′′ (x) , H) , (3.24)
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p = 0, 1, K0 =
5

2
, K1 = 5,

äå ω (y′′ (x) , H) = max
1≤r≤l+1

ωr (y′′ (x) , H), ωr (y′′ (x) , H) � ìîäóëü íåïåðåðâíîñòi

ôóíêöi¨ y′′ (x) íà Ir = [xr−1;xr].

Äëÿ îöiíêè ïåðøîãî äîäàíêà ó ïðàâié ÷àñòèíi (3.23), çãiäíî âèãëÿäó ïðàâî¨

÷àñòèíè ðiâíÿííÿ (3.1), çíàéäåìî äîïîìiæíi íåðiâíîñòi:∣∣∣∣M+
j −

n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+ (3.25)

+bi(xj)S
′(y, xj + 0− τi(xj + 0))

)
− f(xj)

∣∣∣∣ ≤ ∣∣∣M+
j − y′′(xj + 0)

∣∣∣+
+

∣∣∣∣y′′(xj + 0)−
n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+

+bi(xj)S
′(y, xj + 0− τi(xj + 0))

)
− f(xj)

∣∣∣∣ =

=
∣∣∣S ′′(y, xj + 0)− y′′(xj + 0)

∣∣∣+

∣∣∣∣∣
n∑
i=0

(
ai(xj)y(xj + 0− τi(xj + 0))+

+bi(xj)y
′(xj + 0− τi(xj + 0))

)
−

−
n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+

+bi(xj)S
′(y, xj + 0− τi(xj + 0))

)∣∣∣∣∣ ≤
≤ 5ω(y′′(x), H) +

∣∣∣∣∣
n∑
i=0

ai(xj)
(
y(xj + 0− τi(xj + 0))−

−S(y, xj + 0− τi(xj + 0))
)

+
n∑
i=0

bi(xj)
(
y′(xj + 0− τi(xj + 0))−

−S ′(y, xj + 0− τi(xj + 0))
)∣∣∣∣∣ ≤

≤ 5ω(y′′(x), H) +
5

2
H2ω(y′′(x), H)

n∑
i=0

∣∣∣ai(xj)∣∣∣+
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+5Hω(y′′(x), H)
n∑
i=0

∣∣∣bi(xj)∣∣∣ ≤
≤ 5ω(y′′(x), H) + λ1

5

2
H2ω(y′′(x), H) + λ25Hω(y′′(x), H) =

= 5

(
1 +

1

2
λ1H

2 + λ2H

)
ω(y′′(x), H) = µω(y′′(x), H), j = 0,m− 1.

Àíàëîãi÷íî ìîæíà îäåðæàòè∣∣∣∣M−
j −

n∑
i=0

(
ai(xj)S(y, xj − 0− τi(xj − 0))+ (3.26)

+bi(xj)S
′(y, xj − 0− τi(xj − 0))

)
− f(xj)

∣∣∣∣ ≤ µω(y′′, H), j = 1,m.

Çâiäñè

M+
j ≤

n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+ (3.27)

+bi(xj)S
′(y, xj + 0− τi(xj + 0))

)
+ f(xj) + µω(y′′(x), H),

j = 0,m− 1,

M−
j ≤

n∑
i=0

(
ai(xj)S(y, xj − 0− τi(xj − 0))+ (3.28)

+bi(xj)S
′(y, xj − 0− τi(xj − 0))

)
+ f(xj) + µω(y′′(x), H),

j = 1,m.

Ïîçíà÷èìî

max
x∈[a;b]

∣∣∣S(p)(ỹ, x)− S(p)(y, x)
∣∣∣ = αp, p = 0, 1,

max
j

∣∣∣M̃j −Mj

∣∣∣ = max

{
max

j=0,m−1

∣∣∣M̃+
j −M

+
j

∣∣∣ , max
j=1,m

∣∣∣M̃−
j −M

−
j

∣∣∣} .
Âðàõîâóþ÷è îöiíêè (3.27), (3.28), äiñòà¹ìî:∣∣∣M̃+

j −M
+
j

∣∣∣ ≤ ∣∣∣∣M̃+
j −

n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+
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+bi(xj)S
′(y, xj + 0− τi(xj + 0))

)
− f(xj)

∣∣∣∣+ µω(y′′(x), H) =

=

∣∣∣∣∣
n∑
i=0

(
ai(xj)S(ỹ, xj + 0− τi(xj + 0))+

+bi(xj)S
′(ỹ, xj + 0− τi(xj + 0))

)
−

−
n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+

+bi(xj)S
′(y, xj + 0− τi(xj + 0))

)∣∣∣∣∣+ µω(y′′(x), H) ≤

≤
n∑
i=0

∣∣∣ai(xj)∣∣∣α0 +
n∑
i=0

∣∣∣bi(xj)∣∣∣α1 + µω(y′′(x), H) ≤

≤ λ1α0 + λ2α1 + µω(y′′(x), H), j = 0,m− 1. (3.29)

Àíàëîãi÷íî, ∣∣∣M̃−
j −M

−
j

∣∣∣ ≤ λ1α0 + λ2α1 + µω(y′′(x), H), j = 1,m. (3.30)

Íåñêëàäíî ïîêàçàòè, ùî ìà¹ ìiñöå îöiíêà

|ỹj − yj| ≤
K5

8
(b− a)2 max

{
max

j=0,m−1
|M̃+

j −M
+
j |, max

j=1,m
|M̃−

j −M
−
j |
}
. (3.31)

Âèêîðèñòîâóþ÷è ôîðìóëè äëÿ S (ỹ, x) , S (y, x) òà íåðiâíîñòi (3.29)-(3.31),

îòðèìó¹ìî íàñòóïíó ñèñòåìó íåðiâíîñòåé:

α0 ≤ u
(
λ1α0 + λ2α1 + µω(y′′(x), H)

)
,

α1 ≤ v
(
λ1α0 + λ2α1 + µω(y′′(x), H)

)
.

(3.32)

Ðîçâ'ÿçóþ÷è ñèñòåìó (3.32), çíàõîäèìî îöiíêè äëÿ ïåðøèõ äîäàíêiâ ó ïðà-

âié ÷àñòèíi (3.23):

α0 ≤
uµω(y′′(x), H)

1− θ
,

α1 ≤
vµω(y′′(x), H)

1− θ
.
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Òåïåð, âðàõîâóþ÷è (3.24), íåðiâíîñòi (3.23) ìîæíà çàïèñàòè ó âèãëÿäi∥∥∥S(p) (ỹ, x)− y(p) (x)
∥∥∥ ≤ Rpω (y′′ (x) , H) , p = 0, 1, (3.33)

äå R0 = sup
H≤H∗

(
uµ
1−θ + 5H2

2

)
, R1 = sup

H≤H∗

(
vµ
1−θ + 5H

)
.

Ìîæíà ïiäñóìóâàòè âèùåâêàçàíi òâåðäæåííÿ ñòîñîâíî òî÷íîñòi àïðîêñè-

ìàöi¨ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (3.1)-(3.2) ïîñëiäîâíiñòþ ñïëàéíiâ ó âèãëÿäi

íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3.3. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.1)-(3.2) iñíó¹, ¹äèíèé i íà-

ëåæèòü ïðîñòîðó B(J ∪I). ßêùî âèêîíó¹òüñÿ óìîâà (3.10), òîäi iñíó¹ òà-

êå H∗ > 0, ùî äëÿ áóäü-ÿêîãî H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ
{
S
(
y(k), x

)}
àïðîêñèìó¹ ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.1)-(3.2) i âèêîíóþòüñÿ ñïiââiäíîøå-

ííÿ (3.33).

3.2 Ëiíiéíi êðàéîâi çàäà÷i íåéòðàëüíîãî òèïó

3.2.1 Ïîñòàíîâêà çàäà÷i. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′ (x) =
n∑
i=0

(
ai (x) y (x− τi (x)) + bi (x) y′ (x− τi (x)) + (3.34)

+ci (x) y′′ (x− τi (x))
)

+ f (x) ,

y(p) (x) = ϕ(p) (x) , p = 0, 1, 2, x ∈ [a∗; a] , y (b) = γ, (3.35)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨,

âèçíà÷åíi íà [a, b], ϕ (x) � çàäàíà äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ

íà [a∗; a], γ ∈ R,

a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Íåõàé ôóíêöi¨ ai(x), bi(x), ci(x), i = 0, n, f(x) � íåïåðåðâíi íà [a; b].
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Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei1 =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

Ei2 =
{
xj ∈ [a, b] : x0 = a, xj+1 − τi (xj+1) = xj, j = 0, 1, 2, . . .

}
,

E2 =
n⋃
i=1

(
Ei1 ∪ Ei2

)
.

Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæèíè

Ei1, Ei2, i = 1, n ¹ ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E2 â ïîðÿäêó

çðîñòàííÿ.

Ââåäåìî ïîçíà÷åííÿ:

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B2

(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃
j=1

C2 (Ij)

))
, |y(x)| ≤ P1, |y′(x)| ≤ P2, |y′′(x)| ≤ P3

}
,

äå P1, P2, P3 � äîäàòíi ñòàëi.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (3.34)-(3.35) ââàæàòèìåìî ôóíêöiþ y = y (x),

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (3.34) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî÷îê

ìíîæèíè E2) i êðàéîâi óìîâè (3.35). Áóäåìî øóêàòè ðîçâ'ÿçîê çàäà÷i (3.34)-

(3.35), ÿêèé íàëåæèòü ïðîñòîðó B2(J ∪ I).

Iç îçíà÷åííÿ ïðîñòîðó B2(J∪I) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (3.34)-(3.35)

áóäå íåïåðåâíî-äèôåðåíöiéîâíèì äëÿ áóäü-ÿêîãî x ∈ [a, b], äå y′ (a) � ïðàâà

ïîõiäíà, à â òî÷êàõ ìíîæèíè E2 iñíóþòü ñêií÷åííi îäíîñòîðîííi äðóãi ïîõiäíi

ðîçâ'ÿçêó, ÿêi ìîæóòü íå ñïiâïàäàòè.

Ââåäåìî íîðìó â ïðîñòîði B2(J ∪ I):

‖y‖B2
= max

{
8

(b− a)2
max
x∈J∪I

|y(x)|, 2

b− a
max

(
max
x∈J
|y′(x)|, max

x∈I
|y′(x)|

)
,
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max
(

max
x∈J
|y′′(x)|, max

x∈I1
|y′′(x)|, . . . , max

x∈Ik+1

|y′′(x)|
)}

.

Ïðîñòið B2(J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì.

Êðàéîâà çàäà÷à (3.34)-(3.35) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [55, 58]

y (x) =

b∫
a∗

[
n∑
i=0

(
ai (s) y (s− τi (s)) + bi (s) y

′ (s− τi (s)) + (3.36)

+ci (s) y
′′ (s− τi (s))

)]
G (x, s) ds+ l (x) , x ∈ J ∪ I,

G (x, s) =

G (x, s) , x, s ∈ I,

0, â iíøîìó âèïàäêó,

l (x) =

 ϕ (x) , x ∈ J,
γ−ϕ(a)
b−a (x− a) + ϕ (a) , x ∈ I,

äå G (x, s) � ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði B2(J ∪ I) íàñòóïíèì ÷èíîì

(Ty) (x) =

b∫
a∗

[
n∑
i=0

(
ai (s) y (s− τi (s)) + bi (s) y

′ (s− τi (s)) + (3.37)

+ci (s) y
′′ (s− τi (s))

)]
G (x, s) ds+ l (x) , x ∈ J ∪ I.

Çâiäñè

(Ty)′ (x) =

b∫
a∗

[
n∑
i=0

(
ai (s) y (s− τi (s)) + bi (s) y

′ (s− τi (s)) + (3.38)

+ci (s) y
′′ (s− τi (s))

)]
G
′

x (x, s) ds+
γ − ϕ (a)

b− a
, x ∈ J ∪ I.

(Ty)′′ (x) =
n∑
i=0

(
ai (x) y (x− τi (x)) + bi (x) y′ (x− τi (x)) + (3.39)
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+ci (x) y′′ (x− τi (x))

)
, x ∈ J ∪ I.

Íåõàé êîåôiöi¹íòè ó ðiâíÿííi (3.34) òàêi, ùî ñïðàâäæóþòüñÿ íåðiâíîñòi

|ai(x)| ≤ Ai, |bi(x)| ≤ Bi, |ci(x)| ≤ Ci, i = 0, n, |f(x)| ≤ F ïðè x ∈ [a; b].

Ïîçíà÷èìî P =
n∑
i=0

(
AiP1 +BiP2 +CiP3

)
+F , äå P1, P2, P3 � äîäàòíi ñòàëi, ùî

âõîäÿòü â îçíà÷åííÿ ïðîñòîðó B2(J ∪ I).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.4. Íåõàé âèêîíóþòüñÿ óìîâè:

1) max

{
max
x∈J
|ϕ (x)| , (b−a)2

8 P + max
(
|ϕ (a)| , |γ|

)}
≤ P1,

2) max

{
max
x∈J
|ϕ′ (x)| , b−a

2 P +
∣∣∣γ−ϕ(a)b−a

∣∣∣} ≤ P2,

3) max

{
max
x∈J
|ϕ′′ (x)| , P

}
≤ P3,

4) (b−a)2
8

n∑
i=0

Ai + b−a
2

n∑
i=0

Bi +
n∑
i=0

Ci < 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.34)-(3.35) ó ïðîñòîði B2(J ∪ I).

Äîâåäåííÿ. Iç âèãëÿäó ôóíêöi¨ Ãðiíà

G (x, s) =


(s−a)(x−b)

b−a , a ≤ s ≤ x ≤ b,

(x−a)(s−b)
b−a , a ≤ x ≤ s ≤ b,

îäåðæó¹ìî íàñòóïíi îöiíêè [93]

b∫
a

∣∣∣G (x, s)
∣∣∣ds ≤ (b− a)2

8
,

b∫
a

∣∣∣G′x(x, s)∣∣∣ds ≤ b− a
2

. (3.40)

ßêùî ñïðàâäæóþòüñÿ óìîâè 1)-3) òà íåðiâíîñòi (3.40), òîäi îïåðàòîð T

âiäîáðàæà¹ ïðîñòið B2(J ∪ I) ó ñåáå.

Íåõàé y1, y2 ∈ B2 (J ∪ I). Âðàõîâóþ÷è îöiíêè (3.40), îäåðæó¹ìî:∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ =
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=

∣∣∣∣∣
b∫

a∗

[
n∑
i=0

(
ai(s)

(
y1(s− τi(s))− y2(s− τi(s))

)
+

+bi(s)
(
y′1(s− τi(s))− y′2(s− τi(s))

))
+

+ci(s)
(
y′′1(s− τi(s))− y′′2(s− τi(s))

))]
Ḡ(x, s)ds

∣∣∣∣∣ ≤
≤

b∫
a∗

[
n∑
i=0

(
Ai

∣∣∣y1(s− τi(s))− y2(s− τi(s))∣∣∣+
+Bi

∣∣∣y′1(s− τi(s))− y′2(s− τi(s))∣∣∣+
+Ci

∣∣∣y′′1(s− τi(s))− y′′2(s− τi(s))
∣∣∣)]∣∣∣Ḡ(x, s)

∣∣∣ds ≤

≤
b∫

a∗

[
n∑
i=0

(
Aimax

s∈J∪I

∣∣∣y1 − y2∣∣∣+Bi max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣}+

+Ci max

{
max
s∈J

∣∣∣y′′1 − y′′2 ∣∣∣, max
s∈I1

∣∣∣y′′1 − y′′2 ∣∣∣, . . . , max
s∈Ik+1

∣∣∣y′′1 − y′′2 ∣∣∣})
]
×

×
∣∣∣Ḡ(x, s)

∣∣∣ds =

b∫
a∗

[
(b− a)2

8

8

(b− a)2
max
s∈J∪I

∣∣∣y1 − y2∣∣∣ n∑
i=0

Ai+

+
b− a

2

2

b− a
max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣} n∑
i=0

Bi+

+ max

{
max
s∈J

∣∣∣y′′1 − y′′2 ∣∣∣, max
s∈I1

∣∣∣y′′1 − y′′2 ∣∣∣, . . . , max
s∈Ik+1

∣∣∣y′′1 − y′′2 ∣∣∣} n∑
i=0

Ci

]
×

×
∣∣∣Ḡ(x, s)

∣∣∣ds ≤
≤ (b− a)2

8

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

,

Àíàëîãi÷íî, ∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣ ≤
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≤ b− a
2

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

,

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣ ≤
≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

,

Ç îäåðæàíèõ îöiíîê âèïëèâà¹, ùî

max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤

≤ (b− a)2

8

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

,

max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤

≤ b− a
2

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

,

max

{
max
s∈J

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, max
s∈I1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, . . . ,
max
s∈Ik+1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣} ≤
≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

,

Äîìíîæèìî ïåðøó íåðiâíiñòü íà 8
(b−a)2 , à äðóãó � íà

2
b−a :

8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤

≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤

≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

,
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max

{
max
s∈J

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, max
s∈I1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, . . . ,
max
s∈Ik+1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣} ≤
≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

.

Âðàõîâóþ÷è îäåðæàíi íåðiâíîñòi, äiñòà¹ìî

max

{
8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣},

max

{
max
s∈J

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, max
s∈I1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, . . . ,
max
s∈Ik+1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣}} ≤
≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

.

Iç îçíà÷åííÿ íîðìè ïðîñòîðó B(J ∪ I) ìà¹ìî:∥∥∥(Ty1)(x)− (Ty2)(x)
∥∥∥
B2

≤ (3.41)

≤

[
(b− a)2

8

n∑
i=0

Ai +
b− a

2

n∑
i=0

Bi +
n∑
i=0

Ci

]
‖y1 − y2‖B2

.

Íåðiâíiñòü (3.41) òà óìîâà 4) çàáåçïå÷óþòü, ùî îïåðàòîð T ¹ ñòèñëèì ó ïðî-

ñòîði B2(J ∪ I) i ìà¹ ¹äèíó íåðóõîìó òî÷êó [93]. Òîìó êðàéîâà çàäà÷à (3.34)-

(3.35) ìà¹ ¹äèíèé ðîçâ'ÿçîê y(x) ∈ B2(J ∪ I).

Òåîðåìó 3.4 äîâåäåíî.

3.2.2 Îá÷èñëþâàëüíà ñõåìà. Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiäðiç-

êó [a; b], òàêó ùî E2 ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé êóái-
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÷íèé ñïëàéí äåôåêòó äâà íà ∆ äëÿ ôóíêöi¨ y (x), ÿêèé íàëåæèòü ïðîñòîðó

B2(J ∪ I). Áóäåìî øóêàòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.34)-(3.35) ó âèãëÿäi

ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ äåôåêòó 2 çà íàñòóïíîþ ñõåìîþ:

A) Âèáåðåìî êóái÷íèé ñïëàéí S
(
y(0), x

)
= γ−ϕ(a)

b−a (x− a) +ϕ (a), ÿêèé çàäî-

âîëüíÿ¹ êðàéîâi óìîâè (3.35) ïðè x = a òà x = b.

B) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (3.34) òà ñïëàéí S
(
y(k), x

)
, çíàõîäèìî

äëÿ k = 0, 1, . . .:

M
+(k+1)
j =

n∑
i=0

(
ai(xj)S

(
y(k), xj − τi(xj) + 0

)
+ (3.42)

+bi(xj)S
′(y(k), xj − τi(xj) + 0

)
+

+ci(xj)S
′′(y(k), xj − τi(xj) + 0

))
+ f(xj), j = 0,m− 1,

M
−(k+1)
j =

n∑
i=0

(
ai(xj)S

(
y(k), xj − τi(xj)− 0

)
+ (3.43)

+bi(xj)S
′(y(k), xj − τi(xj)− 0

)
+

+ci(xj)S
′′(y(k), xj − τi(xj)− 0

))
+ f(xj), j = 1,m.

Ó ñïiââiäíîøåííÿõ (3.42), (3.43) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= ϕ(p)(x), p =

0, 1, 2 ïðè x < a.

C) Îá÷èñëþ¹ìî y(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (2.36).

D) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (2.33), âèêîðèñòîâóþ÷è

çíàéäåíi çíà÷åííÿ y(k+1)
j , j = 0,m, M+(k+1)

j , j = 0,m− 1, M−(k+1)
j , j =

1,m. Öåé ñïëàéí âèñòóïà¹ â ÿêîñòi íàñòóïíîãî íàáëèæåííÿ.

Ââåäåìî ïîçíà÷åííÿ:

λ1 =
n∑
i=0

max
x∈[a;b]

∣∣ai(x)
∣∣, λ2 =

n∑
i=0

max
x∈[a;b]

∣∣bi(x)
∣∣, λ3 =

n∑
i=0

max
x∈[a;b]

∣∣ci(x)
∣∣, (3.44)
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u =
K5

8
(b− a)2 +

H2

8
, v =

K5

2
(b− a) +

2H

3
,

µ = 5

(
1 +

1

2
λ1H

2 + λ2H + λ3

)
.

Òåîðåìà 3.5. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.34)-(3.35) iñíó¹ òà íàëå-

æèòü ïðîñòîðó B2(J ∪ I). Òîäi ïðè âèêîíàííi íåðiâíîñòi

θ = uλ1 + vλ2 + λ3 < 1 (3.45)

iñíó¹ òàêå H∗, ùî ïðè âñiõ 0 < H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ
{
S
(
y(k), x

)}
,

k = 0, 1, . . . ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b] i ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ∥∥∥ lim
k→∞

S(p)(y(k), x)− y(p) (x)
∥∥∥ ≤ Rpω (y′′ (x) , H) , p = 0, 1, 2, (3.46)

R0 = sup
H≤H∗

(
uµ

1− θ
+

5H2

2

)
, R1 = sup

H≤H∗

(
vµ

1− θ
+ 5H

)
,

R2 = sup
H≤H∗

(
µ

1− θ
+ 5

)
, ω (y′′ (x) , H) = max

1≤r≤l+1
ωr (y′′ (x) , H) .

Äîâåäåííÿ. Ïîêàæåìî, ùî ðÿäè

S(p)
(
y(0), x

)
+
∞∑
i=1

[
S(p)

(
y(i), x

)
− S(p)

(
y(i−1), x

)]
, p = 0, 1, 2

ðiâíîìiðíî çáiãàþòüñÿ íà [a; b], i òèì ñàìèì îäåðæèìî ðiâíîìiðíó çáiæíiñòü

ïîñëiäîâíîñòåé S(p)
(
y(k), x

)
, k = 0, 1, . . . , p = 0, 1, 2.

Âèçíà÷èìî ñêàëÿðíi ôóíêöi¨ y(x), M(x) íà [a; b] i ïîçíà÷èìî âåêòîðè

y =
(
y (x1) , . . . , y (xm−1)

)T
,

M =
(
M (x0 + 0) ,M (x1 − 0) ,M (x1 + 0) , . . . ,M (xm−1 − 0) ,

M (xm−1 + 0) ,M (xm − 0)
)T
.

Iòåðàöiéíèé àëãîðèòì A)-D) ïðåäñòàâèìî ó ìàòðè÷íié ôîðìi:

y(k+1) = A−1BM
k+1

+ A−1d, (3.47)
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äå êîìïîíåíòè âåêòîðà M âèçíà÷åíi çãiäíî (3.42)-(3.43), à ñòàëèé âåêòîð d

çàëåæèòü ëèøå âiä êðàéîâèõ óìîâ (3.35). Çãiäíî (2.39), ìàòðèöÿ A � íåâèðî-

äæåíà, îòæå ïîáóäîâà iòåðàöiéíî¨ ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ S
(
y(k), x

)
,

k=0, 1, . . . ìîæëèâà.

Ç (3.47) âèïëèâàþòü íàñòóïíi îöiíêè:∥∥∥y(k+1) − y(k)
∥∥∥ =

∥∥A−1BMk+1 − A−1BMk
∥∥ ≤ (3.48)

≤
∥∥A−1∥∥ ‖B‖∥∥∥Mk+1 −Mk

∥∥∥ .
Iç (3.42)-(3.43) òà âèãëÿäó ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (3.34) îäåðæó¹ìî íå-

ðiâíîñòi∥∥∥M+(k+1)
j −M+(k)

j

∥∥∥ ≤ λ1 max
x∈[a;b]

∣∣∣S (y(k), x)− S (y(k−1), x)∣∣∣+ (3.49)

+λ2 max
x∈[a;b]

∣∣∣S ′ (y(k), x)− S ′ (y(k−1), x)∣∣∣+
+λ3 max

x∈[a;b]

∣∣∣S ′′ (y(k), x)− S ′′ (y(k−1), x)∣∣∣ , j = 0,m− 1,∥∥∥M−(k+1)
j −M−(k)

j

∥∥∥ ≤ λ1 max
x∈[a;b]

∣∣∣S (y(k), x)− S (y(k−1), x)∣∣∣+
+λ2 max

x∈[a;b]

∣∣∣S ′ (y(k), x)− S ′ (y(k−1), x)∣∣∣+
+λ3 max

x∈[a;b]

∣∣∣S ′′ (y(k), x)− S ′′ (y(k−1), x)∣∣∣ , j = 1,m.

Çâiäñè, âðàõîâóþ÷è ñïiââiäíîøåííÿ (2.39)-(2.43), íåðiâíiñòü (3.48) ìîæíà çà-

ïèñàòè íàñòóïíèì ÷èíîì:∥∥∥y(k+1) − y(k)
∥∥∥ ≤ K5

8
(b− a)2

[
λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+ (3.50)

+λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥+ λ3

∥∥∥S ′′ (y(k), x)− S ′′ (y(k−1), x)∥∥∥].
Íåõàé x ∈ [xj−1;xj]. Âèêîðèñòîâóþ÷è (2.33), (3.15), (3.16), (3.49), (3.50),

ìà¹ìî ∥∥∥S (y(k+1), x
)
− S

(
y(k), x

)∥∥∥ ≤ (3.51)
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≤ H2

8

∥∥∥Mk+1 −Mk
∥∥∥+

∥∥∥y(k+1) − y(k)
∥∥∥ ≤

≤
(
K5

8
(b− a)2 +

H2

8

)(
λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+

+λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥+ λ3

∥∥∥S ′′ (y(k), x)− S ′′ (y(k−1), x)∥∥∥).
Äàëi ç ôîðìóë (2.33), (2.36), (3.18), (3.19), (3.20) òà âëàñòèâîñòåé (2.39)-(2.43)

îòðèìó¹ìî ∥∥∥S ′ (y(k+1), x
)
− S ′

(
y(k), x

)∥∥∥ ≤ (3.52)

≤
(
K5

2
(b− a) +

2

3
H

)(
λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+

+λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥+ λ3

∥∥∥S ′′ (y(k), x)− S ′′ (y(k−1), x)∥∥∥),∥∥∥S ′′ (y(k+1), x
)
− S ′′

(
y(k), x

)∥∥∥ ≤ (3.53)

≤ λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+ λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥+

+λ3

∥∥∥S ′′ (y(k), x)− S ′′ (y(k−1), x)∥∥∥ .
Ïîçíà÷èìî

d = λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+ λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥+

+λ3

∥∥∥S ′′ (y(k), x)− S ′′ (y(k−1), x)∥∥∥ .
Iòåðóþ÷è (3.51), (3.52), (3.53) i âðàõîâóþ÷è ïîçíà÷åííÿ (3.44) òà óìîâó (3.45),

îäåðæó¹ìî ∥∥∥S (y(k+1), x
)
− S

(
y(k), x

)∥∥∥ ≤ uθk−1d,∥∥∥S ′ (y(k+1), x
)
− S ′

(
y(k), x

)∥∥∥ ≤ vθk−1d, (3.54)∥∥∥S ′′ (y(k+1), x
)
− S ′′

(
y(k), x

)∥∥∥ ≤ θk−1d.

Ñïiââiäíîøåííÿ (3.54), ïðè âèêîíàííi óìîâè (3.45), çàáåçïå÷óþòü çái-

æíiñòü ïîñëiäîâíîñòåé ñïëàéíiâ
{
S(p)

(
y(k), x

)}
, k = 0, 1, . . . , p = 0, 1, 2.
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Ïîçíà÷èìî

lim
k→∞

S(p)
(
y(k), x

)
= S(p) (ỹ, x) , p = 0, 1, 2,

M̃+
j = S ′′ (ỹ, xj + 0) , j = 0,m− 1,

M̃−
j = S ′′ (ỹ, xj − 0) , j = 1,m,

ỹj = S (ỹ, xj) , j = 1,m.

Ïðè öüîìó

M̃+
j =

n∑
i=0

(
ai(xj)S

(
ỹ, xj − τi(xj) + 0

)
+ bi(xj)S

′(ỹ, xj − τi(xj) + 0
)
+

+ci(xj)S
′′(ỹ, xj − τi(xj) + 0

))
+ f(xj), j = 0,m− 1,

M̃−
j =

n∑
i=0

(
ai(xj)S

(
ỹ, xj − τi(xj)− 0

)
+ bi(xj)S

′(ỹ, xj − τi(xj)− 0
)
+

+ci(xj)S
′′(ỹ, xj − τi(xj)− 0

))
+ f(xj), j = 1,m.

Ïàðàìåòðè M̃+
j , M̃

−
j ñïëàéíà S (ỹ, x) çàäîâîëüíÿþòü ñèñòåìó (2.36) òà ðiâ-

íÿííÿ (3.42)-(3.43).

Íåõàé S (y, x) � êóái÷íèé ñïëàéí äåôåêòó 2, ÿêèé iíòåðïîëþ¹ ðîçâ'ÿçîê

y (x) êðàéîâî¨ çàäà÷i (3.34)-(3.35). Òîäi∥∥∥S(p) (ỹ, x)− y(p) (x)
∥∥∥ ≤ ∥∥∥S(p) (ỹ, x)− S(p) (y, x)

∥∥∥+
∥∥∥S(p) (y, x)− y(p) (x)

∥∥∥ ,
p = 0, 1, 2. (3.55)

Äëÿ äðóãîãî äîäàíêà ó ïðàâié ÷àñòèíi (3.55) ñïðàâäæóþòüñÿ íåðiâíîñòi

[94]: ∥∥∥S(p) (y, x)− y(p) (x)
∥∥∥ ≤ KpH

2−pω (y′′ (x) , H) , (3.56)

p = 0, 1, 2, K0 =
5

2
, K1 = K2 = 5,

äå ω (y′′ (x) , H) = max
1≤r≤k+1

ωr (y′′ (x) , H), ωr (y′′ (x) , H) � ìîäóëü íåïåðåðâíîñòi

ôóíêöi¨ y′′ (x) íà Ir = [xr−1;xr].
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Äëÿ îöiíêè ïåðøîãî äîäàíêà ó ïðàâié ÷àñòèíi (3.55), çãiäíî âèãëÿäó ïðàâî¨

÷àñòèíè ðiâíÿííÿ (3.34), çíàéäåìî äîïîìiæíi íåðiâíîñòi:∣∣∣∣M+
j −

n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+ (3.57)

+bi(xj)S
′(y, xj + 0− τi(xj + 0)) + ci(xj)S

′′(y, xj + 0− τi(xj + 0))
)
−

−f(xj)

∣∣∣∣ ≤ ∣∣∣M+
j − y′′(xj + 0)

∣∣∣+
+

∣∣∣∣y′′(xj + 0)−
n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+

+bi(xj)S
′(y, xj + 0− τi(xj + 0))

)
− f(xj)

∣∣∣∣ =

=
∣∣∣S ′′(y, xj + 0)− y′′(xj + 0)

∣∣∣+

∣∣∣∣∣
n∑
i=0

(
ai(xj)y(xj + 0− τi(xj + 0))+

+bi(xj)y
′(xj + 0− τi(xj + 0)) + ci(xj)y

′′(xj + 0− τi(xj + 0))
)
−

−
n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+

+bi(xj)S
′(y, xj + 0− τi(xj + 0)) + ci(xj)S

′′(y, xj + 0− τi(xj + 0))
)∣∣∣∣∣ ≤

≤ 5ω(y′′(x), H) +

∣∣∣∣∣
n∑
i=0

ai(xj)
(
y(xj + 0− τi(xj + 0))−

−S(y, xj + 0− τi(xj + 0))
)

+
n∑
i=0

bi(xj)
(
y′(xj + 0− τi(xj + 0))−

−S ′(y, xj + 0− τi(xj + 0))
)

+
n∑
i=0

ci(xj)
(
y′′(xj + 0− τi(xj + 0))−

−S ′′(y, xj + 0− τi(xj + 0))
)∣∣∣∣∣ ≤

≤ 5ω(y′′(x), H) +
5

2
H2ω(y′′(x), H)

n∑
i=0

∣∣∣ai(xj)∣∣∣+
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+5Hω(y′′(x), H)
n∑
i=0

∣∣∣bi(xj)∣∣∣+ 5ω(y′′(x), H)
n∑
i=0

∣∣∣ci(xj)∣∣∣ ≤
≤ 5ω(y′′(x), H) + λ1

5

2
H2ω(y′′(x), H) + λ25Hω(y′′(x), H)+

+λ35ω(y′′(x), H) = 5

(
1 +

1

2
λ1H

2 + λ2H + λ3

)
ω(y′′(x), H) =

= µω(y′′(x), H), j = 0,m− 1.

Àíàëîãi÷íî ìîæíà îäåðæàòè∣∣∣∣M−
j −

n∑
i=0

(
ai(xj)S(y, xj − 0− τi(xj − 0))+ (3.58)

+bi(xj)S
′(y, xj − 0− τi(xj − 0)) + ci(xj)S

′′(y, xj − 0− τi(xj − 0))
)
−

−f(xj)

∣∣∣∣ ≤ µω(y′′, H), j = 1,m.

Çâiäñè

M+
j ≤

n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+ (3.59)

+bi(xj)S
′(y, xj + 0− τi(xj + 0)) + ci(xj)S

′′(y, xj + 0− τi(xj + 0))
)

+

+f(xj) + µω(y′′(x), H), j = 0,m− 1,

M−
j ≤

n∑
i=0

(
ai(xj)S(y, xj − 0− τi(xj − 0))+ (3.60)

+bi(xj)S
′(y, xj − 0− τi(xj − 0)) + ci(xj)S

′′(y, xj − 0− τi(xj − 0))
)

+

+f(xj) + µω(y′′(x), H), j = 1,m.

Ïîçíà÷èìî

max
x∈[a;b]

∣∣∣S(p)(ỹ, x)− S(p)(y, x)
∣∣∣ = αp, p = 0, 1, 2,

max
j

∣∣∣M̃j −Mj

∣∣∣ = max

{
max

j=0,m−1

∣∣∣M̃+
j −M

+
j

∣∣∣ , max
j=1,m

∣∣∣M̃−
j −M

−
j

∣∣∣} .
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Âðàõîâóþ÷è îöiíêè (3.59), (3.60), äiñòà¹ìî:∣∣∣M̃+
j −M

+
j

∣∣∣ ≤ ∣∣∣∣M̃+
j −

n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+

+bi(xj)S
′(y, xj + 0− τi(xj + 0)) + ci(xj)S

′′(y, xj + 0− τi(xj + 0))
)
−

−f(xj)

∣∣∣∣+ µω(y′′(x), H) =

∣∣∣∣∣
n∑
i=0

(
ai(xj)S(ỹ, xj + 0− τi(xj + 0))+

+bi(xj)S
′(ỹ, xj + 0− τi(xj + 0)) + ci(xj)S

′′(ỹ, xj + 0− τi(xj + 0))
)
−

−
n∑
i=0

(
ai(xj)S(y, xj + 0− τi(xj + 0))+

+bi(xj)S
′(y, xj + 0− τi(xj + 0))+

+ci(xj)S
′′(y, xj + 0− τi(xj + 0))

)∣∣∣∣∣+ µω(y′′(x), H) ≤

≤
n∑
i=0

∣∣∣ai(xj)∣∣∣α0 +
n∑
i=0

∣∣∣bi(xj)∣∣∣α1 +
n∑
i=0

∣∣∣ci(xj)∣∣∣α2 + µω(y′′(x), H) ≤

≤ λ1α0 + λ2α1 + λ3α2 + µω(y′′(x), H), j = 0,m− 1. (3.61)

Àíàëîãi÷íî,∣∣∣M̃−
j −M

−
j

∣∣∣ ≤ λ1α0 + λ2α1 + λ3α2 + µω(y′′(x), H), j = 1,m. (3.62)

Íåñêëàäíî ïîêàçàòè, ùî ìà¹ ìiñöå îöiíêà

|ỹj − yj| ≤
K5

8
(b− a)2 max

{
max

j=0,m−1
|M̃+

j −M
+
j |, max

j=1,m
|M̃−

j −M
−
j |
}
. (3.63)

Âèêîðèñòîâóþ÷è ôîðìóëè äëÿ S (ỹ, x) , S (y, x) òà íåðiâíîñòi (3.61)-(3.63),

îòðèìó¹ìî íàñòóïíó ñèñòåìó íåðiâíîñòåé:

α0 ≤ u
(
α0λ1 + α1λ2 + α2λ3 + µω (y′′(x), H)

)
,

α1 ≤ v
(
α0λ1 + α1λ2 + α2λ3 + µω (y′′(x), H)

)
, (3.64)

α2 ≤ α0λ1 + α1λ2 + α2λ3 + µω (y′′(x), H) .
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Ðîçâ'ÿçóþ÷è ñèñòåìó (3.64), çíàõîäèìî îöiíêè äëÿ ïåðøèõ äîäàíêiâ ó ïðàâié

÷àñòèíi (3.55):

α0 ≤
uµω(y′′(x), H)

1− θ
,

α1 ≤
vµω(y′′(x), H)

1− θ
,

α2 ≤
µω(y′′(x), H)

1− θ
.

Òåïåð, âðàõîâóþ÷è (3.56), íåðiâíîñòi (3.55) ìîæíà çàïèñàòè ó âèãëÿäi (3.46).

Òåîðåìó 3.5 äîâåäåíî.

Çàóâàæåííÿ. Ïðè âèêîðèñòàííi îïèñàíîãî àëãîðèòìó ðîçâ'ÿçóâàííÿ êðà-

éîâèõ çàäà÷ (3.34)-(3.35) çà íàáëèæåíèé ðîçâ'ÿçîê âèáèðà¹òüñÿ S(y(k), x) ïðè

äåÿêîìó k > 0. Îöiíèìî ïîõèáêó, ÿêà áóäå ïðè öüîìó äîïóùåíà. Iç íåðiâíî-

ñòåé (3.54) ìà¹ìî:

‖S(p)(y(k+j), x)− S(p)(y(k), x)‖ ≤ θk−1 max(u, v, 1) d
1− θi

1− θ
, p = 0, 1, 2.

Íåõàé H < H∗. Òîäi ç ïîïåðåäíüî¨ íåðiâíîñòi îäåðæó¹ìî:

‖S(p)(ỹ, x)− S(p)(y(k), x)‖ ≤ θk−1

1− θ
max(u, v, 1) d.

Îòæå, äëÿ äîâiëüíîãî ε > 0 iñíó¹ êiëüêiñòü iòåðàöié k0, òàêà ùî ïðè k > k0

‖S(p)(ỹ, x)− S(p)(y(k), x)‖ ≤ ε, p = 0, 1, 2.

Òîäi ïðè k > k0 i âèêîíàííi óìîâ òåîðåìè 3.5 îäåðæó¹ìî îöiíêó ïîõèáêè

‖S(p)(y(k), x)− y(p)(x)‖ ≤ ε+Kpω(y′′(x), H), p = 0, 1, 2. (3.65)
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3.3 Íåëiíiéíi êðàéîâi çàäà÷i ç çàïiçíåííÿì òà íåéòðàëü-

íîãî òèïó

3.3.1 Iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i ç çàïiçíåííÿì

Ââåäåìî ïîçíà÷åííÿ

[y(x)] =
(
y
(
x− τ0(x)

)
, . . . , y

(
x− τn(x)

))
, (3.66)

[y(x)]1 =
(
y′
(
x− τ0(x)

)
, . . . , y′

(
x− τn(x)

))
.

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′(x) = f
(
x, [y(x)], [y(x)]1

)
, x ∈ [a; b], (3.67)

y(p) (x) = ϕ(p) (x) , p = 0, 1, x ∈ [a∗; a] , y (b) = γ, (3.68)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨, âè-

çíà÷åíi íà [a, b], ϕ (x) � çàäàíà íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ íà [a∗; a],

γ ∈ R,

a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

E =
n⋃
i=1

Ei.

Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæèíè

Ei, i = 1, n ¹ ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E â ïîðÿäêó çðîñòà-

ííÿ.

Ââåäåìî ïîçíà÷åííÿ:

P = sup

{∣∣∣f(x, [y(x)], [y(x)]1
)∣∣∣ :

∣∣∣y(x− τi(x)
)∣∣∣ ≤ P1,
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∣∣∣y′(x− τi(x)
)∣∣∣ ≤ P2, i = 0, n, x ∈ [a; b]

}
,

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B
(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃
j=1

C2 (Ij)

))
, |y (x)| ≤ P1, |y′(x)| ≤ P2

}
,

äå P1, P2 � äîäàòíi ñòàëi.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (3.67)-(3.68) ââàæàòèìåìî ôóíêöiþ y = y (x),

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (3.67) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî÷îê

ìíîæèíè E) i êðàéîâi óìîâè (3.68). Áóäåìî øóêàòè ðîçâ'ÿçîê çàäà÷i (3.67)-

(3.68), ÿêèé íàëåæèòü ïðîñòîðó B(J ∪ I).

Iç îçíà÷åííÿ ïðîñòîðó B(J ∪ I) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (3.67)-(3.68)

áóäå íåïåðåâíî-äèôåðåíöiéîâíèì äëÿ áóäü-ÿêîãî x ∈ [a, b], äå y′ (a) � ïðàâà

ïîõiäíà.

Ââåäåìî íîðìó â ïðîñòîði B(J ∪ I):

‖y‖B = max

{
8

(b− a)2
max
x∈J ∪ I

|y (x)| , 2

b− a
max

(
max
x∈J
|y′ (x)| ,max

x∈I
|y′ (x)|

)}
.

Ïðîñòið B(J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì.

Êðàéîâà çàäà÷à (3.67)-(3.68) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [55, 58]

y (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1

)]
G (x, s) ds+ l (x) , x ∈ J ∪ I, (3.69)

G (x, s) =

G (x, s) , x, s ∈ I,

0, â iíøîìó âèïàäêó,

l (x) =

 ϕ (x) , x ∈ J,
γ−ϕ(a)
b−a (x− a) + ϕ (a) , x ∈ I,
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äå G (x, s) � ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði B(J ∪ I) íàñòóïíèì ÷èíîì

(Ty) (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1

)]
G (x, s) ds+ l (x) , x ∈ J ∪ I.

Çâiäñè

(Ty)′ (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1

)]
G
′

x (x, s) ds+
γ − ϕ (a)

b− a
, (3.70)

x ∈ J ∪ I.

Íåõàé ôóíêöiÿ f
(
x, [y(x)], [y(x)]1

)
� íåïåðåðâíà ó G = [a, b]×Gn+1

1 ×Gn+1
2 ,

äå G1 =
{
u ∈ R : |u| < P1

}
, G2 =

{
v ∈ R : |v| ≤ P2

}
, P1, P2 � äîäàòíi

ñòàëi, ùî âõîäÿòü â îçíà÷åííÿ ïðîñòîðó B(J ∪ I).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.6. Íåõàé âèêîíóþòüñÿ óìîâè:

1) max

{
max
x∈J
|ϕ (x)| , (b−a)2

8 P + max
{
|ϕ (a)| , |γ|

}}
≤ P1,

2) max

{
max
x∈J
|ϕ′ (x)| , b−a

2 P +
∣∣∣γ−ϕ(a)b−a

∣∣∣} ≤ P2,

3) ôóíêöiÿ f
(
x, [y(x)], [y(x)]1

)
çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà çìiííèìè

[y(x)], [y(x)]1 çi ñòàëèìè Li, i = 0, 2n+ 1 ó G,

4) (b−a)2
8

n∑
i=0

Li + b−a
2

2n+1∑
i=n+1

Li < 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.67)-(3.68) ó ïðîñòîði B (J ∪ I).

Äîâåäåííÿ. Iç âèãëÿäó ôóíêöi¨ Ãðiíà

G (x, s) =


(s−a)(x−b)

b−a , a ≤ s ≤ x ≤ b,

(x−a)(s−b)
b−a , a ≤ x ≤ s ≤ b,
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îäåðæó¹ìî íàñòóïíi îöiíêè [93]
b∫

a

∣∣∣G (x, s)
∣∣∣ds ≤ (b− a)2

8
,

b∫
a

∣∣∣G′x(x, s)∣∣∣ds ≤ b− a
2

. (3.71)

ßêùî ñïðàâäæóþòüñÿ óìîâè 1)-2) òà íåðiâíîñòi (3.71), òîäi îïåðàòîð T

âiäîáðàæà¹ ïðîñòið B(J∪I) ó ñåáå. Ïîêàæåìî, ùî öå äiéñíî òàê. Âðàõîâóþ÷è

(3.69), ìà¹ìî:

∣∣(Ty)(x)
∣∣ ≤ max

{∣∣∣∣∣
a∫

a∗

[
f
(
x, [y(x)], [y(x)]1

)]
G(x, s)ds+ l(x)

∣∣∣∣∣,∣∣∣∣∣
b∫

a

[
f
(
x, [y(x)], [y(x)]1

)]
G(x, s)ds+ l(x)

∣∣∣∣∣
}
≤

≤ max

{
|ϕ(x)|, P

b∫
a

G(x, s)ds+ |l(x)|

}
≤

≤ max

{
|ϕ(x)|, P (b− a)2

8
+ |l(x)|

}
≤

≤ max

{
max
x∈J
|ϕ(x)|, P (b− a)2

8
+ max

{
|ϕ(a)|, |γ|

}}
≤ P1,

∣∣(Ty)′(x)
∣∣ ≤ max

{∣∣∣∣∣
a∫

a∗

[
f
(
x, [y(x)], [y(x)]1

)]
G
′
x(x, s)ds+ l′(x)

∣∣∣∣∣,∣∣∣∣∣
b∫

a

[
f
(
x, [y(x)], [y(x)]1

)]
G
′
x(x, s)ds+ l′(x)

∣∣∣∣∣
}
≤

≤ max

{
|ϕ′(x)|, P

b∫
a

G′x(x, s)ds+ |l′(x)|

}
≤

≤ max

{
|ϕ′(x)|, P b− a

2
+

∣∣∣∣γ − ϕ(a)

b− a

∣∣∣∣
}
≤

≤ max

{
max
x∈J
|ϕ′(x)|, P b− a

2
+

∣∣∣∣γ − ϕ(a)

b− a

∣∣∣∣
}
≤ P2.
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Çãiäíî âèáîðó ìíîæèí Ei, i = 1, n, y (x) ∈

(
C(J ∪ I)∩

(
C1(J)∪C1(I)

)
∩(

k+1⋃
j=1

C2 (Ij)

))
, îòæå, (Ty)(x) ∈ B(J ∪ I).

Íåõàé y1, y2 ∈ B (J ∪ I). Âðàõîâóþ÷è îöiíêè (3.71), îäåðæó¹ìî:∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ =

=

∣∣∣∣∣
b∫

a∗

[
f
(
s, [y1(s)], [y1(s)]1

)
− f

(
s, [y2(s)], [y2(s)]1

)]
Ḡ(x, s)ds

∣∣∣∣∣ ≤
≤

b∫
a∗

[
n∑
i=0

Li

∣∣∣y1(s− τi(s))− y2(s− τi(s))∣∣∣+
+

2n+1∑
i=n+1

Li

∣∣∣y′1(s− τi(s))− y′2(s− τi(s))∣∣∣
]∣∣∣Ḡ(x, s)

∣∣∣ds ≤
≤

b∫
a∗

[
n∑
i=0

Limax
s∈J∪I

∣∣∣y1 − y2∣∣∣+
+

2n+1∑
i=n+1

Li max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣}
]∣∣∣Ḡ(x, s)

∣∣∣ds =

=

b∫
a∗

[
(b− a)2

8

8

(b− a)2
max
s∈J∪I

∣∣∣y1 − y2∣∣∣ n∑
i=0

Li+

+
b− a

2

2

b− a
max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣} 2n+1∑
i=n+1

Li

]
×

×
∣∣∣Ḡ(x, s)

∣∣∣ds ≤
≤ (b− a)2

8

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li

]
‖y1 − y2‖B,

Àíàëîãi÷íî, ∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣ ≤
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≤ b− a
2

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li

]
‖y1 − y2‖B.

Ç îäåðæàíèõ îöiíîê âèïëèâà¹, ùî

max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤

≤ (b− a)2

8

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li

]
‖y1 − y2‖B,

max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤

≤ b− a
2

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li

]
‖y1 − y2‖B.

Äîìíîæèìî ïåðøó íåðiâíiñòü íà 8
(b−a)2 , à äðóãó � íà

2
b−a :

8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤

≤

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li

]
‖y1 − y2‖B,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤

≤

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li

]
‖y1 − y2‖B.

Âðàõîâóþ÷è îäåðæàíi íåðiâíîñòi, äiñòà¹ìî

max

{
8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣}} ≤

≤

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li

]
‖y1 − y2‖B.

Iç îçíà÷åííÿ íîðìè ïðîñòîðó B(J ∪ I) ìà¹ìî:∥∥∥(Ty1)(x)− (Ty2)(x)
∥∥∥
B
≤ (3.72)
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≤

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li

]
‖y1 − y2‖B.

Íåðiâíiñòü (3.72) òà óìîâà 3) çàáåçïå÷óþòü, ùî îïåðàòîð T ¹ ñòèñëèì ó ïðî-

ñòîði B(J ∪ I) i ìà¹ ¹äèíó íåðóõîìó òî÷êó [93]. Òîìó êðàéîâà çàäà÷à (3.67)-

(3.68) ìà¹ ¹äèíèé ðîçâ'ÿçîê y(x) ∈ B(J ∪ I).

Òåîðåìó 3.6 äîâåäåíî.

3.3.2 Iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i íåéòðàëüíîãî òèïó

Ââåäåìî ïîçíà÷åííÿ

[y(x)] =
(
y
(
x− τ0(x)

)
, . . . , y

(
x− τn(x)

))
,

[y(x)]1 =
(
y′
(
x− τ0(x)

)
, . . . , y′

(
x− τn(x)

))
, (3.73)

[y(x)]2 =
(
y′′
(
x− τ0(x)

)
, . . . , y′′

(
x− τn(x)

))
.

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′(x) = f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
, (3.74)

y(j) (x) = ϕ(j) (x) , j = 0, 1, 2, x ∈ [a∗; a] , y (b) = γ, (3.75)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨, âè-

çíà÷åíi íà [a, b], ϕ (x) � çàäàíà íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ íà [a∗; a],

γ ∈ R,

a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei1 =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

Ei2 =
{
xj ∈ [a, b] : x0 = a, xj+1 − τi (xj+1) = xj, j = 0, 1, 2, . . .

}
,

E2 =
n⋃
i=1

(
Ei1 ∪ Ei2

)
.
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Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæèíè

Ei1, Ei2, i = 1, n ¹ ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E2 â ïîðÿäêó

çðîñòàííÿ.

Ââåäåìî ïîçíà÷åííÿ:

P = sup

{∣∣∣f(x, [y(x)], [y(x)]1, [y(x)]2
)∣∣∣ :

∣∣∣y(x− τi(x)
)∣∣∣ ≤ P1,∣∣∣y′(x− τi(x)

)∣∣∣ ≤ P2,
∣∣∣y′′(x− τi(x)

)∣∣∣ ≤ P3, i = 0, n, x ∈ [a; b]

}
,

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B2

(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃
j=1

C2 (Ij)

))
, |y(x)| ≤ P1, |y′(x)| ≤ P2, |y′′(x)| ≤ P3

}
,

äå P1, P2, P3 � äîäàòíi ñòàëi.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (3.74)-(3.75) ââàæàòèìåìî ôóíêöiþ y = y (x),

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (3.74) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî÷îê

ìíîæèíè E2) i êðàéîâi óìîâè (3.75). Áóäåìî øóêàòè ðîçâ'ÿçîê çàäà÷i (3.74)-

(3.75), ÿêèé íàëåæèòü ïðîñòîðó B2(J ∪ I).

Iç îçíà÷åííÿ ïðîñòîðó B2(J∪I) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (3.74)-(3.75)

áóäå íåïåðåâíî-äèôåðåíöiéîâíèì äëÿ áóäü-ÿêîãî x ∈ [a, b], äå y′ (a) � ïðàâà

ïîõiäíà, à â òî÷êàõ ìíîæèíè E2 iñíóþòü ñêií÷åííi îäíîñòîðîííi äðóãi ïîõiäíi

ðîçâ'ÿçêó, ÿêi ìîæóòü íå ñïiâïàäàòè.

Ââåäåìî íîðìó â ïðîñòîði B2(J ∪ I):

‖y‖B2
= max

{
8

(b− a)2
max
x∈J∪I

|y(x)|, 2

b− a
max

(
max
x∈J
|y′(x)|, max

x∈I
|y′(x)|

)
,

max
(

max
x∈J
|y′′(x)|, max

x∈I1
|y′′(x)|, . . . , max

x∈Ik+1

|y′′(x)|
)}

.

Ïðîñòið B2(J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì.
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Êðàéîâà çàäà÷à (3.74)-(3.75) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [55, 58]

y (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1, [y(s)]2

)]
G (x, s) ds+ l (x) , x ∈ J ∪ I, (3.76)

G (x, s) =

G (x, s) , x, s ∈ I,

0, â iíøîìó âèïàäêó,

l (x) =

 ϕ (x) , x ∈ J,
γ−ϕ(a)
b−a (x− a) + ϕ (a) , x ∈ I,

äå G (x, s) � ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði B2(J ∪ I) íàñòóïíèì ÷èíîì

(Ty) (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1, [y(s)]2

)]
G (x, s) ds+ l (x) , x ∈ J ∪ I.

Çâiäñè

(Ty)′ (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1, [y(s)]2

)]
G
′

x (x, s) ds+
γ − ϕ (a)

b− a
, (3.77)

x ∈ J ∪ I.

(Ty)′′ (x) = f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
, x ∈ J ∪ I. (3.78)

Íåõàé ôóíêöiÿ f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
� íåïåðåðâíà óG = [a, b]×Gn+1

1 ×

Gn+1
2 × Gn+1

3 , äå G1 =
{
u ∈ R : |u| < P1

}
, G2 =

{
v ∈ R : |v| ≤ P2

}
,

G3 =
{
w ∈ R : |w| ≤ P3

}
, P1, P2, P3 � äîäàòíi ñòàëi, ùî âõîäÿòü â îçíà÷åííÿ

ïðîñòîðó B2(J ∪ I).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.7. Íåõàé âèêîíóþòüñÿ óìîâè:
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1) max

{
max
x∈J
|ϕ (x)| , (b−a)2

8 P + max
{
|ϕ (a)| , |γ|

}}
≤ P1,

2) max

{
max
x∈J
|ϕ′ (x)| , b−a

2 P +
∣∣∣γ−ϕ(a)b−a

∣∣∣} ≤ P2,

3) max

{
max
x∈J
|ϕ′′ (x)| , P

}
≤ P3,

4) ôóíêöiÿ f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà çìií-

íèìè [y(x)], [y(x)]1, [y(x)]2 çi ñòàëèìè Li, i = 0, 3n+ 2 ó G,

5) (b−a)2
8

n∑
i=0

Li + b−a
2

2n+1∑
i=n+1

Li +
3n+2∑
i=2n+2

Li < 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.74)-(3.75) ó ïðîñòîði B2(J ∪ I).

Äîâåäåííÿ. Iç âèãëÿäó ôóíêöi¨ Ãðiíà

G (x, s) =


(s−a)(x−b)

b−a , a ≤ s ≤ x ≤ b,

(x−a)(s−b)
b−a , a ≤ x ≤ s ≤ b,

îäåðæó¹ìî íàñòóïíi îöiíêè [93]

b∫
a

∣∣∣G (x, s)
∣∣∣ds ≤ (b− a)2

8
,

b∫
a

∣∣∣G′x(x, s)∣∣∣ds ≤ b− a
2

. (3.79)

ßêùî ñïðàâäæóþòüñÿ óìîâè 1)-2) òà íåðiâíîñòi (3.79), òîäi îïåðàòîð T

âiäîáðàæà¹ ïðîñòið B2(J∪I) ó ñåáå. Ïîêàæåìî, ùî öå äiéñíî òàê. Âðàõîâóþ÷è

(3.76), ìà¹ìî:

∣∣(Ty)(x)
∣∣ ≤ max

{∣∣∣∣∣
a∫

a∗

[
f
(
x, [y(x)], [y(x)]1, [y(x)]2

)]
G(x, s)ds+ l(x)

∣∣∣∣∣,∣∣∣∣∣
b∫

a

[
f
(
x, [y(x)], [y(x)]1, [y(x)]2

)]
G(x, s)ds+ l(x)

∣∣∣∣∣
}
≤

≤ max

{
|ϕ(x)|, P

b∫
a

G(x, s)ds+ |l(x)|

}
≤ max

{
|ϕ(x)|, P (b− a)2

8
+ |l(x)|

}
≤
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≤ max

{
max
x∈J
|ϕ(x)|, P (b− a)2

8
+ max

{
|ϕ(a)|, |γ|

}}
≤ P1,

∣∣(Ty)′(x)
∣∣ ≤ max

{∣∣∣∣∣
a∫

a∗

[
f
(
x, [y(x)], [y(x)]1, [y(x)]2

)]
G
′
x(x, s)ds+ l′(x)

∣∣∣∣∣,∣∣∣∣∣
b∫

a

[
f
(
x, [y(x)], [y(x)]1, [y(x)]2

)]
G
′
x(x, s)ds+ l′(x)

∣∣∣∣∣
}
≤

≤ max

{
|ϕ′(x)|, P

b∫
a

G′x(x, s)ds+ |l′(x)|

}
≤

≤ max

{
|ϕ′(x)|, P b− a

2
+

∣∣∣∣γ − ϕ(a)

b− a

∣∣∣∣
}
≤

≤ max

{
max
x∈J
|ϕ′(x)|, P b− a

2
+

∣∣∣∣γ − ϕ(a)

b− a

∣∣∣∣
}
≤ P2,∣∣(Ty)′′(x)

∣∣ ≤ ∣∣∣f(x, [y(x)], [y(x)]1, [y(x)]2
)∣∣∣ ≤ P3.

Çãiäíî âèáðàíèõ ìíîæèí Ei1, Ei2, i = 1, n, y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩
(
k+1⋃
j=1

C2 (Ij)

))
, îòæå, (Ty)(x) ∈ B2(J ∪ I).

Íåõàé y1, y2 ∈ B2(J ∪ I). Âðàõîâóþ÷è îöiíêè (3.79), îäåðæó¹ìî:∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ =

=

∣∣∣∣∣
b∫

a∗

[
f
(
x, [y1(x)], [y1(x)]1, [y1(x)]2−

−f
(
x, [y2(x)], [y2(x)]1, [y2(x)]2

]
Ḡ(x, s)ds

∣∣∣∣∣ ≤
≤

b∫
a∗

[
n∑
i=0

Li

∣∣∣y1(s− τi(s))− y2(s− τi(s))∣∣∣+
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+
2n+1∑
i=n+1

Li

∣∣∣y′1(s− τi(s))− y′2(s− τi(s))∣∣∣+
+

3n+2∑
i=2n+2

Li

∣∣∣y′′1(s− τi(s))− y′′2(s− τi(s))
∣∣∣]∣∣∣Ḡ(x, s)

∣∣∣ds ≤
≤

b∫
a∗

[
n∑
i=0

Limax
s∈J∪I

∣∣∣y1 − y2∣∣∣+
+

2n+1∑
i=n+1

Li max

{
max
s∈J

∣∣∣y′1 − y′2∣∣∣, max
s∈I

∣∣∣y′1 − y′2∣∣∣}+

+
3n+2∑
i=2n+2

Li max

{
max
s∈J

∣∣∣y′′1 − y′′2 ∣∣∣, max
s∈I1

∣∣∣y′′1 − y′′2 ∣∣∣, . . . ,
max
s∈Il+1

∣∣∣y′′1 − y′′2 ∣∣∣}
]∣∣∣Ḡ(x, s)

∣∣∣ds ≤
≤ (b− a)2

8

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li +
3n+1∑
i=2n+2

Li

]
‖y1 − y2‖B2

.

Àíàëîãi÷íî, ∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣ ≤

≤ b− a
2

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li +
3n+1∑
i=2n+2

Li

]
‖y1 − y2‖B2

,∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣ ≤
≤

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li +
3n+1∑
i=2n+2

Li

]
‖y1 − y2‖B2

.

Ç îäåðæàíèõ îöiíîê âèïëèâà¹, ùî

max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤

≤ (b− a)2

8

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li +
3n+1∑
i=2n+2

Li

]
‖y1 − y2‖B2

,

max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤
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≤ b− a
2

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li +
3n+1∑
i=2n+2

Li

]
‖y1 − y2‖B2

,

max

{
max
x∈J

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, max
x∈I1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, . . . ,
max
x∈Il+1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣} ≤
≤

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li +
3n+1∑
i=2n+2

Li

]
‖y1 − y2‖B2

.

Äîìíîæóþ÷è ïåðøó íåðiâíiñòü íà 8
(b−a)2 , à äðóãó � íà

2
b−a , äiñòà¹ìî:

max

{
8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣},

max

{
max
x∈J

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, max
x∈I1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, . . . ,
max
x∈Il+1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣}} ≤
≤

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li +
3n+1∑
i=2n+2

Li

]
‖y1 − y2‖B2

.

Iç îçíà÷åííÿ íîðìè ïðîñòîðó B2(J ∪ I) ìà¹ìî:∥∥∥(Ty1)(x)− (Ty2)(x)
∥∥∥
B
≤ (3.80)

≤

[
(b− a)2

8

n∑
i=0

Li +
b− a

2

2n+1∑
i=n+1

Li +
3n+1∑
i=2n+2

Li

]
‖y1 − y2‖B2

.

Íåðiâíiñòü (3.80) òà óìîâà 5) çàáåçïå÷óþòü, ùî îïåðàòîð T ¹ ñòèñëèì ó ïðî-

ñòîði B2(J ∪ I) i ìà¹ ¹äèíó íåðóõîìó òî÷êó [93]. Òîìó êðàéîâà çàäà÷à (3.74)-

(3.75) ìà¹ ¹äèíèé ðîçâ'ÿçîê y(x) ∈ B2(J ∪ I).

Òåîðåìó 3.7 äîâåäåíî.
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3.3.3 Îá÷èñëþâàëüíà ñõåìà äëÿ êðàéîâî¨ çàäà÷i iç çàïiçíåííÿì.

Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiäðiç-

êó [a; b], òàêó ùî E ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé êóái÷íèé

ñïëàéí äåôåêòó äâà íà ∆ äëÿ ôóíêöi¨ y (x), ÿêèé íàëåæèòü ïðîñòîðó B(J∪I).

Áóäåìî øóêàòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.67)-(3.68) ó âèãëÿäi ïîñëiäîâíîñòi

êóái÷íèõ ñïëàéíiâ äåôåêòó 2 çà íàñòóïíîþ ñõåìîþ:

A) Âèáåðåìî êóái÷íèé ñïëàéí S
(
x, y(0)

)
= γ−ϕ(a)

b−a (x− a) +ϕ (a), ÿêèé çàäî-

âîëüíÿ¹ êðàéîâi óìîâè (3.68) ïðè x = a òà x = b.

B) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (3.67) òà ñïëàéí S
(
x, y(k)

)
, çíàõîäèìî

äëÿ k = 0, 1, . . .:

M
+(k+1)
j = f(xj, [S(xj + 0, y(k))], [S(xj + 0, y(k))]1), (3.81)

j = 0,m− 1,

M
−(k+1)
j = f(xj, [S(xj − 0, y(k))], [S(xj − 0, y(k))]1), (3.82)

j = 1,m.

Ó ñïiââiäíîøåííÿõ (3.81), (3.82) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= ϕ(p)(x),

p = 0, 1 ïðè x < a.

C) Îá÷èñëþ¹ìî y(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (2.36).

D) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (2.33), âèêîðèñòîâóþ÷è

çíàéäåíi çíà÷åííÿ y(k+1)
j , j = 0,m, M+(k+1)

j , j = 0,m− 1, M−(k+1)
j , j =

1,m. Öåé ñïëàéí âèñòóïà¹ â ÿêîñòi íàñòóïíîãî íàáëèæåííÿ.

Ââåäåìî ïîçíà÷åííÿ:

λ1 =
n∑
i=0

Li, λ2 =
2n+1∑
i=n+1

Li, (3.83)
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u =
K5

8
(b− a)2 +

H2

8
, v =

K5

2
(b− a) +

2H

3
,

µ = 5

(
1 +

1

2
λ1H

2 + λ2H + λ3

)
.

Òåîðåìà 3.8. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.67)-(3.68) iñíó¹ òà íàëå-

æèòü ïðîñòîðó B(J ∪ I). Òîäi ïðè âèêîíàííi íåðiâíîñòi

θ = uλ1 + vλ2 < 1 (3.84)

iñíó¹ òàêå H∗, ùî ïðè âñiõ 0 < H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ
{
S
(
x, y(k)

)}
,

k = 0, 1, . . . ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b] i ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ∥∥∥ lim
k→∞

S(p)(x, y(k))− y(p) (x)
∥∥∥ ≤ Rpω (y′′ (x) , H) , p = 0, 1, (3.85)

R0 = sup
H≤H∗

(
uµ

1− θ
+

5H2

2

)
, R1 = sup

H≤H∗

(
vµ

1− θ
+ 5H

)
,

ω (y′′ (x) , H) = max
1≤r≤l+1

ωr (y′′ (x) , H) ,

äå ωr(f,H) � öå ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ f íà âiäðiçêó δr.

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî òåîðåìè 3.2.

3.3.4 Îá÷èñëþâàëüíà ñõåìà äëÿ êðàéîâî¨ çàäà÷i íåéòðàëüíîãî òè-

ïó. Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiäðiç-

êó [a; b], òàêó ùî E2 ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé êóái-

÷íèé ñïëàéí äåôåêòó äâà íà ∆ äëÿ ôóíêöi¨ y (x), ÿêèé íàëåæèòü ïðîñòîðó

B2(J ∪ I). Áóäåìî øóêàòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.74)-(3.75) ó âèãëÿäi

ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ äåôåêòó 2 çà íàñòóïíîþ ñõåìîþ:

A) Âèáåðåìî êóái÷íèé ñïëàéí S
(
x, y(0)

)
= γ−ϕ(a)

b−a (x− a) +ϕ (a), ÿêèé çàäî-

âîëüíÿ¹ êðàéîâi óìîâè (3.75) ïðè x = a òà x = b.

86



B) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (3.74) òà ñïëàéí S
(
x, y(k)

)
, çíàõîäèìî

äëÿ k = 0, 1, . . .:

M
+(k+1)
j = f(xj, [S(xj + 0, y(k))], [S(xj + 0, y(k))]1, [S(xj + 0, y(k))]2),

j = 0,m− 1, (3.86)

M
−(k+1)
j = f(xj, [S(xj − 0, y(k))], [S(xj − 0, y(k))]1, [S(xj − 0, y(k))]2),

j = 1,m. (3.87)

Ó ñïiââiäíîøåííÿõ (3.86), (3.87) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= ϕ(p)(x),

p = 0, 1, 2 ïðè x < a.

C) Îá÷èñëþ¹ìî y(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (2.36).

D) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (2.33), âèêîðèñòîâóþ÷è

çíàéäåíi çíà÷åííÿ y(k+1)
j , j = 0,m, M+(k+1)

j , j = 0,m− 1, M−(k+1)
j , j =

1,m. Öåé ñïëàéí âèñòóïà¹ â ÿêîñòi íàñòóïíîãî íàáëèæåííÿ.

Ââåäåìî ïîçíà÷åííÿ:

λ1 =
n∑
i=0

Li, λ2 =
2n+1∑
i=n+1

Li, λ3 =
3n+2∑
i=2n+2

Li, (3.88)

u =
K5

8
(b− a)2 +

H2

8
, v =

K5

2
(b− a) +

2H

3
,

µ = 5

(
1 +

1

2
λ1H

2 + λ2H + λ3

)
.

Òåîðåìà 3.9. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.74)-(3.75) iñíó¹ òà íàëå-

æèòü ïðîñòîðó B2(J ∪ I). Òîäi ïðè âèêîíàííi íåðiâíîñòi

θ = uλ1 + vλ2 + λ3 < 1 (3.89)

iñíó¹ òàêå H∗, ùî ïðè âñiõ 0 < H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ
{
S
(
x, y(k)

)}
,

k = 0, 1, . . . ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b] i ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ∥∥∥ lim
k→∞

S(p)(x, y(k))− y(p) (x)
∥∥∥ ≤ Rpω (y′′ (x) , H) , p = 0, 1, 2, (3.90)

87



R0 = sup
H≤H∗

(
uµ

1− θ
+

5H2

2

)
, R1 = sup

H≤H∗

(
vµ

1− θ
+ 5H

)
,

R2 = sup
H≤H∗

(
µ

1− θ
+ 5

)
,

ω (y′′ (x) , H) = max
1≤r≤l+1

ωr (y′′ (x) , H) ,

äå ωr(f,H) � öå ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ f íà âiäðiçêó δr.

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî òåîðåìè 3.5.

3.4 Âèñíîâêè äî ðîçäiëó 3

Äîñëiäæóþòüñÿ ëiíiéíi òà íåëiíiéíi êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ

ðiâíÿíü iç çàïiçíåííÿì òà íåéòðàëüíîãî òèïó. Âèçíà÷åíî ôóíêöiîíàëüíèé ïðî-

ñòið, ÿêîìó íàëåæàòü ðîçâ'ÿçêè ðîçãëÿíóòèõ êðàéîâèõ çàäà÷, äîñëiäæåíî âëà-

ñòèâîñòi ãëàäêîñòi ðîçâ'ÿçêiâ ó çàëåæíîñòi âiä ñòðóêòóðè âiäõèëåíü àðãóìåí-

òó. Âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó òàêèõ çàäà÷, ïîáóäîâàíî

òà îá ðóíòîâàíî iòåðàöiéíi ñõåìè çíàõîäæåííÿ ðîçâ'ÿçêó öèõ çàäà÷ çà äîïî-

ìîãîþ àïðîêñèìàöi¨ êóái÷íèìè ñïëàéíàìè äåôåêòó äâà, äîñëiäæåíî çáiæíiñòü

iòåðàöiéíîãî ïðîöåñó.

Çîêðåìà, ó ïiäðîçäiëi 3.1 ðîçãëÿíóòî ëiíiéíi êðàéîâi çàäà÷i äëÿ äèôåðåí-

öiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì, ó ïiäðîçäiëi 3.2 � ëiíiéíi êðàéîâi çàäà÷i äëÿ

äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òèïó.

Ïiäðîçäië 3.3 îõîïëþ¹ íåëiíiéíi êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâ-

íÿíü iç çàïiçíåííÿì òà íåéòðàëüíîãî òèïó.

88



Ðîçäië 4

Êðàéîâi çàäà÷i äëÿ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü

4.1 Ëiíiéíi êðàéîâi çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ

ðiâíÿíü iç çàïiçíåííÿì

4.1.1 Ïîñòàíîâêà çàäà÷i. Iñíóâàííÿ ðîçâ'ÿçêó

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′ (x) =
n∑
i=0

(
ai (x) y (x− τi (x)) + bi (x) y′ (x− τi (x)) +

+
1∑
p=0

b∫
a

Kip (x, s) y(p) (s− τi (s)) ds

)
+ f (x) , (4.1)

y(p) (x) = ϕ(p) (x) , p = 0, 1, x ∈ [a∗; a] , y (b) = γ, (4.2)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨, âè-

çíà÷åíi íà [a, b], ϕ (x) � çàäàíà íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ íà [a∗; a],

γ ∈ R,

a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Íåõàé ôóíêöi¨ ai(x), bi(x), i = 0, n, f(x) � íåïåðåðâíi íà [a; b], à ôóíêöi¨
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Kip (x, s) , i = 0, n, p = 0, 1 � íåïåðåðâíi çà îáîìà àðãóìåíòàìè ó êâàäðàòi

[a, b]× [a, b].

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

E =
n⋃
i=1

Ei.

Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæèíè

Ei, i = 1, n ¹ ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E â ïîðÿäêó çðîñòà-

ííÿ.

Ââåäåìî ïîçíà÷åííÿ:

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B
(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃
j=1

C2 (Ij)

))
, |y (x)| ≤ P1, |y′(x)| ≤ P2

}
,

äå P1, P2 � äîäàòíi ñòàëi.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (4.1)-(4.2) ââàæàòèìåìî ôóíêöiþ y = y (x),

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (4.1) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî÷îê

ìíîæèíè E) i êðàéîâi óìîâè (4.2). Áóäåìî øóêàòè ðîçâ'ÿçîê çàäà÷i (4.1)-(4.2),

ÿêèé íàëåæèòü ïðîñòîðó B(J ∪ I).

Iç îçíà÷åííÿ ïðîñòîðó B(J ∪ I) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (4.1)-(4.2)

áóäå íåïåðåâíî-äèôåðåíöiéîâíèì äëÿ áóäü-ÿêîãî x ∈ [a, b], äå y′ (a) � ïðàâà

ïîõiäíà.

Ââåäåìî íîðìó â ïðîñòîði B(J ∪ I):

‖y‖B = max

{
8

(b− a)2
max
x∈J ∪ I

|y (x)| , 2

b− a
max

(
max
x∈J
|y′ (x)| ,max

x∈I
|y′ (x)|

)}
.

90



Ïðîñòið B(J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì.

Êðàéîâà çàäà÷à (4.1)-(4.2) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [55, 58]

y(x) =

b∫
a∗

[
n∑
i=0

(
ai (s) y (s− τi (s)) + bi (s) y

′ (s− τi (s)) + (4.3)

+
1∑
p=0

b∫
a

Kip (s, ξ) y(p) (ξ − τi (ξ)) dξ

)]
G (x, s) ds+ l (x) , x ∈ J ∪ I,

G (x, s) =

G (x, s) , x, s ∈ I,

0, â iíøîìó âèïàäêó,

l (x) =

 ϕ (x) , x ∈ J,
γ−ϕ(a)
b−a (x− a) + ϕ (a) , x ∈ I,

äå G (x, s) � ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði B(J ∪ I) íàñòóïíèì ÷èíîì

(Ty) (x) =

b∫
a∗

[
n∑
i=0

(
ai (s) y (s− τi (s)) + bi (s) y

′ (s− τi (s)) + (4.4)

+
1∑
p=0

b∫
a

Kip (s, ξ) y(p) (ξ − τi (ξ)) dξ

)]
G (x, s) ds+ l (x) , x ∈ J ∪ I.

Çâiäñè

(Ty)′ (x) =

b∫
a∗

[
n∑
i=0

(
ai (s) y (s− τi (s)) + bi (s) y

′ (s− τi (s)) + (4.5)

+
1∑
p=0

b∫
a

Kip (s, ξ) y(p) (ξ − τi (ξ)) dξ

)]
G
′

x (x, s) ds+
γ − ϕ (a)

b− a
, x ∈ J ∪ I.

Íåõàé êîåôiöi¹íòè ó ðiâíÿííi (4.1) òàêi, ùî ñïðàâäæóþòüñÿ íåðiâíîñòi

|ai(x)| ≤ Ai, |bi(x)| ≤ Bi, |Kip(x, s)| ≤ K ip, i = 0, n, p = 0, 1, |f(x)| ≤ F
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ïðè x ∈ [a; b]. Ïîçíà÷èìî P =
n∑
i=0

(
AiP1 + BiP2 + (b− a)

1∑
j=0

K ipPj+1

)
+ F , äå

P1, P2 � äîäàòíi ñòàëi, ùî âõîäÿòü â îçíà÷åííÿ ïðîñòîðó B(J ∪ I).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 4.1. Íåõàé âèêîíóþòüñÿ óìîâè:

1) max

{
max
x∈J
|ϕ (x)| , (b−a)2

8 P + max
(
|ϕ (a)| , |γ|

)}
≤ P1,

2) max

{
max
x∈J
|ϕ′ (x)| , b−a

2 P +
∣∣∣γ−ϕ(a)b−a

∣∣∣} ≤ P2,

3) (b−a)2
8

n∑
i=0

(
Ai + (b− a)K i0

)
+ b−a

2

n∑
i=0

(
Bi + (b− a)K i1

)
< 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (4.1)-(4.2) ó ïðîñòîði B (J ∪ I).

Äîâåäåííÿ. Iç âèãëÿäó ôóíêöi¨ Ãðiíà

G (x, s) =


(s−a)(x−b)

b−a , a ≤ s ≤ x ≤ b,

(x−a)(s−b)
b−a , a ≤ x ≤ s ≤ b,

îäåðæó¹ìî íàñòóïíi îöiíêè [93]

b∫
a

∣∣∣G (x, s)
∣∣∣ds ≤ (b− a)2

8
,

b∫
a

∣∣∣G′x(x, s)∣∣∣ds ≤ b− a
2

. (4.6)

ßêùî ñïðàâäæóþòüñÿ óìîâè 1)-2) òà íåðiâíîñòi (4.6), òîäi îïåðàòîð T âiä-

îáðàæà¹ ïðîñòið B(J ∪ I) ó ñåáå.

Íåõàé y1, y2 ∈ B (J ∪ I). Âðàõîâóþ÷è îöiíêè (4.6), îäåðæó¹ìî:∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ =

=

∣∣∣∣∣
b∫

a∗

[
n∑
i=0

(
ai(s)

(
y1(s− τi(s))− y2(s− τi(s))

)
+

+bi(s)
(
y′1(s− τi(s))− y′2(s− τi(s))

)
+
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+
1∑
p=0

b∫
a

Kip (s, ξ)
(
y
(p)
1 (ξ − τi(ξ))− y(p)2 (ξ − τi(ξ))

)
dξ

)]
Ḡ(x, s)ds

∣∣∣∣∣ ≤
≤

b∫
a∗

[
n∑
i=0

(
Ai

∣∣∣y1(s− τi(s))− y2(s− τi(s))∣∣∣+
+Bi

∣∣∣y′1(s− τi(s))− y′2(s− τi(s))∣∣∣+
+

1∑
p=0

b∫
a

∣∣∣Kip (s, ξ)
∣∣∣∣∣∣y(p)1 (ξ − τi(ξ))− y(p)2 (ξ − τi(ξ))

∣∣∣dξ)]∣∣∣Ḡ(x, s)
∣∣∣ds ≤

≤
b∫

a∗

[
n∑
i=0

(
Aimax

s∈J∪I

∣∣∣y1 − y2∣∣∣+
+Bi max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣}+

+

b∫
a

K i0 max
s∈J∪I

∣∣∣y1 − y2∣∣∣dξ+
+

b∫
a

K i1 max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣}dξ
)]
×

×
∣∣∣Ḡ(x, s)

∣∣∣ds =

=

b∫
a∗

[
(b− a)2

8

8

(b− a)2
max
s∈J∪I

∣∣∣y1 − y2∣∣∣ n∑
i=0

Ai+

+
b− a

2

2

b− a
max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣} n∑
i=0

Bi+

+
(b− a)2

8

8

(b− a)2
max
s∈J∪I

∣∣∣y1 − y2∣∣∣(b− a)
n∑
i=0

K i0+

+
b− a

2

2

b− a
max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣}(b− a)
n∑
i=0

K i1

]
×

×
∣∣∣Ḡ(x, s)

∣∣∣ds ≤
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≤ (b− a)2

8

[
(b− a)2

8

8

(b− a)2
max
s∈J∪I

∣∣∣y1 − y2∣∣∣( n∑
i=0

Ai + (b− a)
n∑
i=0

K i0

)
+

+
b− a

2

2

b− a
max

{
max
s∈I

∣∣∣y′1 − y′2∣∣∣, max
s∈J

∣∣∣y′1 − y′2∣∣∣}×
×
( n∑
i=0

Bi + (b− a)
n∑
i=0

K i1

)]
≤ ‖y1 − y2‖B

(b− a)2

8
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)]
.

Àíàëîãi÷íî, ∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣ ≤ ‖y1 − y2‖B b− a

2
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)]
.

Ç îäåðæàíèõ îöiíîê âèïëèâà¹, ùî

max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤ ‖y1 − y2‖B (b− a)2

8
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)]
,

max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤

≤ ‖y1 − y2‖B
b− a

2
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)]
.

Äîìíîæèìî ïåðøó íåðiâíiñòü íà 8
(b−a)2 , à äðóãó � íà

2
b−a :

8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤ ‖y1 − y2‖B×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)]
,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤
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≤ ‖y1 − y2‖B×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)]
.

Âðàõîâóþ÷è îäåðæàíi íåðiâíîñòi, äiñòà¹ìî

max

{
8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣}} ≤

≤ ‖y1 − y2‖B×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)]
.

Iç îçíà÷åííÿ íîðìè ïðîñòîðó B(J ∪ I) ìà¹ìî:∥∥∥(Ty1)(x)− (Ty2)(x)
∥∥∥
B
≤ ‖y1 − y2‖B× (4.7)

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)]
.

Íåðiâíiñòü (4.7) òà óìîâà 3) çàáåçïå÷óþòü, ùî îïåðàòîð T ¹ ñòèñëèì ó ïðîñòî-

ði B(J ∪ I) i ìà¹ ¹äèíó íåðóõîìó òî÷êó [93]. Òîìó êðàéîâà çàäà÷à (4.1)-(4.2)

ìà¹ ¹äèíèé ðîçâ'ÿçîê y(x) ∈ B(J ∪ I).

Òåîðåìó 4.1 äîâåäåíî.

4.1.2 Îá÷èñëþâàëüíà ñõåìà. Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiäðiç-

êó [a; b], òàêó ùî E ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé êóái÷íèé

ñïëàéí äåôåêòó äâà íà ∆ äëÿ ôóíêöi¨ y (x), ÿêèé íàëåæèòü ïðîñòîðó B(J∪I).

Áóäåìî øóêàòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (4.1)-(4.2) ó âèãëÿäi ïîñëiäîâíîñòi

êóái÷íèõ ñïëàéíiâ äåôåêòó 2 çà íàñòóïíîþ ñõåìîþ:
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A) Âèáåðåìî êóái÷íèé ñïëàéí S
(
y(0), x

)
= γ−ϕ(a)

b−a (x− a) +ϕ (a), ÿêèé çàäî-

âîëüíÿ¹ êðàéîâi óìîâè (4.2) ïðè x = a òà x = b.

B) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (4.1) òà ñïëàéí S
(
y(k), x

)
, çíàõîäèìî

äëÿ k = 0, 1, . . .:

M
+(k+1)
j =

n∑
i=0

(
ai(xj)S

(
y(k), xj − τi(xj) + 0

)
+ (4.8)

+bi(xj)S
′(y(k), xj − τi(xj) + 0

)
+

+
1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y(k), s− τi(s)

)
ds

)
+ f(xj), j = 0,m− 1,

M
−(k+1)
j =

n∑
i=0

(
ai(xj)S

(
y(k), xj − τi(xj)− 0

)
+ (4.9)

+bi(xj)S
′(y(k), xj − τi(xj)− 0

)
+

+
1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y(k), s− τi(s)

)
ds

)
+ f(xj), j = 1,m.

Ó ñïiââiäíîøåííÿõ (4.8), (4.9) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= ϕ(p)(x), p =

0, 1 ïðè x < a.

C) Îá÷èñëþ¹ìî y(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (2.36).

D) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (2.33), âèêîðèñòîâóþ÷è

çíàéäåíi çíà÷åííÿ y(k+1)
j , j = 0,m, M+(k+1)

j , j = 0,m− 1, M−(k+1)
j , j =

1,m. Öåé ñïëàéí âèñòóïà¹ â ÿêîñòi íàñòóïíîãî íàáëèæåííÿ.

Ââåäåìî ïîçíà÷åííÿ:

λ1 =
n∑
i=0

max
x∈[a;b]

∣∣ai(x)
∣∣+ (b− a)

n∑
i=0

max
x∈[a;b]

b∫
a

∣∣Ki0(x, s)
∣∣ds, (4.10)

λ2 =
n∑
i=0

max
x∈[a;b]

∣∣bi(x)
∣∣+ (b− a)

n∑
i=0

max
x∈[a;b]

b∫
a

∣∣Ki1(x, s)
∣∣ds,

96



u =
K5

8
(b− a)2 +

H2

8
, v =

K5

2
(b− a) +

2H

3
,

µ = 5

(
1 +

1

2
λ1H

2 + λ2H

)
.

Òåîðåìà 4.2. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (4.1)-(4.2) iñíó¹ òà íàëåæèòü

ïðîñòîðó B(J ∪ I). Òîäi ïðè âèêîíàííi íåðiâíîñòi

θ = uλ1 + vλ2 < 1 (4.11)

iñíó¹ òàêå H∗, ùî ïðè âñiõ 0 < H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ
{
S
(
y(k), x

)}
,

k = 0, 1, . . . ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b] i ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ∥∥∥ lim
k→∞

S(p)(y(k), x)− y(p) (x)
∥∥∥ ≤ Rpω (y′′ (x) , H) , p = 0, 1, (4.12)

R0 = sup
H≤H∗

(
uµ

1− θ
+

5H2

2

)
, R1 = sup

H≤H∗

(
vµ

1− θ
+ 5H

)
,

ω (y′′ (x) , H) = max
1≤r≤k+1

ωr (y′′ (x) , H) .

Äîâåäåííÿ. Ïîêàæåìî, ùî ðÿäè

S(p)
(
y(0), x

)
+
∞∑
i=1

[
S(p)

(
y(i), x

)
− S(p)

(
y(i−1), x

)]
, p = 0, 1

ðiâíîìiðíî çáiãàþòüñÿ íà [a; b], i òèì ñàìèì îäåðæèìî ðiâíîìiðíó çáiæíiñòü

ïîñëiäîâíîñòåé S(p)
(
y(k), x

)
, k = 0, 1, . . . , p = 0, 1.

Âèçíà÷èìî ñêàëÿðíi ôóíêöi¨ y(x), M(x) íà [a; b] i ïîçíà÷èìî âåêòîðè

y =
(
y (x1) , . . . , y (xm−1)

)T
,

M =
(
M (x0 + 0) ,M (x1 − 0) ,M (x1 + 0) , . . . ,M (xm−1 − 0) ,

M (xm−1 + 0) ,M (xm − 0)
)T
.

Iòåðàöiéíèé àëãîðèòì A)-D) ïðåäñòàâèìî ó ìàòðè÷íié ôîðìi:

y(k+1) = A−1BM
k+1

+ A−1d, (4.13)
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äå êîìïîíåíòè âåêòîðà M âèçíà÷åíi çãiäíî (4.8)-(4.9), à ñòàëèé âåêòîð d çà-

ëåæèòü ëèøå âiä êðàéîâèõ óìîâ (4.2). Çãiäíî (2.39), ìàòðèöÿ A � íåâèðî-

äæåíà, îòæå ïîáóäîâà iòåðàöiéíî¨ ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ S
(
y(k), x

)
,

k=0, 1, . . . ìîæëèâà.

Ç (4.13) âèïëèâàþòü íàñòóïíi îöiíêè:∥∥∥y(k+1) − y(k)
∥∥∥ =

∥∥A−1BMk+1 − A−1BMk
∥∥ ≤ (4.14)

≤
∥∥A−1∥∥ ‖B‖∥∥∥Mk+1 −Mk

∥∥∥ .
Iç (4.8)-(4.9) òà âèãëÿäó ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (4.1) îäåðæó¹ìî íåðiâíî-

ñòi ∥∥∥M+(k+1)
j −M+(k)

j

∥∥∥ ≤ λ1 max
x∈[a;b]

∣∣∣S (y(k), x)− S (y(k−1), x)∣∣∣+ (4.15)

+λ2 max
x∈[a;b]

∣∣∣S ′ (y(k), x)− S ′ (y(k−1), x)∣∣∣ , j = 0,m− 1,∥∥∥M−(k+1)
j −M−(k)

j

∥∥∥ ≤ λ1 max
x∈[a;b]

∣∣∣S (y(k), x)− S (y(k−1), x)∣∣∣+
+λ2 max

x∈[a;b]

∣∣∣S ′ (y(k), x)− S ′ (y(k−1), x)∣∣∣ , j = 1,m.

Çâiäñè, âðàõîâóþ÷è ñïiââiäíîøåííÿ (2.39)-(2.43), íåðiâíiñòü (4.14) ìîæíà çà-

ïèñàòè íàñòóïíèì ÷èíîì:∥∥∥y(k+1) − y(k)
∥∥∥ ≤ K5

8
(b− a)2

[
λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+ (4.16)

+λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥].
Íåõàé x ∈ [xj−1;xj]. Âðàõîâóþ÷è (2.33), ìà¹ìî∣∣∣S (y(k+1), x

)
− S

(
y(k), x

)∣∣∣ ≤ ∣∣∣∣xj − x6hj

∣∣∣∣ ((xj − x)2 − h2j
)

+ (4.17)

+
x− xj−1

6hj

(
(x− xj−1)2 − h2j

)∥∥∥Mk+1 −Mk
∥∥∥+

+
∣∣yk+1
j−1 − ykj

∣∣ ∣∣∣∣xj − xhj

∣∣∣∣+
∣∣yk+1
j − ykj

∣∣ ∣∣∣∣x− xj−1hj

∣∣∣∣ .
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Àíàëîãi÷íî äî (3.16) ìîæíà ïîêàçàòè, ùî

max
x∈[xj−1;xj ]

∣∣∣∣xj − x6hj

(
h2j − (xj − x)2

)
+
x− xj−1

6hj

(
h2j − (x− xj−1)2

)∣∣∣∣ ≤ H2

8
.

(4.18)

Âèêîðèñòîâóþ÷è (4.15), (4.16), (4.18), ç (4.17) ìà¹ìî∥∥∥S (y(k+1), x
)
− S

(
y(k), x

)∥∥∥ ≤ (4.19)

≤ H2

8

∥∥∥Mk+1 −Mk
∥∥∥+

∥∥∥y(k+1) − y(k)
∥∥∥ ≤

≤
(
K5

8
(b− a)2 +

H2

8

)(
λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+

+λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥).
Çãiäíî âèãëÿäó ñïëàéíà (2.33), îòðèìó¹ìî∣∣∣S ′ (y(k+1), x

)
− S ′

(
y(k), x

)∣∣∣ ≤ (4.20)

≤

∣∣∣∣∣hj6 − (xj − x)2

2hj

∣∣∣∣∣ ∣∣∣M+(k+1)
j−1 −M+(k)

j−1

∣∣∣+
+

∣∣∣∣∣(x− xj−1)22hj
− hj

6

∣∣∣∣∣ ∣∣∣M−(k+1)
j −M−(k)

j

∣∣∣+
1

hj

∣∣yk+1
j − yk+1

j−1 −
(
ykj − ykj−1

)∣∣ .
Î÷åâèäíî, ñïðàâäæóþòüñÿ íåðiâíîñòi

max
x∈[xj−1;xj ]

(∣∣∣∣∣hj6 − (xj − x)2

2hj

∣∣∣∣∣+

∣∣∣∣∣(x− xj−1)22hj
− hj

6

∣∣∣∣∣
)
≤ 2H

3
, (4.21)

max
1<j<n

∣∣yk+1
j − yk+1

j−1 −
(
ykj − ykj−1

)∣∣ ≤ K4

2
(b− a)H

∥∥∥Mk+1 −Mk
∥∥∥ . (4.22)

Çãiäíî (4.21)-(4.22), ç íåðiâíîñòi (4.20) âèïëèâà¹∥∥∥S ′ (y(k+1), x
)
− S ′

(
y(k), x

)∥∥∥ ≤ (4.23)

≤
(
K5

2
(b− a) +

2

3
H

)(
λ1

∥∥∥S (y(k), x)− S (y(k−1), x)∥∥∥+

+λ2

∥∥∥S ′ (y(k), x)− S ′ (y(k−1), x)∥∥∥).
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Iòåðóþ÷è (4.19), (4.23) i âðàõîâóþ÷è ïîçíà÷åííÿ (4.10) òà óìîâó (4.11), îäåð-

æó¹ìî ∥∥∥S (y(k+1), x
)
− S

(
y(k), x

)∥∥∥ ≤ (4.24)

≤ uθk−1
(
λ1

∥∥∥S (y(1), x)− S (y(0), x)∥∥∥+ λ2

∥∥∥S ′ (y(1), x)− S ′ (y(0), x)∥∥∥) ,∥∥∥S ′ (y(k+1), x
)
− S ′

(
y(k), x

)∥∥∥ ≤
≤ vθk−1

(
λ1

∥∥∥S (y(1), x)− S (y(0), x)∥∥∥+ λ2

∥∥∥S ′ (y(1), x)− S ′ (y(0), x)∥∥∥) .
Ñïiââiäíîøåííÿ (4.24) ïðè âèêîíàííi óìîâè (4.11) çàáåçïå÷óþòü çáiæíiñòü

ïîñëiäîâíîñòåé ñïëàéíiâ
{
S(p)

(
y(k), x

)}
, k = 0, 1, . . . , p = 0, 1. Òåîðåìó 4.2

äîâåäåíî.

Ïîçíà÷èìî

lim
k→∞

S(p)
(
y(k), x

)
= S(p) (ỹ, x) , p = 0, 1,

M̃+
j = S ′′ (ỹ, xj + 0) , j = 0,m− 1,

M̃−
j = S ′′ (ỹ, xj − 0) , j = 1,m,

ỹj = S (ỹ, xj) , j = 1,m.

Ïðè öüîìó

M̃+
j =

n∑
i=0

(
ai(xj)S

(
ỹ, xj − τi(xj) + 0

)
+ bi(xj)S

′(ỹ, xj − τi(xj) + 0
)
+

+
1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
ỹ, s− τi(s)

)
ds

)
+ f(xj), j = 0,m− 1,

M̃−
j =

n∑
i=0

(
ai(xj)S

(
ỹ, xj − τi(xj)− 0

)
+ bi(xj)S

′(ỹ, xj − τi(xj)− 0
)
+

+
1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
ỹ, s− τi(s)

)
ds

)
+ f(xj), j = 1,m.
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Ïàðàìåòðè M̃+
j , M̃

−
j ñïëàéíà S (ỹ, x) çàäîâîëüíÿþòü ñèñòåìó (2.36) òà ðiâ-

íÿííÿ (4.8)-(4.9).

Íåõàé S (y, x) � êóái÷íèé ñïëàéí äåôåêòó 2, ÿêèé iíòåðïîëþ¹ ðîçâ'ÿçîê

y (x) êðàéîâî¨ çàäà÷i (4.1)-(4.2). Òîäi∥∥∥S(p) (ỹ, x)− y(p) (x)
∥∥∥ ≤ ∥∥∥S(p) (ỹ, x)− S(p) (y, x)

∥∥∥+
∥∥∥S(p) (y, x)− y(p) (x)

∥∥∥ ,
p = 0, 1. (4.25)

Äëÿ äðóãîãî äîäàíêà ó ïðàâié ÷àñòèíi (4.25) ñïðàâäæóþòüñÿ íåðiâíîñòi

[94]: ∥∥∥S(p) (y, x)− y(p) (x)
∥∥∥ ≤ KpH

2−pω (y′′ (x) , H) , (4.26)

p = 0, 1, K0 =
5

2
, K1 = 5,

äå ω (y′′ (x) , H) = max
1≤r≤k+1

ωr (y′′ (x) , H), ωr (y′′ (x) , H) � ìîäóëü íåïåðåðâíîñòi

ôóíêöi¨ y′′ (x) íà Ir = [xr−1;xr].

Äëÿ îöiíêè ïåðøîãî äîäàíêà ó ïðàâié ÷àñòèíi (4.25), çãiäíî âèãëÿäó ïðàâî¨

÷àñòèíè ðiâíÿííÿ (4.1), çíàéäåìî äîïîìiæíi íåðiâíîñòi:∣∣∣∣∣M+
j −

n∑
i=0

(
ai(xj)S

(
y, xj + 0− τi(xj + 0)

)
+ (4.27)

+bi(xj)S
′(y, xj + 0− τi(xj + 0)

)
+

1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y, s− τi(s)

)
ds

)
−

−f(xj)

∣∣∣∣∣ ≤ ∣∣∣M+
j − y′′(xj + 0)

∣∣∣+
+

∣∣∣∣∣y′′(xj + 0)−
n∑
i=0

(
ai(xj)S

(
y, xj + 0− τi(xj + 0)

)
+

+bi(xj)S
′(y, xj + 0− τi(xj + 0)

)
+

+
1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y, s− τi(s)

)
ds

)
− f(xj)

∣∣∣∣∣ =
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=
∣∣∣S ′′(y, xj + 0)− y′′(xj + 0)

∣∣∣+

∣∣∣∣∣
n∑
i=0

(
ai(xj)y

(
xj + 0− τi(xj + 0)

)
+

+bi(xj)y
′(xj + 0− τi(xj + 0)

)
+

1∑
p=0

b∫
a

Kip(xj, s)y
(p)
(
s− τi(s)

)
ds

)
−

−
n∑
i=0

(
ai(xj)S

(
y, xj + 0− τi(xj + 0)

)
+ bi(xj)S

′(y, xj + 0− τi(xj + 0)
)
+

+
1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y, s− τi(s)

)
ds

)∣∣∣∣∣ ≤
≤ 5ω(y′′(x), H) +

∣∣∣∣∣
n∑
i=0

ai(xj)
(
y(xj + 0− τi(xj + 0))−

−S(y, xj + 0− τi(xj + 0))
)

+
n∑
i=0

bi(xj)
(
y′(xj + 0− τi(xj + 0))−

−S ′(y, xj + 0− τi(xj + 0))
)∣∣∣∣∣ ≤

≤ 5ω(y′′(x), H) +
5

2
H2ω(y′′(x), H)

n∑
i=0

∣∣∣ai(xj)∣∣∣+
+5Hω(y′′(x), H)

n∑
i=0

∣∣∣bi(xj)∣∣∣ ≤
≤ 5ω(y′′(x), H) + λ1

5

2
H2ω(y′′(x), H) + λ25Hω(y′′(x), H) =

= 5

(
1 +

1

2
λ1H

2 + λ2H

)
ω(y′′(x), H) =

= µω(y′′(x), H), j = 0,m− 1.

Àíàëîãi÷íî ìîæíà îäåðæàòè∣∣∣∣∣M−
j −

n∑
i=0

(
ai(xj)S

(
y, xj − 0− τi(xj − 0)

)
+ (4.28)

+bi(xj)S
′(y, xj − 0− τi(xj − 0)

)
+

1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y, s− τi(s)

)
ds

)
−
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−f(xj)

∣∣∣∣∣ ≤ µω(y′′, H), j = 1,m.

Çâiäñè

M+
j ≤

n∑
i=0

(
ai(xj)S

(
y, xj + 0− τi(xj + 0)

)
+ (4.29)

+bi(xj)S
′(y, xj + 0− τi(xj + 0)

)
+

1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y, s− τi(s)

)
ds

)
+

+f(xj) + µω(y′′(x), H), j = 0,m− 1,

M−
j ≤

n∑
i=0

(
ai(xj)S

(
y, xj − 0− τi(xj − 0)

)
+ (4.30)

+bi(xj)S
′(y, xj − 0− τi(xj − 0)

)
+

1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y, s− τi(s)

)
ds

)
+

+f(xj) + µω(y′′(x), H), j = 1,m.

Ïîçíà÷èìî

max
x∈[a;b]

∣∣∣S(p)(ỹ, x)− S(p)(y, x)
∣∣∣ = αp, p = 0, 1,

max
j

∣∣∣M̃j −Mj

∣∣∣ = max

{
max

j=0,m−1

∣∣∣M̃+
j −M

+
j

∣∣∣ , max
j=1,m

∣∣∣M̃−
j −M

−
j

∣∣∣} .
Âðàõîâóþ÷è îöiíêè (4.29), (4.30), äiñòà¹ìî:∣∣∣M̃+

j −M
+
j

∣∣∣ ≤ ∣∣∣∣M̃+
j −

n∑
i=0

(
ai(xj)S

(
y, xj + 0− τi(xj + 0)

)
+

+bi(xj)S
′(y, xj + 0− τi(xj + 0)

)
+

1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y, s− τi(s)

)
ds

)
−

−f(xj)

∣∣∣∣+ µω(y′′(x), H) =

∣∣∣∣∣
n∑
i=0

(
ai(xj)S

(
ỹ, xj + 0− τi(xj + 0)

)
+

+bi(xj)S
′(ỹ, xj + 0− τi(xj + 0)

)
+

1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
ỹ, s− τi(s)

)
ds

)
−
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−
n∑
i=0

(
ai(xj)S

(
y, xj + 0− τi(xj + 0)

)
+

+bi(xj)S
′(y, xj + 0− τi(xj + 0)

)
+

+
1∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
y, s− τi(s)

)
ds

)∣∣∣∣∣+ µω(y′′(x), H) ≤

≤
n∑
i=0

∣∣∣ai(xj)∣∣∣α0 +
n∑
i=0

∣∣∣bi(xj)∣∣∣α1 + µω(y′′(x), H) ≤

≤ λ1α0 + λ2α1 + µω(y′′(x), H), j = 0,m− 1. (4.31)

Àíàëîãi÷íî, ∣∣∣M̃−
j −M

−
j

∣∣∣ ≤ λ1α0 + λ2α1 + µω(y′′(x), H), j = 1,m. (4.32)

Íåñêëàäíî ïîêàçàòè, ùî ìà¹ ìiñöå îöiíêà

|ỹj − yj| ≤
K5

8
(b− a)2 max

{
max

j=0,m−1
|M̃+

j −M
+
j |, max

j=1,m
|M̃−

j −M
−
j |
}
. (4.33)

Âèêîðèñòîâóþ÷è ôîðìóëè äëÿ S (ỹ, x) , S (y, x) òà íåðiâíîñòi (4.31)-(4.33),

îòðèìó¹ìî íàñòóïíó ñèñòåìó íåðiâíîñòåé:

α0 ≤ u
(
α0λ1 + α1λ2 + µω (y′′(x), H)

)
,

α1 ≤ v
(
α0λ1 + α1λ2 + µω (y′′(x), H)

)
.

(4.34)

Ðîçâ'ÿçóþ÷è ñèñòåìó (4.34), çíàõîäèìî îöiíêè äëÿ ïåðøèõ äîäàíêiâ ó ïðàâié

÷àñòèíi (4.25):

α0 ≤
uµω(y′′(x), H)

1− θ
,

α1 ≤
vµω(y′′(x), H)

1− θ
.

Òåïåð, âðàõîâóþ÷è (4.26), íåðiâíîñòi (4.25) ìîæíà çàïèñàòè ó âèãëÿäi (4.12).

Òåîðåìó 4.2 äîâåäåíî.
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4.2 Ëiíiéíi êðàéîâi çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ

ðiâíÿíü íåéòðàëüíîãî òèïó

4.2.1 Ïîñòàíîâêà çàäà÷i. Iñíóâàííÿ ðîçâ'ÿçêó

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′ (x) =
n∑
i=0

(
ai (x) y (x− τi (x)) + bi (x) y′ (x− τi (x)) + (4.35)

+ci (x) y′′ (x− τi (x)) +
2∑
p=0

b∫
a

Kip (x, s) y(p) (s− τi (s)) ds

)
+ f (x) ,

y(p) (x) = ϕ(p) (x) , p = 0, 1, 2, x ∈ [a∗; a] , y (b) = γ, (4.36)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨,

âèçíà÷åíi íà [a, b], ϕ (x) � çàäàíà äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ

íà [a∗; a], γ ∈ R,

a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Íåõàé ôóíêöi¨ ai(x), bi(x), ci(x), i = 0, n, f(x) � íåïåðåðâíi íà [a; b], à ôóí-

êöi¨Kip (x, s) , i = 0, n, p = 0, 1 � íåïåðåðâíi çà îáîìà àðãóìåíòàìè ó êâàäðàòi

[a, b]× [a, b].

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei1 =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

Ei2 =
{
xj ∈ [a, b] : x0 = a, xj+1 − τi (xj+1) = xj, j = 0, 1, 2, . . .

}
,

E2 =
n⋃
i=1

(
Ei1 ∪ Ei2

)
.

Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæèíè

Ei1, Ei2, i = 1, n ¹ ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E2 â ïîðÿäêó

çðîñòàííÿ.
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Ââåäåìî ïîçíà÷åííÿ:

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B2

(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃
j=1

C2 (Ij)

))
, |y(x)| ≤ P1, |y′(x)| ≤ P2, |y′′(x)| ≤ P3

}
,

äå P1, P2, P3 � äîäàòíi ñòàëi.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (4.35)-(4.36) ââàæàòèìåìî ôóíêöiþ y = y (x),

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (4.35) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî÷îê

ìíîæèíè E2) i êðàéîâi óìîâè (4.36). Áóäåìî øóêàòè ðîçâ'ÿçîê çàäà÷i (4.35)-

(4.36), ÿêèé íàëåæèòü ïðîñòîðó B2(J ∪ I).

Iç îçíà÷åííÿ ïðîñòîðó B2(J∪I) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (3.34)-(3.35)

áóäå íåïåðåâíî-äèôåðåíöiéîâíèì äëÿ áóäü-ÿêîãî x ∈ [a, b], äå y′ (a) � ïðàâà

ïîõiäíà, à â òî÷êàõ ìíîæèíè E2 iñíóþòü ñêií÷åííi îäíîñòîðîííi äðóãi ïîõiäíi

ðîçâ'ÿçêó, ÿêi ìîæóòü íå ñïiâïàäàòè.

Ââåäåìî íîðìó â ïðîñòîði B2(J ∪ I):

‖y‖B2
= max

{
8

(b− a)2
max
x∈J∪I

|y(x)|, 2

b− a
max

(
max
x∈J
|y′(x)|, max

x∈I
|y′(x)|

)
,

max
(

max
x∈J
|y′′(x)|, max

x∈I1
|y′′(x)|, . . . , max

x∈Ik+1

|y′′(x)|
)}

.

Ïðîñòið B2(J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì.

Êðàéîâà çàäà÷à (4.35)-(4.36) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [55, 58]

y(x) =

b∫
a∗

[
n∑
i=0

(
ai (s) y (s− τi (s)) + bi (s) y

′ (s− τi (s)) + (4.37)

+ci (s) y
′′ (s− τi (s)) +

2∑
p=0

b∫
a

Kip (s, ξ) y(p) (ξ − τi (ξ)) dξ

)]
×
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×G (x, s) ds+ l (x) , x ∈ J ∪ I,

G (x, s) =

G (x, s) , x, s ∈ I,

0, â iíøîìó âèïàäêó,

l (x) =

 ϕ (x) , x ∈ J,
γ−ϕ(a)
b−a (x− a) + ϕ (a) , x ∈ I,

äå G (x, s) � ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði B2(J ∪ I) íàñòóïíèì ÷èíîì

(Ty) (x) =

b∫
a∗

[
n∑
i=0

(
ai (s) y (s− τi (s)) + bi (s) y

′ (s− τi (s)) + (4.38)

+ci (s) y
′′ (s− τi (s)) +

2∑
p=0

b∫
a

Kip (s, ξ) y(p) (ξ − τi (ξ)) dξ

)]
×

×G (x, s) ds+ l (x) , x ∈ J ∪ I.

Çâiäñè

(Ty)′ (x) =

b∫
a∗

[
n∑
i=0

(
ai (s) y (s− τi (s)) + bi (s) y

′ (s− τi (s)) + (4.39)

+ci (s) y
′′ (s− τi (s)) +

2∑
p=0

b∫
a

Kip (s, ξ) y(p) (ξ − τi (ξ)) dξ

)]
×

×G
′

x (x, s) ds+
γ − ϕ (a)

b− a
, x ∈ J ∪ I.

(Ty)′′ (x) =
n∑
i=0

(
ai (x) y (x− τi (x)) + bi (x) y′ (x− τi (x)) + (4.40)

+ci (x) y′′ (x− τi (x)) +
2∑
p=0

b∫
a

Kip (x, s) y(p) (s− τi (s)) ds

)
, x ∈ J ∪ I.
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Íåõàé êîåôiöi¹íòè ó ðiâíÿííi (4.35) òàêi, ùî ñïðàâäæóþòüñÿ íåðiâíîñòi

|ai(x)| ≤ Ai, |bi(x)| ≤ Bi, |ci(x)| ≤ Ci, |Kip(x, s)| ≤ K ip, i = 0, n, p =

0, 2, |f(x)| ≤ F ïðè x ∈ [a; b]. Ïîçíà÷èìî P =
n∑
i=0

(
AiP1 + BiP2 + CiP3 +

(b− a)
2∑
p=0

K ipPp+1

)
+F , äå P1, P2, P3 � äîäàòíi ñòàëi, ùî âõîäÿòü â îçíà÷åííÿ

ïðîñòîðó B2(J ∪ I).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 4.3. Íåõàé âèêîíóþòüñÿ óìîâè:

1) max

{
max
x∈J
|ϕ (x)| , (b−a)2

8 P + max
(
|ϕ (a)| , |γ|

)}
≤ P1,

2) max

{
max
x∈J
|ϕ′ (x)| , b−a

2 P +
∣∣∣γ−ϕ(a)b−a

∣∣∣} ≤ P2,

3) max

{
max
x∈J
|ϕ′′ (x)| , P

}
≤ P3,

4) (b−a)2
8

n∑
i=0

(
Ai+(b−a)K i0

)
+ b−a

2

n∑
i=0

(
Bi+(b−a)K i1

)
+

n∑
i=0

(
Ci+(b−a)K i2

)
<

1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (4.35)-(4.36) ó ïðîñòîði B2 (J ∪ I).

Äîâåäåííÿ. Iç âèãëÿäó ôóíêöi¨ Ãðiíà

G (x, s) =


(s−a)(x−b)

b−a , a ≤ s ≤ x ≤ b,

(x−a)(s−b)
b−a , a ≤ x ≤ s ≤ b,

îäåðæó¹ìî íàñòóïíi îöiíêè [93]

b∫
a

∣∣∣G (x, s)
∣∣∣ds ≤ (b− a)2

8
,

b∫
a

∣∣∣G′x(x, s)∣∣∣ds ≤ b− a
2

. (4.41)

ßêùî ñïðàâäæóþòüñÿ óìîâè 1)-3) òà íåðiâíîñòi (4.41), òîäi îïåðàòîð T

âiäîáðàæà¹ ïðîñòið B2(J ∪ I) ó ñåáå.
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Íåõàé y1, y2 ∈ B2(J ∪ I). Âðàõîâóþ÷è îöiíêè (4.41), îäåðæó¹ìî:∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ =

=

∣∣∣∣∣
b∫

a∗

[
n∑
i=0

(
ai(s)

(
y1(s− τi(s))− y2(s− τi(s))

)
+

+bi(s)
(
y′1(s− τi(s))− y′2(s− τi(s))

)
+

+ci(s)
(
y′′1(s− τi(s))− y′′2(s− τi(s))

)
+

+
2∑
p=0

b∫
a

Kip (s, ξ)
(
y
(p)
1 (ξ − τi(ξ))− y(p)2 (ξ − τi(ξ))

)
dξ

)]
Ḡ(x, s)ds

∣∣∣∣∣ ≤
≤

b∫
a∗

[
n∑
i=0

(
Ai

∣∣∣y1(s− τi(s))− y2(s− τi(s))∣∣∣+
+Bi

∣∣∣y′1(s− τi(s))− y′2(s− τi(s))∣∣∣+ Ci

∣∣∣y′′1(s− τi(s))− y′′2(s− τi(s))
∣∣∣+

+
2∑
p=0

b∫
a

∣∣∣Kip (s, ξ)
∣∣∣∣∣∣y(p)1 (ξ − τi(ξ))− y(p)2 (ξ − τi(ξ))

∣∣∣dξ)]∣∣∣Ḡ(x, s)
∣∣∣ds ≤

≤
b∫

a∗

[
n∑
i=0

(
Aimax

s∈J∪I

∣∣∣y1 − y2∣∣∣+
+Bi max

{
max
s∈J

∣∣∣y′1 − y′2∣∣∣, max
s∈I

∣∣∣y′1 − y′2∣∣∣}+

+Ci max

{
max
s∈J

∣∣∣y′′1 − y′′2 ∣∣∣, max
s∈I1

∣∣∣y′′1 − y′′2 ∣∣∣, . . . , max
s∈Ik+1

∣∣∣y′′1 − y′′2 ∣∣∣}+

+

b∫
a

K i0 max
s∈J∪I

∣∣∣y1 − y2∣∣∣dξ+
+

b∫
a

K i1 max

{
max
s∈J

∣∣∣y′1 − y′2∣∣∣, max
s∈I

∣∣∣y′1 − y′2∣∣∣}dξ+
+

b∫
a

K i2 max

{
max
s∈J

∣∣∣y′′1 − y′′2 ∣∣∣, max
s∈I1

∣∣∣y′′1 − y′′2 ∣∣∣, . . . , max
s∈Ik+1

∣∣∣y′′1 − y′′2 ∣∣∣}dξ
)]
×
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×
∣∣∣Ḡ(x, s)

∣∣∣ds =

=

b∫
a∗

[
(b− a)2

8

8

(b− a)2
max
s∈J∪I

∣∣∣y1 − y2∣∣∣ n∑
i=0

Ai+

+
b− a

2

2

b− a
max

{
max
s∈J

∣∣∣y′1 − y′2∣∣∣, max
s∈I

∣∣∣y′1 − y′2∣∣∣} n∑
i=0

Bi+

+ max

{
max
s∈J

∣∣∣y′′1 − y′′2 ∣∣∣, max
s∈I1

∣∣∣y′′1 − y′′2 ∣∣∣, . . . , max
s∈Ik+1

∣∣∣y′′1 − y′′2 ∣∣∣} n∑
i=0

Ci+

+
(b− a)2

8

8

(b− a)2
max
s∈J∪I

∣∣∣y1 − y2∣∣∣(b− a)
n∑
i=0

K i0+

+
b− a

2

2

b− a
max

{
max
s∈J

∣∣∣y′1 − y′2∣∣∣, max
s∈I

∣∣∣y′1 − y′2∣∣∣}(b− a)
n∑
i=0

K i1+

+ max

{
max
s∈J

∣∣∣y′′1 − y′′2 ∣∣∣, max
s∈I1

∣∣∣y′′1 − y′′2 ∣∣∣, . . . , max
s∈Ik+1

∣∣∣y′′1 − y′′2 ∣∣∣}(b− a)
n∑
i=0

K i2

]
×

×
∣∣∣Ḡ(x, s)

∣∣∣ds ≤
≤ (b− a)2

8

[
(b− a)2

8

8

(b− a)2
max
s∈J∪I

∣∣∣y1 − y2∣∣∣( n∑
i=0

Ai + (b− a)
n∑
i=0

K i0

)
+

+
b− a

2

2

b− a
max

{
max
s∈J

∣∣∣y′1 − y′2∣∣∣, max
s∈I

∣∣∣y′1 − y′2∣∣∣}×
×
( n∑
i=0

Bi + (b− a)
n∑
i=0

K i1

)
+

+ max

{
max
s∈J

∣∣∣y′′1 − y′′2 ∣∣∣, max
s∈I1

∣∣∣y′′1 − y′′2 ∣∣∣, . . . , max
s∈Ik+1

∣∣∣y′′1 − y′′2 ∣∣∣}×
×
( n∑
i=0

Ci + (b− a)
n∑
i=0

K i2

)]
≤ ‖y1 − y2‖B2

(b− a)2

8
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
.
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Àíàëîãi÷íî, ∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣ ≤ ‖y1 − y2‖B2

b− a
2
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
,

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣ ≤ ‖y1 − y2‖B2
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
.

Ç îäåðæàíèõ îöiíîê âèïëèâà¹, ùî

max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤ ‖y1 − y2‖B2

(b− a)2

8
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
,

max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤

≤ ‖y1 − y2‖B2

b− a
2
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
,

max

{
max
x∈J

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, max
x∈I1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, . . . ,
max
x∈Ik+1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣} ≤ ‖y1 − y2‖B2
×
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×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
.

Äîìíîæèìî ïåðøó íåðiâíiñòü íà 8
(b−a)2 , à äðóãó � íà

2
b−a :

8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣ ≤ ‖y1 − y2‖B2

×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
,

2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣} ≤

≤ ‖y1 − y2‖B2
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
,

max

{
max
x∈J

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, max
x∈I1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, . . . ,
max
x∈Ik+1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣} ≤ ‖y1 − y2‖B2
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
.

Âðàõîâóþ÷è îäåðæàíi íåðiâíîñòi, äiñòà¹ìî

max

{
8

(b− a)2
max
x∈J∪I

∣∣∣(Ty1)(x)− (Ty2)(x)
∣∣∣,
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2

b− a
max

{
max
x∈J

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣, max

x∈I

∣∣∣(Ty1)′(x)− (Ty2)
′(x)
∣∣∣},

max

{
max
x∈J

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, max
x∈I1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣, . . . ,
max
x∈Ik+1

∣∣∣(Ty1)′′(x)− (Ty2)
′′(x)

∣∣∣}} ≤ ‖y1 − y2‖B2
×

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
.

Iç îçíà÷åííÿ íîðìè ïðîñòîðó B2(J ∪ I) ìà¹ìî:∥∥∥(Ty1)(x)− (Ty2)(x)
∥∥∥
B2

≤ ‖y1 − y2‖B2
× (4.42)

×

[
(b− a)2

8

n∑
i=0

(
Ai + (b− a)K i0

)
+
b− a

2

n∑
i=0

(
Bi + (b− a)K i1

)
+

+
n∑
i=0

(
Ci + (b− a)K i2

)]
.

Íåðiâíiñòü (4.42) òà óìîâà 4) çàáåçïå÷óþòü, ùî îïåðàòîð T ¹ ñòèñëèì ó ïðî-

ñòîði B2(J ∪ I) i ìà¹ ¹äèíó íåðóõîìó òî÷êó [93]. Òîìó êðàéîâà çàäà÷à (4.35)-

(4.36) ìà¹ ¹äèíèé ðîçâ'ÿçîê y(x) ∈ B2(J ∪ I).

Òåîðåìó 4.3 äîâåäåíî.

4.2.2 Îá÷èñëþâàëüíà ñõåìà. Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiäðiç-

êó [a; b], òàêó ùî E2 ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé êóái-

÷íèé ñïëàéí äåôåêòó äâà íà ∆ äëÿ ôóíêöi¨ y (x), ÿêèé íàëåæèòü ïðîñòîðó

B2(J ∪ I). Áóäåìî øóêàòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (4.35)-(4.36) ó âèãëÿäi

ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ äåôåêòó 2 çà íàñòóïíîþ ñõåìîþ:
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A) Âèáåðåìî êóái÷íèé ñïëàéí S
(
x, y(0)

)
= γ−ϕ(a)

b−a (x− a) +ϕ (a), ÿêèé çàäî-

âîëüíÿ¹ êðàéîâi óìîâè (4.36) ïðè x = a òà x = b.

B) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (4.35) òà ñïëàéí S
(
x, y(k)

)
, çíàõîäèìî

äëÿ k = 0, 1, . . .:

M
+(k+1)
j =

n∑
i=0

(
ai(xj)S

(
xj − τi(xj) + 0, y(k)

)
+ (4.43)

+bi(xj)S
′(xj − τi(xj) + 0, y(k)

)
+ ci(xj)S

′′(xj − τi(xj) + 0, y(k)
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s) + 0, y(k)

)
ds

)
+ f(xj), j = 0,m− 1,

M
−(k+1)
j =

n∑
i=0

(
ai(xj)S

(
xj − τi(xj)− 0, y(k)

)
+ (4.44)

+bi(xj)S
′(xj − τi(xj)− 0, y(k)

)
+ ci(xj)S

′′(xj − τi(xj)− 0, y(k)
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s)− 0, y(k)

)
ds

)
+ f(xj), j = 1,m.

Ó ñïiââiäíîøåííÿõ (4.43), (4.44) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= ϕ(p)(x), p =

0, 1, 2 ïðè x < a.

C) Îá÷èñëþ¹ìî y(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (2.36).

D) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (2.33), âèêîðèñòîâóþ÷è

çíàéäåíi çíà÷åííÿ y(k+1)
j , j = 0,m, M+(k+1)

j , j = 0,m− 1, M−(k+1)
j , j =

1,m. Öåé ñïëàéí âèñòóïà¹ â ÿêîñòi íàñòóïíîãî íàáëèæåííÿ.

Ââåäåìî ïîçíà÷åííÿ:

λ1 =
n∑
i=0

max
x∈[a;b]

∣∣ai(x)
∣∣+ (b− a)

n∑
i=0

max
x∈[a;b]

b∫
a

∣∣Ki0(x, s)
∣∣ds, (4.45)

λ2 =
n∑
i=0

max
x∈[a;b]

∣∣bi(x)
∣∣+ (b− a)

n∑
i=0

max
x∈[a;b]

b∫
a

∣∣Ki1(x, s)
∣∣ds,
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λ3 =
n∑
i=0

max
x∈[a;b]

∣∣ci(x)
∣∣+ (b− a)

n∑
i=0

max
x∈[a;b]

b∫
a

∣∣Ki2(x, s)
∣∣ds,

u =
K5

8
(b− a)2 +

H2

8
, v =

K5

2
(b− a) +

2H

3
,

µ = 5

(
1 +

1

2
λ1H

2 + λ2H + λ3

)
.

Òåîðåìà 4.4. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (4.35)-(4.36) iñíó¹ òà íàëå-

æèòü ïðîñòîðó B2(J ∪ I). Òîäi ïðè âèêîíàííi íåðiâíîñòi

θ = uλ1 + vλ2 + λ3 < 1 (4.46)

iñíó¹ òàêå H∗, ùî ïðè âñiõ 0 < H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ
{
S
(
x, y(k)

)}
,

k = 0, 1, . . . ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b] i ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ∥∥∥ lim
k→∞

S(p)(x, y(k))− y(p) (x)
∥∥∥ ≤ Rpω (y′′ (x) , H) , p = 0, 1, 2, (4.47)

R0 = sup
H≤H∗

(
uµ

1− θ
+

5H2

2

)
, R1 = sup

H≤H∗

(
vµ

1− θ
+ 5H

)
,

R2 = sup
H≤H∗

(
µ

1− θ
+ 5

)
,

ω (y′′ (x) , H) = max
1≤r≤k+1

ωr (y′′ (x) , H) .

Äîâåäåííÿ. Ïîêàæåìî, ùî ðÿäè

S(p)
(
x, y(0)

)
+
∞∑
i=1

[
S(p)

(
x, y(i)

)
− S(p)

(
x, y(i−1)

)]
, p = 0, 1, 2

ðiâíîìiðíî çáiãàþòüñÿ íà [a; b], i òèì ñàìèì îäåðæèìî ðiâíîìiðíó çáiæíiñòü

ïîñëiäîâíîñòåé S(p)
(
x, y(k)

)
, k = 0, 1, . . . , p = 0, 1, 2.

Âèçíà÷èìî ñêàëÿðíi ôóíêöi¨ y(x), M(x) íà [a; b] i ïîçíà÷èìî âåêòîðè

y =
(
y (x1) , . . . , y (xm−1)

)T
,

M =
(
M (x0 + 0) ,M (x1 − 0) ,M (x1 + 0) , . . . ,M (xm−1 − 0) ,

M (xm−1 + 0) ,M (xm − 0)
)T
.

115



Iòåðàöiéíèé àëãîðèòì A)-D) ïðåäñòàâèìî ó ìàòðè÷íié ôîðìi:

y(k+1) = A−1BM
k+1

+ A−1d, (4.48)

äå êîìïîíåíòè âåêòîðà M âèçíà÷åíi çãiäíî (4.43)-(4.44), à ñòàëèé âåêòîð d

çàëåæèòü ëèøå âiä êðàéîâèõ óìîâ (4.36). Çãiäíî (2.39), ìàòðèöÿ A � íåâèðî-

äæåíà, îòæå ïîáóäîâà iòåðàöiéíî¨ ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ S
(
x, y(k)

)
,

k=0, 1, . . . ìîæëèâà.

Ç (4.48) âèïëèâàþòü íàñòóïíi îöiíêè:∥∥∥y(k+1) − y(k)
∥∥∥ =

∥∥A−1BMk+1 − A−1BMk
∥∥ ≤ (4.49)

≤
∥∥A−1∥∥ ‖B‖∥∥∥Mk+1 −Mk

∥∥∥ .
Iç (4.43)-(4.44) òà âèãëÿäó ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (4.35) îäåðæó¹ìî íå-

ðiâíîñòi∥∥∥M+(k+1)
j −M+(k)

j

∥∥∥ ≤ λ1 max
x∈[a;b]

∣∣∣S (x, y(k))− S (x, y(k−1))∣∣∣+ (4.50)

+λ2 max
x∈[a;b]

∣∣∣S ′ (x, y(k))− S ′ (x, y(k−1))∣∣∣+
+λ3 max

x∈[a;b]

∣∣∣S ′′ (x, y(k))− S ′′ (x, y(k−1))∣∣∣ , j = 0,m− 1,∥∥∥M−(k+1)
j −M−(k)

j

∥∥∥ ≤ λ1 max
x∈[a;b]

∣∣∣S (x, y(k))− S (x, y(k−1))∣∣∣+
+λ2 max

x∈[a;b]

∣∣∣S ′ (x, y(k))− S ′ (x, y(k−1))∣∣∣+
+λ3 max

x∈[a;b]

∣∣∣S ′′ (x, y(k))− S ′′ (x, y(k−1))∣∣∣ , j = 1,m.

Çâiäñè, âðàõîâóþ÷è ñïiââiäíîøåííÿ (2.39)-(2.43), íåðiâíiñòü (4.49) ìîæíà çà-

ïèñàòè íàñòóïíèì ÷èíîì:∥∥∥y(k+1) − y(k)
∥∥∥ ≤ K5

8
(b− a)2

[
λ1

∥∥∥S (x, y(k))− S (x, y(k−1))∥∥∥+ (4.51)

+λ2

∥∥∥S ′ (x, y(k))− S ′ (x, y(k−1))∥∥∥+ λ3

∥∥∥S ′′ (x, y(k))− S ′′ (x, y(k−1))∥∥∥].
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Íåõàé x ∈ [xj−1;xj]. Âðàõîâóþ÷è (2.33), ìà¹ìî∣∣∣S (x, y(k+1)
)
− S

(
x, y(k)

)∣∣∣ ≤ ∣∣∣∣xj − x6hj

∣∣∣∣ ((xj − x)2 − h2j
)

+ (4.52)

+
x− xj−1

6hj

(
(x− xj−1)2 − h2j

)∥∥∥Mk+1 −Mk
∥∥∥+

+
∣∣yk+1
j−1 − ykj

∣∣ ∣∣∣∣xj − xhj

∣∣∣∣+
∣∣yk+1
j − ykj

∣∣ ∣∣∣∣x− xj−1hj

∣∣∣∣ .
Àíàëîãi÷íî äî (3.16) ìîæíà ïîêàçàòè, ùî

max
x∈[xj−1;xj ]

∣∣∣∣xj − x6hj

(
h2j − (xj − x)2

)
+
x− xj−1

6hj

(
h2j − (x− xj−1)2

)∣∣∣∣ ≤ H2

8
.

(4.53)

Âèêîðèñòîâóþ÷è (4.50), (4.51), (4.53), ç (4.52) ìà¹ìî∥∥∥S (x, y(k+1)
)
− S

(
x, y(k)

)∥∥∥ ≤ (4.54)

≤ H2

8

∥∥∥Mk+1 −Mk
∥∥∥+

∥∥∥y(k+1) − y(k)
∥∥∥ ≤

≤
(
K5

8
(b− a)2 +

H2

8

)(
λ1

∥∥∥S (x, y(k))− S (x, y(k−1))∥∥∥+

+λ2

∥∥∥S ′ (x, y(k))− S ′ (x, y(k−1))∥∥∥+ λ3

∥∥∥S ′′ (x, y(k))− S ′′ (x, y(k−1))∥∥∥).
Çãiäíî âèãëÿäó ñïëàéíà (2.33), îòðèìó¹ìî∣∣∣S ′ (x, y(k+1)

)
− S ′

(
x, y(k)

)∣∣∣ ≤ (4.55)

≤

∣∣∣∣∣hj6 − (xj − x)2

2hj

∣∣∣∣∣ ∣∣∣M+(k+1)
j−1 −M+(k)

j−1

∣∣∣+
+

∣∣∣∣∣(x− xj−1)22hj
− hj

6

∣∣∣∣∣ ∣∣∣M−(k+1)
j −M−(k)

j

∣∣∣+
1

hj

∣∣yk+1
j − yk+1

j−1 −
(
ykj − ykj−1

)∣∣ .
Î÷åâèäíî, ñïðàâäæóþòüñÿ íåðiâíîñòi

max
x∈[xj−1;xj ]

(∣∣∣∣∣hj6 − (xj − x)2

2hj

∣∣∣∣∣+

∣∣∣∣∣(x− xj−1)22hj
− hj

6

∣∣∣∣∣
)
≤ 2H

3
, (4.56)

max
1<j<n

∣∣yk+1
j − yk+1

j−1 −
(
ykj − ykj−1

)∣∣ ≤ K4

2
(b− a)H

∥∥∥Mk+1 −Mk
∥∥∥ . (4.57)
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Çãiäíî (4.56)-(4.57), ç íåðiâíîñòi (4.55) âèïëèâà¹∥∥∥S ′ (x, y(k+1)
)
− S ′

(
x, y(k)

)∥∥∥ ≤ (4.58)

≤
(
K5

2
(b− a) +

2

3
H

)(
λ1

∥∥∥S (x, y(k))− S (x, y(k−1))∥∥∥+

+λ2

∥∥∥S ′ (x, y(k))− S ′ (x, y(k−1))∥∥∥+ λ3

∥∥∥S ′′ (x, y(k))− S ′′ (x, y(k−1))∥∥∥),∥∥∥S ′′ (x, y(k+1)
)
− S ′′

(
x, y(k)

)∥∥∥ ≤ (4.59)

≤ λ1

∥∥∥S (x, y(k))− S (x, y(k−1))∥∥∥+ λ2

∥∥∥S ′ (x, y(k))− S ′ (x, y(k−1))∥∥∥+

+λ3

∥∥∥S ′′ (x, y(k))− S ′′ (x, y(k−1))∥∥∥ .
Ïîçíà÷èìî

d = λ1

∥∥∥S (x, y(k))− S (x, y(k−1))∥∥∥+ λ2

∥∥∥S ′ (x, y(k))− S ′ (x, y(k−1))∥∥∥+

+λ3

∥∥∥S ′′ (x, y(k))− S ′′ (x, y(k−1))∥∥∥ .
Iòåðóþ÷è (4.54), (4.58), (4.59) i âðàõîâóþ÷è ïîçíà÷åííÿ (4.45) òà óìîâó (4.46),

îäåðæó¹ìî ∥∥∥S (x, y(k+1)
)
− S

(
x, y(k)

)∥∥∥ ≤ uθk−1d,∥∥∥S ′ (x, y(k+1)
)
− S ′

(
x, y(k)

)∥∥∥ ≤ vθk−1d, (4.60)∥∥∥S ′′ (x, y(k+1)
)
− S ′′

(
x, y(k)

)∥∥∥ ≤ θk−1d.

Ñïiââiäíîøåííÿ (4.60) ïðè âèêîíàííi óìîâè (4.46) çàáåçïå÷óþòü çáiæíiñòü

ïîñëiäîâíîñòåé ñïëàéíiâ
{
S(p)

(
x, y(k)

)}
, k = 0, 1, . . . , p = 0, 1, 2.

Ïîçíà÷èìî

lim
k→∞

S(p)
(
x, y(k)

)
= S(p) (x, ỹ) , p = 0, 1,

M̃+
j = S ′′ (xj + 0, ỹ) , j = 0,m− 1,

M̃−
j = S ′′ (xj − 0, ỹ) , j = 1,m,

118



ỹj = S (xj, ỹ) , j = 1,m.

Ïðè öüîìó

M̃+
j =

n∑
i=0

(
ai(xj)S

(
xj − τi(xj) + 0, ỹ

)
+ bi(xj)S

′(xj − τi(xj) + 0, ỹ
)
+

+ci(xj)S
′′(xj − τi(xj) + 0, ỹ

)
+

2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s) + 0, ỹ

)
ds

)
+

+f(xj), j = 0,m− 1,

M̃−
j =

n∑
i=0

(
ai(xj)S

(
xj − τi(xj)− 0, ỹ

)
+ bi(xj)S

′(xj − τi(xj)− 0, ỹ
)
+

+ci(xj)S
′′(xj − τi(xj)− 0, ỹ

)
+

2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s)− 0, ỹ

)
ds

)
+

+f(xj), j = 1,m.

Ïàðàìåòðè M̃+
j , M̃

−
j ñïëàéíà S (x, ỹ) çàäîâîëüíÿþòü ñèñòåìó (2.36) òà ðiâ-

íÿííÿ (4.43)-(4.44).

Íåõàé S (x, y) � êóái÷íèé ñïëàéí äåôåêòó 2, ÿêèé iíòåðïîëþ¹ ðîçâ'ÿçîê

y (x) êðàéîâî¨ çàäà÷i (4.35)-(4.36). Òîäi∥∥∥S(p) (x, ỹ)− y(p) (x)
∥∥∥ ≤ ∥∥∥S(p) (x, ỹ)− S(p) (x, y)

∥∥∥+
∥∥∥S(p) (x, y)− y(p) (x)

∥∥∥ ,
p = 0, 1, 2. (4.61)

Äëÿ äðóãîãî äîäàíêà ó ïðàâié ÷àñòèíi (4.61) ñïðàâäæóþòüñÿ íåðiâíîñòi

[94]: ∥∥∥S(p) (y, x)− y(p) (x)
∥∥∥ ≤ KpH

2−pω (y′′ (x) , H) , (4.62)

p = 0, 1, 2, K0 =
5

2
, K1 = K2 = 5,

äå ω (y′′ (x) , H) = max
1≤r≤k+1

ωr (y′′ (x) , H), ωr (y′′ (x) , H) � ìîäóëü íåïåðåðâíîñòi

ôóíêöi¨ y′′ (x) íà Ir = [xr−1;xr].
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Äëÿ îöiíêè ïåðøîãî äîäàíêà ó ïðàâié ÷àñòèíi (4.61), çãiäíî âèãëÿäó ïðàâî¨

÷àñòèíè ðiâíÿííÿ (4.35), çíàéäåìî äîïîìiæíi íåðiâíîñòi:∣∣∣∣∣M+
j −

n∑
i=0

(
ai(xj)S

(
xj + 0− τi(xj + 0), y

)
+ (4.63)

+bi(xj)S
′(xj + 0− τi(xj + 0), y

)
+ ci(xj)S

′′(xj + 0− τi(xj + 0), y
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s), y

)
ds

)
− f(xj)

∣∣∣∣∣ ≤ ∣∣∣M+
j − y′′(xj + 0)

∣∣∣+
+

∣∣∣∣∣y′′(xj + 0)−
n∑
i=0

(
ai(xj)S

(
xj + 0− τi(xj + 0), y

)
+

+bi(xj)S
′(xj + 0− τi(xj + 0), y

)
+ ci(xj)S

′′(xj + 0− τi(xj + 0), y
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s), y

)
ds

)
− f(xj)

∣∣∣∣∣ =

=
∣∣∣S ′′(xj + 0, y)− y′′(xj + 0)

∣∣∣+

∣∣∣∣∣
n∑
i=0

(
ai(xj)y

(
xj + 0− τi(xj + 0)

)
+

+bi(xj)y
′(xj + 0− τi(xj + 0)

)
+ ci(xj)y

′′(xj + 0− τi(xj + 0)
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)y
(p)
(
s− τi(s)

)
ds

)
−

−
n∑
i=0

(
ai(xj)S

(
xj + 0− τi(xj + 0), y

)
+ bi(xj)S

′(xj + 0− τi(xj + 0), y
)
+

+ci(xj)S
′′(xj + 0− τi(xj + 0), y

)
+

2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s), y

)
ds

)∣∣∣∣∣ ≤
≤ 5ω(y′′(x), H) +

∣∣∣∣∣
n∑
i=0

ai(xj)
(
y(xj + 0− τi(xj + 0))−

−S(xj + 0− τi(xj + 0), y)
)

+
n∑
i=0

bi(xj)
(
y′(xj + 0− τi(xj + 0))−
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−S ′(xj + 0− τi(xj + 0), y)
)

+
n∑
i=0

ci(xj)
(
y′′(xj + 0− τi(xj + 0))−

−S ′′(xj + 0− τi(xj + 0), y)
)∣∣∣∣∣ ≤

≤ 5ω(y′′(x), H) +
5

2
H2ω(y′′(x), H)

n∑
i=0

∣∣∣ai(xj)∣∣∣+
+5Hω(y′′(x), H)

n∑
i=0

∣∣∣bi(xj)∣∣∣+ 5ω(y′′(x), H)
n∑
i=0

∣∣∣ci(xj)∣∣∣ ≤
≤ 5ω(y′′(x), H) + λ1

5

2
H2ω(y′′(x), H) + λ25Hω(y′′(x), H)+

+λ35ω(y′′(x), H) = 5

(
1 +

1

2
λ1H

2 + λ2H + λ3

)
ω(y′′(x), H) =

= µω(y′′(x), H), j = 0,m− 1.

Àíàëîãi÷íî ìîæíà îäåðæàòè∣∣∣∣∣M−
j −

n∑
i=0

(
ai(xj)S

(
xj − 0− τi(xj − 0), y

)
+ (4.64)

+bi(xj)S
′(xj − 0− τi(xj − 0), y

)
+ ci(xj)S

′′(xj − 0− τi(xj − 0), y
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s), y

)
ds

)
− f(xj)

∣∣∣∣∣ ≤
≤ µω(y′′(x), H), j = 1,m.

Çâiäñè

M+
j ≤

n∑
i=0

(
ai(xj)S

(
xj + 0− τi(xj + 0), y

)
+ (4.65)

+bi(xj)S
′(xj + 0− τi(xj + 0), y

)
+ ci(xj)S

′′(xj + 0− τi(xj + 0), y
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s), y

)
ds

)
+

+f(xj) + µω(y′′(x), H), j = 0,m− 1,
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M−
j ≤

n∑
i=0

(
ai(xj)S

(
xj − 0− τi(xj − 0), y

)
+ (4.66)

+bi(xj)S
′(xj − 0− τi(xj − 0), y

)
+ ci(xj)S

′′(xj − 0− τi(xj − 0), y
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s), y

)
ds

)
+

+f(xj) + µω(y′′(x), H), j = 1,m.

Ïîçíà÷èìî

αp = max
x∈[a;b]

∣∣∣S(p)(x, ỹ)− S(p)(x, y)
∣∣∣ , p = 0, 1, 2,

max
j

∣∣∣M̃j −Mj

∣∣∣ = max

{
max

j=0,m−1

∣∣∣M̃+
j −M

+
j

∣∣∣ , max
j=1,m

∣∣∣M̃−
j −M

−
j

∣∣∣} .
Âðàõîâóþ÷è îöiíêè (4.65), (4.66), äiñòà¹ìî:∣∣∣M̃+

j −M
+
j

∣∣∣ ≤ ∣∣∣∣∣M̃+
j −

n∑
i=0

(
ai(xj)S

(
xj + 0− τi(xj + 0), y

)
+

+bi(xj)S
′(xj + 0− τi(xj + 0), y

)
+ ci(xj)S

′′(xj + 0− τi(xj + 0), y
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s), y

)
ds

)
− f(xj)

∣∣∣∣∣+
+µω(y′′(x), H) =

∣∣∣∣∣
n∑
i=0

(
ai(xj)S

(
xj + 0− τi(xj + 0), ỹ

)
+

+bi(xj)S
′(xj + 0− τi(xj + 0), ỹ

)
+ ci(xj)S

′′(xj + 0− τi(xj + 0), ỹ
)
+

+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s), ỹ

)
ds

)
−

−
n∑
i=0

(
ai(xj)S

(
xj + 0− τi(xj + 0), y

)
+

+bi(xj)S
′(xj + 0− τi(xj + 0), y

)
+ ci(xj)S

′′(xj + 0− τi(xj + 0), y
)
+
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+
2∑
p=0

b∫
a

Kip(xj, s)S
(p)
(
s− τi(s), y

)
ds

)∣∣∣∣∣+ µω(y′′(x), H) ≤

≤
n∑
i=0

∣∣∣ai(xj)∣∣∣α0 +
n∑
i=0

∣∣∣bi(xj)∣∣∣α1 +
n∑
i=0

∣∣∣ci(xj)∣∣∣α2 + µω(y′′(x), H) ≤

≤ λ1α0 + λ2α1 + λ3α2 + µω(y′′(x), H), j = 0,m− 1. (4.67)

Àíàëîãi÷íî,∣∣∣M̃−
j −M

−
j

∣∣∣ ≤ λ1α0 + λ2α1 + λ3α2 + µω(y′′(x), H), j = 1,m. (4.68)

Íåñêëàäíî ïîêàçàòè, ùî ìà¹ ìiñöå îöiíêà

|ỹj − yj| ≤
K5

8
(b− a)2 max

{
max

j=0,m−1
|M̃+

j −M
+
j |, max

j=1,m
|M̃−

j −M
−
j |
}
. (4.69)

Âèêîðèñòîâóþ÷è ôîðìóëè äëÿ S (x, ỹ) , S (x, y) òà íåðiâíîñòi (4.67)-(4.69),

îòðèìó¹ìî íàñòóïíó ñèñòåìó íåðiâíîñòåé:

α0 ≤ u
(
λ1α0 + λ2α1 + λ3α2 + µω (y′′(x), H)

)
,

α1 ≤ v
(
λ1α0 + λ2α1 + λ3α2 + µω (y′′(x), H)

)
, (4.70)

α2 ≤ λ1α0 + λ2α1 + λ3α2 + µω (y′′(x), H) .

Ðîçâ'ÿçóþ÷è ñèñòåìó (4.2.2), çíàõîäèìî îöiíêè äëÿ ïåðøèõ äîäàíêiâ ó ïðàâié

÷àñòèíi (4.61):

α0 ≤
uµω(y′′(x), H)

1− θ
,

α1 ≤
vµω(y′′(x), H)

1− θ
,

α2 ≤
µω(y′′(x), H)

1− θ
.

Òåïåð, âðàõîâóþ÷è (4.62), íåðiâíîñòi (4.61) ìîæíà çàïèñàòè ó âèãëÿäi (4.47).

Òåîðåìó 4.4 äîâåäåíî.
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4.3 Íåëiíiéíi êðàéîâi çàäà÷i äëÿ iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì

4.3.1 Ïîñòàíîâêà çàäà÷i. Iñíóâàííÿ ðîçâ'ÿçêó

Ââåäåìî ïîçíà÷åííÿ

[y(x)] =
(
y
(
x− τ0(x)

)
, . . . , y

(
x− τn(x)

))
, (4.71)

[y(x)]1 =
(
y′
(
x− τ0(x)

)
, . . . , y′

(
x− τn(x)

))
.

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′(x) = f
(
x, [y(x)], [y(x)]1

)
+

b∫
a

g
(
x, s, [y(s)], [y(s)]1

)
ds, x ∈ [a; b], (4.72)

y(p) (x) = ϕ(p) (x) , p = 0, 1, x ∈ [a∗; a] , y (b) = γ, (4.73)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨, âè-

çíà÷åíi íà [a, b], ϕ (x) � çàäàíà íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ íà [a∗; a],

γ ∈ R,

a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

E =
n⋃
i=1

Ei.

Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæèíè

Ei, i = 1, n ¹ ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E â ïîðÿäêó çðîñòà-

ííÿ.

Ââåäåìî ïîçíà÷åííÿ:

P = sup

{∣∣∣f(x, [y(x)], [y(x)]1
)∣∣∣+

∣∣∣∣∣
b∫

a

g
(
x, s, [y(s)], [y(s)]1

)
ds

∣∣∣∣∣ :
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∣∣∣y(x− τi(x)
)∣∣∣ ≤ P1,

∣∣∣y′(x− τi(x)
)∣∣∣ ≤ P2, i = 0, n, x, s ∈ [a; b]

}
,

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B
(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃
j=1

C2 (Ij)

))
, |y (x)| ≤ P1, |y′(x)| ≤ P2

}
,

äå P1, P2 � äîäàòíi ñòàëi.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (4.72)-(4.73) ââàæàòèìåìî ôóíêöiþ y = y (x),

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (4.72) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî÷îê

ìíîæèíè E) i êðàéîâi óìîâè (4.73). Áóäåìî øóêàòè ðîçâ'ÿçîê çàäà÷i (4.72)-

(4.73), ÿêèé íàëåæèòü ïðîñòîðó B(J ∪ I).

Iç îçíà÷åííÿ ïðîñòîðó B(J ∪ I) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (4.72)-(4.73)

áóäå íåïåðåâíî-äèôåðåíöiéîâíèì äëÿ áóäü-ÿêîãî x ∈ [a; b], äå y′ (a) � ïðàâà

ïîõiäíà.

Ââåäåìî íîðìó â ïðîñòîði B(J ∪ I):

‖y‖B = max

{
8

(b− a)2
max
x∈J ∪ I

|y (x)| , 2

b− a
max

(
max
x∈J
|y′ (x)| ,max

x∈I
|y′ (x)|

)}
.

Ïðîñòið B(J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì.

Êðàéîâà çàäà÷à (4.72)-(4.73) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [55, 58]

y (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1

)
+

b∫
a

g
(
s, ξ, [y(ξ)], [y(ξ)]1

)
dξ
]
×

×G (x, s) ds+ l (x) , x ∈ J ∪ I, (4.74)

G (x, s) =

G (x, s) , x, s ∈ I,

0, â iíøîìó âèïàäêó,
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l (x) =

 ϕ (x) , x ∈ J,
γ−ϕ(a)
b−a (x− a) + ϕ (a) , x ∈ I,

äå G (x, s) � ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði B2(J ∪ I) íàñòóïíèì ÷èíîì

(Ty) (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1

)
+

+

b∫
a

g
(
s, ξ, [y(ξ)], [y(ξ)]1

)
dξ
]
G (x, s) ds+ l (x) , x ∈ J ∪ I.

Çâiäñè

(Ty)′ (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1

)
+ (4.75)

+

b∫
a

g
(
s, ξ, [y(ξ)], [y(ξ)]1

)
dξ
]
G
′

x (x, s) ds+
γ − ϕ (a)

b− a
, x ∈ J ∪ I.

Íåõàé ôóíêöiÿ f
(
x, [y(x)], [y(x)]1

)
� íåïåðåðâíà ó G = [a; b]×Gn+1

1 ×Gn+1
2 ,

à g
(
x, s, [y(s)], [y(s)]1

)
� íåïåðåðâíà ó Q = [a; b]×G, äå G1 =

{
u ∈ R : |u| <

P1

}
, G2 =

{
v ∈ R : |v| ≤ P2

}
, P1, P2 � äîäàòíi ñòàëi, ùî âõîäÿòü â îçíà÷åííÿ

ïðîñòîðó B(J ∪ I).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 4.5. Íåõàé âèêîíóþòüñÿ óìîâè:

1) max

{
max
x∈J
|ϕ (x)| , (b−a)2

8 P + max
{
|ϕ (a)| , |γ|

}}
≤ P1,

2) max

{
max
x∈J
|ϕ′ (x)| , b−a

2 P +
∣∣∣γ−ϕ(a)b−a

∣∣∣} ≤ P2,
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3) ôóíêöi¨ f
(
x, [y(x)], [y(x)]1

)
i g
(
x, s, [y(s)], [y(s)]1

)
çàäîâîëüíÿþòü óìî-

âó Ëiïøèöÿ ó G çà çìiííèìè [y(x)], [y(x)]1 çi ñòàëèìè L1
i òà L2

i ,

i = 0, 2n+ 1, âiäïîâiäíî,

4) (b−a)2
8

n∑
i=0

(
L1
i + (b− a)L2

i

)
+ b−a

2

2n+1∑
i=n+1

(
L1
i + (b− a)L2

i

)
< 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (4.72)-(4.73) ó ïðîñòîði B(J ∪ I).

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî òåîðåìè 4.1.

4.3.2 Îá÷èñëþâàëüíà ñõåìà. Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiäðiç-

êó [a; b], òàêó ùî E ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé êóái÷íèé

ñïëàéí äåôåêòó äâà íà ∆ äëÿ ôóíêöi¨ y (x), ÿêèé íàëåæèòü ïðîñòîðó B(J∪I).

Áóäåìî øóêàòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (4.72)-(4.73) ó âèãëÿäi ïîñëiäîâíîñòi

êóái÷íèõ ñïëàéíiâ äåôåêòó 2 çà íàñòóïíîþ ñõåìîþ:

A) Âèáåðåìî êóái÷íèé ñïëàéí S
(
x, y(0)

)
= γ−ϕ(a)

b−a (x− a) +ϕ (a), ÿêèé çàäî-

âîëüíÿ¹ êðàéîâi óìîâè (4.73) ïðè x = a òà x = b.

B) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (4.72) òà ñïëàéí S
(
x, y(k)

)
, çíàõîäèìî

äëÿ k = 0, 1, . . .:

M
+(k+1)
j = f

(
xj, [S(xj + 0, y(k))], [S(xj + 0, y(k))]1

)
+

+

b∫
a

g
(
xj, s, [S(s, y(k))], [S(s+ 0, y(k))]1

)
ds,

j = 0,m− 1, (4.76)

M
−(k+1)
j = f

(
xj, [S(xj − 0, y(k))], [S(xj − 0, y(k))]1

)
,

+

b∫
a

g
(
xj, s, [S(s, y(k))], [S(s− 0, y(k))]1

)
ds,
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j = 1,m. (4.77)

Ó ñïiââiäíîøåííÿõ (4.76), (4.77) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= ϕ(p)(x),

p = 0, 1 ïðè x < a.

C) Îá÷èñëþ¹ìî y(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (2.36).

D) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (2.33), âèêîðèñòîâóþ÷è

çíàéäåíi çíà÷åííÿ y(k+1)
j , j = 0,m, M+(k+1)

j , j = 0,m− 1, M−(k+1)
j , j =

1,m. Öåé ñïëàéí âèñòóïà¹ â ÿêîñòi íàñòóïíîãî íàáëèæåííÿ.

Ââåäåìî ïîçíà÷åííÿ:

λ1 =
n∑
i=0

(
L1
i + (b− a)L2

i

)
, λ2 =

2n+1∑
i=n+1

(
L1
i + (b− a)L2

i

)
,

u =
K5

8
(b− a)2 +

H2

8
, v =

K5

2
(b− a) +

2H

3
, (4.78)

µ = 5

(
1 +

1

2
λ1H

2 + λ2H

)
.

Òåîðåìà 4.6. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (4.72)-(4.73) iñíó¹ òà íàëå-

æèòü ïðîñòîðó B(J ∪ I). Òîäi ïðè âèêîíàííi íåðiâíîñòi

θ = uλ1 + vλ2 < 1 (4.79)

iñíó¹ òàêå H∗, ùî ïðè âñiõ 0 < H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ
{
S
(
x, y(k)

)}
,

k = 0, 1, . . . ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b] i ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ∥∥∥ lim
k→∞

S(p)(x, y(k))− y(p) (x)
∥∥∥ ≤ Rpω (y′′ (x) , H) , p = 0, 1, (4.80)

R0 = sup
H≤H∗

(
uµ

1− θ
+

5H2

2

)
, R1 = sup

H≤H∗

(
vµ

1− θ
+ 5H

)
,

ω (y′′ (x) , H) = max
1≤r≤l+1

ωr (y′′ (x) , H) ,

äå ωr(f,H) � öå ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ f íà âiäðiçêó δr.

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî òåîðåìè 4.2.
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4.4 Íåëiíiéíi êðàéîâi çàäà÷i äëÿ iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òèïó

4.4.1 Ïîñòàíîâêà çàäà÷i. Iñíóâàííÿ ðîçâ'ÿçêó

Ââåäåìî ïîçíà÷åííÿ

[y(x)] =
(
y
(
x− τ0(x)

)
, . . . , y

(
x− τn(x)

))
,

[y(x)]1 =
(
y′
(
x− τ0(x)

)
, . . . , y′

(
x− τn(x)

))
, (4.81)

[y(x)]2 =
(
y′′
(
x− τ0(x)

)
, . . . , y′′

(
x− τn(x)

))
.

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′(x) = f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
+ (4.82)

+

b∫
a

g
(
x, s, [y(s)], [y(s)]1, [y(s)]2

)
ds, x ∈ [a; b],

y(p) (x) = ϕ(p) (x) , p = 0, 1, 2, x ∈ [a∗; a] , y (b) = γ, (4.83)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨,

âèçíà÷åíi íà [a, b], ϕ (x) � çàäàíà äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ

íà [a∗; a], γ ∈ R,

a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei1 =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

Ei2 =
{
xj ∈ [a, b] : x0 = a, xj+1 − τi (xj+1) = xj, j = 0, 1, 2, . . .

}
,

E2 =
n⋃
i=1

(
Ei1 ∪ Ei2

)
.

Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæèíè

Ei1, Ei2, i = 1, n ¹ ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E2 â ïîðÿäêó

çðîñòàííÿ.
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Ââåäåìî ïîçíà÷åííÿ:

P = sup

{∣∣∣f(x, [y(x)], [y(x)]1, [y(x)]2
)∣∣∣+

∣∣∣∣∣
b∫

a

g
(
x, s, [y(s)], [y(s)]1, [y(s)]2

)
ds

∣∣∣∣∣ :

∣∣∣y(x− τi(x)
)∣∣∣ ≤ P1,

∣∣∣y′(x− τi(x)
)∣∣∣ ≤ P2,∣∣∣y′′(x− τi(x)

)∣∣∣ ≤ P3, i = 0, n, x, s ∈ [a; b]

}
,

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B2

(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃
j=1

C2 (Ij)

))
, |y(x)| ≤ P1, |y′(x)| ≤ P2, |y′′(x)| ≤ P3

}
,

äå P1, P2, P3 � äîäàòíi ñòàëi.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (4.82)-(4.83) ââàæàòèìåìî ôóíêöiþ y = y (x),

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (4.82) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî÷îê

ìíîæèíè E2) i êðàéîâi óìîâè (4.83). Áóäåìî øóêàòè ðîçâ'ÿçîê çàäà÷i (4.82)-

(4.83), ÿêèé íàëåæèòü ïðîñòîðó B2(J ∪ I).

Iç îçíà÷åííÿ ïðîñòîðó B2(J∪I) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (4.82)-(4.83)

áóäå íåïåðåâíî-äèôåðåíöiéîâíèì äëÿ áóäü-ÿêîãî x ∈ [a, b], äå y′ (a) � ïðàâà

ïîõiäíà, à â òî÷êàõ ìíîæèíè E2 iñíóþòü ñêií÷åííi îäíîñòîðîííi äðóãi ïîõiäíi

ðîçâ'ÿçêó, ÿêi ìîæóòü íå ñïiâïàäàòè.

Ââåäåìî íîðìó â ïðîñòîði B2(J ∪ I):

‖y‖B2
= max

{
8

(b− a)2
max
x∈J∪I

|y(x)|, 2

b− a
max

(
max
x∈J
|y′(x)|, max

x∈I
|y′(x)|

)
,

max
(

max
x∈J
|y′′(x)|, max

x∈I1
|y′′(x)|, . . . , max

x∈Ik+1

|y′′(x)|
)}

.

Ïðîñòið B2(J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì.
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Êðàéîâà çàäà÷à (4.82)-(4.83) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [55, 58]

y (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1, [y(s)]2

)
+

b∫
a

g
(
s, ξ, [y(ξ)], [y(ξ)]1, [y(ξ)]2

)
dξ
]
×

×G (x, s) ds+ l (x) , x ∈ J ∪ I, (4.84)

G (x, s) =

G (x, s) , x, s ∈ I,

0, â iíøîìó âèïàäêó,

l (x) =

 ϕ (x) , x ∈ J,
γ−ϕ(a)
b−a (x− a) + ϕ (a) , x ∈ I,

äå G (x, s) � ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði B2(J ∪ I) íàñòóïíèì ÷èíîì

(Ty) (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1, [y(s)]2

)
+

+

b∫
a

g
(
s, ξ, [y(ξ)], [y(ξ)]1, [y(ξ)]2

)
dξ
]
G (x, s) ds+ l (x) , x ∈ J ∪ I.

Çâiäñè

(Ty)′ (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1, [y(s)]2

)
+ (4.85)

+

b∫
a

g
(
s, ξ, [y(ξ)], [y(ξ)]1, [y(ξ)]2

)
dξ
]
G
′

x (x, s) ds+
γ − ϕ (a)

b− a
,

x ∈ J ∪ I.

(Ty)′′ (x) = f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
+ (4.86)
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+

b∫
a

g
(
x, s, [y(s)], [y(s)]1, [y(s)]2

)
ds, x ∈ J ∪ I.

Íåõàé ôóíêöiÿ f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
� íåïåðåðâíà óG = [a; b]×Gn+1

1 ×

Gn+1
2 × Gn+1

3 , à g
(
x, s, [y(s)], [y(s)]1, [y(s)]2

)
� íåïåðåðâíà ó Q = [a; b] × G, äå

G1 =
{
u ∈ R : |u| < P1

}
, G2 =

{
v ∈ R : |v| ≤ P2

}
, G3 =

{
w ∈ R : |w| ≤

P3

}
, P1, P2, P3 � äîäàòíi ñòàëi, ùî âõîäÿòü â îçíà÷åííÿ ïðîñòîðó B2(J ∪ I).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 4.7. Íåõàé âèêîíóþòüñÿ óìîâè:

1) max

{
max
x∈J
|ϕ (x)| , (b−a)2

8 P + max
{
|ϕ (a)| , |γ|

}}
≤ P1,

2) max

{
max
x∈J
|ϕ′ (x)| , b−a

2 P +
∣∣∣γ−ϕ(a)b−a

∣∣∣} ≤ P2,

3) max

{
max
x∈J
|ϕ′′ (x)| , P

}
≤ P3,

4) ôóíêöi¨ f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
i g
(
x, s, [y(s)], [y(s)]1, [y(s)]2

)
çàäî-

âîëüíÿþòü óìîâó Ëiïøèöÿ ó G çà çìiííèìè [y(x)], [y(x)]1, [y(x)]2 çi

ñòàëèìè L1
i òà L

2
i , i = 0, 3n+ 2, âiäïîâiäíî,

5) (b−a)2
8

n∑
i=0

(
L1
i + (b− a)L2

i

)
+ b−a

2

2n+1∑
i=n+1

(
L1
i + (b− a)L2

i

)
+

3n+2∑
i=2n+2

(
L1
i + (b−

a)L2
i

)
< 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (4.82)-(4.83) ó ïðîñòîði B2(J ∪ I).

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî òåîðåìè 3.7.

4.4.2 Îá÷èñëþâàëüíà ñõåìà. Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiäðiç-

êó [a; b], òàêó ùî E2 ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé êóái-

÷íèé ñïëàéí äåôåêòó äâà íà ∆ äëÿ ôóíêöi¨ y (x), ÿêèé íàëåæèòü ïðîñòîðó
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B2(J ∪ I). Áóäåìî øóêàòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (4.82)-(4.83) ó âèãëÿäi

ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ äåôåêòó 2 çà íàñòóïíîþ ñõåìîþ:

A) Âèáåðåìî êóái÷íèé ñïëàéí S
(
x, y(0)

)
= γ−ϕ(a)

b−a (x− a) +ϕ (a), ÿêèé çàäî-

âîëüíÿ¹ êðàéîâi óìîâè (4.83) ïðè x = a òà x = b.

B) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (4.82) òà ñïëàéí S
(
x, y(k)

)
, çíàõîäèìî

äëÿ k = 0, 1, . . .:

M
+(k+1)
j = f

(
xj, [S(xj + 0, y(k))], [S(xj + 0, y(k))]1, [S(xj + 0, y(k))]2

)
+

+

b∫
a

g
(
xj, s, [S(s, y(k))], [S(s+ 0, y(k))]1, [S(s+ 0, y(k))]2

)
ds,

j = 0,m− 1, (4.87)

M
−(k+1)
j = f

(
xj, [S(xj − 0, y(k))], [S(xj − 0, y(k))]1, [S(xj − 0, y(k))]2

)
,

+

b∫
a

g
(
xj, s, [S(s, y(k))], [S(s− 0, y(k))]1, [S(s− 0, y(k))]2

)
ds,

j = 1,m. (4.88)

Ó ñïiââiäíîøåííÿõ (4.87), (4.88) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= ϕ(p)(x),

p = 0, 1, 2 ïðè x < a.

C) Îá÷èñëþ¹ìî y(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (2.36).

D) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (2.33), âèêîðèñòîâóþ÷è

çíàéäåíi çíà÷åííÿ y(k+1)
j , j = 0,m, M+(k+1)

j , j = 0,m− 1, M−(k+1)
j , j =

1,m. Öåé ñïëàéí âèñòóïà¹ â ÿêîñòi íàñòóïíîãî íàáëèæåííÿ.

Ââåäåìî ïîçíà÷åííÿ:

λ1 =
n∑
i=0

(
L1
i + (b− a)L2

i

)
, (4.89)
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λ2 =
2n+1∑
i=n+1

(
L1
i + (b− a)L2

i

)
, λ3 =

3n+2∑
i=2n+2

(
L1
i + (b− a)L2

i

)
,

u =
K5

8
(b− a)2 +

H2

8
, v =

K5

2
(b− a) +

2H

3
,

µ = 5

(
1 +

1

2
λ1H

2 + λ2H + λ3

)
.

Òåîðåìà 4.8. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (4.82)-(4.83) iñíó¹ òà íàëå-

æèòü ïðîñòîðó B2(J ∪ I). Òîäi ïðè âèêîíàííi íåðiâíîñòi

θ = uλ1 + vλ2 + λ3 < 1 (4.90)

iñíó¹ òàêå H∗, ùî ïðè âñiõ 0 < H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ
{
S
(
x, y(k)

)}
,

k = 0, 1, . . . ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b] i ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ∥∥∥ lim
k→∞

S(p)(x, y(k))− y(p) (x)
∥∥∥ ≤ Rpω (y′′ (x) , H) , p = 0, 1, 2, (4.91)

R0 = sup
H≤H∗

(
uµ

1− θ
+

5H2

2

)
, R1 = sup

H≤H∗

(
vµ

1− θ
+ 5H

)
,

R2 = sup
H≤H∗

(
µ

1− θ
+ 5

)
,

ω (y′′ (x) , H) = max
1≤r≤l+1

ωr (y′′ (x) , H) ,

äå ωr(f,H) � öå ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ f íà âiäðiçêó δr.

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî òåîðåìè 4.4.

4.5 Âèñíîâêè äî ðîçäiëó 4

Ó äàíîìó ðîçäiëi äîñëiäæóþòüñÿ ëiíiéíi òà íåëiíiéíi êðàéîâi çàäà÷i äëÿ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ. ßê i â ïî-

ïåðåäíüîìó ðîçäiëi, ìåòîäîì ñòèñëèõ âiäîáðàæåíü âñòàíîâëåíî äîñòàòíi óìî-

âè iñíóâàííÿ ðîçâ'ÿçêó òàêèõ çàäà÷, ïîáóäîâàíî òà îá ðóíòîâàíî iòåðàöiéíi

ñõåìè çíàõîäæåííÿ ðîçâ'ÿçêó öèõ çàäà÷ çà äîïîìîãîþ àïðîêñèìàöi¨ êóái÷íè-

ìè ñïëàéíàìè äåôåêòó äâà. Äëÿ ïðàêòè÷íî¨ ðåàëiçàöi¨ íàâåäåíèõ iòåðàöiéíèõ
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ñõåì iíòåãðàëüíi äîäàíêè îá÷èñëþþòüñÿ çà äîïîìîãîþ êâàäðàòóðíèõ ôîð-

ìóë. Âñòàíîâëåíî êîåôiöi¹íòíi óìîâè, ùî çàáåçïå÷óþòü çáiæíiñòü iòåðàöiéíî-

ãî ïðîöåñó.

Çîêðåìà, ó ïiäðîçäiëi 4.1 ðîçãëÿíóòî ëiíiéíi êðàéîâi çàäà÷i äëÿ iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì, ó ïiäðîçäiëi 4.2 � ëiíiéíi êðàéîâi

çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òèïó.

Ïiäðîçäië 4.3 îõîïëþ¹ íåëiíiéíi êðàéîâi çàäà÷i äëÿ iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì, à ïiäðîçäië 4.4 � íåëiíiéíi êðàéîâi

çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òèïó.
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Ðîçäië 5

×èñëîâi åêñïåðèìåíòè

5.1 Îïèñ ðîçðîáëåíîãî ïðîãðàìíîãî çàáåçïå÷åííÿ

Äëÿ ìîäåëþâàííÿ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì òà íåéòðàëüíîãî òèïiâ áó-

ëî ðîçðîáëåíî êðîñïëàòôîðìåííå ïðîãðàìíå çàáåçïå÷åííÿ çàñîáàìè ìîâè

JavaScript iç âèêîðèñòàííÿì òåõíîëîãi¨ NodeJS òà ôðåéìâîðêó NW.js, ÿêèé

äà¹ çìîãó íàäàòè ïðîãðàìi çðó÷íèé êîðèñòóâàöüêèé iíòåðôåéñ äëÿ ââåäåííÿ

ïàðàìåòðiâ ðiçíîãî òèïó.

Ðèñ. 5.1: Âèãëÿä âiêíà ïðîãðàìè

136



Ó áîêîâié ÷àñòèíi âiêíà ïðîãðàìè çàäàþòüñÿ ïàðàìåòðè êðàéîâî¨ çàäà÷i, à

ñàìå ïî÷àòîê a òà êiíåöü âiäðiçêà b, êiëüêiñòü òî÷îê ðîçáèòòÿ m, êîåôiöi¹íòè

ðiâíÿííÿ ai, bi, ci, çàïiçíåííÿ τi (i = 0, n), òî÷íiñòü îá÷èñëåííÿ ε. Êðiì öüî-

ãî, ÿêùî òî÷îê ðîçáèòòÿ áàãàòî, ìîæíà âèâåñòè ëèøå äåÿêi ç íèõ, à íå âñi,

íàïðèêëàä, êîæíó äðóãó ÷è äåñÿòó. ßêùî òî÷íèé ðîçâ'ÿçîê ðiâíÿííÿ íåâi-

äîìèé, ìîæíà âèìêíóòè ïðàïîðåöü �Ïîêàçóâàòè òî÷íèé ðîçâ'ÿçîê�. Çà íàÿâ-

íîñòi iíòåãðàëüíîãî äîäàíêà ó ðiâíÿííi êîðèñòóâà÷ ìîæå îáðàòè ìåòîä éîãî

îá÷èñëåííÿ � òðàïåöié àáî Ñiìïñîíà. Ìàòåìàòè÷íèé âèãëÿä êðàéîâî¨ çàäà÷i

âiäîáðàæà¹òüñÿ ó âåðõíié ÷àñòèíi âiêíà.

Óâiâøè âñi ïàðàìåòðè, êîðèñòóâà÷ íàòèñêà¹ êíîïêó �Îá÷èñëèòè�, ùîá ïî-

áà÷èòè ðåçóëüòàò.

Ðèñ. 5.2: Âèâiä ðåçóëüòàòiâ ïðîãðàìè

Ïðîãðàìà âèâîäèòü íà åêðàí óñi iòåðàöi¨ îá÷èñëþâàëüíî¨ ñõåìè. Äîñÿãíóâ-

øè ïîòðiáíî¨ òî÷íîñòi, âîíà çóïèíèòüñÿ. Ó òàáëèöi ç'ÿâèòüñÿ íàñòóïíà iíôîð-

ìàöiÿ: íîìåð iòåðàöi¨, íîìåð êîæíî¨ òî÷êè âiäðiçêà, çíà÷åííÿ x òà íàáëèæå-

íèé ðîçâ'ÿçîê. ßêùî çàäàíî òî÷íèé ðîçâ'ÿçîê, òî âií òåæ ç'ÿâèòüñÿ ðàçîì ç

àáñîëþòíîþ òà âiäíîñíîþ ïîõèáêîþ ìiæ òî÷íèì i íàáëèæåíèì ðîçâ'ÿçêàìè.
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Ðèñ. 5.3: Âèâiä îñòàííüî¨ iòåðàöi¨

ßêùî ïîòðiáíî ïðàöþâàòè ç êiëüêîìà ðiçíèìè ïðèêëàäàìè, ¨õ ìîæíà çáå-

ðiãàòè â XML-ôàéëàõ çà äîïîìîãîþ ïóíêòó ìåíþ �Ôàéë�, �Çáåðåãòè�, à ïîòiì

âiäêðèòè çàíîâî, âèêîðèñòîâóþ÷è ïóíêò ìåíþ �Ôàéë�, �Âiäêðèòè�.

5.2 Ìîäåëüíi ïðèêëàäè. Àíàëiç ðåçóëüòàòiâ

5.2.1 Ëiíiéíi ðiâíÿííÿ iç çàïiçíåííÿì òà íåéòðàëüíîãî òèïó

Ïðèêëàä 5.1. Ðîçãëÿíåìî êðàéîâó çàäà÷ó:

y′′(x)− 4y′(x) + 4y(x) + xy(x− x

2
)− x2 + 8 = 0, x ∈ [1; 2],

y(x) = 2x, x ∈ [0, 5; 1],

y(2) = 5e2 − 2.

Òî÷íèé ðîçâ'ÿçîê y(x) áóëî çíàéäåíî ìåòîäîì êðîêiâ:

y(x) = e2x−2(3 + x)− 2.

Äëÿ íå¨ âèêîíóþòüñÿ óìîâè òåîðåìè ïðî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó, à òà-

êîæ ïðî çáiæíiñòü iòåðàöiéíî¨ ñõåìè. Íàáëèæåíèé ðîçâ'ÿçîê y40S (x) îäåðæàíî
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íà 9-é iòåðàöi¨ ïðè 40 òî÷êàõ ðîçáèòòÿ âiäðiçêà.

x y(x) y40S (x) ∆40
S

1.25 5.007065 5.011534 0.004469

1.5 10.232268 10.241768 0.00951

1.75 19.288023 19.296065 0.008042

Òàáë. 5.1

Ïðèêëàä 5.2. Ðîçãëÿíåìî êðàéîâó çàäà÷ó äëÿ ðiâíÿííÿ íåéòðàëüíîãî òèïó:

y′′(x) =
1

4
y′′(x− 1) + 1, x ∈ [0; 2],

y(x) = x, y′(x) = 1, y′′(x) = 0, x ∈ [−1; 0],

y(2) =
5

2
.

Òî÷íèé ðîçâ'ÿçîê y(x) áóëî çíàéäåíî ìåòîäîì êðîêiâ. Íàáëèæåíèé ðîçâ'ÿ-

çîê y20S (x) òà y40S (x) îäåðæàíî íà 2-é iòåðàöi¨ ïðè 20 òà 40 òî÷êàõ ðîçáèòòÿ

âiäðiçêà âiäïîâiäíî.

x y(x) y20S (x) ∆20
S y40S (x) ∆40

S

0.5 0.21875 0.21552 0.00323 0.21716 0.00159

1 0.6875 0.68146 0.00604 0.68443 0.00307

1.5 1.4375 1.43448 0.00302 1.43596 0.00154

Òàáë. 5.2

5.2.2 Iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ iç çàïiçíåííÿì

Ïðèêëàä 5.3. Ðîçãëÿíåìî êðàéîâó çàäà÷ó:

y′′(x) + 0.1y(x− 1) +
1

15

2∫
0

xsy(s)ds = 2 + 0.1(x2 − x) +
4

9
x, x ∈ [0; 2],

y(x) = x2 + x, x ∈ [−1; 0], y(2) = 6.
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Òî÷íèé ðîçâ'ÿçîê y(x) áóëî çíàéäåíî ìåòîäîì êðîêiâ:

y(x) = x2 + x.

Íàáëèæåíèé ðîçâ'ÿçîê y80S (x) îäåðæàíî íà 3-é iòåðàöi¨ ïðè 80 òî÷êàõ ðîçáèòòÿ

âiäðiçêà.

x y(x) y80S (x) ∆80
S

0.5 0.75 0.75345 0.00345

1 2 2.00553 0.00553

1.5 3.75 3.75487 0.00487

Òàáë. 5.3

Ïðèêëàä 5.4. Ðîçãëÿíåìî êðàéîâó çàäà÷ó:

y′′(x) = −αy′
(
x− π

2

)
+

π
2∫

0

y
(
t− π

2

)
dt+ cosx, x ∈

[
0;
π

2

]
,

y(x) = sinx+ 1, y′(x) = cos x, x ≤ 0,

y
(π

2

)
= 2.25.

Ïðè α = 0.25 âèêîíó¹òüñÿ óìîâà òåîðåìè, îñêiëüêè θ ≈ 0.695 < 1. Òî÷íèé

ðîçâ'ÿçîê äàíî¨ êðàéîâî¨ çàäà÷i y(x) áóëî çíàéäåíî ìåòîäîì êðîêiâ:

y(x) = 0.25 sinx− cosx+
(π

2
− 1
) x2

2
+
π

4

(
1− π

2

)
x+ 2.

Íàáëèæåíèé ðîçâ'ÿçîê y20S (x) îäåðæàíî íà 2-é iòåðàöi¨ ïðè 20 òî÷êàõ ðîçáèòòÿ

âiäðiçêà.

5.2.3 Íåëiíiéíà êðàéîâà çàäà÷à iç çàïiçíåííÿì

Ïðèêëàä 5.5. Ðîçãëÿíåìî êðàéîâó çàäà÷ó:

y′′(x) = − 1

16
sin y(x)− (x+ 1)y(x− 1) + x, x ∈ [0; 2],

y(x) = x− 1

2
, x ∈ [−1; 0], y(2) = −1

2
.
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x y(x) y20S (x) ∆20
S

π
8

1.03976 1.03971 0.00005

π
4

1.29362 1.29354 0.00008

3π
8

1.71625 1.71618 0.00007

Òàáë. 5.4

Íàáëèæåíèé ðîçâ'ÿçîê yt(x) áóëî çíàéäåíî ìåòîäîì ñòðiëüáè ç êðîêîì

h = 2−11 ó ïðàöi [61]. Íàáëèæåíèé ðîçâ'ÿçîê y500E (x) çíàéäåíèé çà äîïîìîãîþ

àïðîêñèìàöi¨ ðiâíÿííÿ iç çàïiçíåííÿì ñèñòåìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü ðîçìiðíîñòi 500 ó ïðàöi [95]. Íàáëèæåíi ðîçâ'ÿçêè y12S (x) òà y8S(x)

îäåðæàíî íà 5-é iòåðàöi¨ ìåòîäó ñïëàéí-êîëîêàöié ïðè 12 (h = 1
6) òà 8 (h = 1

4)

òî÷êàõ ðîçáèòòÿ âiäðiçêà âiäïîâiäíî.

Îòðèìàíi ðåçóëüòàòè íàâåäåíî â òàáëèöi 5.5.

x yt(x) y500E (x) ∆E y12S (x) ∆12
S y8S(x) ∆8

S

0.5 -1.543053 -1.54588 0.00283 -1.546113 0.00306 -1.542899 0.00015

1 -2.081821 -2.08728 0.00546 -2.085491 0.00367 -2.081140 0.00068

1.5 -1.962343 -1.96551 0.00317 -1.964773 0.00243 -1.960895 0.00145

Òàáë. 5.5

Îäíàêîâi çà òî÷íiñòþ ðåçóëüòàòè îäåðæàíî ìåòîäîì ñïëàéí-êîëîêàöié ïðè

çíà÷íî ìåíøèõ îá÷èñëþâàëüíèõ çàòðàòàõ.

5.3 Âèñíîâêè äî ðîçäiëó 5

Ó äàíîìó ðîçäiëi îïèñàíî ïðèêëàäíå ïðîãðàìíå çàáåçïå÷åííÿ, ðîçðîáëåíå

äëÿ ìîäåëþâàííÿ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì òà íåéòðàëüíîãî òèïiâ. Êðîñïëà-

òôîðìåííå ïðîãðàìíå çàáåçïå÷åííÿ ñòâîðåíî çàñîáàìè ìîâè JavaScript iç âè-

êîðèñòàííÿì òåõíîëîãi¨ NodeJS òà ôðåéìâîðêó NW.js, ÿêèé äà¹ çìîãó íà-
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äàòè ïðîãðàìi çðó÷íèé êîðèñòóâàöüêèé iíòåðôåéñ äëÿ ââåäåííÿ ïàðàìåòðiâ

ðiçíîãî òèïó. Çäiéñíåíî âiçóàëiçàöiþ îòðèìàíèõ ðåçóëüòàòiâ òà ïîðiâíÿííÿ iç

òî÷íèìè ðîçâ'ÿçêàìè êðàéîâèõ çàäà÷. ×èñëîâi åêñïåðèìåíòè äëÿ òåñòîâèõ

ìîäåëüíèõ ïðèêëàäiâ ïiäòâåðäæóþòü íàâåäåíi â äèñåðòàöiéíié ðîáîòi òåîðå-

òè÷íi ðåçóëüòàòè.

Ó ïiäðîçäiëi 5.1 ðîçãëÿíóòî ïðîãðàìíèé iíòåðôåéñ êîðèñòóâà÷à òà ïàðà-

ìåòðè, ÿêi ìîæíà çàäàâàòè.

Ó ïiäðîçäiëi 5.2 îïèñàíî ðåçóëüòàòè ÷èñëîâèõ åêñïåðèìåíòiâ, ïðîâåäåíèõ

íà òåñòîâèõ ìîäåëüíèõ ïðèêëàäàõ äëÿ ðiçíèõ êëàñiâ êðàéîâèõ çàäà÷.
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ÂÈÑÍÎÂÊÈ

Äèñåðòàöiþ ïðèñâÿ÷åíî äîñëiäæåííþ äîñòàòíiõ óìîâ iñíóâàííÿ òà íà-

áëèæåíîìó çíàõîäæåííþ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-

ðiçíèöåâèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì òà íåéòðàëü-

íîãî òèïó çà äîïîìîãîþ ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ äåôåêòó 2.

Îäåðæàíî çîáðàæåííÿ iíòåðïîëÿöiéíîãî êóái÷íîãî ñïëàéíó äåôåêòó 2 òà

äîñëiäæåíî óìîâè, ÿêi çàáåçïå÷óþòü ìîæëèâiñòü éîãî ïîáóäîâè.

Ó ðîáîòi äîñëiäæóþòüñÿ ÿê ëiíiéíi, òàê i íåëiíiéíi êðàéîâi çàäà÷i äëÿ

äèôåðåíöiàëüíî-ðiçíèöåâèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç àðãóìåí-

òîì, ùî âiäõèëÿ¹òüñÿ.

Âèçíà÷åíî ôóíêöiîíàëüíèé ïðîñòið, ÿêîìó íàëåæàòü ðîçâ'ÿçêè ðîçãëÿíó-

òèõ êðàéîâèõ çàäà÷, äîñëiäæåíî âëàñòèâîñòi ãëàäêîñòi ðîçâ'ÿçêiâ çàëåæíî

âiä ñòðóêòóðè âiäõèëåíü àðãóìåíòó. Ìåòîäîì ñòèñëèõ âiäîáðàæåíü âñòàíîâ-

ëåíî ëåãêi äëÿ ïðàêòè÷íî¨ ïåðåâiðêè êîåôiöi¹íòíi äîñòàòíi óìîâè iñíóâàííÿ

ðîçâ'ÿçêó òàêèõ çàäà÷, ïîáóäîâàíî òà îá ðóíòîâàíî iòåðàöiéíi ñõåìè çíàõî-

äæåííÿ ¨õ ðîçâ'ÿçêó çà äîïîìîãîþ àïðîêñèìàöi¨ êóái÷íèìè ñïëàéíàìè äåôå-

êòó 2. Âñòàíîâëåíî êîåôiöi¹íòíi óìîâè, ùî çàáåçïå÷óþòü çáiæíiñòü iòåðàöié-

íîãî ïðîöåñó.

Äëÿ ïðàêòè÷íî¨ ðåàëiçàöi¨ ïîáóäîâàíèõ iòåðàöiéíèõ ñõåì iíòåãðàëüíi äî-

äàíêè îá÷èñëþþòüñÿ çà äîïîìîãîþ êâàäðàòóðíèõ ôîðìóë.

Ðîçðîáëåíî ïðèêëàäíå ïðîãðàìíå çàáåçïå÷åííÿ äëÿ ìîäåëþâàííÿ êðàéî-

âèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâ-

íÿíü iç çàïiçíåííÿì òà íåéòðàëüíîãî òèïiâ. Êðîñïëàòôîðìåííå ïðîãðàìíå

çàáåçïå÷åííÿ ñòâîðåíî çàñîáàìè ìîâè JavaScript iç âèêîðèñòàííÿì òåõíîëî-

ãi¨ NodeJS òà ôðåéìâîðêó NW.js, ÿêèé äà¹ çìîãó íàäàòè ïðîãðàìi çðó÷íèé

êîðèñòóâàöüêèé iíòåðôåéñ äëÿ ââåäåííÿ ïàðàìåòðiâ ðiçíîãî òèïó. Çäiéñíå-

íî âiçóàëiçàöiþ îòðèìàíèõ ðåçóëüòàòiâ òà ïîðiâíÿííÿ ç òî÷íèìè ðîçâ'ÿçêàìè
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êðàéîâèõ çàäà÷. ×èñëîâi åêñïåðèìåíòè äëÿ òåñòîâèõ ìîäåëüíèõ ïðèêëàäiâ

ïiäòâåðäæóþòü íàâåäåíi â äèñåðòàöiéíié ðîáîòi òåîðåòè÷íi ðåçóëüòàòè.
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Math. Pures Appl. — 1928. — Vol. 7. — Pp. 249–298.

31. Cushing J. M. Integrodifferential equations and delay models in population dynamics /

J. M. Cushing // Lecture Notes in Biomathematics. Vol. 20. — Berlin–Heidelberg–New

York : Springer Verlag, 1977.

32. Burton T. A. Volterra integral and differential equations. Second edition / T. A. Burton //

Mathematics in Science and Engineering. Vol. 202. — Amsterdam : Elsevier Science,

2005.

33. Àíäðååâà Å. À. Îïòèìàëüíîå óïðàâëåíèå ñèñòåìàìè, îïèñûâàåìûìè èíòåãðàëüíûìè

è èíòåãðî-äèôôåðåíöèàëüíûìè óðàâíåíèÿìè / Å. À. Àíäðååâà, Ì. Äæäååä. � Òâåðü :

ÒâÃÓ, 2003. � 100 ñ.

34. Miller R. K. Asymptotic stability properties of linear Volterra integrodifferential equa-

tions / R. K. Miller // J. Differential Equations. — 1971. — Vol. 10, no. 3. — Pp. 485–

506.

35. Tunc C. Properties of Solutions to Volterra Integro-Differential Equations with Delay /

C. Tunc // Appl. Math. Inf. Sci. — 2016. — Vol. 10, no. 5. — Pp. 1775–1780.

36. Fu X. Existence of solutions for neutral integro-differential equations with state-dependent

delay / X. Fu, R. Huang // Appl. Math. Comp. — 2013. — Vol. 224. — Pp. 743–759.

148



37. Ardjouni A. Fixed points and stability in nonlinear neutral Volterra integro-differential

equations with variable delays / A. Ardjouni, A. Djoudi // Electronic Journal of Quali-

tative Theory of Differential Equations. — 2013. — No. 28. — Pp. 1–13.

38. Brunner H. Optimal superconvergence results for delay integro-differential equations of

pantograph type / H. Brunner, Q. Hu // SIAM J. Numer. Anal. — 2007. — Vol. 45,

no. 3. — Pp. 986–1004.

39. Brunner H. Geometric meshes in collocation methods for Volterra integral equations with

proportional delays / H. Brunner, Q. Hu, Q. Lin // IMA J. Numer. Anal. — 2001. —

Vol. 21, no. 4. — Pp. 783–798.

40. Brunner H. Stability of solutions of delay functional integro-differential equations and

their discretizations / H. Brunner, R. Vermiglio // Computing. — 2003. — Vol. 71,

no. 3. — Pp. 229–245.

41. Brunner H. Recent advances in the numerical analysis of Volterra functional differential

equations with variable delays / H. Brunner // J. Comput. Appl. Math. — 2009. —

Vol. 228, no. 2. — Pp. 524–537.

42. Arikoglu A. Solution of boundary value problems for integro-differential equations by

using differential transform method / A. Arikoglu, I. Ozkol // Appl. Math. Comput. —

2005. — Vol. 168, no. 2. — Pp. 1145–1158.

43. Moghimi M. B. Solving a Class of Nonlinear Delay Integro–differential Equations by Using

Differential Transformation Method / M. B. Moghimi, A. Borhanifar // Applied and

Computational Mathematics. — 2016. — Vol. 5, no. 3. — Pp. 142–149.

44. Àíäðååâà Å. À. Îïòèìàëüíîå óïðàâëåíèå â ìîäåëè õèùíèê-æåðòâà ñ ó÷åòîì ñîñðå-

äîòî÷åííîãî è ðàñïðåäåëåííîãî çàïàçäûâàíèÿ / Å. À. Àíäðååâà, È. Ñ. Ìàçóðîâà //

Ôóíäàìåíòàëüíûå èññëåäîâàíèÿ. � 2014. � Ò. 9, � 6. � Ñ. 1220�1224.

45. Áåëëìàí Ð. Êâàçèëèíåàðèçàöèÿ è íåëèíåéíûå êðàåâûå çàäà÷è / Ð. Áåëëìàí, Ð. Êà-

ëàáà. � Ì. : Ìèð, 1968. � 186 ñ.

46. Âàñèëüåâ Í. È. Îñíîâû òåîðèè êðàåâûõ çàäà÷ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé / Í. È. Âàñèëüåâ, Þ. À. Êëîêîâ. � Ðèãà : Çèíàòíå, 1978. � 189 ñ.

47. Ãóäêîâ Â. Â. Äâóõòî÷å÷íûå êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé / Â. Â. Ãóäêîâ, Þ. À. Êëîêîâ, À. ß. Ëåïèí, Â. Ä. Ïîíîìàðåâ. � Ðèãà :

Çèíàòíå, 1973. � 135 ñ.

149



48. Keller H. B. Numerical methods for two-point boundary-value problems / H. B. Keller. —

Waltham : Blaisdell, 1968. — 184 pp.

49. Ñàìîéëåíêî À. Ì. ×èñëåííî-àíàëèòè÷åñêèå ìåòîäû èññëåäîâàíèÿ ðåøåíèÿ êðàåâûõ

çàäà÷ / À. Ì. Ñàìîéëåíêî, Í. È. Ðîíòî. � Ê. : Íàóêîâà äóìêà, 1985. � 224 ñ.

50. Áîé÷óê À. À. Êîíñòðóêòèâíûå ìåòîäû àíàëèçà êðàåâûõ çàäà÷ / À. À. Áîé÷óê. � Ê. :

Íàóêîâà äóìêà, 1990. � 96 ñ.

51. Ìàðèíåöü Â. Â. Òåîðiÿ êðàéîâèõ çàäà÷ äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü:

Íàâ÷. Ïîñiá. / Â. Â. Ìàðèíåöü, Â. Ë. Ðåãî, Ê. Â. Ìàðèíåöü. � Óæãîðîä : Âèä-òâî

ÓæÍÓ �Ãîâåðëà�, 2013. � 196 ñ.

52. Graef J. R. Ordinary Differential Equations and Boundary Value Problems. Vol. 1.

Advanced Ordinary Differential Equations / J. R. Graef, J. Henderson, L. Kong, X. S.

Liu. — 2018. — 176 pp.

53. Êàìåíñêèé Ã. À. Êðàåâàÿ çàäà÷à äëÿ íåëèíåéíûõ óðàâíåíèé ñ îòêëîíÿþùèìñÿ àð-

ãóìåíòîì / Ã. À. Êàìåíñêèé // Íàó÷í. äîêë. âûñø. øêîëû. Ôèç.-ìàòåì. íàóêè. �

1958. � � 2. � Ñ. 60�66.

54. Êàìåíñêèé Ã. À. Î åäèíñòâåííîñòè ðåøåíèÿ êðàåâîé çàäà÷è äëÿ íåëèíåéíîãî äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà íåéòðàëüíîãî òèïà ñ îòêëîíÿþùèìñÿ

àðãóìåíòîì / Ã. À. Êàìåíñêèé // Òðóäû ñåìèíàðà ïî òåîðèè äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ îòêëîíÿþùèìñÿ àðãóìåíòîì. Ò. 4. � Ì. : Óíèâåðñèòåò äðóæáû íàðîäîâ,

1967. � Ñ. 275�277.

55. Grim L. J. Boundary value problems for delay-differential equations / L. J. Grim, K.

Schmitt // Bull. Amer. Math. Soc. — 1968. — Vol. 74, no. 5. — Pp. 997–1000.

56. Ïðàñîëîâ À. Â. Äèíàìè÷åñêèå ìîäåëè ñ çàïàçäûâàíèåì è èõ ïðèëîæåíèÿ â ýêîíîìèêå

è èíæåíåðèè / À. Â. Ïðàñîëîâ. � ÑÏá. : Èçä-âî �Ëàíü�, 2010. � 192 ñ.

57. Êàìåíñêèé Ã. À. Êðàåâûå çàäà÷è ñ áåñêîíå÷íûì äåôåêòîì äëÿ äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ îòêëîíÿþùèìñÿ àðãóìåíòîì / Ã. À. Êàìåíñêèé, À. Ä. Ìûøêèñ // Äèô-

ôåðåíö. óðàâíåíèÿ. � 1971. � Ò. 7, � 12. � Ñ. 2143�2150.

58. Êàìåíñêèé Ã. À. Êðàåâûå çàäà÷è äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ

îòêëîíÿþùèìñÿ àðãóìåíòîì íåéòðàëüíîãî òèïà / Ã. À. Êàìåíñêèé, À. Ä. Ìûøêèñ //

Äèôôåðåíö. óðàâíåíèÿ. � 1972. � Ò. 8, � 12. � Ñ. 2171�2179.

150



59. Grim L. J. Boundary value problems for differential equations with deviating arguments /

L. J. Grim, K. Schmitt // Aequationes Math. — 1970. — Vol. 4, no. 1. — Pp. 176–190.

60. Ãåðøìàí Þ. À. Ê ïîñòàíîâêå êðàåâûõ çàäà÷ ñ áåñêîíå÷íûì äåôåêòîì äëÿ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé ñ îòêëîíÿþùèìñÿ àðãóìåíòîì / Þ. À. Ãåðøìàí, À. Ä.

Ìûøêèñ // Äèôôåðåíö. óðàâíåíèÿ. � 1971. � Ò. 7, � 11. � Ñ. 1992�1997.

61. Nevers K. An application of the shooting method to boundary value problems for second

order delay equations / K. Nevers, K. Schmitt // J. Math. Anal. Appl. — 1971. —

Vol. 36, no. 3. — Pp. 588–597.

62. Eloe P. W. Existence, uniqueness and constructive results for delay differential equations /

P. W. Eloe, Y. N. Raffoul, C. C. Tisdell // Electronic Journal of Differential Equations. —

2005. — Vol. 2005, no. 121. — Pp. 1–11.

63. Õîëë Ä. Ñîâðåìåííûå ÷èñëåííûå ìåòîäû ðåøåíèÿ îáûêíîâåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé / Ä. Õîëë, Ä. Óàòò. � Ì. : Ìèð, 1979. � 312 ñ.

64. Bellen A. One-step collocation for delay differential equations / A. Bellen // J. Comp.

Appl. Math. — 1984. — Vol. 10, no. 3. — Pp. 275–283.

65. Houwen P. J. van der Stability in linear multistep methods for pure delay equations /

P. J. van der Houwen, B. P. Sommeijer // J. Comp. Appl. Math. — 1984. — Vol. 10,

no. 1. — Pp. 55–63.

66. Jackiewicz Z. One step methods for neutral delay differentual equations with state depend

delays / Z. Jackiewicz // Zastos. Math. — 1990. — Vol. 20, no. 1. — Pp. 445–463.

67. Jackiewicz Z. The numerical solution of functional differential equations: A survey / Z.

Jackiewicz, M. Kwapisz // Mat. Stos. — 1991. — Vol. 33, no. 1. — Pp. 57–78.

68. Bellen A. Numerical methods for delay differential equations / A. Bellen, M. Zennaro. —

New York : Clarendon Press, 2003. — 416 pp.

69. Cryer C. W. Numerical methods for functional differential equations / C. W. Cryer //

Delay and Functional Differential Equations and their Applications. — New York : Aca-

demic Press, 1972. — Pp. 17–101.

70. Kuang J. Stability of Numerical Methods for Delay Differential Equations / J. Kuang,

Y. Cong. — Elsevier Science, 2007. — 295 pp.

151



71. Ìûøêèñ À. Ä. Î íåêîòîðûõ ïðîáëåìàõ òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ

îòêëîíÿþùèìñÿ àðãóìåíòîì / À. Ä. Ìûøêèñ // ÓÌÍ. � 1977. � Ò. 32, � 2. �

Ñ. 173�202.

72. Êàìåíñêèé Ã. À. Î ìåòîäå êîëëîêàöèé äëÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé ñ îòêëîíÿþùèìñÿ àðãóìåíòîì / Ã. À. Êàìåíñêèé, Ý. Ä. Êîíîíåíêî // Òð. Ìîñê.

àâèàö. èí-òà. � 1975. � � 379. � Ñ. 65�70.

73. Êàìåíñêèé Ã. À. Î ïðèìåíåíèè ìåòîäà êîëëîêàöèè ê êðàåâîé çàäà÷å äëÿ ëèíåéíîãî

óðàâíåíèÿ ñ îòêëîíÿþùèìñÿ àðãóìåíòîì íåéòðàëüíîãî òèïà / Ã. À. Êàìåíñêèé, Ý. Ä.

Êîíîíåíêî // Óêð. ìàò. æóðí. � 1977. � Ò. 29, � 3. � Ñ. 306�312.

74. Ëó÷êà À. Þ. Ïðîåêöèîííî-èòåðàòèâíûå ìåòîäû / À. Þ. Ëó÷êà. � Ê. : Íàóê. äóìêà,

1993. � 288 ñ.

75. Ñàìîéëåíêî À. Ì. ×èñëåííî-àíàëèòè÷åñêèå ìåòîäû èññëåäîâàíèÿ ïåðèîäè÷åñêèõ ðå-

øåíèé / À. Ì. Ñàìîéëåíêî, Í. È. Ðîíòî. � Ê. : Âèùà øêîëà, 1976. � 180 ñ.

76. Ñàìîéëåíêî À. Ì. Ïåðiîäè÷íi ðîçâ'ÿçêè àâòîíîìíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç çà-

ïiçíåííÿì / À. Ì. Ñàìîéëåíêî, Ë. Â. Ñòåëüìàùóê // Íåëiíiéíi êîëèâàííÿ. � 2000. �

Ò. 3, � 4. � Ñ. 526�534.

77. Êîðîëü I. I. Ïåðiîäè÷íi ðîçâ'ÿçêè ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì /

I. I. Êîðîëü // Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó: çá. íàóê. ïðàöü. �

2008. � Ò. 421, Ìàòåìàòèêà. � Ñ. 50�56.

78. Korol I. I. Numerical-analytic method for investigating boundary value problems for im-

pulsive differential equations / I. I. Korol // Miskolc Mathematical Notes. — 2008. —

Vol. 9, no. 2. — Pp. 99–110.

79. Àëáåðã Ä. Òåîðèÿ ñïëàéíîâ è å¼ ïðèëîæåíèÿ / Ä. Àëáåðã, Ý. Íèëüñîí, Ä. Óîëø. �

Ì. : Ìèð, 1972. � 316 ñ.

80. Çàâüÿëîâ Þ. Ñ. Ìåòîäû ñïëàéí-ôóíêöèé / Þ. Ñ. Çàâüÿëîâ, Á. È. Êâàñîâ, Â. Ë.

Ìèðîøíè÷åíêî. � Ì. : Íàóêà, 1980. � 350 ñ.

81. Äå Áîð Ê. Ïðàêòè÷åñêîå ðóêîâîäñòâî ïî ñïëàéíàì / Ê. Äå Áîð. � Ì. : Ðàäèî è ñâÿçü,

1985. � 304 ñ.

82. Banks H. T. Spline approximations for functional differential equations / H. T. Banks,

F. Kappel // J. Diff. Eqs. — 1979. — Vol. 34, no. 3. — Pp. 496–522.

152



83. Bellen A. Spline approximations for neutral delay differential equations / A. Bellen, G.

Micula // Revue d’analyse numérique et de théorie de l’approximation. — 1994. — Vol.
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ÄÎÄÀÒÎÊ

Âèòÿã iç êîäó ðîçðîáëåíî¨ ïðîãðàìè

index.js

var app = angular.module('MainApp', []);

app.controller('MainController', ['$scope', function($scope) {

angular.element(document).ready(function(){

$scope.renderEquation();

});

var M_plus;

var M_minus;

var h;

var y;

$scope.tridiagonalSolve = function(a, b, c, d)

{

var n = d.length;

var x = new Array(n);

c[0] /= b[0];

d[0] /= b[0];

for(var i = 1; i < n; i++)

{

var id = 1 / (b[i] - c[i - 1] * a[i]);

c[i] *= id;

d[i] = (d[i] - d[i - 1] * a[i]) * id;

}

x[n - 1] = d[n - 1];

for(var i = n - 2; i >= 0; i--)

x[i] = d[i] - c[i] * x[i + 1];

return x;

}

function section_number(x)

{
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try {

if((x < $scope.a) || (x > $scope.b)) throw "x is not in [" + $scope.a + ";"

+ $scope.b + "] !";

} catch(err) {

console.log(err);

}

var j = parseInt((x - $scope.a) / h);

if (x == $scope.b) return parseInt(($scope.b - $scope.a) / h);

if ((x - $scope.a) % h > 0.000000000001) j++;

return j;

}

$scope.spline = function(x)

{

if(x == $scope.a) return $scope.fi(x);

var j = section_number(x);

var xj = $scope.a + j * h;

var xj_1 = xj - h;

return M_plus[j - 1] * Math.pow(xj - x, 3) / (6 * h) + M_minus[j] * Math.pow(x

- xj_1, 3) / (6 * h) + (y[j - 1] - M_plus[j - 1] * h * h / 6) * (xj - x) /

h + (y[j] - M_minus[j] * h * h / 6) * (x - xj_1) / h;

}

$scope.spline1 = function(x)

{

if(x == $scope.a) return $scope.fi(x);

var j = section_number(x);

var xj = $scope.a + j * h;

var xj_1 = xj - h;

return -M_plus[j - 1] * (xj - x) * (xj - x) / (2 * h) + M_minus[j] * (x - xj_1)

* (x - xj_1) / (2 * h) + (y[j] - y[j - 1]) / h + (M_plus[j - 1] -

M_minus[j]) * h / 6;

}

$scope.spline2 = function(x)

{
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if(x == $scope.a) return $scope.fi2(x);

var j = section_number(x);

var xj = $scope.a + j * h;

var xj_1 = xj - h;

return M_plus[j - 1] * (xj - x) / h + M_minus[j] * (x - xj_1) / h;

}

$scope.findSolution = function()

{

$scope.a = parseFloat($scope.a);

$scope.b = parseFloat($scope.b);

$scope.gamma = parseFloat($scope.gamma);

$scope.eps = parseFloat($scope.eps);

$scope.m = parseInt($scope.m);

h = ($scope.b - $scope.a) / $scope.m;

$scope.status = "h = " + h;

$scope.skipPoints = parseInt($scope.skipPoints);

var M_plus_new = new Array($scope.m+1);

var M_minus_new = new Array($scope.m+1);

M_plus = new Array($scope.m+1);

M_minus = new Array($scope.m+1);

var aa = new Array($scope.m-1);

var bb = new Array($scope.m-1);

var cc = new Array($scope.m-1);

var dd = new Array($scope.m-1);

y = new Array($scope.m+1);

var yy = new Array($scope.m-1);

var yy_prev = new Array($scope.m-1);

var j;

var k = 1;

y[0] = $scope.fi($scope.a);

y[$scope.m] = $scope.gamma;

$scope.values = new Array();

$scope.sideinfo = "";

do
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{

for(j = 0; j <= $scope.m - 1; j++)

{

var x = $scope.a + j * h;

if(k == 1)

{

M_plus[j] = $scope.rightSide(x, $scope.S0, $scope.S01, $scope.S02);

}

else

{

M_plus_new[j] = $scope.rightSide(x, $scope.spline, $scope.spline1,

$scope.spline2);

}

}

for(j = 1; j <= $scope.m; j++)

{

var x = $scope.a + j * h;

if(k == 1)

{

M_minus[j] = $scope.rightSide(x, $scope.S0, $scope.S01, $scope.S02);

}

else

{

M_minus_new[j] = $scope.rightSide(x, $scope.spline, $scope.spline1,

$scope.spline2);

if(x - $scope.tau >= $scope.a)

{

M_plus[j - 1] = M_plus_new[j - 1];

M_minus[j] = M_minus_new[j];

}

}

}

for(j = 0; j <= $scope.m - 2; j++)

{

if(k > 1) yy_prev[j] = yy[j];
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if(j == 0) aa[j] = 0;

else aa[j] = 1;

bb[j] = -2;

if(j == $scope.m - 2) cc[j] = 0;

else cc[j] = 1;

dd[j] = h * h / 6.0 * (M_plus[j] + 2 * M_minus[j + 1] + 2 * M_plus[j + 1]

+ M_minus[j + 2]);

if(j == 0) dd[j] -= y[0];

if(j == $scope.m - 2) dd[j] -= y[$scope.m];

}

yy = $scope.tridiagonalSolve(aa, bb, cc, dd);

for(j = 1; j <= $scope.m - 1; j++)

{

y[j] = yy[j - 1];

}

for(j = 0; j <= $scope.m; j++)

{

if((j % $scope.skipPoints != 0) && (j != $scope.m)) continue;

var x = $scope.a + j * h;

if($scope.showPrecise)

{

var precise = $scope.preciseSolution(x);

var absolute_error = Math.abs(y[j] - precise);

var relative_error = ((precise == 0) || (y[j] == 0)) ? 0 :

(Math.abs(absolute_error / precise) * 100).toFixed(2);

$scope.values.push({

iteration: k,

pointNumber: j,

point: x.toString(),

approximateValue: y[j].toString(),

preciseValue: precise.toString(),

absoluteError: absolute_error.toString(),

relativeError: relative_error.toString() + '%',

});

}

else
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{

$scope.values.push({

iteration: k,

pointNumber: j,

point: x.toString(),

approximateValue: y[j].toString(),

});

}

}

if(k > 1)

{

var max = 0;

for(j = 0; j <= $scope.m - 2; j++)

{

if(Math.abs(yy[j] - yy_prev[j]) > max)

{

max = Math.abs(yy[j] - yy_prev[j]);

}

}

if(max <= $scope.eps) break;

}

k++;

} while(k<=100);

}

$scope.rightSide = function(x,y,y1,y2)

{

var y_or_fi, y_or_fi1, y_or_fi2;

var result = $scope.f(x);

for(var i=0; i<=$scope.n; i++)

{

if(x - $scope.tau_i[i] < $scope.a)

{

y_or_fi = $scope.fi;

y_or_fi1 = $scope.fi1;

y_or_fi2 = $scope.fi2;
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}

else

{

y_or_fi = y;

y_or_fi1 = y1;

y_or_fi2 = y2;

}

result += eval($scope.ai[i]) * y_or_fi(x - $scope.tau_i[i]) +

eval($scope.bi[i]) * y_or_fi1(x - $scope.tau_i[i]);

if($scope.equationType == "neutral")

{

result += eval($scope.ci[i]) * y_or_fi2(x - $scope.tau_i[i]);

}

if($scope.integro == true)

{

result += -1/15 * $scope.integral(x,y,y1,y2,$scope.integrand);

}

}

return result;

}

$scope.S0 = function(x)

{

return ($scope.gamma - $scope.fi($scope.a)) / ($scope.b - $scope.a) * (x -

$scope.a) + $scope.fi($scope.a);

}

$scope.S01 = function(x)

{

return ($scope.gamma - $scope.fi($scope.a)) / ($scope.b - $scope.a);

}

$scope.S02 = function(x)

{

return 0;

}
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$scope.f = function(x)

{

return eval($scope.functions.f);

}

$scope.fi = function(x)

{

return eval($scope.functions.fi);

}

$scope.fi1 = function(x)

{

return eval($scope.functions.fi1);

}

$scope.fi2 = function(x)

{

return eval($scope.functions.fi2);

}

$scope.integral = function(x,y,y1,y2,fun)

{

switch($scope.integrationMethod)

{

case "trapezoidal":

return $scope.trapezoidal(x,y,y1,y2,fun);

break;

case "simpson":

return $scope.simpson(x,y,y1,y2,fun);

break;

}

}

$scope.trapezoidal = function(x,y,y1,y2,fun)

{
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var sum = (fun($scope.a,x,y,y1,y2) + fun($scope.b,x,y,y1,y2)) / 2;

var step = ($scope.b - $scope.a) / $scope.m;

for(var i=0,s=$scope.a+step; i<=$scope.m-1; i++,s+=step)

{

sum += fun(s,x,y,y1,y2);

}

sum *= step;

return sum;

}

$scope.simpson = function(x,y,y1,y2,fun)

{

var sum = fun($scope.a,x,y,y1,y2) - fun($scope.b,x,y,y1,y2);

var step = ($scope.b - $scope.a) / (2 * $scope.m);

var e = 1;

for(var i=1; i<=2*$scope.m-1; i++)

{

sum += (3+e) * fun($scope.a + i * step,x,y,y1,y2);

e = -e;

}

sum *= step/3;

return sum;

}

$scope.integrand = function(s,x,y,y1,y2)

{

var y_or_fi, y_or_fi1, y_or_fi2;

var result = 0;

for(var i=0; i<=$scope.n; i++)

{

if(s - $scope.tau_i[i] < $scope.a)

{

y_or_fi = $scope.fi;

y_or_fi1 = $scope.fi1;
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y_or_fi2 = $scope.fi2;

}

else

{

y_or_fi = y;

y_or_fi1 = y1;

y_or_fi2 = y2;

}

result += eval($scope.Ki0[i]) * y_or_fi(s - $scope.tau_i[i]) +

eval($scope.Ki1[i]) * y_or_fi1(s - $scope.tau_i[i]);

if($scope.equationType == "neutral")

{

result += eval($scope.Ki2[i]) * y_or_fi2(s - $scope.tau_i[i]);

}

}

return result;

}

$scope.preciseSolution = function(x)

{

return eval($scope.functions.preciseSolution);

}

$scope.openFile = function() {

var chooser = $('#openFileDialog');

chooser.unbind('change');

chooser.change(function(evt) {

var fs = require('fs');

var inFile = fs.createReadStream($(this).val());

$scope.parseXmlParams(inFile);

});

chooser.trigger('click');

}

$scope.saveFile = function() {

var chooser = $('#saveFileDialog');
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chooser.unbind('change');

chooser.change(function(evt) {

var fs = require('fs');

fs.writeFile(

$(this).val(),

$scope.generateXmlParams(),

function(err) {

if(err) {

console.log(err);

}

}

);

});

chooser.trigger('click');

}

$scope.generateXmlParams = function() {

var jstoxml = require('jstoxml');

return jstoxml.toXML({

params: [

{_name: 'param', _attrs: {name: 'linearity', value: $scope.linearity}},

{_name: 'param', _attrs: {name: 'equationType', value:

$scope.equationType}},

{_name: 'param', _attrs: {name: 'integro', value: $scope.integro}},

{_name: 'param', _attrs: {name: 'a', value: $scope.a}},

{_name: 'param', _attrs: {name: 'b', value: $scope.b}},

{_name: 'param', _attrs: {name: 'm', value: $scope.m}},

{_name: 'param', _attrs: {name: 'n', value: $scope.n}},

{_name: 'param', _attrs: {name: 'ai', value: $scope.ai}},

{_name: 'param', _attrs: {name: 'bi', value: $scope.bi}},

{_name: 'param', _attrs: {name: 'ci', value: $scope.ci}},

{_name: 'param', _attrs: {name: 'Ki0', value: $scope.Ki0}},

{_name: 'param', _attrs: {name: 'Ki1', value: $scope.Ki1}},

{_name: 'param', _attrs: {name: 'Ki2', value: $scope.Ki2}},

{_name: 'param', _attrs: {name: 'gamma', value: $scope.gamma}},

{_name: 'param', _attrs: {name: 'eps', value: $scope.eps}},
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{_name: 'param', _attrs: {name: 'tau_i', value: $scope.tau_i}},

{_name: 'param', _attrs: {name: 'sigma_i', value: $scope.sigma_i}},

{_name: 'param', _attrs: {name: 'skipPoints', value: $scope.skipPoints}},

{_name: 'param', _attrs: {name: 'showPrecise', value:

$scope.showPrecise}},

{_name: 'param', _attrs: {name: 'integrationMethod', value:

$scope.integrationMethod}},

{_name: 'function', _attrs: {name: 'f', value: $scope.functions.f}},

{_name: 'function', _attrs: {name: 'fi', value: $scope.functions.fi}},

{_name: 'function', _attrs: {name: 'fi1', value: $scope.functions.fi1}},

{_name: 'function', _attrs: {name: 'fi2', value: $scope.functions.fi2}},

{_name: 'function', _attrs: {name: 'preciseSolution', value:

$scope.functions.preciseSolution}},

]

}, {indent: ' '});

}

$scope.parseXmlParams = function(stream) {

var flow = require('xml-flow');

var xmlStream = flow(stream);

xmlStream.on('tag:param', function(param) {

$scope[param.name] = param.value;

});

xmlStream.on('tag:function', function(param) {

$scope.functions[param.name] = param.value;

});

xmlStream.on('end', function() {

$scope.$apply();

});

}
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