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Òåìà 1. ÐIÂÍßÍÍß Ç ÂIÄÎÊÐÅÌËÞÂÀÍÈÌÈ
ÇÌIÍÍÈÌÈ ÒÀ ÇÂIÄÍI ÄÎ ÍÈÕ

Ïðîöåñè, ÿêi âiäáóâàþòüñÿ â îòî÷óþ÷îìó íàñ ñåðåäîâèùi,
îïèñóþòüñÿ äèôåðåíöiàëüíèìè ðiâíÿííÿìè. ßêùî ìè ïðè ìî-
äåëþâàííi ïðîöåñó âèäiëÿ¹ìî îäèí ïàðàìåòð, òî îäåðæó¹ìî
çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ. Âèäiëåííÿ äâîõ àáî áiëü-
øå ïàðàìåòðiâ ïðè îïèñàííi ïðèðîäíè÷èõ ïðîöåñiâ ïðèâîäèòü
äî äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.

Äèôåðåíöiàëüíèì ðiâíÿííÿì ïåðøîãî ïîðÿäêó (ðîçâ'ÿçà-
íèì âiäíîñíî ïîõiäíî¨) íàçèâà¹òüñÿ ðiâíÿííÿ âèãëÿäó

dy

dx
= f(x, y), (1)

äå f � çàäàíà ôóíêöiÿ çìiííèõ (x, y) ∈ D (D � îáëàñòü â
R2), x � íåçàëåæíà çìiííà, y = y(x) � íåâiäîìà ôóíêöiÿ.
Ðîçâ'ÿçàòè ðiâíÿííÿ (1) îçíà÷à¹ çíàéòè òàêó äèôåðåíöiéîâíó
íà iíòåðâàëi x ∈ (α, β) ôóíêöiþ y = φ(x), ùî (x, φ(x)) ∈ D
ïðè x ∈ (α, β) i

dφ(x)

dx
≡ f(x, φ(x)) ∀ x ∈ (α, β).

Íåõàé òî÷êà (x0, y0) íàëåæèòü D. Çàäà÷à âiäøóêàííÿ
ðîçâ'ÿçêó y = φ(x) ðiâíÿííÿ (1), ÿêèé çàäîâîëüíÿ¹ óìîâó
φ(x0) = y0, íàçèâà¹òüñÿ çàäà÷åþ Êîøi. Âiäïîâiäü íà ïèòàííÿ
ïðî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i Êîøi äà¹ íàñòóïíà
òåîðåìà.

Òåîðåìà Ïiêàðà. Íåõàé: 1) f(x, y) âèçíà÷åíà i íåïåðåðâ-
íà â ïðÿìîêóòíèêó Π = {(x, y) : |x − x0| ≤ a, |y − y0| ≤ b}; 2)
iñíó¹ òàêå ÷èñëî L > 0, ùî äëÿ áóäü-ÿêî¨ ïàðè òî÷îê (x, y1) i
(x, y2) ïðÿìîêóòíèêà Π ñïðàâäæó¹òüñÿ íåðiâíiñòü

|f(x, y1)− f(x, y2)| ≤ L|y1 − y2|.
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Òîäi íà âiäðiçêó [x0 − h, x0 + h], äå h = min

{
a;

b

M

}
,(

M = max
Π

|f(x, y)|
)

iñíó¹ ¹äèíèé íåïåðåðâíî äèôåðåíöiéîâ-

íèé ðîçâ'ÿçîê y = φ(x) ðiâíÿííÿ (1), ÿêèé çàäîâîëüíÿ¹ ïî-
÷àòêîâó óìîâó φ(x0) = y0.

Çàäà÷à ïðàêòè÷íîãî âiäøóêàííÿ âñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ
(1) ÷àñòî áóâà¹ äóæå ñêëàäíîþ. Ïðîòå â äåÿêèõ ÷àñòèííèõ
âèïàäêàõ âäà¹òüñÿ âêàçàòè äîñèòü ïðîñòi ìåòîäè ïîáóäîâè
ðîçâ'ÿçêiâ. Ó ïåðøó ÷åðãó öå ñòîñó¹òüñÿ äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ

dy

dx
= f1(x) · f2(y) (2)

ç íåïåðåðâíèìè ïðè x ∈ (α, β) i y ∈ (α1, β1) ôóíêöiÿìè f1(x) i
f2(y). Ðiâíÿííÿ (2) íàçèâà¹òüñÿ ðiâíÿííÿì ç âiäîêðåìëþâàíè-
ìè çìiííèìè. ßêùî f2(y) ̸= 0 ∀ y ∈ (α1, β1), òî (2) åêâiâàëåí-
òíå ðiâíÿííþ

dy

f2(y)
= f1(x)dx,

iíòåãðóâàííÿ ÿêîãî âåäå äî ðiâíîñòi

F2(y) = F1(x) + C. (3)

Òóò F1(x) i F2(y) � ïåðâiñíi ôóíêöié f1(x) i
1

f2(y)
, C � äî-

âiëüíà ñòàëà. Ñïiââiäíîøåííÿ (3) çàäà¹ âñi ðîçâ'ÿçêè ðiâíÿííÿ
(2) â íåÿâíîìó âèãëÿäi i éîãî íàçèâàþòü çàãàëüíèì iíòåãðà-
ëîì ðiâíÿííÿ (2). Çàçíà÷èìî, ùî êîëè f2(y) ïåðåòâîðþ¹òüñÿ
íà íóëü ó äåÿêèõ òî÷êàõ yk ∈ (α1, β1), k = 1, n, òî (2) ìà¹
òàêîæ ðîçâ'ÿçêè y = yk, k = 1, n.

Äî ðiâíÿííÿ ç âiäîêðåìëþâàíèìè çìiííèìè çâîäèòüñÿ ðiâ-
íÿííÿ âèãëÿäó y′ = f(a1x+ b1y + c1), äå a1, b1, c1 � ñòàëi. Äëÿ
öüîãî äîñèòü çàìiñòü íåâiäîìî¨ ôóíêöi¨ y(x) ââåñòè íîâó íåâi-
äîìó ôóíêöiþ z(x) = a1x+ b1y+ c1, âíàñëiäîê ÷îãî îäåðæèìî
ðiâíÿííÿ z′ = b1f(z) + a1.
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Ðiâíÿííÿ (1) íàçèâà¹òüñÿ îäíîðiäíèì, ÿêùî f(x, y) � îäíî-
ðiäíà ôóíêöiÿ íóëüîâîãî ñòåïåíÿ, òîáòî f(tx, ty) = f(x, y) äëÿ
âñiõ t > 0. Îäíîðiäíå ðiâíÿííÿ ëåãêî çâåñòè äî ðiâíÿííÿ ç âiä-
îêðåìëþâàíèìè çìiííèìè øëÿõîì çàìiíè y = xz, äå z = z(x)
� íîâà íåâiäîìà ôóíêöiÿ. Ó ñâîþ ÷åðãó äî îäíîðiäíîãî ðiâíÿ-
ííÿ çâîäèòüñÿ ðiâíÿííÿ âèãëÿäó

y′ = f

(
a1x+ b1y + c1
a2x+ b2y + c2

)
(4)

ïðè óìîâi, ùî a1b2 − a2b1 ̸= 0. Äëÿ öüîãî äîñèòü ïðèïóñòèòè
â (4) x = ξ + x0, y = η + y0, äå x0, y0 � ðîçâ'ÿçîê ñèñòåìè
àëãåáðà¨÷íèõ ðiâíÿíü

a1x0 + b1y0 + c1 = 0, a2x0 + b2y0 + c2 = 0.

ßêùî æ a1b2 − a2b1 = 0 , òî (4) çâîäèòüñÿ äî ðiâíÿííÿ ç âiä-
îêðåìëþâàíèìè çìiííèìè çà äîïîìîãîþ çàìiíè z = a1x + b1y
(àáî z = a1x+ b1y + c1).

Ðiâíÿííÿ (1) ìîæíà ïåðåòâîðèòè â ðiâíÿííÿ ç âiäîêðåì-
ëþâàíèìè çìiííèìè i â òîìó âèïàäêó, êîëè iñíó¹ òàêå äiéñíå
÷èñëî σ, ùî

f(tx, tσy) = tσ−1f(x, y) ∀ t > 0. (5)

Ïðè öüîìó (1) íàçèâàþòü êâàçiîäíîðiäíèì ðiâíÿííÿì, à âiä-
ïîâiäíà çàìiíà ìà¹ âèãëÿä y = xσz ïðè x > 0 i y = (−x)σz ïðè
x < 0.

Ïðèêëàä 1. Ðîçâ'ÿçàòè çàäà÷ó Êîøi

xy′ + y = y2, y(1) = 2.

Ðîçâ'ÿçàííÿ. Ðiâíÿííÿ xy′ = y2 − y ¹ ðiâíÿííÿì ç âiä-
îêðåìëþâàíèìè çìiííèìè, òîìó

x
dy

dx
= y2 − y,

dy

y2 − y
=
dx

x
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ïðè y ̸= 0 i y ̸= 1. Iíòåãðóþ÷è îñòàííþ ðiâíiñòü, çíàõîäèìî∫
dy

y2 − y
=

∫
dx

x
, ln

∣∣∣∣y − 1

y

∣∣∣∣ = ln |x|+ ln |c| y =
1

1− cx
,

äå c ̸= 0 � äîâiëüíà ñòàëà. Áåçïîñåðåäíüî ïåðåâiðêîþ ëåãêî ïå-
ðåêîíàòèñü, ùî y = 0 i y = 1 òàêîæ ðîçâ'ÿçêè äàíîãî ðiâíÿííÿ.

Àëå y = 1 ìiñòèòüñÿ ó ôîðìóëi y =
1

1− cx
ïðè c = 0. Òîìó,

ââàæàþ÷è, ùî c ∈ R � äîâiëüíà ñòàëà, âñi ðîçâ'ÿçêè ðiâíÿí-

íÿ ìîæíà ïîäàòè ó âèãëÿäi y =
1

1− cx
, y = 0. Çàäîâîëüíèìî

òåïåð ïî÷àòêîâó óìîâó y(1) = 2:

2 =
1

1− c
, c =

1

2
.

Îòæå, y =
1

1− 1
2
x
� øóêàíèé ðîçâ'ÿçîê çàäà÷i Êîøi.

Ïðèêëàä 2. Çíàéòè âñi ðîçâ'ÿçêè ðiâíÿííÿ y′−y = 2x−1.
Ðîçâ'ÿçàííÿ. Çàìiíèìî y + 2x − 1 íà z(x). Òîäi y′ = z′ −

2 i äàíå ðiâíÿííÿ ðiâíîñèëüíå ðiâíÿííþ ç âiäîêðåìëþâàíèìè
çìiííèìè z′ − 2 = z. Ðîçâ'ÿçàâøè éîãî, ìà¹ìî z = −2 + cex,
äå c � äîâiëüíà ñòàëà. Îñêiëüêè y = z − 2x + 1, òî ôîðìóëà
y = −1− 2x+ cex âèçíà÷à¹ çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ.

Ïðèêëàä 3. Ðîçâ'ÿçàòè ðiâíÿííÿ xy′ = y − xe
y
x .

Ðîçâ'ÿçàííÿ. Ïðàâà ÷àñòèíà ðiâíÿííÿ

y′ =
y

x
− e

y
x

¹ îäíîðiäíîþ ôóíêöi¹þ íóëüîâãî ñòåïåíÿ, òîìó ðiâíÿííÿ îäíî-
ðiäíå. Çàìiíà çìiííî¨ y = xz (y′ = z+xz′) çâîäèòü éîãî äî ðiâ-
íÿííÿ z′ = −ez àáî −e−zdz = dx. Iíòåãðóþ÷è îñòàííþ ðiâíiñòü,
ìà¹ìî e−z = x + c, c ∈ R. Îòæå, ñïiââiäíîøåííÿ e−

y
x = x + c ¹

çàãàëüíèì iíòåãðàëîì äàíîãî â óìîâi çàäà÷i ðiâíÿííÿ.
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Ïðèêëàä 4. Ïðîiíòåãðóâàòè ðiâíÿííÿ y′ = −1 +

y + x

x+ 3

ln
y + x

x+ 3

.

Ðîçâ'ÿçàííÿ. Äàíå ðiâíÿííÿ ìà¹ âèãëÿä (4). Îñêiëüêè ñè-
ñòåìà

y0 + x0 = 0, x0 + 3 = 0

ìà¹ ðîçâ'ÿçîê x0 = −3, y0 = 3, òî çàïðîâàäèìî çàìiíó x = ξ−3,
y = η + 3. Îäåðæèìî îäíîðiäíå ðiâíÿííÿ

dη

dξ
= −1 +

η + ξ

ξ

ln
η + ξ

ξ

,

ÿêå çà äîïîìîãîþ çàìiíè η = ξz(ξ) çâîäèòüñÿ äî ðiâíÿííÿ ç
âiäîêðåìëþâàíèìè çìiííèìè:

ξ
dz

dξ
=

z + 1

ln(z + 1)
− (z + 1),

∫
ln(z + 1)d ln(z + 1)

1− ln(z + 1)
=

∫
dξ

ξ
,

ln(z + 1) + ln |1− ln(z + 1)| = − ln |ξ|+ ln |c|,

ln(z + 1) = 1 +
c

ξ(z + 1)
,

c ∈ R. Òàêèì ÷èíîì, ln
y + x

x+ 3
= 1+

c

y + x
� çàãàëüíèé iíòåãðàë

ðiâíÿííÿ.
Ïðèêëàä 5. Äîâåñòè, ùî ðiâíÿííÿ 2x2y′ = y3 + xy êâàçiî-

äíîðiäíå, i ðîçâ'ÿçàòè éîãî.

Ðîçâ'ÿçàííÿ. Äëÿ ôóíêöi¨ f(x, y) =
y3 + xy

2x2
ïåðåâiðèìî

âèêîíàííÿ óìîâè (5). Ìà¹ìî:

f(tx, tσy) =
t3σ−2y3 + tσ−1xy

2x2
, tσ−1f(x, y) = tσ−1y

3 + xy

2x2
∀ t > 0.
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Äëÿ âèêîíàííÿ (5) ïîòðiáíî, ùîá 3σ−2 = σ−1, òîáòî σ =
1

2
.

Çâiäñè âèïëèâà¹, ùî äàíå ðiâíÿííÿ êâàçiîäíîðiäíå, òîìó ñëiä
âèêîíàòè ïiäñòàíîâêó y = |x|

1
2 z:

2x2
(
z
1

2
|x|−

1
2 sign x+ z′|x|

1
2

)
= |x|

3
2 z3 + x|x|

1
2 z,

2z′|x| = z3.

Âiäîêðåìèâøè çìiííi, îäåðæèìî

2
dz

z3
=
dx

|x|
,

1

z2
= −sign x ln |x|+ c, z = 0.

Îòæå,
|x|
y2

= −sign x ln |x|+ c, y = 0 (c ∈ R).

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Ðîçâ'ÿçàòè çàäà÷i Êîøi:

à) (x2 − 1)y′ + 2xy2 = 0, á) (x+ 2y)y′ = 1,

y(0) = 1; y(0) = −1;

â) y′ctg x+ y = 2,

y(
π

2
) = 0.

2. Ðîçâ'ÿçàòè ðiâíÿííÿ:

à) y′ =
√
4x+ 2y − 1, xy′ = y cos ln

y

x
,

x− y − 1 + (y − x+ 2)y′ = 0, y′ =
2x− y − 1

x− 2y − 1
;

á) y′ = cos(y − x), (y +
√
xy)dx = xdy,

(2x+ y + 1)dx = (4x+ 2y − 3)dy,
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y′ = 2

(
y + 2

x+ y − 1

)2

.

3. Ïåðåêîíàòèñü, ùî íàñòóïíi ðiâíÿííÿ êâàçiîäíîðiäíi, òà
ðîçâ'ÿçàòè ¨õ:

à) ydx+ (y2 − 2x)dy = 0; á) y′ =
4x6 − y4

2x4y
;

â) y′ =
x+ y3

3y2x− 3y5
.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

Ðîçâ'ÿçàòè ðiâíÿííÿ
1. (x+ 2y)dx− xdy = 0.
2. (x− y)dx+ (x+ y)dy=0.
3. (y2 − 2xy)dx+ x2dy = 0
4. 2x3y′ = y(2x2 − y2).
5. y2 + x2y′ = xyy′.
6. (x2 + y2)y′ = 2xy.

7. xy′ − y = x tg
y

x
.

8. xy′ = y − xey/x.

9. xy′ − y = (x+ y) ln
x+ y

x
.

10. xy′ = y cos ln
y

x
.

11. (y +
√
xy)dx = xdy.

12. xy′ =
√
x2 − y2 + y.

13. (2x− 4y + 6)dx+ (x+ y − 3)dy = 0.
14. (2x+ y + 1)dx− (4x+ 2y − 3)dy = 0.
15. x− y − 1 + (y − z + 2)y′ = 0.
16. (x+ 4y)y′ = 2x+ 3y − 5.

17. (y + 2)dx = (2x+ y − 4)dy. 18. y′ = 2
( y + 2

x+ y − 1

)2
.
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19. (y′ + 1) ln
y + x

x+ 3
=
y + x

x+ 3
. 20. y′ =

y + 2

x+ 1
+ tg

y − 2x

x+ 1
.

21. x3(y′ − x) = y2. 22. 2x2y′ = y3 + xy.
23. 2xdy+(x2y4 +1)ydx = 0. 24. ydx+ x(2xy+1)dy = 0.

25. 2y′ + x = 4
√
y. 26. y′ = y2 − 2

x2
.

27. 2xy′ + y = y2
√
x− x2y2. 28.

2

3
xyy′ =

√
x5 − y4 + y2.

29. 2y + (x2y + 1)xy′ = 0.

Âiäïîâiäi

1. x+ y = Cx2; x = 0. 2. ln(x2 + y2) = C − 2 arctg(y/x). 3.
x(y − x) = Cy; y = 0. 4. x = ±y

√
lnCx; y = 0. 5. y = Cey/x.

6. y2 − x2 = Cy; y = 0. 7. sin
y

x
= Cx. 8. y = −x ln lnCx.

9. ln
x+ y

x
= Cx. 10. lnCx = ctg

(1
2
ln
y

x

)
; y = xe2πk, k =

0,±1,±2, . . . . 11. 2
√
xy = x lnCx; y = 0; x = 0. 12. arcsin

y

x
=

lnCx · sgnx; y = ±x. 13. (y − 2x)3 = C(y − x− 1)2; y = x+ 1.
14. 2x + y − 1 = Ce2y−z. 15. (y − x + 2)2 + 2x = C. 16.
(y − x + 5)2(x + 2y − 2) = C. 17. (y + 2)2 = C(x + y − 1);

y = 1− x. 18. y + 2 = Ce−2 arctg y+2
x−3 . 19. ln

y + x

x+ 3
= 1 +

C

x+ y
.

20. sin
y − 2x

x+ 1
= C(x + 1). 21. x2 = (x2 − y) lnCx; y = x2.

22. x = −y2 lnCx; y = 0. 23. x2y4 lnCx2 = 1; y = 0; x = 0.
24. y2e−1/xy = C; y = 0; x = 0. 25. (2

√
y − x) lnC(2

√
y −

x) = x; 2
√
y = x. 26. 1 − xy = Cx3(2 + xy); xy = −2. 27.

2
√
(1/xy2)− 1 = − lnCx; y = 0; xy2 = 1. 28. arcsin

y2

|x3|
=

lnCx3; |x3| = y2. 29. x2y lnCy = 1; y = 0.

Ëiòåðàòóðà: [1], c.15�18, 20�22; [2], c.11�16; [3], c.23�26;
[4], c.23�30; [5], c.44�48; [6], c.27�63; [7], c.7�9, 14�17.
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Òåìà 2. ÌÅÒÎÄ IÇÎÊËIÍ. ÇÀÄÀ×I, ÙÎ
ÏÐÈÂÎÄßÒÜ ÄÎ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ

ÐIÂÍßÍÜ

Íåõàé çàäàíî äèôåðåíöiàëüíå ðiâíÿííÿ ïåðøîãî ïîðÿäêó

y′ = f(x, y). (1)

ßêùî àíàëiòè÷íî íå âäà¹òüñÿ ðîçâ'ÿçàòè öå ðiâíÿííÿ, òî âè-
êîðèñòîâóþòü ðiçíi íàáëèæåíi ìåòîäè. Íàéáiëüø ïðîñòèì iç
íèõ ¹ ãðàôi÷íèé. Êîðîòêî îïèøåìî éîãî ñóòü. Ó êîæíié òî÷öi
(x, y) îáëàñòi âèçíà÷åííÿ ôóíêöi¨ f(x, y) ðîçâ'ÿçîê ðiâíÿííÿ
(1) ïîâèíåí ìàòè ïîõiäíó y′, ÿêà äîðiâíþ¹ f(x, y), òîáòî âií
ïîâèíåí äîòèêàòèñü ó öié òî÷öi ïðÿìî¨, íàõèëåíî¨ ïiä êóòîì
α (tgα = y′ = f(x, y)) äî îñi OX. Ñiì'ÿ îäåðæàíèõ ïðÿìèõ
íàçèâà¹òüñÿ ïîëåì íàïðÿìêiâ ðiâíÿííÿ (1), à êðèâà, ÿêà â êî-
æíié ñâî¨é òî÷öi äîòèêà¹òüñÿ ïîëÿ íàïðÿìêiâ, íàçèâà¹òüñÿ ií-
òåãðàëüíîþ êðèâîþ. Î÷åâèäíî, ùî iíòåãðàëüíà êðèâà ¹ ãðàôi-
êîì ðîçâ'ÿçêó ðiâíÿííÿ (1).

Äëÿ ñïðîùåííÿ ïîáóäîâè ïîëÿ íàïðÿìêiâ âèêîðèñòîâóþòü
içîêëiíè. Içîêëiíà � öå êðèâà, â êîæíié òî÷öi ÿêî¨ íàïðÿìîê
ïîëÿ îäíàêîâèé. Ðiâíÿííÿ içîêëiíè ìà¹ âèãëÿä f(x, y) = k =
const.

Ïðèêëàä 1. Çà äîïîìîãîþ içîêëií íàáëèæåíî ïîáóäóâàòè
iíòåãðàëüíi êðèâi ðiâíÿííÿ y′ = x2 + y2.

Ðîçâ'ÿçàííÿ. Ðiâíÿííÿ içîêëií � x2 + y2 = k (k ≥ 0),
òîáòî içîêëiíà � öå ñiì'ÿ êië ðàäióñà

√
k ç öåíòðîì ó ïî÷à-

òêó êîîðäèíàò. ßêùî k = 0, òî içîêëiíà âèðîäæó¹òüñÿ â òî÷êó

x = y = 0 i äëÿ íå¨ α = 0, îñêiëüêè tgα = k = 0. ßêùî k =
1√
3
,

òî ó âñiõ òî÷êàõ içîêëiíè x2 + y2 =
1√
3
ïîëå óòâîðþ¹ êóò

α = arctg
1√
3
=
π

6
ç âiññþ OX. Ïðè k = 1 içîêëiíó x2 + y2 = 1
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iíòåãðàëüíi êðèâi ïåðåòèíàþòü ïiä êóòîì α = arctg 1 =
π

4
i

ò.ä. Î÷åâèäíî, ùî ïðè k → ∞ iíòåãðàëüíi êðèâi ïåðåòèíàþòü
içîêëiíó x2 + y2 = k ïiä êóòîì α = arctg k → π

2
. Ìàþ÷è ïî-

ëå íàïðÿìêiâ, ìîæíà íàáëèæåíî íàðèñóâàòè iíòåãðàëüíi êðèâi
äàíîãî ðiâíÿííÿ:

Ðîçãëÿíåìî äàëi êiëüêà çàäà÷ ãåîìåòðè÷íîãî òà ôiçè÷íî-
ãî çìiñòó, ðîçâ'ÿçàííÿ ÿêèõ ïðèâîäèòü äî äèôåðåíöiàëüíèõ
ðiâíÿíü. Ó çàäà÷àõ ãåîìåòðè÷íîãî çìiñòó â ïðÿìîêóòíié ñè-
ñòåìi êîîðäèíàò âèáèðàþòü äîâiëüíó òî÷êó M(x, y) i ïðîâî-
äÿòü ÷åðåç íå¨ äîâiëüíó ãëàäêó êðèâó y = y(x). Ïiñëÿ öüîãî
âèðàæàþòü âñi çàäàíi â óìîâi çàäà÷i âåëè÷èíè ÷åðåç x, y òà
y′. Îäåðæàíå ñïiââiäíîøåííÿ çàäà¹ äèôåðåíöiàëüíå ðiâíÿííÿ,
ðîçâ'ÿçàâøè ÿêå çíàõîäèìî øóêàíó ôóíêöiþ y = y(x).

Ïðèêëàä 2. Çíàéòè êðèâi, â ÿêèõ òî÷êà ïåðåòèíó êîæíî¨
äîòè÷íî¨ ç âiññþ OX ìà¹ àáñöèñó âäâi÷i ìåíøó, íiæ àáñöèñà
òî÷êè äîòèêó.

Ðîçâ'ÿçàííÿ. Íåõàé íà ðèñ. 2 çîáðàæåíà øóêàíà êðèâà
y = y(x) i äîâiëüíà òî÷êà íà íié M(x, y). Ïðîâåäåìî â M äî-
òè÷íó äî êðèâî¨ i ïîçíà÷èìî ÷åðåç A òî÷êó ïåðåòèíó äîòè÷íî¨
ç âiññþ OX, à ÷åðåç B � ïðîåêöiþ òî÷êè M íà âiñü àáñöèñ.

Çà óìîâîþ çàäà÷i OA = AB = 1
2
OB, OB = x. Iç ïðÿìîêó-
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òíîãî òðèêóòíèêà ABM ìà¹ìî

AB =
MB

tgα
=
y

y′
,

1

2
x =

y

y′
, y′ =

2y

x
.

Îäåðæàíå äèôåðåíöiàëüíå ðiâíÿííÿ øóêàíî¨ ñiì'¨ ëiíié ¹
ðiâíÿííÿì ç âiäîêðåìëþâàíèìè çìiííèìè, i éîãî çàãàëüíèé
ðîçâ'ÿçîê çàäà¹òüñÿ ôîðìóëîþ y = cx2. Îòæå, øóêàíi êðèâi
� ïàðàáîëè y = cx2(c ̸= 0).

Ó çàäà÷àõ ôiçè÷íîãî çìiñòó äëÿ ñêëàäàííÿ äèôåðåíöiàëü-
íèõ ðiâíÿíü ÷àñòî âèêîðèñòîâóþòü ôiçè÷íi çàêîíè ÷è åêñïå-
ðèìåíòàëüíi ôàêòè. Âiäçíà÷èìî òàêîæ iíøèé ïiäõiä ó òàêèõ
çàäà÷àõ. Ùîá ñêëàñòè äèôåðåíöiàëüíå ðiâíÿííÿ, ðîçâ'ÿçêîì
ÿêîãî ¹ ôóíêöiÿ y = y(x), ïîòðiáíî âèðàçèòè ïðèðiñò ôóíêöi¨
∆y = y(x + ∆x) − y(x) ÷åðåç ïðèðiñò ∆x íåçàëåæíî¨ çìiííî¨
òà iíøi ïàðàìåòðè çàäà÷i. Ïîäiëèâøè ∆y íà ∆x i ïåðåéøîâøè
äî ãðàíèöi ïðè ∆x → 0, îäåðæèìî çàëåæíiñòü ìiæ y′, y òà x,
òîáòî äèôåðåíöiàëüíå ðiâíÿííÿ.

Ïðèêëàä 3. Åêñïåðèìåíòàëüíî âñòàíîâëåíî, ùî øâèä-
êiñòü îõîëîäæåííÿ òiëà ïðîïîðöiéíà ðiçíèöi òåìïåðàòóð òiëà é
ñåðåäîâèùà. Òiëî îõîëîäèëîñü çà 10 õâ. âiä 100◦ äî 60◦. Òåìïå-
ðàòóðà ñåðåäîâèùà 20◦. Çíàéòè çàëåæíiñòü òåìïåðàòóðè òiëà
âiä ÷àñó. ×åðåç ÿêèé ÷àñ òiëî îõîëîäèòüñÿ äî 25◦?

Ðîçâ'ÿçàííÿ. Ïîçíà÷èìî ÷åðåç T (t) òåìïåðàòóðó òiëà (â
ãðàäóñàõ) ó ìîìåíò ÷àñó t (ó õâèëèíàõ). Çãiäíî ç óìîâîþ çà-
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äà÷i,
dT

dt
= −k(T −20), äå

dT

dt
� øâèäêiñòü çìiíè òåìïåðàòóðè

òiëà, k > 0 � êîåôiöi¹íò ïðîïîðöiéíîñòi. Çíàê ìiíóñ ó ïðàâié

÷àñòèíi îçíà÷à¹, ùî
dT

dt
< 0, áî òåìïåðàòóðà òiëà çìåíøó¹-

òüñÿ. Ðîçâ'ÿçàâøè äàíå ðiâíÿííÿ ç âiäîêðåìëþâàíèìè çìiííè-
ìè, çíàõîäèìî T (t) = 20 + ce−kt. Îñêiëüêè çà óìîâîþ çàäà÷i
T (0) = 100, T (10) = 60, òî 100 = 20 + c, 60 = 20 + ce−10k, òîáòî

c = 80, e−10k =
1

2
. Òàêèì ÷èíîì, T (t) = 20 + 80

(
1

2

) t
10

� çàëå-

æíiñòü òåìïåðàòóðè òiëà âiä ÷àñó. ßêùî T = 25, òî iç ðiâíîñòi

25 = 20 + 80

(
1

2

) t
10

çíàõîäèìî t = 40 õâ.

Ïðèêëàä 4. ×îâåí ñïîâiëüíþ¹ ñâié ðóõ ïiä äi¹þ îïîðó âî-
äè, ÿêèé ïðîïîðöiéíèé øâèäêîñòi ÷îâíà. Ïî÷àòêîâà øâèäêiñòü
÷îâíà äîðiâíþ¹ 1,5 ì/ñ, à ÷åðåç 4 ñ éîãî øâèäêiñòü äîðiâíþ¹

1 ì/ñ. ×åðåç ÿêèé ÷àñ øâèäêiñòü ÷îâíà çìåíøèòüñÿ äî
4

9
ì/ñ?

ßêèé øëÿõ ìîæå ïðîéòè ÷îâåí äî çóïèíêè?
Ðîçâ'ÿçàííÿ. Çà äðóãèì çàêîíîì Íüþòîíà

ma(t) = −kv(t),

äå m � ìàñà ÷îâíà, v(t) i a(t) =
dv

dt
� éîãî øâèäêiñòü i

ïðèñêîðåííÿ, k > 0 � êîåôiöi¹íò ïðîïîðöiéíîñòi. Çàãàëüíèé

ðîçâ'ÿçîê ðiâíÿííÿ m
dv

dt
= −kv ìà¹ âèãëÿä v(t) = ce−

k
m
t. Çà

óìîâîþ çàäà÷i v(0) = 1, 5, v(4) = 1, òîìó

1, 5 = c, 1 = ce−4 k
m c = 1, 5, e−4 k

m =
2

3
.

Çâiäñè âèïëèâà¹, ùî v(t) =

(
2

3

) t
4
−1

� çàëåæíiñòü øâèäêîñòi
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÷îâíà âiä ÷àñó. Ïðè v =
4

9
ìà¹ìî:

4

9
=

(
2

3

) t
4
−1

;

(
2

3

)2

=

(
2

3

) t
4
−1

;
t

4
− 1 = 2; t = 12.

Òàêèì ÷èíîì, ÷åðåç 12 ñ ïiñëÿ ïî÷àòêó ðóõó ÷îâåí ìàòèìå

øâèäêiñòü
4

9
ì/ñ. Øëÿõ, ïðîéäåíèé ÷îâíîì çà ÷àñ T , îá÷è-

ñëþ¹ìî çà ôîðìóëîþ

S(T ) =

T∫
0

v(t)dt =

T∫
0

(
2

3

) t
4
−1

dt =
6

ln
3

2

(
1−

(
2

3

)T)
.

Òîìó ÷îâåí ìîæå ïðîéòè äî çóïèíêè øëÿõ, íå áiëüøèé âiä
6

ln
3

2

≃ 14, 798 ì.

Ïðèêëàä 5. Çãiäíî iç çàêîíîì Òîði÷åëi, øâèäêiñòü âèòi-
êàííÿ âîäè ç ïîñóäèíè äîðiâíþ¹ 0, 6

√
2gh, äå g = 9, 8 ì/ñ2

� ïðèñêîðåííÿ âiëüíîãî ïàäiííÿ, h � âèñîòà ðiâíÿ âîäè íàä
îòâîðîì. Çà ÿêèé ÷àñ âèòå÷å âñÿ âîäà ç öèëiíäðè÷íîãî áàêà ç
äiàìåòðîì 2R = 1, 8 ì i âèñîòîþ H = 2, 45 ì ÷åðåç îòâið ó äíi
äiàìåòðîì 2r = 0, 06 ì? Âiñü öèëiíäðà âåðòèêàëüíà.

Ðîçâ'ÿçàííÿ. Íåõàé h(t) � âèñîòà ðiâíÿ âîäè â ïîñóäèíi
â ìîìåíò ÷àñó t. Òîäi îá'¹ì âîäè, ÿêà âèëë¹òüñÿ iç öèëiíäðà
çà ÷àñ ∆t, äîðiâíþ¹ ∆V = 0, 6

√
2gh(t)πr2∆t. Ç iíøîãî áîêó,

âíàñëiäîê âèòiêàííÿ ðiäèíè ¨¨ âèñîòà çìiíèòüñÿ íà âåëè÷èíó
h(t)−h(t+∆t), òîìó ∆V = πR2(h(t)−h(t+∆t)). Ïðèðiâíþþ÷è
îáèäâà âèðàçè äëÿ ∆V , îäåðæèìî

0, 6
√

2gh(t)πr2∆t = πR2(h(t)− h(t+∆)),

h(t+∆t)− h(t)

∆t
= −0, 6

r2

R2

√
2gh(t).
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Ãðàíè÷íèé ïåðåõiä ïðè ∆t→ 0 âåäå äî äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ

h′(t) = −0, 6
r2

R2

√
2g
√
h(t)

i ïî÷àòêîâî¨ óìîâè h(0) = H. Ðîçâ'ÿçàâøè öþ çàäà÷ó Êîøi,
ìàòèìåìî

h(t) =

(√
H − 0, 3

r2

R2

√
2gt

)2

.

×àñ T , çà ÿêèé âèòå÷å âñÿ âîäà ç öèëiíäðà, çíàõîäèìî ç îñòàí-
íüî¨ íåðiâíîñòi ïðè h = 0:

T =

√
HR2

0, 3r2
√
2g

=

√
2, 45 · 0, 92

0, 3 · (0, 03)2 ·
√
2 · 9, 8

≃ 1050 c = 17, 5 .

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Ïîáóäóâàòè ïîëå íàïðÿìêiâ i íàáëèæåíî íàðèñóâàòè ií-
òåãðàëüíi êðèâi òàêèõ äèôåðåíöiàëüíèõ ðiâíÿíü:

à) y′ = y − x2, á) y′ = x− y2, â) y′ = y − ex,

y′ = xy − 1; y′ = x+ ey; y′ = x+ y.

2. Ó ïðÿìîêóòíèé áàê ðîçìiðîì 60 ñì×75 ñì i âèñîòîþ
80 ñì ïîñòóïà¹ 1,8 ë âîäè çà ñåêóíäó. Ó äíi ¹ îòâið ïëîùåþ
2,5 ñì2. Çà ÿêèé ÷àñ çàïîâíèòüñÿ áàê? Ïîðiâíÿòè ðåçóëüòàò iç
÷àñîì çàïîâíåííÿ öüîãî áàêà áåç îòâîðó â äíi.

3. Ó ïîñóäèíi çíàõîäèòüñÿ 100 ë ðîç÷èíó, ÿêèé ìiñòèòü 10 êã
ñîëi. Äî ïîñóäèíè íåïåðåðâíî ïîäà¹òüñÿ âîäà çi øâèäêiñòþ 5 ë
çà õâèëèíó, ÿêà ðîçìiøó¹òüñÿ ç ðîç÷èíîì. Ñóìiø âèòiêà¹ ç
òàêîþ æøâèäêiñòþ. Ñêiëüêè ñîëi çàëèøèòüñÿ â ïîñóäèíi ÷åðåç
ãîäèíó?

4. Çíàéòè êðèâi, äëÿ ÿêèõ ñóìà êàòåòiâ òðèêóòíèêà, óòâî-
ðåíîãî äîòè÷íîþ, îðäèíàòîþ òî÷êè äîòèêó i âiññþ àáñöèñ, ¹
âåëè÷èíà ñòàëà, ÿêà äîðiâíþ¹ a2.
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5. Çíàéòè êðèâi, â ÿêèõ òî÷êà ïåðåòèíó äîâiëüíî¨ äîòè÷íî¨
ç âiññþ àáñöèñ îäíàêîâî âiääàëåíà âiä òî÷êè äîòèêó é ïî÷àòêó
êîîðäèíàò.

Ëiòåðàòóðà: [1], c.47�51; [3], c.12�23; [4], c.43�45; [5],
c.11�17; [6], c.3�15, 25�27, 35�50; [7], c.9�13.
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Òåìà 3. ËIÍIÉÍI ÐIÂÍßÍÍß ÏÅÐØÎÃÎ
ÏÎÐßÄÊÓ ÒÀ ÇÂIÄÍI ÄÎ ÍÈÕ

Ëiíiéíèì äèôåðåíöiàëüíèì ðiâíÿííÿì ïåðøîãî ïîðÿäêó
íàçèâà¹òüñÿ ðiâíÿííÿ âèãëÿäó

y′ + p(x)y = q(x), (1)

äå p i q � íåïåðåðâíi ôóíêöi¨ íà iíòåðâàëi (a, b) ⊂ R. ßêùî
q(x) ≡ 0, òî (1) íàçèâà¹òüñÿ ëiíiéíèì îäíîðiäíèì ðiâíÿííÿì,
ó ðåøòi âèïàäêiâ (1) � ëiíiéíå íåîäíîðiäíå ðiâíÿííÿ.

Äëÿ ðîçâ'ÿçàííÿ (1) âèêîðèñòîâóþòü ìåòîä âàðiàöi¨ ñòàëî¨.
Ñóòü éîãî ïîëÿãà¹ â òîìó, ùî ñïî÷àòêó çíàõîäÿòü çàãàëüíèé
ðîçâ'ÿçîê âiäïîâiäíîãî îäíîðiäíîãî ðiâíÿííÿ

y′ + p(x)y = 0. (2)

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (2) çàäà¹òüñÿ ôîðìóëîþ y =
cφ(x), äå φ(x) = eψ(x), à ψ(x) � îäíà iç ïåðâiñíèõ ôóíêöi¨ �
p(x). Ïiñëÿ öüîãî ðîçâ'ÿçîê íåîäíîðiäíîãî ðiâíÿííÿ (1) øóêà-
þòü ó âèãëÿäi y = c(x)φ(x), à íåâiäîìó ôóíêöiþ c(x) âèçíà-
÷àþòü øëÿõîì ïiäñòàíîâêè y = c(x)φ(x) â (1). Äëÿ c(x) �
îäåðæó¹òüñÿ ðiâíÿííÿ ç âiäîêðåìëþâàíèìè çìiííèìè.

Ïîòðiáíî çàçíà÷èòè, ùî çàãàëüíèé ðîçâ'ÿçîê íåîäíîðiäíîãî
ðiâíÿííÿ (1) äîðiâíþ¹ ñóìi çàãàëüíîãî ðîçâ'ÿçêó âiäïîâiäíîãî
îäíîðiäíîãî ðiâíÿííÿ (2) i äîâiëüíîãî ÷àñòèííîãî ðîçâ'ÿçêó
íåîäíîðiäíîãî ðiâíÿííÿ (1).

Äî ëiíiéíîãî ðiâíÿííÿ çâîäèòüñÿ ðiâíÿííÿ Áåðíóëëi

y′ + p(x)y = q(x)yα, α = const, α ̸= 0, α ̸= 1, (3)

øëÿõîì äiëåííÿ (3) íà yα i ââåäåííÿ çàìiíè y1−α = z. Ïðè
öüîìó ñëiä ïàì'ÿòàòè, ùî ïðè α > 0 ðiâíÿííÿ (3) ìà¹ òàêîæ
ðîçâ'ÿçîê y ≡ 0.

Ðiâíÿííÿ âèãëÿäó

y′ + p(x)y + q(x)y2 = r(x) (4)
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ç íåïåðåðâíèìè íà (a, b) ôóíêöiÿìè p, q i r íàçèâà¹òüñÿ ðiâíÿí-
íÿì Ðiêêàòi. Íà âiäìiíó âiä ðiâíÿíü (1), (3), ðiâíÿííÿ Ðiêêàòi
â çàãàëüíîìó âèïàäêó íå ðîçâ'ÿçó¹òüñÿ ó êâàäðàòóðàõ. Ïðî-
òå, êîëè âiäîìèé ÷àñòèííèé ðîçâ'ÿçîê y1(x) ðiâíÿííÿ (4), òî
çàìiíà y = y1(x) + z çâîäèòü éîãî äî ðiâíÿííÿ Áåðíóëëi.

Äî ëiíiéíîãî ðiâíÿííÿ çà äîïîìîãîþ çàìiíè f(y) = z çâî-
äèòüñÿ òàêîæ ðiâíÿííÿ

f ′(y)
dy

dx
+ p(x)f(y) = q(x). (5)

Ïðèêëàä 1. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

y′ + y cos x = sin x cos x. (6)

Ðîçâ'ÿçàííÿ. Çíàéäåìî ñïî÷àòêó çàãàëüíèé ðîçâ'ÿçîê âiä-
ïîâiäíîãî îäíîðiäíîãî ðiâíÿííÿ y′ + y cos x = 0:

dy

y
= − cos xdx, ln |y| = − sin x+ ln |c|, y = ce− sinx, c ∈ R.

Ðîçâ'ÿçîê íåîäíîðiäíîãî ðiâíÿííÿ øóêà¹ìî ó âèãëÿäi y =
c(x)e− sinx. Ïiñëÿ ïiäñòàíîâêè â (6) îäåðæèìî

c′(x)e− sinx + c(x)e− sinx(− cos x) + c(x)e− sinx cos x = sin x cos x,

c′(x) = esinx sin x cos x,

c(x) =

∫
esinx sin x cos xdx =

=

∫
esinx sin xd(sin x) = esinx(sin x− 1) + c1, c1 ∈ R.

Òîäi

y(x) = [c1 + esinx(sin x− 1)]e− sinx = c1e
− sinx + sin x− 1

� çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (6).
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Ïðèêëàä 2. Ðîçâ'ÿçàòè ðiâíÿííÿ y′ = y4 cos x+ y tg x.
Ðîçâ'ÿçàííÿ. Äàíå ðiâíÿííÿ ¹ ðiâíÿííÿì Áåðíóëëi.

Îñêiëüêè α = 4 > 0, òî âîíî ìà¹ ðîçâ'ÿçîê y ≡ 0. Äëÿ çíà-
õîäæåííÿ iíøèõ ðîçâ'ÿçêiâ ïîäiëèìî ðiâíÿííÿ íà y4 i çðîáèìî

çàìiíó z = y1−α = y−3. Âðàõîâóþ÷è, ùî
dz

dx
= −3y−4 dy

dx
, îäåð-

æèìî ëiíiéíå íåîäíîðiäíå ðiâíÿííÿ

z′ + 3z tg x = −3 cos x. (7)

Âiäïîâiäíå îäíîðiäíå ðiâíÿííÿ z′ + 3z tg x = 0 ìà¹ çàãàëüíèé
ðîçâ'ÿçîê z = c · cos3 x. Ïiñëÿ ïiäñòàíîâêè z = c(x) · cos3 x â (7)
ìàòèìåìî

c′(x) = − 3

cos2 x
, c(x) =

∫
− 3

cos2 x
dx = −3 tg x+ c1, c1 ∈ R.

Îòæå, z = c1 cos
3 x − 3 cos2 x sin x � çàãàëüíèé ðîçâ'ÿçîê ðiâ-

íÿííÿ (7). Ïîâåðòàþ÷èñü íàçàä äî çìiííî¨ y

(
y =

1
3
√
z

)
, îäåð-

æèìî âñi ðîçâ'ÿçêè ðiâíÿííÿ Áåðíóëëi:

y =
1

3
√
c1 cos3 x− 3 cos2 x sin x

, y ≡ 0.

Ïðèêëàä 3. Çíàéòè ÷àñòèííèé ðîçâ'ÿçîê ðiâíÿííÿ Ðiêêàòi

x2y′ − x2y2 + 5xy − 3 = 0 (8)

i ðîçâ'ÿçàòè éîãî.
Ðîçâ'ÿçàííÿ. Íå iñíó¹ çàãàëüíîãî ìåòîäó âiäøóêàííÿ ÷à-

ñòèííîãî ðîçâ'ÿçêó ðiâíÿííÿ Ðiêêàòi. Ïðîòå â äåÿêèõ âèïàä-
êàõ, àíàëiçóþ÷è êîåôiöi¹íòè ðiâíÿííÿ, âäà¹òüñÿ âêàçàòè âè-
ãëÿä ÷àñòèííîãî ðîçâ'ÿçêó. Ó íàøîìó ïðèêëàäi ïðèïóñòèìî,
ùî y1(x) =

a

x
, äå a � ïîêè ùî íåâiäîìà ñòàëà. Ïiñëÿ ïiäñòà-

íîâêè y1(x) =
a

x
ó (8) îäåðæèìî ðiâíÿííÿ a2 − 4a + 3 = 0,
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êîðåíÿìè ÿêîãî ¹ a1 = 1 i a2 = 3. Ïîêëàäåìî y1(x) =
1

x
i

âèêîíà¹ìî ó (8) çàìiíó y = z +
1

x
:

x2
(
z′ − 1

x2

)
− x2

(
z +

1

x

)2

+ 5x

(
z +

1

x

)
− 3 = 0,

z′ +
3

x
z = z2.

Îñòàíí¹ ðiâíÿííÿ ¹ ðiâíÿííÿì Áåðíóëëi. Ïîäiëèâøè éîãî íà
z2 i ââiâøè íîâó çìiííó u = z−1, îäåðæèìî ëiíiéíå íåîäíîðiäíå
ðiâíÿííÿ

u′ − 3

x
u = −1.

Éîãî çàãàëüíèé ðîçâ'ÿçîê ìà¹ âèãëÿä u = cx3+
1

2
x. Îñêiëü-

êè u = z−1 i y = z + 1
x
, òî ôîðìóëà

y =
1

x
+

1

cx3 +
1

2
x
=

cx2 +
3

2

cx3 +
1

2
x
, c ∈ R,

âèçíà÷à¹ âñi ðîçâ'ÿçêè ðiâíÿííÿ (8).
Ïðèêëàä 4. Øëÿõîì äèôåðåíöiþâàííÿ çâåñòè iíòåãðàëü-

íå ðiâíÿííÿ
x∫

0

(x− t)y(t)dt = 2x+

x∫
0

y(t)dt (9)

äî äèôåðåíöiàëüíîãî i ðîçâ'ÿçàòè éîãî.
Ðîçâ'ÿçàííÿ. Ïîäàìî ðiâíÿííÿ (9) ó âèãëÿäi

x

x∫
0

y(t)dt−
x∫

0

ty(t)dt = 2x+

x∫
0

y(t)dt
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i ïðîäèôåðåíöiþ¹ìî éîãî ëiâó é ïðàâó ÷àñòèíè äâi÷i çà x:

x∫
0

y(t)dt+ xy(x)− xy(x) = 2 + y(x),

y(x) = y′(x).

Î÷åâèäíî, ùî y = cex � çàãàëüíèé ðîçâ'ÿçîê îñòàííüîãî ðiâ-
íÿííÿ. Ïiäñòàâèìî öåé ðîçâ'ÿçîê ó (9) i âèçíà÷èìî c:

x

x∫
0

cetdt−
x∫

0

tcetdt = 2x+

x∫
0

cetdt,

cx(ex − 1)− c(xex − ex + 1) = 2x+ c(ex − 1),

−cx = 2x.

Îòæå, c = −2, òîìó y = −2ex � ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâ-
íÿííÿ (9).

Ïðèêëàä 5. Ðîçâ'ÿçàòè ðiâíÿííÿ

1

cos2 y

dy

dx
− 3

x
tg y = −1. (10)

Ðîçâ'ÿçàííÿ. Äàíå ðiâíÿííÿ ¹ ðiâíÿííÿì âèãëÿäó (5).

Ïðèïóñòèìî, ùî tg y = u(x), i îäåðæèìî ðiâíÿííÿ u′ − 3

x
u =

−1, ÿêå ðîçâ'ÿçàíå â ïðèêëàäi 3: u = cx3 +
1

2
x. Òîäi tg y =

cx3 +
1

2
x � çàãàëüíèé iíòåãðàë ðiâíÿííÿ (9).

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

Ðîçâ'ÿçàòè ðiâíÿííÿ:
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à) y = x(y′ − x cos x), y′ − x

y
=

xy

x2 − 1
,

y′ − 2xy + y2 = 5− x2,

x∫
0

y(t)dt+ x+ 1 = y(x),

e−xy′ − e−x = ey, (x2y3 + xy)y′ = 1;

á) y′ − y ctg x = 2x− x2 ctg x, y′ cos x− y sin x = y4,

(2ey − x)y′ = 1, 4

x∫
1

y(t)dt+ y(x) = 3x− 2,

xy′ − (2x+ 1)y + y2 = −x2, 1

y
y′ + (2− x) ln y =

= x(e2x − e−
x2

2 );

â) y′ + y = sin x+ cos x, y′ +
y

x
= y4(1− x2),

3y′ + y2 +
2

x2
= 0, y(x)− 2

x∫
2

y(t)dt = −4x+ 10,

y′ =
y

3x− y2
,

1√
y + 1

y′ − 2
√
1 + y

x
= 2(x+ 5).

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

Ðîçâ'ÿçàòè ðiâíÿííÿ
1. xy′ − 2y = 2x4. 2. (2x+ 1)y′ = 4x+ 2y.
3. y′ + y tg x = sec x. 4. (xy + ex)dx− xdy = 0.
5. x2y′ + xy + 1 = 0. 6. y = x(y′ − x cos x).
7. 2x(x2 + y)dx = dy. 8. (xy′ − 1) ln x = 2y.
9. xy′ + (x+ 1)y = 3x2e−x. 10. (x+ y2)dy = ydx.
11. (2ey − x)y′ = 1. 12. (sin2 y + x ctg y)y′ = 1.

13. (2x+ y)dy = ydx+ 4 ln ydy. 14. y′ =
y

3x− y2
.

15. (1− 2xy)y′ = y(y − 1). 16. y′ + 2y = y2ex.
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17. (x+ 1)(y′ + y2) = −y. 18. y′ = y4 cos x+ y tg x.
19. xy2y′ = x2 + y3. 20. xydy = (y2 + x)dx.
21. xy′ − 2x2

√
y = 4y. 22. xy′ + 2y + x5y3ex = 0.

23. 2y′ − x

y
=

xy

x2 − 1
. 24. y′x3 sin y = xy′ − 2y.

25. (2x2y ln y − x)y′ = y.
Âèêîðèñòîâóþ÷è çàìiíó çìiííèõ àáî äèôåðåíöiþþ-

÷è, çâåñòè ðiâíÿííÿ äî ëiíiéíèõ òà ðîçâ'ÿçàòè ¨õ
26. xdx = (x2 − 2y + 1)dy. 27. (x+ 1)(yy′ − 1) = y2.
28. x(ey−y′) = 2. 29. (x2−1)y′ sin y+2x cos y = 2x−2x3.

30. y(x) =

x∫
0

y(t)dt+ x+ 1.

31.

x∫
0

(x− t)y(t)dt = 2x+

x∫
0

y(t)dt.

Çíàéøîâøè ìåòîäîì ïiäáîðó ÷àñòêîâèé ðîçâ'ÿçîê,
çâåñòè äàííi ðiâíÿííÿ Ðiêàòòi äî ðiâíÿíü Áåðíóëëi òà
ðîçâ'ÿçàòè ¨õ

32. x2y′ + xy + x2y2 = 4.

33. 3y′ + y2 =
2

x2
= 0.

34. xy′ − (2x+ 1)y + y2 = −x2.
35. y′ − 2xy + y2 = 5− x2.
36. y′ + 2yex − y2 = e2x + ex.
37. Çíàéòè òðà¹êòîði¨, ùî îðòîãîíàëüíi äî ëiíié ñiì'¨ y2 =

Cex + x+ 1.

Âiäïîâiäi

1. y = Cx2 + x4. 2. y = (2x + 1)(C + ln |2x + 1|) + 1. 3.
y = sin x+C cos x. 4. y = ex(ln |x|+C); x = 0. 5. xy = C−ln |x|.
6. y = x(C + sin x). 7. y = Cex

2 − x2 − 1. 8. y = C ln2 x− ln x.
9. xy = (x3+C)e−x. 10. x = y2+Cy; y = 0. 11. x = ey+Ce−y.
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12. x = (C − cos y) sin y. 13. x = 2 ln y − y + 1 + Cy2. 14.
Cy3 + y2; y = 0. 15. (y − 1)2x = y − lnCy; y = 0; y = 1. 16.
y(ex + Ce2x) = 1; y = 0. 17. y(x+ 1)(ln |x+ 1|+ C) = 1; y = 0.
18. y−3 = C cos3 x − 3 sin x cos2 x; y = 0. 19. y3 = Cx3 − 3x2.
20. y2 = Cx2 − 2x; x = 0. 21. y = x4 ln2Cx; y = 0. 22.
y−2 = x4(2ex + C); y = 0. 23. y2 = x2 − 1 + C

√
|x2 − 1|. 24.

x2(C − cos y) = y; y = 0. 25. xy(C − ln2 y) = 1. 26. x2 =
Ce2y + 2y. 27. y2 = C(x + 1)2 − 2(x + 1). 28. e−y = Cx2 + x.
29. cos y = (x2 − 1) lnC(x2 − 1). 30. y = 2ex− 1. 31. y = −2ex.

32. y =
2

x
+

4

Cx5 − x
; y =

2

x
. 33. y =

1

x
+

1

Cx2/3 + x
; y =

1

x
.

34. y = x+
x

x+ C
; y = x. 35. y = x+ 2 +

4

Ce4x − 1
; y = x+ 2.

36. y = ex − 1

x+ C
; y = ex. 37. 3x = C

√
|y| − y2; y = 0.

Ëiòåðàòóðà: [1], c.18�21; [2], c.14�15; [3], c.26�29; [4],
c.31�35; [5], c.48�55; [6], c.63�80; [7], c.17�20.
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Òåìà 4. ÐIÂÍßÍÍß Â ÏÎÂÍÈÕ
ÄÈÔÅÐÅÍÖIÀËÀÕ. IÍÒÅÃÐÓÂÀËÜÍÈÉ

ÌÍÎÆÍÈÊ

ßêùî ëiâà ÷àñòèíà äèôåðåíöiàëüíîãî ðiâíÿííÿ

P (x, y)dx+Q(x, y)dy = 0, (x, y) ∈ D ⊂ R2 (1)

¹ ïîâíèì äèôåðåíöiàëîì äåÿêî¨ ôóíêöi¨ u(x, y), òîáòî

du =
∂u

∂x
dx+

∂u

∂y
dy = P (x, y)dx+Q(x, y)dy, (2)

òî (1) íàçèâà¹òüñÿ ðiâíÿííÿì ó ïîâíèõ äèôåðåíöiàëàõ. Âiäî-
ìî, ùî êîëè P (x, y) i Q(x, y) íåïåðåðâíi â îáëàñòi D ðàçîì iç
ñâî¨ìè ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó, òî (1) áóäå
ðiâíÿííÿì ó ïîâíèõ äèôåðåíöiàëàõ òîäi é òiëüêè òîäi, êîëè
∂P

∂y
=
∂Q

∂x
∀ (x, y) ∈ D. ßêùî öÿ óìîâà âèêîíàíà, òî, çãiäíî

ç (1) i (2), u(x, y) = c = const � çàãàëüíèé iíòåãðàë ðiâíÿííÿ
(1). Iç (2) âèïëèâà¹, ùî ôóíêöiþ u(x, y) ïîòðiáíî âèçíà÷àòè iç
ðiâíÿíü

∂u

∂x
= P (x, y),

∂u

∂y
= Q(x, y). (3)

Ó òîìó âèïàäêó, êîëè (1) íå ¹ ðiâíÿííÿì ó ïîâíèõ äèôå-
ðåíöiàëàõ, ÷àñòî âäà¹òüñÿ çíàéòè ôóíêöiþ µ(x, y) ̸= 0, ïiñëÿ
ìíîæåííÿ íà ÿêó (1) ïåðåòâîðþ¹òüñÿ íà ðiâíÿííÿ â ïîâíèõ
äèôåðåíöiàëàõ. Ïðè öüîìó µ(x, y) íàçèâàþòü iíòåãðóâàëüíèì
ìíîæíèêîì ðiâíÿííÿ (1). Iíòåãðóâàëüíèé ìíîæíèê µ(x, y) çà-
äîâîëüíÿ¹ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè

µ

(
∂P

∂y
− ∂Q

∂x

)
= Q

∂µ

∂x
− P

∂µ

∂y
. (4)

Ó äåÿêèõ ÷àñòèííèõ âèïàäêàõ ðiâíÿííÿ (4) ðîçâ'ÿçó¹òüñÿ ïðî-
ñòî. Ðîçãëÿíåìî ¨õ.
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1) Íåõàé äëÿ (1) iñíó¹ iíòåãðóâàëüíèé ìíîæíèê, ÿêèé ¹
ôóíêöi¹þ òiëüêè âiä x, òîáòî µ(x, y) ≡ µ(x). Òîäi ç (4) ìà¹ìî

1

µ

dµ

dx
=

∂P

∂y
− ∂Q

∂x

Q
.

Ëiâà ÷àñòèíà (5) çàëåæèòü ëèøå âiä x, òîìó i ïðàâà ÷àñòèíà
ïîâèííà áóòè ôóíêöi¹þ òiëüêè âiä x. Òàêèì ÷èíîì, µ = µ(x)
iñíó¹ òîäi é òiëüêè òîäi, êîëè ïðàâà ÷àñòèíà (5) çàëåæèòü òiëü-
êè âiä x.

2) Àíàëîãi÷íî âñòàíîâëþ¹òüñÿ, ùî ðiâíÿííÿ (1) ìà¹ iíòå-
ãðàëüíèé ìíîæíèê µ = µ(y), ÿêùî ïðàâà ÷àñòèíà ðiâíÿííÿ

1

µ

dµ

dx
= − 1

P

(
∂P

∂y
− ∂Q

∂x

)
(6)

çàëåæèòü òiëüêè âiä y.
3) ßêùî äëÿ ðiâíÿííÿ (1) iñíó¹ iíòåãðóâàëüíèé ìíîæíèê

µ = µ(ω), ÿêèé ¹ ôóíêöi¹þ âiä çàäàíî¨ ôóíêöi¨ ω = ω(x, y), òî

1

µ

dµ

dω
=

∂P

∂y
− ∂Q

∂x

Q
∂ω

∂x
− P

∂ω

∂y

. (7)

Ïðè öüîìó ïðàâà ÷àñòèíà (7) ïîâèííà áóòè ôóíêöi¹þ âiä ω. Ií-
øèé ñïîñiá âiäøóêàííÿ iíòåãðóâàëüíîãî ìíîæíèêà áàçó¹òüñÿ
íà òàêié âëàñòèâîñòi: ÿêùî µ(Pdx + Qdy) = du, òo µf(u), äå
f � äîâiëüíà íåïåðåðâíà ôóíêöiÿ, ÿêà íå ïåðåòâîðþ¹òüñÿ íà
íóëü, òåæ áóäå iíòåãðóâàëüíèì ìíîæíèêîì äëÿ (1). Ïîäàìî
ðiâíÿííÿ (1) ó âèãëÿäi

P1(x, y)dx+Q1(x, y)dy + P2(x, y)dx+Q2(x, y)dy = 0 (8)
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i ïðèïóñòèìî, ùî ëåãêî çíàéòè iíòåãðóâàëüíi ìíîæíèêè
µ1(x, y) i µ2(x, y) òà çàãàëüíi iíòåãðàëè u1(x, y) = c i u2(x, y) = c
âiäïîâiäíî äî ðiâíÿíü

P1(x, y)dx+Q1(x, y)dy = 0, P2(x, y)dx+Q2(x, y)dy = 0.

Íà ïiäñòàâi âêàçàíî¨ âèùå âëàñòèâîñòi äëÿ çíàõîäæåííÿ ií-
òåãðóâàëüíîãî ìíîæíèêà ðiâíÿííÿ (8) äîñèòü ïiäiáðàòè ôóí-
êöi¨ f1 i f2 òàê, ùîá µ1f1(u1) = µ2f2(u2). ßêùî òàêi ôóíêöi¨
áóäóòü çíàéäåíi, òî iíòåãðóâàëüíèì ìíîæíèêîì ðiâíÿííÿ (8)
áóäå ôóíêöiÿ

µ = µ1f1(u1) = µ2f2(u2).

Ïðèêëàä 1. Ðîçâ'ÿçàòè ðiâíÿííÿ

(3x− 9x2y2)dx+ (5y4 − 6x3y)dy = 0.

Ðîçâ'ÿçàííÿ. Îñêiëüêè

∂

∂y
(3x− 9x2y2) = −18x2y =

∂

∂x
(5y4 − 6x3y),

òî äàíå ðiâíÿííÿ â ïîâíèõ äèôåðåíöiàëàõ i éîãî ëiâà ÷àñòè-
íà ¹ ïîâíèì äèôåðåíöiàëîì äåÿêî¨ ôóíêöi¨ u(x, y). Çíàéäåìî
µ(x, y) iç ðiâíîñòåé (3):

∂u

∂x
= 3x− 9x2y2,

∂u

∂y
= 5y4 − 6x3y.

Ç ïåðøîãî ðiâíÿííÿ ìà¹ìî:

u(x, y) =

∫
(3x− 9x2y2)dx =

3

2
x2 − 3x3y2 + φ(y).

Ïiäñòàâëÿþ÷è çíàéäåíå çíà÷åííÿ u â äðóãå ðiâíÿííÿ, îäåðæè-
ìî:

−6x3y + φ′(y) = 5y4 − 6x3y,
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φ′(y) = 5y4, φ(y) = y5 + c1, c1 ∈ R.

Òîìó u(x, y) =
3

2
x2−3x3y2+y5+c1, i çàãàëüíèé iíòåãðàë äàíîãî

ðiâíÿííÿ ìà¹ âèãëÿä
3

2
x2 − 3x3y2 + y5 = c.

Ïðèêëàä 2. Ðîçâ'ÿçàòè ðiâíÿííÿ

(2xy2 − y)dx+ (y2 + x+ y)dy = 0, (9)

êîëè âiäîìî, ùî âîíî ìà¹ iíòåãðóâàëüíèé ìíîæíèê ÿê ôóí-
êöiþ îäíi¹¨ çìiííî¨ x àáî y.

Ðîçâ'ÿçàííÿ. Ìà¹ìî:

P (x, y) = 2xy2 − y, Q(x, y) = y2 + x+ y,

∂P

∂y
= 4xy − 1,

∂Q

∂x
= 1.

Îñêiëüêè
∂P

∂y
≠

∂Q

∂x
, òî (9) íå ¹ ðiâíÿííÿì ó ïîâíèõ äèôå-

ðåíöiàëàõ. Ïåðåâiðèìî, ÷è iñíó¹ äëÿ (9) µ = µ(x). Çãiäíî ç (5)
îá÷èñëèìî

∂P

∂y
− ∂Q

∂x

Q
=

4xy − 2

y2 + x+ y
̸= φ(x),

òîìó µ = µ(x) íå iñíó¹. Ðîçãëÿíåìî òåïåð ïðàâó ÷àñòèíó (6):

∂P

∂y
− ∂Q

∂x

−P
=

4xy − 2

−(2xy2 − y)
= −2

y
= ψ(y).

Îòæå, µ = µ(y) iñíó¹ i éîãî âèçíà÷à¹ìî ç (6):

1

µ

dµ

dy
= −2

y
,

dµ

µ
= −2

y
dy, µ =

1

y2
.
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Äîìíîæèâøè (9) íà µ =
1

y2
, îäåðæèìî ðiâíÿííÿ â ïîâíèõ äè-

ôåðåíöiàëàõ(
2x− 1

y

)
dx+

(
1 +

x

y2
+

1

y

)
dy = 0.

Ðîçâ'ÿæåìî éîãî:
∂u

∂x
= 2x− 1

y
,

∂u

∂y
= 1 +

x

y2
+

1

y
;

u(x, y) =

∫ (
2x− 1

y

)
dx = x2 − x

y
+ φ(y);

∂

∂y

(
x2 − x

y
+ φ(y)

)
= 1 +

x

y2
+

1

y
,

φ′(y) = 1 +
1

y
, φ(y) = y + ln |y|+ c1.

Îòæå, u(x, y) = x2 − x

y
+ y + ln |y| = c. Çàçíà÷èìî, ùî ïðè

äiëåííi íà y2 áóâ âòðà÷åíèé ðîçâ'ÿçîê äàíîãî ðiâíÿííÿ y ≡ 0.
Ïðèêëàä 3. Ðîçâ'ÿçàòè äèôåðåíöiàëüíå ðiâíÿííÿ

(x2 + y2 + y)dx− xdy = 0, (10)

ÿêå ìà¹ iíòåãðóâàëüíèé ìíîæíèê µ = µ(ω), äå ω = xy, àáî
ω = x2 + y2, àáî æ ω = x2 − y2.

Ðîçâ'ÿçàííÿ. Ó íàøîìó âèïàäêó

P (x, y) = x2+y2+y, Q(x, y) = −x, ∂P

∂y
= 2y+1 ̸= ∂Q

∂x
= −1.

Ïðèïóñòèìî, ùî ω = xy, i îá÷èñëèìî ïðàâó ÷àñòèíó ðiâíÿííÿ
(7):

∂P

∂y
− ∂Q

∂x

Q
∂ω

∂y
− P

∂ω

∂x

=
2(y + 1)

−xy − (x2 + y2 + y)x
=
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=
2(y + 1)

−x(x2 + y2 + 2y)
̸= φ(xy).

Çâiäñè ðîáèìî âèñíîâîê, ùî µ = µ(xy) äëÿ (10) íå iñíó¹. Íåõàé
òåïåð ω = x2 + y2:

∂P

∂y
− ∂Q

∂x

Q
∂ω

∂y
− P

∂ω

∂x

=
2(y + 1)

−2x2 − (x2 + y2 + y)2y
= − 1

x2 + y2
= − 1

ω
.

Îòæå, ïðè ω = x2 + y2 iíòåãðóâàëüíèé ìíîæíèê µ = µ(ω)
iñíó¹. Çíàéäåìî éîãî iç (7):

1

µ

dµ

dω
= − 1

ω
, µ =

1

ω
=

1

x2 + y2
.

Ïiñëÿ ìíîæåííÿ (10) íà µ =
1

x2 + y2
îäåðæèìî ðiâíÿííÿ

(
1 +

y

x2 + y2

)
dx− x

x2 + y2
dy = 0

ó ïîâíèõ äèôåðåíöiàëàõ. Ìà¹ìî:

∂u

∂x
= 1 +

y

x2 + y2
,

∂u

∂y
= − x

x2 + y2
;

u =

∫ (
− x

x2 + y2

)
dy = −arctg

y

x
+ φ(x),

∂

∂x

(
−arctg

y

x
+ φ(x)

)
= 1+

y

x2 + y2
, φ′(x) = 1, φ(x) = x+c1.

Òàêèì ÷èíîì, −arctg
y

x
+x = c � çàãàëüíèé iíòåãðàë ðiâíÿííÿ

(10).
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Ïðèêëàä 4. Çíàéòè iíòåãðóâàëüíèé ìíîæíèê ðiâíÿííÿ

(x3 + xy2 − y)dx+ (y3 + x2y + x)dy = 0. (11)

Ðîçâ'ÿçàííÿ. Ëåãêî ïåðåêîíàòèñü, ùî (11) íå ¹ ðiâíÿííÿì
ó ïîâíèõ äèôåðåíöiàëàõ. Ïîäàìî (11) ó âèãëÿäi

[x(x2 + y2)dx+ y(x2 + y2)dy] + [xdy − ydx] = 0.

Î÷åâèäíî, ùî ðiâíÿííÿ

x(x2 + y2)dx+ y(x2 + y2)dy = 0

ìà¹ iíòåãðóâàëüíèé ìíîæíèê µ1 =
1

x2 + y2
, à çàãàëüíèì iíòå-

ãðàëîì ðiâíÿííÿ xdy + ydx = 0 ¹ u1(x, y) = x2 + y2 = c. Òîìó
êîæíèé iíòåãðóâàëüíèé ìíîæíèê öüîãî ðiâíÿííÿ ìà¹ âèãëÿä

µ1f1(u1) =
1

x2 + y2
f1(x

2 + y2), äå f1 � äîâiëüíà íåïåðåðâíà

ôóíêöiÿ.
Äëÿ ðiâíÿííÿ xdy − ydx = 0 iíòåãðóâàëüíèì ìíîæíèêîì

¹ µ2 =
1

xy
, à ñïiââiäíîøåííÿ u2(x, y) = y

x
= c âèçíà÷à¹ éîãî

çàãàëüíèé iíòåãðàë. Îòæå, âñi iíòåãðóâàëüíi ìíîæíèêè öüîãî

ðiâíÿííÿ ìiñòÿòüñÿ ó ôîðìóëi µ = µ2f2(u2) =
1

xy
f2

(y
x

)
.

Âèêîðèñòîâóþ÷è äîâiëüíèé âèáið ôóíêöié f1 i f2, ïiäáåðå-
ìî ¨õ òàê, ùîá

1

x2 + y2
f1(x

2 + y2) =
1

xy
f2

(y
x

)
.

ßêùî ïðèïóñòèòè, ùî f1(z) = 1, f2(z) =
z

1 + z2
, òî îñòàííÿ ðiâ-

íiñòü áóäå âèêîíóâàòèñü. Òàêèì ÷èíîì, µ = µ1f1(u1) =
1

x2 + y2

� iíòåãðóâàëüíèé ìíîæíèê ðiâíÿííÿ (11).
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Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Ðîçâ'ÿçàòè ðiâíÿííÿ:
a) (2xy + 3y2)dx+ (x2 + 6xy − 3y2)dy = 0,

(y3 + ln x)dy = −y
x
dx;

á) (3y2 + 2xy + 2x)dx+ (6xy + x2 + 3)dy = 0,

(2y + xe−y)dy = e−ydx;

â)
√
x2 − y dx+ 2x

(
1 +

√
x2 − y

)
dy = 0,

3x2(1 + ln y)dx =

(
2y − x3

y

)
dy.

2. Ðîçâ'ÿçàòè ðiâíÿííÿ ìåòîäîì iíòåãðóâàëüíîãî ìíîæíè-
êà, çíàþ÷è, ùî âîíè ìàþòü µ = µ(x) àáî µ = µ(y):

à)
(
1 +

y

x2

)
dx+

(
1

x
+

2y

x2

)
dy = 0;

á)
(y
x
− 3x

)
dx =

(
4y

x
− 1

)
dy = 0;

â)

(
y3

x3
− 1

x2

)
dy =

y

x3
dx.

3. Ðîçâ'ÿçàòè ðiâíÿííÿ ìåòîäîì iíòåãðóâàëüíîãî ìíîæíè-
êà, çíàþ÷è, ùî âîíè ìàþòü µ = µ(ω), äå ω = xy àáî ω = x2+y2,
àáî æ ω = x2 − y2:

à) (x+ x2 + y2)dy − ydx = 0,

(2x2y + x)dy + (y + 2xy2 − x2y3)dx = 0;

á) (x3 + xy2 − y)dx+ (y3 + x2y + x)dy = 0,

y2dx− (1− xy)dy = 0;

â) (x2y3 + y)dx+ (x3y2 − x)dy = 0,

(x2 + y)dy + (1− y)xdx = 0.
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Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

Ïåðåâiðèòè, ùî ðiâíÿííÿ ¹ ðiâíÿííÿìè â ïîâíèõ äè-
ôåðåíöiàëàõ òà ðîçâ'ÿçàòè ¨õ

1. 2xydx+ (x2 − y2)dy = 0.
2. (2− 9xy2)xdx+ (4y2 − 6x3)ydy = 0.
3. e−ydx− (2y + xe−y)dy = 0.

4.
y

x
dx+ (y3 + ln x)dy = 0.

5.
3x2 + y2

y2
dx− 2x3 + 5y

y3
dy = 0.

6. 2x(1 +
√
x2 − y)dx−

√
x2 − ydy = 0.

7. (1 + y2 sin 2x)dx− 2y cos2 xdy = 0.

8. 3x2(1 + ln y)dx =
(
2y − x3

y

)
dy.

9.
( x

sin t
+ 2
)
dx+

(x2 + 1) cos y

cos 2y − 1
dy = 0.

Ðîçâ'ÿçàòè ðiâíÿííÿ àáî çíàéøîâøè iíòåãðóþ÷èé
ìíîæíèê áóäü-ÿêèì ñïîñîáîì àáî çðîáèâøè çàìiíó
çìiííèõ

10. (x2 + y2 + x)dx+ ydy = 0.
11. (x2 + y2 + y)dx− xdy = 0.
12. ydy = (xdy + ydx)

√
1 + y2.

13. xy2(xy′ + y) = 1.
14. y2dx− (xy + x3)dy = 0.

15.
(
y − 1

x

)
dx+

dy

y
= 0.

16. (x2 + 3 ln y)ydx = xdy.
17. y2dx+ (xy + tg xy)dy = 0.
18. y(x+ y)dx+ (xy + 1)dy = 0
19. y(y2 + 1)dx+ x(y2 − x+ 1)dy = 0.
20. (x2 + 2x+ y)dx = (x− 3x2y)dy.

21. ydx− xdy = 2x3 tg
y

x
dx.



35

22. y2dx+ (ex − y)dy = 0.
23. xydx = (y3 + x2y + x2)dy.
24. x2y(ydx+ xdy) = 2ydx+ xdy.
25. (x2 − y2 + y)dx+ x(2y − 1)dy = 0.
26. (2x2y2 + y)dx+ (x3y − x)dy = 0.
27. (2x2y3 − 1)ydx+ (4x2y3 − 1)xdy = 0 .
28. y(x+ y2)dx+ x2(y − 1)dy = 0.
29. (x2 − sin2 y)dx+ x sin 2ydy = 0.
30. x(ln y + 2 ln x− 1)dy = 2ydx.
31. (x2 + 1)(2xdx+ cos ydy) = 2x sin ydx.
32. (2x3y2 − y)dx+ (2x2y3 − x)dy = 0.
33. x2y3 + y + (x3y2 − x)y′ = 0.
34. (x2 − y)dx+ x(y + 1)dy = 0.
35. y2(ydx− 2xdy) = x3(xdy − 2ydx).

Âiäïîâiäi

1. 3x2y− y3 = X. 2. x2 − 3x3y2 + y4 = C. 3. xe−y − y2 = C.

4. 4y ln x+y4 = C. 5. x+
x3

y2
+
5

y
= C. 6. x2+

2

3
(x2−y)3/2 = C.

7. x − y2 cos2 x = C. 8. x3 + x3 ln y − y2 = C. 9. x2 + 1 =

2(C − 2x) sin y. 10. 2x+ ln(x2 + y2) = C. 11. x+ arctg
x

y
= C.

12. xy+C =
√

1 + y2. 13. 2x3y3−3x2 = C. 14. y2 = x2(C−2y);
x = 0. 15. (x2 − C)y = 2x. 16. x2 + ln y = Cx3; x = 0. 17.

y sin xy = C. 18.
x2

2
+ xy + ln |y = C; y = 0. 19. −x + 1 =

xy(arctg y + C); x = 0; y = 0. 20. x + 2 ln |x| + 3

2
y2 − y

x
= C;

x = 0. 21. sin
y

x
= Ce−x

2

. 22. ln |y| − ye−z = C; y = 0. 23.

ln
(x2
y2

+ 1 = 2y + C
)
; y = 0. 24. x2y lnCxy = −1; x = 0;

y = 0. 25. x2 + y2 = y + Cx; x = 0. 26. x2y + ln |x/y| = C;
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x = 0; y = 0. 27. 2xy2 + (1/xy) = C; x = 0; y = 0. 28.

ln
∣∣∣x+ y

y

∣∣∣+ y(1 + x)

x+ y
= C; y = 0; y = −x. 29. sin2 y = Cx− x2;

x = 0. 30. y = C ln x2y. 31. sin y = −(x2 + 1) lnC(x2 + 1).
32. xy(C − x2 − y2) = −1; x = 0; y = 0. 33. y2 = Cx2ex

2y2 .
34. x

√
1 + (y2/x2) + ln(y/x +

√
1 + (y2/x2)) = C; x = 0. 35.

x3 − 4y2 = Cy 3
√
xy; x = 0; y = 0.

Ëiòåðàòóðà: [1], c. 53�60; [2], c. 32�35; [4], c. 35�43; [5], c. 26�
40; [6], c. 81�91; [7], c. 20�23.
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Òåìà 5. ÐIÂÍßÍÍß, ÍÅ ÐÎÇÂ'ßÇÀÍI ÂIÄÍÎÑÍÎ
ÏÎÕIÄÍÎ�

Äèôåðåíöiàëüíå ðiâíÿííÿ ïåðøîãî ïîðÿäêó, íå ðîçâ'ÿçàíå
âiäíîñíî ïîõiäíî¨, ìà¹ âèãëÿä

F (x, y, y′) = 0. (1)

Íèæ÷å ðîçãëÿíåìî ÷àñòêîâi òèïè ðiâíÿíü (1), äëÿ ÿêèõ ìî-
æíà âêàçàòè ñïîñîáè çíàõîäæåííÿ ðîçâ'ÿçêiâ.

1) Âàæëèâèì âèïàäêîì òàêèõ ðiâíÿíü ¹ òîé, êîëè F � ìíî-
ãî÷ëåí ñòåïåíÿ n âiäíîñíî ïîõiäíî¨:

(y′)n + a1(x, y)(y
′)n−1 + ...+ an−1(x, y)y

′ + an(x, y) = 0. (2)

Ðiâíÿííÿ òèïó (2) íàçèâàþòü ðiâíÿííÿì ïåðøîãî ïîðÿäêó n-
ãî ñòåïåíÿ. Çãiäíî ç îñíîâíîþ òåîðåìîþ àëãåáðè, äëÿ êîæíî¨
ïàðè (x, y) ðiâíÿííÿ (2) ìà¹ n êîðåíiâ. Îáìåæóþ÷èñü ëèøå
äiéñíèìè êîðåíÿìè, îäåðæèìî s ≤ n ðiâíÿíü ïåðøîãî ïîðÿä-
êó, ðîçâ'ÿçàíèõ âiäíîñíî ïîõiäíî¨:

y′ = fk(x, y), k = 1, s.

ßêùî êîæíå ç öèõ ðiâíÿíü ìà¹ çàãàëüíèé iíòåãðàë Φk(x, y) =
C, òî ñóêóïíiñòü ðiâíîñòåé

Φk(x, y) = C, k = 1, s

íàçèâà¹òüñÿ çàãàëüíèì iíòåãðàëîì ðiâíÿííÿ (2).
2) Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

F (x, y′) = 0. (3)

ßêùî éîãî âäà¹òüñÿ ðîçâ'ÿçàòè âiäíîñíî y′, òî îäåðæèìî ðiâ-
íÿííÿ y′ = fk(x)(k = 1, 2, ...) ç âiäîêðåìëþâàíèìè çìiííè-
ìè. ßêùî æ (3) ìîæíà ðîçâ'ÿçàòè âiäíîñíî íåçàëåæíî¨ çìií-
íî¨ x, òîáòî x = φ(y′), äå φ � äåÿêà äèôåðåíöiéîâíà ôóí-
êöiÿ â îáëàñòi çìiíè y′, òî â öüîìó âèïàäêó ðîçâ'ÿçîê ìîæíà
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çíàéòè â ïàðàìåòðè÷íié ôîðìi. Ñïðàâäi, ââåäåìî ïàðàìåòð
y′ = p(dy = pdx). Òîäi

x = φ(p), dy = pdx = pφ′(p)dp, y =

∫
pφ′(p)dp.

Îòæå, ñïiââiäíîøåííÿ

x = φ(p), y =

∫
pφ′(p)dp

âèçíà÷àþòü çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (3) â ïàðàìåòðè÷íié
ôîðìi.

3) ßêùî ëiâà ÷àñòèíà (1) ÿâíî íå çàëåæèòü âiä x, òîáòî

F (y, y′) = 0, (4)

òî äëÿ ðîçâ'ÿçàííÿ (4) ìîæíà âèêîðèñòàòè òi æ ìiðêóâàííÿ,
ùî é ó ïîïåðåäíüîìó ïóíêòi.

4) Ó çàãàëüíîìó âèïàäêó (1) ðîçâ'ÿçóþòü ìåòîäîì ââåäåííÿ
ïàðàìåòðà, ÿêèé äîêëàäíî îïèñàíèé ó [5]. Ìè æ ðîçãëÿíåìî
íàéïðîñòiøèé âàðiàíò öüîãî ìåòîäó. Ïðèïóñòèìî, ùî (1) ìî-
æíà ðîçâ'ÿçàòè âiäíîñíî x àáî y. Íàïðèêëàä, éîãî ìîæíà ïî-
äàòè ó âèãëÿäi x = f(y, y′). Óâiâøè ïàðàìåòð y′ = p(dy = pdx) i
ïðîäèôåðåíöiþâàâøè ðiâíiñòü x = f(y, p), îäåðæèìî ðiâíÿííÿ

dy

p
=
∂f(y, p)

∂y
dy +

∂f(y, p)

∂p
dp, p ̸= 0,

òîáòî
P (y, p)dy +Q(y, p)dp = 0.

ßêùî ðîçâ'ÿçêè îñòàííüîãî ðiâíÿííÿ çàäàíi ôîðìóëîþ y =
φ(p, c), òî ðîçâ'ÿçêè ðiâíÿííÿ (1) ìîæíà çàïèñàòè â ïàðàìå-
òðè÷íié ôîðìi

x = f(φ(p, c), p), y = φ(p, c).
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Ïðèêëàäàìè ðiâíÿíü, ÿêi ìîæíà ðîçâ'ÿçàòè âèêëàäåíèì
ìåòîäîì, ¹ ðiâíÿííÿ Ëàãðàíæà

y = A(y′)x+B(y′) (5)

òà ðiâíÿííÿ Êëåðî
y = xy′ +B(y′). (6)

Òóò A(y′) i B(y′) � íåïåðåðâíî äèôåðåíöiéîâíi ôóíêöi¨ â îáëà-
ñòi çìiíè y′.

Ïðèêëàä 1. Çíàéòè âñi ðîçâ'ÿçêè ðiâíÿííÿ

(y′)2 + xy = y2 + xy′.

Ðîçâ'ÿçàííÿ. Äàíå ðiâíÿííÿ ¹ ðiâíÿííÿì ïåðøîãî ïîðÿä-
êó äðóãîãî ñòåïåíÿ. Ðîçâ'ÿçóþ÷è éîãî ÿê êâàäðàòíå ðiâíÿ-
ííÿ âiäíîñíî y′, îäåðæèìî äâà ðiâíÿííÿ ïåðøîãî ïîðÿäêó,
ðîçâ'ÿçàíi âiäíîñíî ïîõiäíî¨:

y′ = y, y′ = x− y.

Ïåðøå ç íèõ ¹ ðiâíÿííÿì ç âiäîêðåìëþâàíèìè çìiííèìè i ìà¹
çàãàëüíèé ðîçâ'ÿçîê y = Cex, à äðóãå çâîäèòüñÿ äî ðiâíÿííÿ
ç âiäîêðåìëþâàíèìè çìiííèìè çà äîïîìîãîþ çàìiíè z = y− x
(z′ = y′ − 1):

z′ = −z−1,
dz

z + 1
= −dx, z+1 = Ce−x, y = x−1+Ce−x.

Îòæå, ñóêóïíiñòü ðiâíîñòåé

y = Cex, y = x− 1 + Ce−x

âèçíà÷à¹ çàãàëüíèé iíòåãðàë äàíîãî â óìîâi çàäà÷i ðiâíÿííÿ.
Ïðèêëàä 2. Ðîçâ'ÿçàòè ðiâíÿííÿ y′(x− ln y′) = 1.
Ðîçâ'ÿçàííÿ. Äàíå ðiâíÿííÿ ìà¹ âèãëÿä (3). Éîãî ëåãêî

ðîçâ'ÿçàòè âiäíîñíî x:

x =
1

y′
+ ln y′.
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Óâåäåìî ïàðàìåòð y′ = p i ïðîäèôåðåíöiþ¹ìî ðiâíiñòü x =

ln p+
1

p
. Ìà¹ìî:

dx =

(
− 1

p2
+

1

p

)
dp,

dy

dp
=

(
− 1

p2
+

1

p

)
dp, dy =

(
1− 1

p

)
dp,

y =

∫ (
1− 1

p

)
dp = p− ln p+ C.

Òàêèì ÷èíîì, x =
1

p
+ ln p, y = p − ln p + C � çàãàëüíèé

ðîçâ'ÿçîê ðiâíÿííÿ â ïàðàìåòðè÷íié ôîðìi.
Ïðèêëàä 3. Ðîçâ'ÿçàòè ðiâíÿííÿ

5y + (y′)2 = x(x+ y′). (7)

Ðîçâ'ÿçàííÿ. Íåõàé y′ = p. Òîäi ç (7) ìà¹ìî ëàíöþæîê
ðiâíîñòåé:

y =
1

5
(x2 + px− p2), dy =

1

5
(2xdx+ xdp+ pdx− 2pdp),

5pdx = (2x+ p)dx+ (x− 2p)dp, (x− 2p)(dp+ 2dx) = 0.

Àíàëiç îñòàííüîãî ðiâíÿííÿ ïîêàçó¹, ùî x = 2p àáî x = −p
2
+

C. Òîäi, âðàõîâóþ÷è ðiâíiñòü y =
1

5
(x2 + px − p2), îäåðæèìî

âñi ðîçâ'ÿçêè ðiâíÿííÿ (7) â ïàðàìåòðè÷íié ôîðìi:

{
x = 2p,
y = p2;


x = −p

2
+ C,

y =
1

20
(4C2 − 5p2).
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Çàçíà÷èìî, ùî â îñòàííiõ ñïiââiäíîøåííÿõ ëåãêî âèêëþ÷èòè
ïàðàìåòð p, âíàñëiäîê ÷îãî îòðèìà¹ìî ðîçâ'ÿçêè â ÿâíîìó âè-
ãëÿäi:

y =
x2

4
, y = −x2 + 2Cx− 4

5
C2.

Ïðèêëàä 4. Çíàéòè âñi ðîçâ'ÿçêè ðiâíÿííÿ

y = x(y′)2 − 2(y′)3. (8)

Ðîçâ'ÿçàííÿ. Äàíå äèôåðåíöiàëüíå ðiâíÿííÿ ìà¹ âèãëÿä
(5), òîáòî ¹ ðiâíÿííÿì Ëàãðàíæà. Çàïðîâàäèìî ïàðàìåòð y′ =
p. Òîäi

y = xp2 − 2p3, dy = pdx = p2dx+ 2p(x− 3p)dp.

Ïðè p ̸= 0 i p ̸= 1 çâiäñè îòðèìà¹ìî ëiíiéíå íåîäíîðiäíå ðiâ-
íÿííÿ âiäíîñíî íåâiäîìî¨ ôóíêöi¨ x:

dx

dp
= − 2

p− 1
x+

6p

p− 1
.

Ðîçâ'ÿçóþ÷è éîãî ìåòîäîì âàðiàöi¨ ñòàëî¨ (òåìà 3), çíàõîäèìî
çàãàëüíèé ðîçâ'ÿçîê

x =
C

(p− 1)2
+ 2p+ 1.

Îñêiëüêè y = xp2 − 2p3, òî ìîæåìî çàïèñàòè ðîçâ'ÿçêè ðiâíÿ-
ííÿ (8) ó ïàðàìåòðè÷íié ôîðìi:

x =
C

(p− 1)2
+ 2p+ 1, y =

p2C

(p− 1)2
+ p2.

Âiäçíà÷èìî, ùî îñòàííi ñïiââiäíîøåííÿ âñòàíîâëåíi ïðè p ̸= 0
i p ̸= 1. Ïðè p = 0 i p = 1 iç ôîðìóëè y = xp2 − 2p3 çíàõîäèìî
ùå äâà ðîçâ'ÿçêè ðiâíÿííÿ (8): y = 0, y = x− 2.
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Ïðèêëàä 5. Ðîçâ'ÿçàòè ðiâíÿííÿ Êëåðî 2y
′2(y − xy′) = 1.

Ðîçâ'ÿçàííÿ. Çà äîïîìîãîþ ïàðàìåòðà p = y′ äàíå ðiâíÿ-
ííÿ ìîæíà çàïèñàòè ó âèãëÿäi

y = xp+
1

2p2
. (9)

Äèôåðåíöiþþ÷è (9) i âðàõîâóþ÷è ðiâíiñòü dy = pdx, îäåðæèìî(
x− 1

p3

)
dp = 0.

Çâiäñè âèïëèâà¹, ùî p = C = const ̸= 0 àáî p =
1
3
√
x
. Ïiäñòàâè-

ìî çíàéäåíi çíà÷åííÿ p ó (9) i îòðèìà¹ìî çàãàëüíèé ðîçâ'ÿçîê

y = Cx +
1

2C2
ðiâíÿííÿ Êëåðî i éîãî îñîáëèâèé ðîçâ'ÿçîê [5]

y =
3

2
x3. Çàçíà÷èìî, ùî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ Êëåðî

� îäíîïàðàìåòðè÷íà ñiì'ÿ ïðÿìèõ, à îñîáëèâèé ðîçâ'ÿçîê �
îáâiäíà öi¹¨ îäíîïàðàìåòðè÷íî¨ ñiì'¨.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

Ðîçâ'ÿçàòè ðiâíÿííÿ:

à) (y′)2 − (2x+ y)y′ + x2 + xy = 0, x = ln y′ + sin y′,
y + xy′ = 4

√
y′, x2(y′)2 = xyy′ + 1,√

(y′)2 + 1 + xy′ − y = 0, ye−y
′
= (y′)2;

á) (y′)2 − y = −2(y′)3, y′ + y = x(y′)2,
xy′ − y = ln y′, 2xy′ − y = y ln(y′y),
x((y′)2 − 1) = 2y′, (y′)2 − (3x− 2y)y′+

+2x2 − xy − 3y2 = 0.
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Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

Ðîçâ'ÿçàòè ðiâíÿííÿ âiäíîñíî y′, ïiñëÿ öüîãî çàãàëü-
íèé ðîçâ'ÿçîê øóêàòè çâè÷àéíèìè ìåòîäàìè. Çíàéòè
òàêîæ îñîáëèâi ðîçâ'ÿçêè, ÿêùî âîíè ¹

1. y′2 + xy = y2 + xy′. 2. xy′(xy′ + y) = 2y2.
3. xy′2 − 2yy′ + x = 0. 4. xy′2 = y(2y′ − 1).
5. y′2 + x = 2y. 6. y′3 + (x+ 2)ey = 0.
7. y′2 − 2xy′ = 8x2. 8. (xy′ + 3y)2 = 7x.
9. y′2 − 2yy′ = y2(ex − 1).
10. y′(2y − y′) = y2 sin2 x.
11. y′4 + y2 = y4.
12. x(y − xy′)2 = xy′2 − 2yy′.
13. y(xy′ − y)2 = y − 2xy′.
14. yy′(yy′ − 2x) = x2 − 2y2.
15. y′2 + 4xy′ − y2 − 2x2y = x4 − 4x2.
16. y(y − 2xy′)2 = 2y′.
Ðîçâ'ÿçàòè ðiâíÿííÿ çà äîïîìîãîþ ââåäåííÿ ïàðà-

ìåòðà
17. x = y′3 + y′. 18. x(y′2 − 1) = 2y′.
19. x = y′

√
y′2 + 1. 20. y′(x− ln y′) = 1.

21. y = y′2 + 2y′3. 22. y = ln(1 + y′2)
23. (y′ + 1)3 = (y′ − y)2. 24. y = (y′ − 1)ey

′
.

25. y′4 − y′2 = y2. 26. y′2 − y′3 = y2.
27. y′4 = 2yy′ + y2. 28. y′2 − 2xy′ = x2 − 4y.
29. 5y + y′2 = x(x+ y′). 30. x2y′2 = xyy′ + 1.
31. y′3 + y2 = xyy′ 32. 2xy′ − y = y′ ln yy′.
33. y′ = exy

′/y. 34. y = xy′ − x2y′3.
35. y = 2xy′ + y2y′3. 36. y(y − 2xy′)3 = y′2.
Ðîçâ'ÿçàòè ðiâíÿííÿ Ëàãðàíæà òà Êëåðî
37. y = xy′ − y′2. 38. y + xy′ = 4

√
y′.

39. y = 2xy′ − 4y′3. 40. y = xy′ − (2 + y′).
41. y′3 = 3(xy′ − y). 42. y = xy′2 − 2y′3.
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43. xy′ − y = ln y′. 44. xy′(y′ + 2) = y.
45. 2y′2(y − xy′) = 1. 46. 2xy′ − y = ln y′.

Âiäïîâiäi

1. y = Cex; y = Ce−x + x − 1. 2. x2y = C; y = Cx. 3.
x2 + C2 = 2Cy; y = ±x. 4. (x + C)2 = 4Cy; y = 0; y = x.
5. ln |1 ± 2

√
2y − z| = 2(x + C ±

√
2y − x); 8y = 4x + 1. 6.

(x + 2)4/3 + C = 4e−y/3. 7. y = 2x2 + C; y = −x2 + C. 8.
y = Cx−3 ± 2

√
x/7. 9. lnCy = x ± 2ex/2; y = 0. 10. lnCy =

x± sin x; y = 0. 11. arctg u+
1

2
ln |(u− 1)/(u+1)| = ±x+C, äå

u = 4
√

1− (1/y2); y = 0; y = ±1. 12. x2 + (Cy + 1)2 = 1; y = 0.
13. (Cx+1)2 = 1−y2; y = 0; y = ±1. 14. 2(x−C)2+2y2 = C2;
y = ±x. 15. y = Ce±x− x2. 16. y2 = C2x−C; 4xy2 = −1. 17.

x = p3 + p, 4y = 3p4 + 2p2 + C. 18. x =
2p

p2 − 1
, t =

2

p2 − 1
−

ln |p2 − 1| + C. 19. x = p
√
p2 + 1, 3y = (2p2 − 1)

√
p2 + 1 + C.

20. x = ln p + (1/p), y = p − ln p + C. 21. x = 3p2 + 2p + C,
y = 2p3 + p2; y = 0. 22. x = 2arctg p+C, y = ln(1 + p2); y = 0.

23. x = ln |p|± 3

2
ln
∣∣∣√p+ 1− 1√

p+ 1 + 1

∣∣∣±3
√
p+ 1+C, y = p±(p+1)3/2;

y = ±1. 24. x = ep + C, y = (p − 1)ep; y = −1. 25. x =

±
(
2
√
p2 − 1 + arcsin

1

|p|

)
+ C, y = ±p

√
p2 − 1; y = 0. 26. x =

±
(
ln
∣∣∣1−√

1− p

1 +
√
1− p

∣∣∣+ 3
√

1− p
)
+ C, y = ±p

√
1− p; y = 0. 27.

x = ±2
√

1 + p2− ln(
√
p2 + 1±1)+C, y = −p±p

√
p2 + 1; y = 0.

28. 4y = C2−2(x−C)2; 2y = x2. 29. x = −p
2
+C, 5y = C2−5p2

4
;

x2 = 4y. 30. ±xp
√
2 lnCp = 1, y = ±

(√
2 lnCp − 1√

2 lnCp

)
.

31. pxy = y2+p3, y2(2p+C) = p4; y = 0. 32. y2 = 2Cx−C lnC;



45

2x = 1+ 2 ln |y|. 33. Cx = lnCy; y = ex. 34. xp2 = C
√

|p| − 1,
y = xp − x2p3; y = 0. 35. 2p2x = C − C2p2, py = C; 32x3 =
−27y4; y = 0. 36. y2 = 2C3x+C1; 27x2y2 = 1. 37. y = Cx−C2;
4y = x2. 38. x

√
p = ln p+ C, y =

√
p(4− ln p− C); y = 0. 39.

x = 3p2 + Cp−2, y = 2p3 + 2Cp−1; y = 0. 40. y = Cx − C − 2.
41. C3 = 3(Cx − y); 9y2 = 4x3. 42. x = C(p − 1)−2 + 2p + 1,
y = Cp2(p − 1)−2 + p2; y = 0; y = x − 2. 43. y = Cx − lnC;
y = ln x+1. 44. y = ±

√
Cx+C; y = −x. 45. 2C2(y−Cx) = 1;

8y3 = 27x2. 46. xp2 = p+ c, y = 2 + 2Cp−1 − ln p.

Ëiòåðàòóðà: [1], c. 92�108; [2], c. 36�41; [3], c. 39�45; [5], c. 54�
88; [6], c. 105�121; [7], c. 28�32.
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Òåìà 6. ÐIÂÍßÍÍß, ÙÎ ÄÎÏÓÑÊÀÞÒÜ
ÇÍÈÆÅÍÍß ÏÎÐßÄÊÓ

Ðîçãëÿíåìî ñêàëÿðíå äèôåðåíöiàëüíå ðiâíÿííÿ n-ãî ïîðÿä-
êó

F (x, y, y′, ..., y(n)) = 0, n ≥ 2, (1)

â ÿêîìó x � íåçàëåæíà çìiííà, y = y(x) � øóêàíà ôóí-
êöiÿ, F � çàäàíà ôóíêöiÿ â äåÿêié îáëàñòi D ⊂ Rn+2. Çà-
ãàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) â îáëàñòi D áóäåìî íàçèâàòè
n-ïàðàìåòðè÷íó ñiì'þ ôóíêöié y = φ(x, c1, ..., cn) (ïàðàìåòðè
c1, ..., cn � äîâiëüíi ñòàëi) çà óìîâè, ùî âñÿêèé ÷ëåí öi¹¨ ñiì'¨ ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (1), i íàâïàêè, âñÿêèé ðîçâ'ÿçîê ðiâíÿííÿ
(1), ãðàôiê ÿêîãî ëåæèòü â D, ¹ ÷ëåíîì äàíî¨ ñiì'¨. ßêùî ñïiâ-
âiäíîøåííÿ Φ(x, y, c1, ..., cn) = 0 âèçíà÷à¹ çàãàëüíèé ðîçâ'ÿçîê
ðiâíÿííÿ (1) ó íåÿâíîìó âèãëÿäi, òîäi âîíî íàçèâà¹òüñÿ çàãàëü-
íèì iíòåãðàëîì ðiâíÿííÿ (1).

Iíêîëè (1) âäà¹òüñÿ ðîçâ'ÿçàòè âiäíîñíî n-î¨ ïîõiäíî¨ i çà-
ïèñàòè ó âèãëÿäi

y(n) = f(x, y, y′, ..., y(n−1)). (2)

Çàäà÷åþ Êîøi äëÿ ðiâíÿííÿ (2) íàçèâà¹òüñÿ çàäà÷à ïðî âiä-
øóêàííÿ òîãî ðîçâ'ÿçêó y = y(x) ðiâíÿííÿ, ÿêèé ñïðàâäæó¹
ïî÷àòêîâi óìîâè

y(x0) = y0, y
′(x0) = y1, ..., y

(n−1)(x0) = yn−1. (3)

Òóò x0, y0, ..., yn−1 � çàäàíi ÷èñëà. Âiäîìî, ùî êîëè f � íåïå-
ðåðâíà â äåÿêîìó îêîëi òî÷êè (x0, y0, ..., yn−1) i ìà¹ îáìåæåíi
÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó çà çìiííèìè y, y′, ..., y(n−1),
òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê y = y(x) çàäà÷i Êîøi (2), (3), ÿêèé
âèçíà÷åíèé i n ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèé ó äåÿêîìó
îêîëi òî÷êè x = x0 (òåîðåìà Ïiêàðà).
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Îäèí iç îñíîâíèõ ïiäõîäiâ äî âiäøóêàííÿ çàãàëüíîãî
ðîçâ'ÿçêó ðiâíÿíü (1) àáî (2) ïîëÿãà¹ â ïîñëiäîâíîìó çíèæåí-
íi ¨õ ïîðÿäêó. Íèæ÷å ìè âêàæåìî äåÿêi êëàñè òàêèõ ðiâíÿíü
i ïðîiëþñòðó¹ìî ¨õ íà êîíêðåòíèõ ïðèêëàäàõ.

1) Ðiâíÿííÿ, ùî íå ìiñòÿòü â ÿâíîìó âèãëÿäi øóêà-
íî¨ ôóíêöi¨ òà äåÿêèõ ¨¨ ïîñëiäîâíèõ ïîõiäíèõ. Ðîçãëÿ-
íåìî ðiâíÿííÿ

F (x, y(k), y(k+1), ..., y(n)) = 0, k ≥ 1. (4)

ßêùî ââàæàòè y(k) = z, äå z = z(x) � íîâà íåâiäîìà ôóíêöiÿ,
òî äiñòàíåìî ðiâíÿííÿ (n− k)-ãî ïîðÿäêó

F (x, z, z′, ..., z(n−k)) = 0.

Íåõàé íàì âäàëîñÿ çíàéòè çàãàëüíèé ðîçâ'ÿçîê z =
φ1(x, c1, ..., cn−k) öüîãî ðiâíÿííÿ. Ïiñëÿ ïiäñòàíîâêè éîãî â
y(k) = z i ïîäàëüøîãî iíòåãðóâàííÿ îäåðæèìî çàãàëüíèé
ðîçâ'ÿçîê ðiâíÿííÿ (4).

Ïðèêëàä 1. Çíàéòè âñi ðîçâ'ÿçêè ðiâíÿííÿ 2xy′y′′ = (y′)2−
1.

Ðîçâ'ÿçàííÿ. Äàíå ðiâíÿííÿ íå ìiñòèòü øóêàíî¨ ôóíêöi¨
y, òîìó çðîáèìî çàìiíó y′ = z(x). Òîäi îäåðæèìî ðiâíÿííÿ

2xzz′ = z2 − 1. (5)

Ðîçâ'ÿæåìî éîãî:

2zdz

z2 − 1
=
dx

x
, z ̸= ±1, ln |z2 − 1| = ln |x|+ ln |c1|, c1 ̸= 0,

z2 − 1 = c1x, z = ±
√
1 + c1x.

Ëåãêî ïîáà÷èòè, ùî ïðè c1 ∈ R (âêëþ÷àþ÷è c1 = 0) ôîðìóëîþ
z = ±

√
1 + c1x çàïèñó¹òüñÿ çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (5).

Ïîâåðòàþ÷èñü äî çìiííî¨ y (y′ = z), äiñòàíåìî:

y′ = ±
√
1 + c1x,
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y = ±
∫ √

1 + c1xdx = ± 2

3c1
(1 + c1x)

3
2 + c2, c1 ̸= 0

i y = ±x+ c2 ïðè c1 = 0.

Îòæå, ñïiââiäíîøåííÿ y = ± 2

3c1
(1 + c1x)

3
2 + c2, y = ±x+ c2

âèçíà÷àþòü óñi ðîçâ'ÿçêè äàíîãî ðiâíÿííÿ.
2) Ðiâíÿííÿ, ÿêi ÿâíî íå ìiñòÿòü íåçàëåæíî¨ çìiííî¨.

Ó ðiâíÿííi âèãëÿäó

F (y, y′, ..., y(n)) = 0 (6)

ìîæíà çíèçèòè ïîðÿäîê íà îäèíèöþ çà äîïîìîãîþ çàìiíè y′ =
u, äå u = u(y) � íîâà øóêàíà ôóíêöiÿ, à y � íîâà íåçàëåæíà
çìiííà. Ñïðàâäi, â öüîìó âèïàäêó

y′′ =
d

dx
(y′) =

du

dy

dy

dx
= u′u,

y′′′ =
d

dx
(u′u) =

d

dy
(u′u)

dy

dx
= (u′′u+ (u′)2)u, ...

Ïðèêëàä 2. Ðîçâ'ÿçàòè çàäà÷ó Êîøi

y′′ cos y + (y′)2 sin y = y′, y(−1) =
π

6
, y′(−1) = 2. (7)

Ðîçâ'ÿçàííÿ. Çàïðîâàäèìî çàìiíó y′ = u(y), âíàñëiäîê ÷î-
ãî äiñòàíåìî ðiâíÿííÿ u(u′ cos y + u sin y − 1) = 0. Ôóíêöiÿ
u = 0, òîáòî y = c = const, íå çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè,
òîìó çíàéäåìî çàãàëüíèé ðîçâ'ÿçîê ëiíiéíîãî íåîäíîðiäíîãî
ðiâíÿííÿ u′ cos y + u sin y − 1 = 0. Ìà¹ìî:

u′ cos y + u sin y = 0,
du

u
= − tg ydy,

u = c cos y, u = c(y) cos y,

c′(y) cos2 y − c(y) cos y sin y + c(y) cos y sin y − 1 = 0,
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c(y) =

∫
dy

cos2 y
= tg y + c1.

Òàêèì ÷èíîì, u = c1 cos y + sin y � çàãàëüíèé ðîçâ'ÿçîê ëi-
íiéíîãî ðiâíÿííÿ. Ç ïî÷àòêîâèõ óìîâ (7) çíàõîäèìî, ùî u =

y′ = 2 ïðè y =
π

6
. Òîìó 2 = c1 cos

π

6
+ sin

π

6
, c1 =

√
3,

u(y) =
√
3 cos y + sin y = 2 sin

(π
3
+ y
)
. Çâåðíåìîñÿ òåïåð äî

ñòàðèõ çìiííèõ:

y′ = 2 sin
(π
3
+ y
)
,

∫
dy

sin
(π
3
+ y
) = 2

∫
dx,

1

2
ln

1 + cos
(π
3
+ y
)

1− cos
(π
3
+ y
) = −2x+ c2.

Ïiäñòàâèâøè â îñòàííþ ðiâíiñòü x = −1, y =
π

6
, äiñòàíåìî

c2 = −2. Îòæå, ðiâíiñòü

ln
1 + cos

(π
3
+ y
)

1− cos
(π
3
+ y
) = −4x− 4

âèçíà÷à¹ ðîçâ'ÿçîê çàäà÷i Êîøi (7) ó íåÿâíîìó âèãëÿäi.
3. Ðiâíÿííÿ â ïîâíèõ ïîõiäíèõ. ßêùî ëiâà ÷àñòè-

íà ðiâíÿííÿ (1) ¹ ïîâíîþ ïîõiäíîþ çà x âiä äåÿêî¨ ôóíêöi¨
F1(x, y, y

′, ..., y(n−1)), òîáòî

d

dx
F1(x, y, y

′, ..., y(n−1)) = F (x, y, y′, ..., y(n)),

òî, î÷åâèäíî, (1) ðiâíîñèëüíå ðiâíÿííþ (n− 1)-ãî ïîðÿäêó

F1(x, y, y
′, ..., y(n−1)) = c,
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äå c � äîâiëüíà ñòàëà.
Ïðèêëàä 3. Ðîçâ'ÿçàòè ðiâíÿííÿ

y′′′y′ = 2(y′′)2. (8)

Ðîçâ'ÿçàííÿ. Ëåãêî ïåðåêîíàòèñü, ùî y = c1x+c2 (y′′ ≡ 0)
¹ ðîçâ'ÿçêîì ðiâíÿííÿ (8) ïðè äîâiëüíèõ c1 ∈ R, c2 ∈ R. Íåõàé
òåïåð y′′ ̸= 0. Ðîçäiëèìî (8) íà y′′y′, âíàñëiäîê ÷îãî îäåðæèìî
ðiâíÿííÿ â ïîâíèõ ïîõiäíèõ:

y′′′

y′′
= 2

y′′

y′
, (ln |y′′|)′ = (ln(y′)2)′,

ln |y′′| = ln(y′)2 + ln |c1|, y′′ = c1(y
′)2.

Îñòàíí¹ ðiâíÿííÿ çíîâó ïîäiëèìî íà y′ i âèêîðèñòà¹ìî òi æ
ìiðêóâàííÿ:

y′′

y′
= c1y

′, (ln |y′|)′ = (c1y)
′, ln |y′| = c1y+ln |c2|, y′ = c2e

c1y.

Îäåðæàíå ðiâíÿííÿ ç âiäîêðåìëþâàíèìè çìiííèìè ìà¹ çàãàëü-

íèé iíòåãðàë − 1

c1
e−c1y = c2x + c3. Òàêèì ÷èíîì, âñi ðîçâ'ÿçêè

ðiâíÿííÿ (8) çàäàþòüñÿ ôîðìóëàìè

− 1

c1
e−c1y = c2x+ c3, y = c1x+ c2.

Çàóâàæåííÿ. Ðiâíÿííÿ (8) ìîæíà iíòåðïðåòóâàòè òàêîæ
ÿê ðiâíÿííÿ âèãëÿäó (5) àáî (6), òîìó éîãî ìîæíà áóëî
ðîçâ'ÿçóâàòè òàêîæ îäíèì iç çàïðîïîíîâàíèõ ó ïîïåðåäíiõ
ïóíêòàõ ñïîñîáiâ.

4) Ðiâíÿííÿ, îäíîðiäíi âiäíîñíî y, y′, ..., y(n). ßêùî
iñíó¹ òàêå äiéñíå k, ùî äëÿ âñiõ t > 0 âèêîíó¹òüñÿ óìîâà

F (x, ty, ty′, ..., ty(n)) = tkF (x, y, y′, ..., y(n)), (9)



51

òî ïîðÿäîê ðiâíÿííÿ (1) ìîæíà çíèçèòè íà îäèíèöþ øëÿõîì
çàìiíè y′ = yz, äå z = z(x) � íîâà øóêàíà ôóíêöiÿ. Ùîá
ïåðåêîíàòèñÿ â öüîìó, äîñèòü ïîêàçàòè, ùî y(p) âèðàæà¹òüñÿ
÷åðåç ïîõiäíi ôóíêöi¨ z äî ïîðÿäêó (p− 1). Ìà¹ìî:

y′ = yz, y′′ =
d

dx
(yz) = y′z + yz′ = y(z2 + z′),

y′′′ =
d

dx
(y(z2+z′)) = y′(z2+z′)+y(2zz′+z′′) = y(z′′+3z′z+z3), ...

Ïðèêëàä 4. Ðîçâ'ÿçàòè çàäà÷ó Êîøi

yy′′ = 2x(y′)2, y(2) = 2, y′(2) =
1

2
. (10)

Ðîçâ'ÿçàííÿ. Äàíå ðiâíÿííÿ îäíîðiäíå âiäíîñíî y, y′, y′′,
áî ôóíêöiÿ F (x, y, y′, y′′) = yy′′−2x(y′)2 ñïðàâäæó¹ óìîâó (9) ç
ïîêàçíèêîì îäíîðiäíîñòi k = 2. Çàïðîâàäèâøè çàìiíó y′ = yz,
äiñòàíåìî ðiâíÿííÿ

y2[z′ + z2 − 2xz2] = 0.

Ðîçâ'ÿçîê y ≡ 0 íå çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè, òîìó äîñèòü
ðîçâ'ÿçàòè ðiâíÿííÿ z′ + z2 − 2xz2 = 0:

dz

z2
= (2x− 1)dx, z ̸= 0;

1

z
= −x2 + x+ c1;

z =
1

−x2 + x+ c1
, z ≡ 0.

Âðàõîâóþ÷è, ùî z(2) =
y′(2)

y(2)
=

1

2
2
=

1

4
, çíàéäåìî c1:

1

4
=

1

−4 + 2 + c1
; c1 = 6; z =

1

−x2 + x+ 6
.
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Ðîçâ'ÿçóþ÷è ðiâíÿííÿ

y′

y
=

1

−x2 + x+ 6

i âðàõîâóþ÷è ïî÷àòêîâó óìîâó y(2) = 2, îäåðæèìî

dy

y
=

dx

−x2 + x+ 6
, ln |y| = 1

5

∫ (
1

x+ 2
− 1

x− 3

)
dx,

y = c 5

√
x+ 2

x− 3
, 2 = c 5

√
2 + 2

2− 3
, c = − 5

√
8.

Çâiäñè âèïëèâà¹, ùî y =
5

√
8(x+ 2)

−x+ 3
� ðîçâ'ÿçîê çàäà÷i Êîøi

(10).

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Ðîçâ'ÿçàòè ðiâíÿííÿ:

à) x2y′′ − (y′)2 = 0, y′′ + (y′)2 = 2e−y,

yy′′ + (y′)2 =
yy′√
1 + x2

;

á) y′′(ex + 1) = −y′, y′′ = 2yy′ = 0, xyy′′ − x(y′)2 = yy′;

â) xy′′ = y′ ln
y′

x
, y4 − y3y′′ = 1, yy′′ = (y′)2 + 15y2

√
x.

2. Ïåðåòâîðèòè íàñòóïíi ðiâíÿííÿ òàê, ùîá óòâîðèëèñü ðiâ-
íÿííÿ â ïîâíèõ ïîõiäíèõ, i ðîçâ'ÿçàòè ¨õ:

à) yy′′′ + 3y′y′′ = 0; á) y′′ = xy′ + y + 1; â) yy′′ − (y′)2 = y′.

3. Ðîçâ'ÿçàòè çàäà÷i Êîøi:

à) (x2 + 1)y′′ − 2xy′ = 0, y(0) = 1, y′(0) = 3;
á) yy′′ − (y′)2 + (y′)3 = 0, y(1) = 1, y′(1) = −1;
â) y′′y3 + 1 = 0, y(1) = 1, y′(1) = 1.
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Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

Ðîçâ'ÿçàòè ðiâíÿííÿ
1. x2y′′ = y′2. 2. 2xy′y′′ = y′2 − 1.
3. y3y′′ = 1. 4. y′2 + 2yy′′ = 0.
5. y′′ = 2yy′. 6. yy′′ + 1 = y′2.
7. y′′(ex + 1) + y′ = 0. 8. y′′′ = y′′2.
9. yy′′ = y′2 − y′3. 10. y′′′ = 2(y′′ − 1) ctg x.
11. 2yy′′ = y2 + y′2. 12. y′′3 + xy′′ = 2y′.
13. y′′2 + y′ = xy′′. 14. y′′ + y′2 = 2e−y.
15. xy′′′ = y′′ − xy′′. 16. y′′2 = y′2 + 1.
17. y′′ = ey. 18. y′′ − xy′′′ + y′′′3 = 0.
19. 2y′(y′′ + 2) = xy′′2. 20. y4 − y3y′′ = 1.
21. y′2 = (3y − 2y′)y′′. 22. y′′(2y′ + x) = 1.
23. y′′2 − 2y′y′′′ + 1 = 1.
24. (1− x2)y′′ + xy′ = 2.
25. yy′′ − 2yy′ ln y = y′2.

26. (y′ + 2y)y′′ = y′2. 27. xy′′ + y′ + x sin
y′

x
.

28. y′′′y′2 = y′′3. 29. yy′′ + y = y′2.
30. xy′′ = y′ + x(y′2 + x2).
Ðîçâ'ÿçàòè ðiâíÿííÿ, âèêîðèñòîâóþ÷è ôîðìóëó, ùî

çâîäèòü áàãàòîêðàòíå iíòåãðóâàííÿ äî îäíîêðàòíîãî
31. xyIV = 1. 32. xy′ = sin x′.
33. y′′′ = 2xy′. 34. xyIV + y′′′ = ex.
Ðîçâ'ÿçàòè ðiâíÿííÿ, ïåðåòâîðèâøè ¨õ äî òàêîãî âè-

ãëÿäó, ùîá îáèäâi ÷àñòèíè ðiâíÿííÿ áóëè ïîâíèìè ïî-
õiäíèìè

35. yy′′′ + 3y′y′′ = 0. 36. y′y′′′ = 2y′′2.
37. yy′′ = y′(y′ + 1). 38. 5y′′′2 − 3y′′yIV = 0.
39. yy′′ + y′2 = 1. 40. y′′ = xy′ + y + 1.
41. xy′′ + y′2 = 1. 42. xy′′ − y′ = x2yy′.
Ïîíèçèòè ïîðÿäîê ðiâíÿíü, âèêîðèñòîâóþ÷è ¨õíþ

îäíîðiäíiñòü, òà ðîçâ'ÿçàòè öi ðiâíÿííÿ
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43. xyy′′ − xy′2 = yy′. 44. yy′′ = y′2 + 15y2
√
x.

45. (x2 + 1)(y′y′2 − yy′′) = xyy′.
46. xyy′′ + xy′2 = 2yy′. 47. x2yy′′ = (y − xy′)2.

48. y′′ +
y′

x
+

y

x2
=
y′2

y
.

49. y(xy′′ + y′) = xy′2(1− x).
50. x2yy′′ + y′2 = 0.
51. x2(y′2 − 2yy′′) = y2.
52. xyy′′ = y′(y + y′).
53. 4x2y3y′′ = x2 − y4.
54. x3y′′ = (y − xy′)(y − xy′ − x).

55.
y2

x2
+ y′

2
= 3xy′′ +

2yy′

x
.

56. y′′ =
(
2xy − 5

x

)
y′ + 4y2 − 4y

x2
.

57. x2(2yy′′ − y′2) = 1− 2xyy′.
58. x2(yy′′ − y′2) + xyy′ = (2xy′ − 3y)

√
x3.

59. x4(y′2 − 2yy′′) = 4x3yy′ + 1.
60. yy′ + xyy′′ − xy′2 = x3.

Âiäïîâiäi

1. C1x − C2
1y = ln |C1x + 1| + C2; 2y = x2 + C; y = C. 2.

9C2
1(y−C2)

2 = 4(C1x+1)3; y = ±x+C. 3. C1y
2−1 = (C1x+C2)

2.

4. y3 = C1(x+C2)
2; y = C. 5. y = C1 tg(C1x+C2); ln

∣∣∣y − C1

y + C1

∣∣∣ =
2C1x + C2; y = (C − x) = 1; y = C. 6. C1y = sin(C1x + C2);
C1y = ± sh(C1x+ C2); y = C ± x. 7. y = C1(x− e−x) + C2. 8.
y = C3 − (x+C1)

′lnC2(x+C1); y = C1x+C2. 9. y+C1 ln |y| =
x + C2; y = C. 10. 2y = C1 cos 2x + (1 + 2C1)x

2 + C2x + C3.
11. y = C1[1 ± ch(x + C2)]; y = Ce±x. 12. x = C1p + 2p2,

y =
12

5
p5+

5

4
C1p

4+C2
1

p3

6
+C2; y = C. 13. y = C1

x2

2
−C2

1x+C2;

y = (x3/12)+C. 14. ey+C1 = (x+C2)
2. 15. y = C1(x+2)e−x+
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C2x+C3. 16. y = ± ch(x+C1)+C2. 17. ey sin2(C1x+C2) = 2C2
1 ;

ey sh2(C1x+C2) = 2C2
1 ; e

y(x+C)2 = 2. 18. y = C1
x3

6
−C2

1

x2

2
+

C2x+C3; y =
±8

315
x3
√
3x+C1x+C2. 19. 3C1y = (x−C1)

3+C2;

y = C; y = C−2x2. 20. ln |y2+C1±
√
y4 + 2C1y2 + 1| = 2x+C2;

y = ±1. 21. x = 3C1p
2 + lnC2p, y = 2C1p

3 + p; y = C. 22.
x = C1e

p− 2p− 2, y = C1(p− 1)ep− p2 +C2. 23. 12(C1y− x) =
C2

1(x+C2)
3+C3. 24. y = x2+C1+C2(x

√
x2 − 1−ln |x+

√
x2 − 1|);

y = x2+C1+C2(x
√
1− x2+arcsin x). 25. ln y = C1 tg(C1x+C2);

ln |(ln y−C1)/(ln y+C1)| = 2C1x+C2; (C−x) ln y = 1; y = C. 26.
x = u − ln |1 + u| + C2, äå u = ±

√
1 + 4C1y; y = C; y = Ce−x.

27. C2
1y = (C2

1x
2 + 1) arctgC1x − C1x + C2; 2y = kπx2 + C,

K = 0,±1,±2, . . . . 28. x = ln |p|+2C1p−C2, y = p+C1p
2+C3;

y = C1x+C2. 29. C2
1y+1 = ± ch(C1x+C2); C2

1y−1 = sin(C1x+

C2); 2y = (x+C)2; y = 0. 30. y = C2 − ln
∣∣∣ cos(x2

2
+C1

)∣∣∣. 31.
6y = x3 ln |x| + C1x

3 + C2x
2 + C3x + C4. 32. y = x

x∫
0

sin t

t
dt +

cos x+C1x+C2. 33. y = C1

[
x

x∫
0

et
2

dt− 1

2
(ex

2 − 1)
]
+C2x+C2.

34. y =
x2

2

x∫
1

et

t
dt− x+ 1

2
ex+C1x

2 ln |x|+C2x
2+C3x+C4. 35.

C2y
2 − C1 = C2

2(x+ C3)
2; y = C. 36. C1y = ln |C1x+ C2|+ C3;

y = C1x + C2. 37. C1y − 1 = C2e
C1x; y = C − x; y = 0.

38. y = C1x
2 + c2x + C3; y = ±

√
C1x+ C2 + C3x + c4. 39.

y2 = x2 + C1x+ C2. 40. y = ex
2/2(C1

∫
e−x

2/2dx + C2)− 1. 41.
y = C1 tg(C1 lnC2x); y−C1 = C2(y+C1)|x|2C1 ; y lnCx = −1. 42.

2 ln
∣∣∣y − C1

y + C1

∣∣∣ = C1x
2 +C2; y = 4C1 tg(C1x

2 +C2); y(C − x2) = 4;
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y = C. 43. y = C2C2e
Cx2 . 44. C1x + 4x5/2 = lnC2y; y = 0.

45. y = C2(x +
√
x2 + 1)C1 . 46. y2 = C1x

3 + C2. 47. y =

C2xe
−C1/x. 48. y = C2|x|C1−(1/2) ln |x|. 49. y = C2

∣∣∣ x

x+ C1

∣∣∣1/C1

;

y = C; y = Ce−1/x. 50. |y|C2
1+1 = C2

(
x− 1

C1

)
|x+C1|C

2
1 ; y = C.

51. y = C2x(lnC1x)
2; y = Cx. 52. ln |y| = ln |x2 − 2x + C1| +∫

2dx

(x− 1)2 + C1 − 1
+C2; y = C. 53. 4C1y

2 = 4x+x(C1 lnC2x)
2.

54. y = −x ln(C2 lnC1x); y = Cx. 55.
y

x
= C2 − 3 ln

∣∣∣1
x
− C1

∣∣∣;
y = Cx. 56. x2y = C1 tg(C1 lnC2x), C2(x

2y + C1)|x|2C1 = x2y −
C1; x2y lnCx = −1. 57. 4(C1y − 1) = C2

1 ln
2C2x. 58. Cy =

x3/2(C2x
c + 2); y = Cx3/2; y = −2x3/2 lnCx. 59. 2C2x

2y =
(C2x− C1)

2 − 1; xy = ±1. 60. 2C1C2y = C2
2 |x|2+C1 + |x|2−C1 .

Ëiòåðàòóðà: [1], c. 116�130; [4], c. 327�331; [6], c. 125�146; [7],
c. 35�38.
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Òåìà 7. ËIÍIÉÍI ÎÄÍÎÐIÄÍI ÐIÂÍßÍÍß n-ÃÎ
ÏÎÐßÄÊÓ

Ëiíiéíèì îäíîðiäíèì ðiâíÿííÿì n-ãî ïîðÿäêó íàçèâà¹òüñÿ
ðiâíÿííÿ

y(n) + a1(x)y
(n−1) + ...+ an−1(x)y

′ + an(x)y = 0, (1)

äå äiéñíi ôóíêöi¨ ak, k = 1, n � íåïåðåðâíi íà iíòåðâàëi (a, b).
Âiäîìî, ùî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1) âèçíà÷à¹òüñÿ
ôîðìóëîþ

y = c1y1(x) + ...+ cnyn(x), (2)

â ÿêié c1, ..., cn � äîâiëüíi ñòàëi, à y1(x), ..., yn(x) � ôóíäàìåí-
òàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (1), òîáòî n ëiíiéíî íå-
çàëåæíèõ íà (a, b) ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ. Íàãàäà¹ìî, ùî
ôóíêöi¨ φ1(x), ..., φm(x) íàçèâàþòüñÿ ëiíiéíî íåçàëåæíèìè íà
iíòåðâàëi (a, b), ÿêùî òîòîæíiñòü

α1φ1(x) + α2φ2(x) + ...+ αmφm(x) ≡ 0 ∀ x ∈ (a, b) (3)

âèêîíó¹òüñÿ òiëüêè â òîìó âèïàäêó, êîëè âñi ÷èñëà αk, k =
1,m, äîðiâíþþòü íóëåâi. ßêùî æ (3) ñïðàâäæó¹òüñÿ i òî-
äi, êîëè õî÷ îäíå iç ÷èñåë αk âiäìiííå âiä íóëÿ, òî ôóíêöi¨
φ1(x), ..., φm(x) íàçèâàþòüñÿ ëiíiéíî çàëåæíèìè íà (a, b).

Ëiíiéíà çàëåæíiñòü ÷è íåçàëåæíiñòü ôóíêöié òiñíî
ïîâ'ÿçàíà iç âëàñòèâîñòÿìè âèçíà÷íèêà Âðîíñüêîãî. Íåõàé
ôóíêöi¨ φk(x), k = 1,m íåïåðåðâíi ðàçîì iç ñâî¨ìè ïîõiäíè-
ìè äî (m − 1)-ãî ïîðÿäêó íà (a, b). Âèçíà÷íèêîì Âðîíñüêîãî
öèõ ôóíêöié íàçèâà¹òüñÿ âèçíà÷íèê

W (x) =

∣∣∣∣∣∣∣∣
φ1(x) φ2(x) ... φm(x)
φ

′
1(x) φ

′
2(x) ... φ

′
m(x)

... ... ... ...

φ
(m−1)
1 (x) φ

(m−1)
2 (x) ... φ

(m−1)
m (x)

∣∣∣∣∣∣∣∣ .
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Âiäçíà÷èìî éîãî âëàñòèâîñòi:
1) ÿêùî ôóíêöi¨ φ1(x), ..., φm(x) ëiíiéíî çàëåæíi íà (a, b),

òî W (x) ≡ 0 ∀ x ∈ (a, b);
2) ÿêùî W (x0) ̸= 0 õî÷à á â îäíié òî÷öi x0 ∈ (a, b), òî

ôóíêöi¨ φ1(x), ..., φm(x) ëiíiéíî íåçàëåæíi íà (a, b);
3) äëÿ òîãî, ùîá ðîçâ'ÿçêè y1(x), ..., yn(x) ðiâíÿííÿ (1) áóëè

ëiíiéíî íåçàëåæíi íà (a, b), íåîáõiäíî i äîñèòü, ùîá ¨õ âèçíà-
÷íèê Âðîíñüêîãî áóâ âiäìiííèé âiä íóëÿ õî÷à á â îäíié òî÷öi
x0 ∈ (a, b);

4) äëÿ âèçíà÷íèêà Âðîíñüêîãî n ðîçâ'ÿçêiâ y1(x), ..., yn(x)
ðiâíÿííÿ (1) ìà¹ ìiñöå ôîðìóëà Îñòðîãðàäñüêîãî-Ëióâiëëÿ

W (x) = W (x0)e

−
x∫

x0

a1(t)dt

, x ∈ (a, b). (4)

ßêùî â ðiâíÿííi (1) âñi ak(x) = ak = const, k = 1, n, òî
ðiâíÿííÿ

y(n) + a1y
(n−1) + ...+ an−1y

′ + any = 0 (5)

íàçèâàþòü ëiíiéíèì îäíîðiäíèì ðiâíÿííÿì n-ãî ïîðÿäêó
çi ñòàëèìè êîåôiöi¹íòàìè. Åéëåðîì çàïðîïîíîâàíî øóêàòè
ðîçâ'ÿçêè ðiâíÿííÿ (5) ó âèãëÿäi y = eλx, äå λ � äåÿêà ñòà-
ëà. Äëÿ çíàõîäæåííÿ λ äîñèòü ïiäñòàâèòè y = eλx â ðiâíÿííÿ
(5), âíàñëiäîê ÷îãî îòðèìà¹ìî õàðàêòåðèñòè÷íå ðiâíÿííÿ

λn + a1λ
n−1 + ...+ an−1λ+ an = 0. (6)

Çãiäíî ç îñíîâíîþ òåîðåìîþ àëãåáðè, ðiâíÿííÿ (6) â ïîëi êîì-
ïëåêñíèõ ÷èñåë ìà¹ òî÷íî n êîðåíiâ. Îñêiëüêè êîåôiöi¹íòè ak,
k = 1, n, ðiâíÿííÿ (6) äiéñíi, òî ïîðÿä ç êîìïëåêñíèì êîðåíåì
äàíå ðiâíÿííÿ ìà¹ òàêîæ êîìïëåêñíî ñïðÿæåíèé êîðiíü òàêî¨
æ êðàòíîñòi.
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Íåõàé ðiâíÿííÿ (6) ìà¹ äiéñíi êîðåíi λ1, ..., λs êðàòíî-
ñòi âiäïîâiäíî r1, ..., rs i ïàðè êîìïëåêñíî ñïðÿæåíèõ êîðåíiâ
α1±iβ1, ..., αp±iβp êðàòíîñòi âiäïîâiäíîm1, ...,mp (r1+...+rs+
2m1 + ...+2mp = n). Òîäi ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ
ðiâíÿííÿ (5) óòâîðþþòü íàñòóïíi ôóíêöi¨:

eλ1x, xeλ1x, ..., xr1−1eλ1x, ..., eλsx, xeλsx, ..., xrs−1eλsx, eα1x cos β1x,

eα1x sin β1x, xe
α1x cos β1x, xe

α1x sin β1x, ..., x
m1−1eα1x cos β1x,

xm1−1eα1x sin β1x, ..., e
αpx cos βpx, e

αpx sin βpx, xe
αpx cos βpx,

xeαpx sin βpx, ..., x
mp−1eαpx cos βpx, x

mp−1eαpx sin βpx.

Âiäçíà÷èìî, íàðåøòi, ùî äî ëiíiéíîãî ðiâíÿííÿ çi ñòàëèìè êî-
åôiöi¹íòàìè øëÿõîì çàìiíè x = et ïðè x > 0 (x = −et ïðè
x < 0) çâîäèòüñÿ ðiâíÿííÿ Åéëåðà

xny(n) + a1x
n−1y(n−1) + ...+ an−1xy

′ + any = 0, (7)

äå ak = const, k = 1, n.
Ïðèêëàä 1. Äîñëiäèòè íà ëiíiéíó çàëåæíiñòü ïðè x ∈ R

íàñòóïíi ôóíêöi¨: 1) x2 + 2x, 3x2 − 1, x+ 4; 2) cos 2x, cos2 x, 1;
3) x2, x|x|.

Ðîçâ'ÿçàííÿ. 1) Îá÷èñëèìî âèçíà÷íèê Âðîíñüêîãî ñèñòå-
ìè ôóíêöié x2 + 2x, 3x2 − 1, x+ 4:

W (x) =

∣∣∣∣∣∣
x2 + 2x 3x2 − 1 x+ 4
2x+ 2 6x 1

2 6 0

∣∣∣∣∣∣ = 46.

Îñêiëüêè W (x) ̸= 0 ∀ x ∈ R, òî äàíi ôóíêöi¨ ëiíiéíî íåçàëå-
æíi íà âñié îñi.

2) Âèêîðèñòîâóþ÷è ôîðìóëó êîñèíóñà ïîäâiéíîãî àðãóìåí-
òó cos 2x = 2 cos2 x− 1, x ∈ R, ìà¹ìî òîòîæíiñòü

1 · cos 2x− 2 · cos2 x+ 1 · 1 ≡ 0 ∀ x ∈ R.
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Ó öié òîòîæíîñòi ÷èñëà α1 = 1;α2 = −2 i α3 = 1 âiäìiííi
âiä íóëÿ, òîìó, çãiäíî ç îçíà÷åííÿì, ôóíêöi¨ cos 2x, cos2 x, 1
ëiíiéíî çàëåæíi íà êîæíîìó iíòåðâàëi (a, b) ⊂ R.

3) Äëÿ ôóíêöié x2, x|x| çàïèøåìî òîòîæíiñòü

α1x
2 + α2x|x| ≡ 0 ∀ x ∈ R.

�I¨ àíàëiç ïîêàçó¹, ùî α1 + α2 = 0 ïðè x ≥ 0 i α1 − α2 = 0 ïðè
x ≤ 0. Öi äâi óìîâè çàäîâîëüíÿþòü ëèøå ÷èñëà α1 = α2 = 0,
òîìó äëÿ x ∈ R äàíi ôóíêöi¨ ëiíiéíî íåçàëåæíi.

Çàóâàæåííÿ 1. Î÷åâèäíî, ùî ïðè x ∈ [0,∞) i ïðè x ∈
(−∞, 0] ôóíêöi¨ x2 òà x|x| ëiíiéíî çàëåæíi, òîìó ïðè äîñëi-
äæåííi íà ëiíiéíó çàëåæíiñòü ôóíêöié ïîòðiáíî óâàæíî ñëiä-
êóâàòè çà îáëàñòþ ¨õ çàäàííÿ.

Ïðèêëàä 2. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

xy′′ + 2y′ − xy = 0, (8)

ÿêùî âiäîìèé éîãî ÷àñòèííèé ðîçâ'ÿçîê y1(x) =
ex

x
.

Ðîçâ'ÿçàííÿ. Çíàéäåìî ðîçâ'ÿçîê y2(x) ðiâíÿííÿ (8),
ëiíiéíî íåçàëåæíèé ç y1(x) íà äîâiëüíîìó iíòåðâàëi, ùî
íå ìiñòèòü òî÷êè x = 0. Ñêîðèñòà¹ìîñÿ ôîðìóëîþ
Îñòðîãðàäñüêîãî-Ëióâiëëÿ (4), âðàõîâóþ÷è ïðè öüîìó, ùî â

ðiâíÿííi (8) a1(x) =
2

x
. Òîäi äiñòàíåìî

∣∣∣∣ y1(x) y2(x)
y

′
1(x) y

′
2(x)

∣∣∣∣ = W (x0)e

−
x∫

x0

2

t
dt

àáî
y1(x)y

′

2(x)− y
′

1(x)y2(x) =
c

x2
, c = const.
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Ïîäiëèìî îñòàííþ ðiâíiñòü íà y21(x):

y1(x)y
′
2(x)− y

′
1(x)y2(x)

y21(x)
=

c

x2y21(x)
,

(
y2(x)

y1(x)

)′

=
c

x2y21(x)
= ce−2x.

Çâiäñè îäåðæèìî, ùî

y2(x)

y1(x)
=

∫
ce−2xdx = − c

2
e−2x + c2 ≡ c1e

−2x + c2,

y2(x) = (c1e
−2x + c2)y1(x) = c1

e−x

x
+ c2

ex

x
,

äå c1, c2 � äîâiëüíi ñòàëi. Ëåãêî ïåðåêîíàòèñÿ, ùî âèçíà÷íèê

Âðîíñüêîãî ôóíêöié
e−x

x
òà

ex

x
äîðiâíþ¹

46

x2
̸= 0 , òîáòî öi

ôóíêöi¨ � ëiíiéíî íåçàëåæíi ðîçâ'ÿçêè ðiâíÿííÿ (8). Îòæå,

çãiäíî ç (2), y = c1
e−x

x
+ c2

ex

x
� çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

(8).
Ïðèêëàä 3. Ðîçâ'ÿçàòè ðiâíÿííÿ yIV −6y′′′+12y′′−8y′ = 0.
Ðîçâ'ÿçàííÿ. Ñêëàäåìî õàðàêòåðèñòè÷íå ðiâíÿííÿ é

ðîçâ'ÿæåìî éîãî:

λ4 − 6λ3 + 12λ2 − 8λ = 0, λ(λ3 − 6λ2 + 12λ− 8) = 0,

λ(λ− 2)3 = 0, λ1 = 0, λ2 = λ3 = λ4 = 2.

Ïðîñòîìó êîðåíþ λ = 0 õàðàêòåðèñòè÷íîãî ðiâíÿííÿ âiäïî-
âiäà¹ ðîçâ'ÿçîê y1(x) = e0x = 1 äàíîãî äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ, à òðèêðàòíîìó êîðåíþ λ = 2 âiäïîâiäàþòü òðè ëiíiéíî
íåçàëåæíi ðîçâ'ÿçêè y2(x) = e2x, y3(x) = xe2x, y4(x) = x2e2x.
Çãiäíî iç (2), y = c1 + c2e

2x + c3xe
2x + c4x

2e2x � çàãàëüíèé
ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ.
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Ïðèêëàä 4. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

yIV + 2y′′ + y = 0.

Ðîçâ'ÿçàííÿ. Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí λ4+2λ2+1 =
(λ2+1)2 ìà¹ êîìïëåêñíi êîðåíi λ = ±i êðàòíîñòi 2. Òîìó ôóí-
êöi¨ e0x cos 1x, e0x sin 1x, xe0x cos 1x, xe0x sin 1x óòâîðþþòü ôóí-
äàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ,
à éîãî çàãàëüíèé ðîçâ'ÿçîê ìà¹ âèãëÿä y = c1 cos x+ c2 sin x+
c3x cos x+ c4x sin x.

Ïðèêëàä 5. Ðîçâ'ÿçàòè ðiâíÿííÿ x2y′′ − 3xy′ + 5y = 0.
Ðîçâ'ÿçàííÿ. Äàíå ðiâíÿííÿ ¹ ðiâíÿííÿì Åéëåðà. Ââàæà-

þ÷è, ùî x > 0, çàïðîâàäèìî çàìiíó x = et (àáî t = ln x).
Îñêiëüêè

y′ =
dy

dx
=
dy

dt

dt

dx
=
dy

dt

1

x
,

y′′ =
d

dx

(
dy

dt

1

x

)
=
d2y

dt2
dt

dx

1

x
− dy

dt

1

x2
=

(
d2y

dt2
− dy

dt

)
1

x2
,

òî ðiâíÿííÿ Åéëåðà çâåäåòüñÿ äî ëiíiéíîãî ðiâíÿííÿ çi ñòàëèìè
êîåôiöi¹íòàìè

x2
(
d2y

dt2
− dy

dt

)
1

x2
− 3x

dy

dt

1

x
+ 5y = 0,

d2y

dt2
− 4

dy

dt
+ 5y = 0.

Êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ λ2−4λ+5 = 0 êîìïëåêñíî
ñïðÿæåíi (λ = 2±i), òîìó y = c1e

2t cos t+c2e
2t sin t � çàãàëüíèé

ðîçâ'ÿçîê îñòàííüîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ. Ïîâåðòàþ-
÷èñü äî çàìiíè x = et, îòðèìà¹ìî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿí-
íÿ Åéëåðà y = c1x

2 cos ln x+ c2x
2 sin ln x.

Çàóâàæåííÿ 2. ßêùî x < 0, òî îäåðæèìî àíàëîãi÷íó ôîð-
ìóëó, àëå ç ln |x| çàìiñòü ln x.
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Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Äîñëiäèòè íà ëiíiéíó çàëåæíiñòü ôóíêöi¨:

à) 1) x, x2, ex, x ∈ R, 2) 10, arcsin x, arccos x, x ∈ (−1, 1);
á) 1) ln 5x, ln x2, 3, x ∈ (0,∞), 2) sin 2x, cos 2x, e3x, x ∈ R;
â) 1) arctgx, arcctgx,−5, x ∈ R, 2) x, xex, x2ex, x ∈ R.

2. Ðîçâ'ÿçàòè ðiâíÿííÿ, ÿêùî âiäîìî ¨õ ÷àñòèííi ðîçâ'ÿçêè:
à) (2x− x2)y′′ + (x2 − 2)y′ + 2(1− x)y = 0, y1(x) = ex;
á) (ex + 1)y′′ − 2y′ − exy = 0, y1(x) = ex − 1;
â) y′′ − y′ tg x+ 2y = 0, y1(x) = sin x.

3. Çíàéòè çàãàëüíi ðîçâ'ÿçêè íàñòóïíèõ ðiâíÿíü:

à) y′′′ − 4y′′ + 4y′ − y = 0, x2y′′ − 3y = xy′,
x2y′′ − 2xy′ = −4y;

á) yIV − 5y′′ + 4y = 0, x2y′′ + xy′ = y,
3x2y′′ + 4xy′ + 15y = 0;

â) y′′′ − y′′ − y′ + y = 0, x2y′′ + 3xy′ + 2y = 0,
x2y′′ + 3y = 3xy′.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

1. Äîñëiäèòè íà ëiíiéíó çàëåæíiñòü ôóíêöi¨ íà òié ìíîæèíi,
äå âîíè âèçíà÷åíi:

1) x+2, x−2, (íi). 2) 6x+9, 8x+12, (òàê). 3) sin x, cos x, (íi).
4) 1, x, x2, (íi). 5) 4−x, 2x+3, 6x+8, (òàê). 6) x2+2x, 3x2−5, x+8,
(íi). 7) x2 − x + 3, 2x2 + x, 2x − 4, (òàê). 8) ex, e2x, e3x, (íi). 9)
x, ex, xex, (íi). 10) 1, sin2 x, cos 2x, (òàê). 11) sh x, ch x, 2+ex, (íi).
12) ln(x2), ln 3x, 7, (òàê).

2. Ðîçâ'ÿçàòè ðiâíÿííÿ, ÿêùî âiäîìî ¨õ ÷àñòèííi ðîçâ'ÿçêè:
1) x2(x + 1)y′′ − 2y = 0, y1 = 1 + 1

x
, (y = C1(1 +

1
x
) + C2(

x
2
+

1− x+1
x

ln |x+ 1|)).
2) y′′−2(1+tg2x)y = 0, y1 = tg x, (y = C1tg x+C2(1+xtg x)).
3) (ex+1)y′′−2y′−exy = 0, y1 = ex−1, (y = C1(e

x−1)+ C2

ex+1
).
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4) y′′ − y′tg x + 2y = 0, y1 = sin x, (y = C1 sin x + C2(2 −
sin x ln 1+sinx

1−sinx
)).

5) (x2 + 1)y′′ + 5xy′ + 4y = 0, y1 = x(x2 + 1)−3/2, (y = x(x2 +

1)−3/2(C1 + C2(ln(x+
√
x2 + 1)−

√
x2+1
x

))).
6) y′′ +4xy′ +(4x2 +2)y = 0, y1 = e−x

2
, (y = (C1 +C2x)e

−x2).
7) xy′′′ − y′′ − xy′ + y = 0, y1 = x, y2 = ex, (y = C1x+ C2e

x +
C3e

−x).
8) x2(2x − 1)y′′′ + (4x − 3)xy′′ − 2xy′ + 2y = 0, y1 = x, y2 =

1
x
, (y = C1x+ C2x

−1 + C3(x ln |x|+ 1)).
3. Ðîçâ'ÿçàòè ðiâíÿííÿ:
1) y′′ + 4y = 0, (y = C1, cos 2x+ C2 sin 2x).
2) y′′′ − 8y = 0, (y = C1e

2x + e−x(C2 cos x
√
3 + C3 sin x

√
3)).

3) yIV − y = 0, (y = C1e
2x + C2e

−x + C3 cos x+ C4 sin x).
4) yIV + 4y = 0, (y = ex(C1 cos x + C2 sin x) + e−x(C3 cos x +

C4 sin x)).
5) yV I + 64y = 0, (y = ex

√
3(C1 cos x + C2 sin x) + C3 cos 2x +

C4 sin 2x+ e−x
√
3(C5 cos x+ C6 sin x)).

6) y′′ − 2y′ + y = 0, (y = ex(C1 + C2x)).
7) 4y

′′
+ 4y′ + y = 0, (y = e−x/2(C1 + C2x)).

8) yV −6yIV +9y
′′′
= 0, (y = C1+C2x+C3x

2+e3x(C4+C5x)).
9) yV−10y

′′′
+9y′ = 0, (y = C1+C2e

x+C3e
−x+C4e

3x+C5e
−3x).

10) yIV +2y
′′
+y = 0, (y = (C1+C2x) cos x+(C3+C4x) sin x).

11) y
′′′ − 3y

′′
+ 3y′ − y = 0, (y = ex(C1 + C2x+ C3x

2)).
12) y′′′ − y′′ − y′ + y = 0, (y = ex(C1 + C2x) + C3e

−x).
13) yIV − 5y′′ + 4y = 0, (y = C1e

x +C2e
−x +C3e

2x +C4e
−2x).

14) yV + 8y
′′′
+ 16y

′
= 0, (y = C1 + (C2 + C3x) cos 2x+ (C3 +

C4x) sin 2x).
15) y

′′′ − 8y′ + 2y = 0, (y = ex(C1 + C2x) + C3e
−2x).

16) yIV +4y
′′
+3y = 0, (y = C1 cos x+C2 sin x+C3 cos x

√
3+

C4 sin x
√
3).

Ëiòåðàòóðà: [1], c.150�157; [2], c.70�78; [3], c.67�79; [4], c.98�
110, 131�133; [5], c.361�366; [6], c.158�188, 203�220; [7], c.38�56;
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Òåìà 8. ËIÍIÉÍI ÍÅÎÄÍÎÐIÄÍI ÐIÂÍßÍÍß n-ãî
ÏÎÐßÄÊÓ

Ðîçãëÿíåìî ëiíiéíå íåîäíîðiäíå ðiâíÿííÿì n-ãî ïîðÿäêó

L(y) ≡ y(n) + a1(x)y
(n−1) + ...+ an(x)y = f(x), (1)

â ÿêîìó ôóíêöi¨ ak, k = 1, n, f , � íåïåðåðâíi íà iíòåðâàëi
(a, b). Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1) äîðiâíþ¹ ñóìi çàãàëü-
íîãî ðîçâ'ÿçêó âiäïîâiäíîãî îäíîðiäíîãî ðiâíÿííÿ L(y) = 0 òà
ÿêîãî-íåáóäü ÷àñòèííîãî ðîçâ'ÿçêó ðiâíÿííÿ (1).

Íåõàé y1(x), ..., yn(x) � ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ
ðiâíÿííÿ L(y) = 0. Çãiäíî ç ìåòîäîì âàðiàöi¨ äîâiëüíèõ ñòàëèõ,
çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1) øóêà¹ìî ó âèãëÿäi

y = c1(x)y1(x) + ...+ cn(x)yn(x), (2)

äå íåâiäîìi ôóíêöi¨ ck(x), k = 1, n, âèçíà÷àþòüñÿ iç àëãåáðà¨-
÷íî¨ ñèñòåìè n ðiâíÿíü:

c
′
1(x)y1(x) + ...+ c

′
n(x)yn(x) = 0,

c
′
1(x)y

′
1(x) + ...+ c

′
n(x)y

′
n(x) = 0,

................................................

c
′
1(x)y

(n−2)
1 (x) + ...+ c

′
n(x)y

(n−2)
n (x) = 0,

c
′
1(x)y

(n−1)
1 (x) + ...+ c

′
n(x)y

(n−1)
n (x) = f(x).

(3)

�I¨ âèçíà÷íèêW (x) ̸= 0 äëÿ âñiõ x ∈ (a, b), òîìó ùî âií ¹ âèçíà-
÷íèêîì Âðîíñüêîãî ôóíäàìåíòàëüíî¨ ñèñòåìè ðîçâ'ÿçêiâ ðiâ-
íÿííÿ L(y) = 0. Ñèñòåìà (3) ìà¹ ¹äèíèé ðîçâ'ÿçîê c

′

k(x) =
gk(x), k = 1, n, çâiäêè çíàõîäèìî

ck(x) =

∫
gk(x)dx = Gk(x) + c̃k. (4)

Òóò Gk(x) � ïåðâiñíà ôóíêöi¨ gk(x), c̃k � äîâiëüíà ñòàëà. Ïiä-
ñòàâëÿþ÷è çíàéäåíi çíà÷åííÿ ck(x), k = 1, n, ó ôîðìóëó (2),
äiñòàíåìî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1).
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Ó áàãàòüîõ çàäà÷àõ ïðàêòèêè âèíèêà¹ íåîáõiäíiñòü ïîáó-
äîâè çàãàëüíîãî ðîçâ'ÿçêó ëiíiéíîãî íåîäíîðiäíîãî ðiâíÿííÿ ç
äiéñíèìè ñòàëèìè êîåôiöi¹íòàìè

y(n) + a1y
(n−1) + ...+ any = f(x), ak = const, k = 1, n, (5)

çi ñïåöiàëüíîþ ïðàâîþ ÷àñòèíîþ f(x). Çàçíà÷èìî, ùî çàãàëü-
íèé ðîçâ'ÿçîê âiäïîâiäíîãî îäíîðiäíîãî ðiâíÿííÿ ìè áóäóâàòè
âìi¹ìî (òåìà 7).

ßêùî f(x) = eαxPm(x), äå α = const, à Pm(x) � ìíîãî÷ëåí
ñòåïåíÿ m, òî iñíó¹ ¹äèíèé ÷àñòèííèé ðîçâ'ÿçîê ðiâíÿííÿ (5),
ùî ìà¹ âèãëÿä

y = eαxxsQm(x). (6)

Òóò Qm(x) � ìíîãî÷ëåí ñòåïåíÿ m, êîåôiöi¹íòè ÿêîãî âèçíà-
÷àþòüñÿ øëÿõîì ïiäñòàíîâêè (6) ó (5), s � êðàòíiñòü ÷èñëà
α ÿê êîðåíÿ õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà Rn(λ) = λn +
a1λ

n−1+...+an (s = 0, ÿêùî α íå ¹ êîðåíåì ìíîãî÷ëåíà Rn(λ)).
ßêùî

f(x) = eαx(P (1)
m1

(x) cos βx+ P (2)
m2

(x) sin βx),

äå P (1)
m1 (x) i P

(2)
m2 (x) � ìíîãî÷ëåíè ñòåïåíiâ âiäïîâiäíî m1 òà

m2, òî ðiâíÿííÿ (5) ìà¹ ÷àñòèííèé ðîçâ'ÿçîê âèãëÿäó

y = eαxxs(Q(1)
m (x) cos βx+Q(2)

m (x) sin βx), (7)

äå Q(1)
m (x) òà Q(2)

m (x) � ìíîãî÷ëåíè ñòåïåíÿ m = max{m1,m2},
s � êðàòíiñòü ÷èñëà α + iβ ÿê êîðåíÿ ìíîãî÷ëåíà Rn(λ).

Âêàçàíèé ìåòîä ïî ñóòi çâîäèòüñÿ äî àëãåáðà¨÷íèõ îïåðà-
öié, òîìó âèêîðèñòîâóâàòè éîãî íà ïðàêòèöi çðó÷íiøå, íiæ ìå-
òîä âàðiàöi¨ ñòàëèõ, îñêiëüêè îñòàííié âèìàãà¹ îá÷èñëåííÿ ií-
òåãðàëiâ (ôîðìóëà (4)).

Ïðèêëàä 1. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

y′′ − y′

x
− 8

x2
y = 6 3

√
x. (8)
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Ðîçâ'ÿçàííÿ. Âiäïîâiäíå îäíîðiäíå ðiâíÿííÿ ïiñëÿ ìíî-
æåííÿ íà x2 ñòà¹ ðiâíÿííÿì Åéëåðà: x2y′′ − xy′ − 8y = 0. Éîãî
ðîçâ'ÿçîê øóêà¹ìî ó âèãëÿäi y = xλ:

x2λ(λ− 1)xλ−2 − xλxλ−1 − 8xλ = 0; λ2 − 2λ− 8 = 0.

Çâiäñè äiñòàíåìî, ùî λ1 = 4, λ2 = −2. Îòæå, y = c1x
4 + c2x

−2

� çàãàëüíèé ðîçâ'ÿçîê îäíîðiäíîãî ðiâíÿííÿ. Çãiäíî ç ìåòî-
äîì âàðiàöi¨ ñòàëèõ, çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (8) ïîäàìî
ó âèãëÿäi y = c1(x)x

4+ c2(x)x
−2, äå ôóíêöi¨ c1(x) i c2(x) âèçíà-

÷àþòüñÿ iç ñèñòåìè (3):

c
′

1(x)x
4 + c

′

2(x)x
−2 = 0, c

′

1(x)4x
3 + c

′

2(x)(−2x−3) = 6 3
√
x.

Ðîçâ'ÿçàâøè öþ ñèñòåìó, îäåðæèìî c
′

1(x) = x
−8

3 , c
′

2(x) =

−x
10

3 , çâiäêè

c1(x) = −3

5
x
−5

3 + c̃1, c2(x) = − 3

13
x

13

3 + c̃2,

äå c̃1, c̃2 � äîâiëüíi ñòàëi. Òîäi ôîðìóëà

y =

−3

5
x
−5

3 + c̃1

x4 +

− 3

13
x

13

3 + c̃2

x−2 =

= c̃1x
4 + c̃2x

−2 − 54

65
x

7

3

âèçíà÷à¹ çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (8).
Ïðèêëàä 2. Ðîçâ'ÿçàòè ðiâíÿííÿ

y′′ − 3y′ + 2y =
ex

ex + 1
. (9)
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Ðîçâ'ÿçàííÿ. Çíàéäåìî ñïî÷àòêó çàãàëüíèé ðîçâ'ÿçîê ðiâ-
íÿííÿ y′′ − 3y′ + 2y = 0:

λ2− 3λ+2 = 0; λ1 = 1, λ2 = 2; y = c1e
x+ c2e

2x, c1, c2 ∈ R.

ßêùî øóêàòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (9) ó âèãëÿäi y =
c1(x)e

x+ c2(x)e
2x, òî äëÿ çíàõîäæåííÿ c1(x) i c2(x) îäåðæó¹ìî

ñèñòåìó

c
′

1(x)e
x + c

′

2(x)e
2x = 0, c

′

1(x)e
x + 2c

′

2(x)e
2x =

ex

ex + 1
.

Çâiäñè çíàõîäèìî

c
′

1(x) = − 1

ex + 1
, c

′

2(x) =
1

ex(ex + 1)
;

c1(x) = −
∫

dx

ex + 1
=

∫
d(e−x)

1 + e−x
= ln(1 + e−x) + c̃1,

c2(x) =

∫
dx

ex(ex + 1)
= −

∫ (
1− 1

e−x + 1

)
de−x =

= −e−x + ln(1 + e−x) + c̃2.

Òîäi çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (9) ìîæíà ïîäàòè ó âèãëÿäi

y = (ln(1 + e−x) + c̃1)e
x + (−e−x + ln(1 + e−x) + c̃2)e

2x.

Ïðèêëàä 3. Åëåêòðè÷íèé êîëèâíèé êîíòóð ñêëàäà¹òüñÿ ç
ïîñëiäîâíî ç'¹äíàíèõ äæåðåëà ñòðóìó, íàïðóãà ÿêîãî çìiíþ-
¹òüñÿ çà çàêîíîì E(t) = E0 cos(ω1t + φ), iíäóêòèâíîñòi L òà
¹ìíîñòi C (E0, ω1, φ, L, C � äîäàòíi ñòàëi). Çíàéòè çàëåæíiñòü

ñèëè ñòðóìó I(t) â êîíòóði âiä ÷àñó, ÿêùî ω1 ̸= ω =
1√
LC

òà

I(0) = 0.
Ðîçâ'ÿçàííÿ. Çãiäíî iç çàêîíîì Êiðõãîôà,

UL + UR + UC = E,
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äå

UL = L
dI

dt
, UR = RI, UC =

1

C

t∫
0

I(τ)dτ.

Ó íàøîìó âèïàäêó R = 0, òîìó ìà¹ìî iíòåãðàëüíå ðiâíÿííÿ

L
dI

dt
+

1

C

t∫
0

I(τ)dτ = E0 cos(ω1t+ φ). (10)

Ïðîäèôåðåíöiþâàâøè (10) çà t, äiñòàíåìî ëiíiéíå íåîäíîðiäíå
ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè

L
d2I

dt2
+

1

C
I = −E0ω1 sin(ω1t+ φ). (11)

Çàçíà÷èìî, ùî çà óìîâîþ çàäà÷i I(0) = 0, à iç (10) ïðè t = 0

îäåðæèìî
dI

dt

∣∣∣∣
t=0

=
E0

L
sinφ. Òàêèì ÷èíîì, äëÿ ðiâíÿííÿ (11)

ìà¹ìî ïî÷àòêîâi óìîâè

I|t=0 = 0,
dI

dt

∣∣∣∣
t=0

=
E0

L
sinφ. (12)

Êîðåíi λ = ±iω õàðàêòåðèñòè÷íîãî ðiâíÿííÿ Lλ2 +
1

C
= 0 ÷è-

ñòî óÿâíi, òîìó I = c1 cosωt + c2 sinωt � çàãàëüíèé ðîçâ'ÿçîê
âiäïîâiäíîãî îäíîðiäíîãî ðiâíÿííÿ. ×àñòèííèé ðîçâ'ÿçîê ðiâ-
íÿííÿ (11) øóêà¹ìî çà ôîðìóëîþ (7) ïðè α = 0, β = ω1, m = 0
i s = 0 (îñêiëüêè α + iβ = iω1 ̸= iω):

Ī(t) = A cosω1t+B sinω1t.

Òîäi, ïiäñòàâèâøè â (11) çíà÷åííÿ Ī(t), äiñòàíåìî(
−Lω2

1 +
1

C

)
(A cosω1t+B sinω1t) ≡
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≡ −E0ω1(sinω1t cosφ+ cosω1t sinφ), t ∈ R,

çâiäêè, ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè cosω1t i sinω1t, çíàéäå-
ìî çíà÷åííÿ ñòàëèõ A i B:

A = − E0ω1

L(ω2 − ω2
1)

sinφ, B = − E0ω1

L(ω2 − ω2
1)

cosφ.

Îòæå,

I(t) = c1 cosωt+c2 sinωt−
E0ω1

L(ω2 − ω2
1)
(sinφ cosω1t+cosφ sinω1t)

� çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (11). Iç ïî÷àòêîâèõ óìîâ (12)
çíàõîäèìî

c1 =
E0ω1

L(ω2 − ω2
1)

sinφ, c2 =
E0ω1

L(ω2 − ω2
1)

cosφ,

òîìó øóêàíà çàëåæíiñòü ñòðóìó âiä ÷àñó ìà¹ âèãëÿä

I(t) =
E0

L(ω2
1 − ω2)

[ω1 sin(ω1t+φ)−ω1 sinφ cosωt−ω cosφ sinωt].

Ïðèêëàä 4. Ðîçâ'ÿçàòè ðiâíÿííÿ

yIV − 8y′ = 48xe2x. (13)

Ðîçâ'ÿçàííÿ. Õàðàêòåðèñòè÷íå ðiâíÿííÿ

λ4 − 8λ = 0, λ(λ− 2)(λ2 + 2λ+ 4) = 0

ìà¹ êîðåíi λ1 = 0, λ2 = −2, λ3 = −1 + i
√
3, λ4 = −1 − i

√
3,

òîìó y = c1 + c2e
2x + e−x(c3 cos

√
3x + c4 sin

√
3x) � çàãàëüíèé

ðîçâ'ÿçîê îäíîðiäíîãî ðiâíÿííÿ yIV − 8y′ = 0.
×àñòèííèé ðîçâ'ÿçîê íåîäíîðiäíîãî ðiâíÿííÿ (13) øóêà¹ìî

ó âèãëÿäi
y = (ax+ b)xe2x. (14)
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Òóò ìè ñêîðèñòàëèñÿ ôîðìóëîþ (6), âðàõîâóþ÷è ïðè öüîìó,
ùî ÷èñëî α = 2 ¹ êîðåíåì õàðàêòåðèñòè÷íîãî ðiâíÿííÿ êðà-
òíîñòi s = 1. Ïiñëÿ ïiäñòàíîâêè (14) ó (13) äiñòàíåìî

48ax+ (24b+ 48a) ≡ 48x ∀ x ∈ R.

Ïîðiâíþþ÷è êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ x, çíàõîäè-
ìî a = 1, b = −2. Îòæå, çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (13) ìà¹
âèãëÿä

y = c1 + c2e
2x + e−x(c3 cos

√
3x+ c4 sin

√
3x) + (x2 − 2x)e2x.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Ðîçâ'ÿçàòè íàñòóïíi çàäà÷i Êîøi:

à) y′′ − 5y′ + 4y = 4x2e2x, y′′ + 9y = 3 sin 3x,
y(0) = 0, y′(0) = 1, y(0) = −1, y′(0) = 0;

á) y′′ − 3y′ + 2y = x2, y′′ + 4y = 2 cos 2x,
y(0) = 1, y′(0) = 0, y(0) = 0, y′(0) = −1;

â) y′′ + y′ − 2y = 6xex, y′′ + 16y = 8 sin 4x,
y(0) = 0, y′(0) = −1, y(0) = 1, y′(0) = 0.

2. Ðîçâ'ÿçàòè ðiâíÿííÿ ìåòîäîì âàðiàöi¨ ñòàëèõ:

à) y′′ + y = tg x; á) y′′ + y =
x2 + 2

x4
;

â) y′′ + y =
1

sin x
.

3. Äëÿ êîæíîãî ç äàíèõ ðiâíÿíü íàïèñàòè ÷àñòèííèé
ðîçâ'ÿçîê ç íåâèçíà÷åíèìè êîåôiöi¹íòàìè (÷èñëîâèõ çíà÷åíü
êîåôiöi¹íòiâ íå øóêàòè):

à) y′′′ − 2y′ + 4y = ex cos x+ sin 2x+ x2,
y′′ − 2y′ + 2y = ex + x cos x;

á) y′′′ − 4y′′ + 3y′ = x3 + e3xx,
y′′ − 2y′ + 5y = xex sin 2x+ x2ex;
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â) y′′′ − 2y′′ + 4y′ − 8y = xe2x sin 2x+ e2x,
y′′ + 2y′ + y = e−x cos x+ xe−x.

4. Ðîçâ'ÿçàòè ïðèêëàä 3 ïðî åëåêòðè÷íèé êîíòóð ïðè óìîâi
ω = ω1.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

1. Ðîçâ'ÿçàòè ðiâíÿííÿ:
1) y′′ − 2y′ − 3y = e4x, (y = C1e

−x + C2e
3x + 1

5
e4x).

2) y′′ + y = 4xex, (y = C1 cos x+ C2 sin x+ (2x− 2)ex).
3) y′′ − y = 2ex − x2, (y = C1e

x + C2e
−x + xex + x2 + 2).

4) y′′ + y′ − 2y = 3xex, (y = C1e
x + C2e

−2x + (x
2

2
− x

5
)ex).

5) y′′−3y′+2y = sin x, (y = C1e
x+C2e

2x+0.1 sin x+0.3 cos x).
6) y′′ + y = 4 sin x, (y = C1 cos x+ C2 sin x− 2x cos x).
7) y′′−5y′+4y = 4x2e2x, (y = C1e

x+C2e
4x−(2x2−2x+3)e2x).

8) y′′ − 3y′ + 2y = x cos x, (y = C1e
x + C2e

2x + (0.1x −
0.12) cos x− (0.3x+ 0.34) sin x).

9) y′′ + 3y′ − 4y = e−4x + xe−x, (y = C1e
x +C2e

−4x − x
5
e−4x −

(x
6
+ 1

36
)e−x).

10) y′′−4y′+8y = e2x+sin 2x, (y = e2x(C1 cos 2x+C2 sin 2x)+
0.25e2x + 0.1 cos 2x+ 0.05 sin 2x).

2. Ðîçâ'ÿçàòè ðiâíÿííÿ ìåòîäîì âàðiàöi¨ ñòàëèõ:
1) y′′ − 2y′ + y = ex

x
, (y = ex(x ln |x|+ C1x+ C2)).

2) y′′ +3y′ +2y = 1
ex+1

, (y = (e−x+ e−2x) ln(ex+1)+C1e
−x+

C2e
−2x).
3) y′′+4y = 2tg x, (y = sin 2x ln | cos x|−4 cos 2x+C1 sin 2x+

C2 cos 2x).
4) y′′−2y′+y = 3e−x

√
x+ 1, (y = e−x(4

5
(x+1)5/2+C1+C2x)).

5) x3(y′′ − y) = x2 − 2, (y = − 1
x
+ C1e

x + C2e
−x).

3. Ðîçâ'ÿçàòè çàäà÷ó Êîøi:
1) y′′ − 2y′ + y = 0, y(2) = 1, y′(2) = −2, (y = (7− 3x)ex−2).
2) y′′ + y = 4ex, y(0) = 4, y′(0) = −3, (y = 2 cos x − 5 sin x +

2ex).
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3) y′′−2y′ = 2ex, y(1) = 1, y′(1) = 0, (y = e2x−1−2ex+ e−1).
4) y′′ − y = 2x, y(0) = 0, y′(0) = 0, (y = ex − e−x − 2x).
4. Ðîçâ'ÿçàòè ðiâíÿííÿ Åéëåðà:
1) x3y′′′ + xy′ − y = 0, (y = x(C1 + C2 ln |x|+ C3 ln

2 |x|)).
2) x2y′′′ = 2y′, (y = C1 + C2 ln |x|+ C3x

3).
3) x2y′′ − xy′ + y = 8x3, (y = x(C1 + C2 ln |x|+ 2x3)).
4) x2y′′+xy′+4y = 10x, (y = C1 cos(2 ln x)+C2 sin(2 ln |x|)+

2x).
5) x2y′′ − 2xy = 6 ln x, (y = C1x

2 + 1
x
(C2 − 2

3
ln x− ln2 x)).

6) x2y′′− 3xy′+5y = 3x2, (y = x2(C1 cos ln |x|+C2 sin ln |x|+
3)).

7) x2y′′− 6y = 5x3+8x2, (y = C1x
3+C2x

−2+x3 ln |x| − 2x2).
8) x2y′′ − 2y = sin ln x, (y = C1x

2 + C2x
−1 + 0.1 cos ln x −

0.3 sin ln x).
9) (x−2)2y′′−3(x−2)y′+4y = x, (y = (x−2)2(C1+C2 ln |x−

2|) + x− 1.5).
10) (2x+3)3y

′′′
+3(2x+3)y′−6y = 0, (y = C1(x+

3
2
)+C2|x+

3
2
|3/2 + C3|x+ 3

2
|1/2).

Ëiòåðàòóðà: [1], c. 185�207; [2], c. 78�86; [3], c. 79�87; [4],
c. 110�120; [5], c. 380�388; [6], c. 189�203, 221�236; [7], c. 43�45.
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Òåìà 9. ÊÐÀÉÎÂI ÇÀÄÀ×I

Íåõàé çàäàíî ëiíiéíå ðiâíÿííÿ äðóãîãî ïîðÿäêó

a0(x)y
′′ + a1(x)y

′ + a2(x)y = f(x), x ∈ [a, b], (1)

ç íåïåðåðâíèìè íà âiäðiçêó [a, b] ôóíêöiÿìè a0, a1, a2 i f
(a0(x) ̸= 0) òà êðàéîâi óìîâè

α1y
′(a) + β1y(a) = 0, α2y

′(b) + β2y(b) = 0. (2)

Òóò α1, β1, α2, β2 � ñòàëi, ïðè÷îìó α2
1 + β2

1 ̸= 0, α2
2 + β2

2 ̸= 0.
Çàäà÷à (1), (2) íàçèâà¹òüñÿ êðàéîâîþ çàäà÷åþ. Äëÿ

ðîçâ'ÿçàííÿ êðàéîâî¨ çàäà÷i ïîòðiáíî çíàéòè çàãàëüíèé
ðîçâ'ÿçîê ðiâíÿííÿ (1) i ïiäñòàâèòè éîãî â êðàéîâi óìîâè (2)
äëÿ âèçíà÷åííÿ äîâiëüíèõ ñòàëèõ. Çàçíà÷èìî, ùî, íà âiäìiíó
âiä çàäà÷i Êîøi, êðàéîâà çàäà÷à íå çàâæäè ìà¹ ðîçâ'ÿçîê, à
ÿêùî i ìà¹ � òî íå îáîâ'ÿçêîâî ¹äèíèé.

Iíøèé ïiäõiä äî ðîçâ'ÿçàííÿ çàäà÷i (1), (2) ïîëÿãà¹ â ïîáó-
äîâi é âèêîðèñòàííi ôóíêöi¨ Ãðiíà. Ôóíêöi¹þ Ãðiíà êðàéîâî¨
çàäà÷i (1), (2) íàçèâàþòü ôóíêöiþ G(x, s), ÿêà âèçíà÷åíà ïðè
x ∈ [a, b], s ∈ [a, b] i âîëîäi¹ òàêèìè âëàñòèâîñòÿìè:

1) ïðè x ∈ (a, s) i x ∈ (s, b) ôóíêöiÿ G(x, s) ¹ ðîçâ'ÿçêîì
îäíîðiäíîãî ðiâíÿííÿ

a0(x)y
′′ + a1(x)y

′ + a2(x)y = 0; (3)

2) ïðè x = a i x = b âîíà çàäîâîëüíÿ¹ êðàéîâi óìîâè (2);
3) G(x, s) íåïåðåðâíà çà x ∈ [a, b], à ¨¨ ïåðøà ïîõiäíà ïî x

ìà¹ â òî÷öi x = s ðîçðèâ ïåðøîãî ðîäó ç âåëè÷èíîþ ñòðèáêà
1

a0(s)
, òîáòî

G(s+0, s) = G(s−0, s), G
′

x(s+0, s)−G′

x(s−0, s) =
1

a0(s)
. (4)
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Äëÿ ïîáóäîâè ôóíêöi¨ Ãðiíà ïîòðiáíî çíàéòè ðîçâ'ÿçêè
y1(x) i y2(x) îäíîðiäíîãî ðiâíÿííÿ (3) (yk(x) ̸≡ 0, k = 1, 2), ÿêi
çàäîâîëüíÿþòü âiäïîâiäíî êðàéîâi óìîâè íà ëiâîìó i ïðàâîìó
êiíöÿõ âiäðiçêà [a, b]. ßêùî îäíîðiäíà êðàéîâà çàäà÷à (2), (3)
ìà¹ òiëüêè òðèâiàëüíèé ðîçâ'ÿçîê y(x) ≡ 0, òî ôóíêöiÿ Ãðiíà
iñíó¹ òà ¨¨ ìîæíà øóêàòè ó âèãëÿäi

G(x, s) =

{
y1(x)p(s), a ≤ x ≤ s,
y2(x)q(s), s < x ≤ b.

(5)

Íåâiäîìi ôóíêöi¨ p(s) i q(s) âèáèðàþòü òàê, ùîá âèêîíóâàëèñü
óìîâè (4), òîáòî

y2(s)q(s) = y1(s)p(s), y
′

2(s)q(s)− y
′

1(s)p(s) =
1

a0(s)
. (6)

Ñèñòåìà (6) � ëiíiéíà àëãåáðà¨÷íà ñèñòåìà âiäíîñíî p(s), q(s).
�I¨ âèçíà÷íèê âiäìiííèé âiä íóëÿ âíàñëiäîê ëiíiéíî¨ íåçàëåæíî-
ñòi ôóíêöié y1(x) i y2(x) íà âiäðiçêó [a, b]. Òîìó p(s) i q(s) âè-
çíà÷àþòüñÿ îäíîçíà÷íî.

Ñïðàâäæó¹òüñÿ òàêå òâåðäæåííÿ: ÿêùî îäíîðiäíà êðàéîâà
çàäà÷à (2), (3) ìà¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê, òî çàäà÷à (1),
(2) ìà¹ ¹äèíèé ðîçâ'ÿçîê, i öåé ðîçâ'ÿçîê ìîæíà çîáðàçèòè ó
âèãëÿäi

y(x) =

b∫
a

G(x, s)f(s)ds. (7)

Òiñíèé çâ'ÿçîê ç êðàéîâèìè çàäà÷àìè ìàþòü çàäà÷i íà âëà-
ñíi çíà÷åííÿ òà âëàñíi ôóíêöi¨. Âëàñíèì çíà÷åííÿì çàäà÷i

a0(x)y
′′ + a1(x)y

′ + a2(x)y = λy,

α1y
′(a) + β1y(a) = 0, α2y

′(b) + β2y(b) = 0 (8)

íàçèâà¹òüñÿ òàêå ÷èñëî λ, ïðè ÿêîìó çàäà÷à (8) ìà¹ íåòðèâi-
àëüíèé ðîçâ'ÿçîê y(x) ̸≡ 0. Öåé ðîçâ'ÿçîê íàçèâàþòü âëàñíîþ
ôóíêöi¹þ çàäà÷i (8).



76

Ïðèêëàä 1. Ðîçâ'ÿçàòè êðàéîâó çàäà÷ó

y′′ − y′ = 0, y(0) = −1, y′(1)− y(1) = 2.

Ðîçâ'ÿçàííÿ. Âiäïîâiäíå äèôåðåíöiàëüíîìó ðiâíÿííþ
y′′ − y′ = 0 õàðàêòåðèñòè÷íå ðiâíÿííÿ λ2 − λ = 0 ìà¹ êîðå-
íi λ1 = 0, λ2 = 1, òîìó çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî
ðiâíÿííÿ ìà¹ âèãëÿä y = C1 + C2e

x. Çàäîâîëüíèâøè êðàéîâi
óìîâè, äiñòàíåìî

C1 + C2 = −1, C2e− (C1 + C2e) = 2,

òîáòî C1 = −2, C2 = 1. Îòæå, y = −2+ ex � ðîçâ'ÿçîê çàäàíî¨
êðàéîâî¨ çàäà÷i.

Ïðèêëàä 2. Ïîáóäóâàòè ôóíêöiþ Ãðiíà êðàéîâî¨ çàäà÷i

x2y′′ − 2y = f(x), y(1) = 0, y(2) + 2y′(2) = 0. (9)

Ðîçâ'ÿçàííÿ. Çíàéäåìî ñïî÷àòêó çàãàëüíèé ðîçâ'ÿçîê ðiâ-
íÿííÿ Åéëåðà

x2y′′ − 2y = 0. (10)

ßêùî øóêàòè éîãî ðîçâ'ÿçîê ó âèãëÿäi y = xλ, òî îäåðæèìî
õàðàêòåðèñòè÷íå ðiâíÿííÿ λ(λ − 1) − 2 = 0, êîðåíÿìè ÿêîãî
¹ λ1 = −1, λ2 = 2. Òîìó y(x) = C1x

−1 + C2x
2 � çàãàëüíèé

ðîçâ'ÿçîê ðiâíÿííÿ (10). Çàäîâîëüíèâøè êðàéîâó óìîâó y(1) =
0, çíàõîäèìî C1 = 1, C2 = −1, òîáòî çíàõîäèìî ÷àñòèííèé
ðîçâ'ÿçîê y1(x) = x−1 − x2 ðiâíÿííÿ (10). Àíàëîãi÷íî áóäó¹ìî
ðîçâ'ÿçîê y2(x) = x−1 ðiâíÿííÿ (10), ÿêèé ñïðàâäæó¹ êðàéîâó
óìîâó y(2)+2y′(2) = 0. Çãiäíî ç (5), ôóíêöiÿ Ãðiíà ìà¹ âèãëÿä

G(x, s) =

{
(x−1 − x2)p(s), 1 ≤ x ≤ s,

x−1q(s), s < x ≤ 2.

Íåâiäîìi ôóíêöi¨ p(s) i q(s) âèçíà÷à¹ìî iç ñèñòåìè ðiâíÿíü
(6):

s−1q(s) = (s−1 − s2)p(s), −s−2q(s)− (−s−2 − 2s)p(s) =
1

s2
.
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�I¨ ¹äèíèì ðîçâ'ÿçêîì ¹ p(s) =
1

3s3
, q(s) =

1− s3

3s30
. Òàêèì ÷èíîì,

ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i âèçíà÷à¹òüñÿ ðiâíiñòþ

G(x, s) =


x−1 − x2

3s3
, 1 ≤ x ≤ s,

x−11− s3

3s3
, s < x ≤ 2,

à iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i (9) ìà¹ âèãëÿä

y(x) =

2∫
1

G(x, s)f(s)ds.

Ïðèêëàä 3. Çíàéòè âëàñíi çíà÷åííÿ i âëàñíi ôóíêöi¨ çà-
äà÷i

y′′ = λy, y′(0) = 0, y′(l) = 0. (11)

Ðîçâ'ÿçàííÿ. Ïðè λ > 0 çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ
y′′ = λy ìà¹ âèãëÿä

y(x) = C1e
−
√
λx + C2e

√
λx.

Çàäîâîëüíèâøè êðàéîâi óìîâè, îäåðæèìî ñèñòåìó

−C1

√
λ+ C2

√
λ = 0, −C1

√
λe−l

√
λ + C2

√
λel

√
λ = 0,

ÿêà ìà¹ ¹äèíèé ðîçâ'ÿçîê C1 = C2 = 0. Êðàéîâà çàäà÷à â
öüîìó âèïàäêó ìà¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê y(x) ≡ 0, òîìó
âëàñíèõ çíà÷åíü λ > 0 íå iñíó¹.

ßêùî λ = 0, òî y(x) = C1 + C2x � çàãàëüíèé ðîçâ'ÿçîê
ðiâíÿííÿ y′′ = 0. Ç êðàéîâèõ óìîâ çíàõîäèìî C2 = 0, C1 �
äîâiëüíå. Ïðèïóñòèâøè, ùî C1 = 1 îäåðæèìî âëàñíó ôóíêöiþ
y0(x) = 1, ÿêà âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λ = 0.
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Íåõàé òåïåð λ = −ω2 < 0. Äëÿ ôóíêöi¨ y = C1 cosωx +
C2 sinωx, ÿêà ¹ çàãàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ y′′ = −ω2y,
êðàéîâi óìîâè ìîæíà çàïèñàòè òàê:

C2ω = 0, −C1ω sinωl + C2ω cosωl = 0.

Àíàëiç îñòàííüî¨ ñèñòåìè ïîêàçó¹, ùî âîíà ìà¹ íåíóëüîâèé
ðîçâ'ÿçîê òiëüêè â òîìó âèïàäêó, êîëè sinωl = 0, òîáòî ω =
πk

l
, k = 1, 2, ... . Òàêèì ÷èíîì, λk = −π

2k2

l2
i yk(x) = cos

πk

l
x,

k = 1, 2, ... � âiäïîâiäíî âëàñíi çíà÷åííÿ i âëàñíi ôóíêöi¨ çà-
äà÷i (11).

Îá'¹äíóþ÷è âèïàäêè λ = 0 i λ < 0, ìîæíà ñòâåðäæóâàòè,

ùî çàäà÷à (11) ìà¹ âëàñíi çíà÷åííÿ λk = −π
2k2

l2
, k = 0, 1, 2, ...

i âiäïîâiäíi ¨ì âëàñíi ôóíêöi¨ yk(x) = cos
kπx

l
.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Ðîçâ'ÿçàòè êðàéîâi çàäà÷i:

à) y′′ + y = 0, y(0) = 0, y(a) = y0;
x2y′′ − 2xy′ + 2y = 0, y(1) = 3, y(3) = 0;

á) y′′ + y = 2x− π, y(0) = 0, y(π) = 0;
x2y′′ + 5xy′ + 3y = 0, y′(1) = 3, y(2) = 1;

â) y′′ + y = 1, y(0) = 0, y
(π
2

)
= 0;

x2y′′ − 6y = 0, y′(1) = 4, y′(2) = 2.

2. Ïîáóäóâàòè ôóíêöiþ Ãðiíà êîæíî¨ ç êðàéîâèõ çàäà÷:

à) y′′ = f(x), y(0) = 0, y(1) = 0;
xy′′ − y′ = f(x), y′(1) = 0, y(2) = 0;

á) y′′ + y′ = f(x), y′(0) = 0, y′(2) + y(2) = 0;
x2y′′ + 2xy′ = f(x), y(1) = 0, y′(3) = 0;

â) y′′ + y = f(x), y′(0) = 0, y(π) = 0;
x2y′′ − 3xy′ + 5y = f(x), y′(1) = 0, y(2)− y′(2) = 0.
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3. Çíàéòè âëàñíi çíà÷åííÿ i âëàñíi ôóíêöi¨ çàäà÷i:

à) y′′ = λy, y(0) = 0, y(l) = 0;
á) y′′ = λy, y(0) = 0, y′(l) = 0;
â) y′′ = λy, y′(0) = 0, y(l) = 0.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

1. Ðîçâ'ÿçàòè êðàéîâi çàäà÷i:
1) y′′ − y = 2x; y(0) = 0, y(1) = −1, (y = (sh x/sh 1)− 2x).
2) y′′ + y′ = 1, y′(0) = 0, y(1) = 1, (y = x+ e−x − e−1).
3) y′′ − y′ = 0, y(0) = −1, y′(1)− y(1) = 2, (y = ex − 2).
4) y′′ + y = 1, y(0) = 0, y(π) = 0, (íåìà¹ ðîçâ'ÿçêó).
5) y′′ − y′ − 2y = 0, y′(0) = 2, y(+∞) = 0, (y = −2e−x).
6) y′′ − y = 1, y(0) = 0, y(x) � îáìåæåíà ïðè x → +∞,

(y = e−x − 1).
7) y′′ − 2iy = 0, y(0) = −1, y(+∞) = 0, (y = −e(−1−i)x).
8) x2y′′ − 6y = 0, y(0) � îáìåæåíà, y(1) = 2, (y = 2x3).
2. Ïîáóäóâàòè ôóíêöiþ Ãðiíà êîæíî¨ êðàéîâî¨ çàäà÷i:
1) y′′ + y = f(x), y′(0) = 0, y(π) = 0, (G = sin x cos x(0 ≤ x ≤

s), G = cos x sin x(s ≤ x ≤ π)).
2) y′′ + y′ = f(x), y(0) = 0, y′(1) = 0, (G = es(e−x − 1)(0 ≤

x ≤ s), G = 1− es(s ≤ x ≤ 1)).
3) y′′ − y = f(x), y′(0) = 0, y′(2) + y(2) = 0, (G = e−sch x(0 ≤

x ≤ s), G = e−xch s(s ≤ x ≤ 2)).
4∗) y′′+y = f(x), y(0) = y(π), y′(0) = y′(π), (G = 1

2
sin |x−s|).

5) x2y′′−2y = f(x), y(1) = 0, y(2)+2y′(2) = 0, (G = 1−x3
3s3x

(1 ≤
x ≤ s), G = 1−s3

3s3x
(s ≤ x ≤ 2)).

6) y′′ = f(x), y(0) = 0, y(x) � îáìåæåíà ïðè x → +∞,
(G = −x(0 ≤ x ≤ s), G = −s(s ≤ x ≤ ∞)).

7) y′′ + y′ = f(x), y′(0) = 0, y(+∞) = 0(G = −1(0 ≤ x ≤
s), G = −es−x(s ≤ x <∞)).

8) xy′′ + y′ = f(x), y(1) = 0, y(x) � îáìåæåíà ïðè x→ +∞,
(G = − ln x(1 ≤ x ≤ δ), G = − ln s(s ≤ x <∞)).
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Ëiòåðàòóðà: [1], c. 270�285; [3], c. 105�127; [5], c. 232�250; [6],
c. 269�280; [7], c. 56�58.
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Òåìà 10. ÌÅÒÎÄ ÅÉËÅÐÀ ÐÎÇÂ'ßÇÀÍÍß
ËIÍIÉÍÈÕ ÎÄÍÎÐIÄÍÈÕ ÑÈÑÒÅÌ ÇI

ÑÒÀËÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈ

Cèñòåìà n ðiâíÿíü

dxk
dt

= ak1x1 + ak2x2 + ...+ aknxn, k = 1, n, (1)

â ÿêié akj � äiéñíi ñòàëi, xk � íåâiäîìi ôóíêöi¨ çìiííî¨ t ∈ R,
íàçèâà¹òüñÿ ëiíiéíîþ îäíîðiäíîþ ñèñòåìîþ çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè.
ßêùî ÷åðåç x ïîçíà÷èòè n-âèìiðíèé âåêòîð ç êîîðäèíàòàìè
x1, ..., xn, à ÷åðåç A = (akj)

n
k,j=1 � n×n-ìàòðèöþ, òî (1) ìîæíà

ïîäàòè â ìàòðè÷íîìó âèãëÿäi

dx

dt
= Ax. (2)

Îäèí iç ñïîñîáiâ ðîçâ'ÿçàííÿ òàêèõ ñèñòåì ïîëÿãà¹ ó çâå-
äåííi ñèñòåìè äî îäíîãî ðiâíÿííÿ n-ãî ïîðÿäêó àáî äî äå-
êiëüêîõ ðiâíÿíü, ñóìà ïîðÿäêiâ ÿêèõ äîðiâíþ¹ n. Öå çâåäåííÿ
çäiéñíþ¹òüñÿ øëÿõîì ïîñëiäîâíîãî äèôåðåíöiþâàííÿ îäíîãî
ç ðiâíÿíü ñèñòåìè i âèêëþ÷åííÿ âñiõ íåâiäîìèõ ôóíêöié, êðiì
îäíi¹¨. Ïðîiíòåãðóâàâøè îäåðæàíå ëiíiéíå ðiâíÿííÿ, çíàõîäè-
ìî çàãàëüíèé ðîçâ'ÿçîê âèõiäíî¨ ñèñòåìè ðiâíÿíü.

Ïðèêëàä 1. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè

dx1
dt

= ax1 + x2,
dx2
dt

= −x1 + ax2, a = const.

Ðîçâ'ÿçàííÿ. Ïiäñòàâèìî â ïåðøå ðiâíÿííÿ çíà÷åííÿ x1 =

ax2 −
dx2
dt

, îäåðæàíå ç äðóãîãî ðiâíÿííÿ ñèñòåìè, âíàñëiäîê

÷îãî îòðèìà¹ìî ðiâíÿííÿ äðóãîãî ïîðÿäêó çi ñòàëèìè êîåôi-
öi¹íòàìè:

d2x2
dt2

− 2a
dx2
dt

+ (a2 + 1)x2 = 0. (3)
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Êîðåíi λ1,2 = a± i õàðàêòåðèñòè÷íîãî ðiâíÿííÿ λ2 − 2aλ+
a2 +1 = 0 êîìïëåêñíî ñïðÿæåíi, òîìó çàãàëüíèé ðîçâ'ÿçîê (3)
âèçíà÷à¹òüñÿ ôîðìóëîþ

x2 = C1e
at sin t+ C2e

at cos t, t ∈ R.

Òóò C1 i C2 � äîâiëüíi ñòàëi. Òîäi

x1 = ax2 −
dx2
dt

= −C1e
at cos t+ C2e

at sin t, t ∈ R.

Îòæå, ðiâíîñòi

x1 = −C1e
at cos t+ C2e

at sin t,

x2 = C1e
at sin t+ C2e

at cos t, t ∈ R

äàþòü çàãàëüíèé ðîçâ'ÿçîê âèõiäíî¨ ñèñòåìè.
Çàïðîïîíîâàíèì âèùå ìåòîäîì çðó÷íî êîðèñòóâàòèñÿ,

ÿêùî â ñèñòåìi (1) n = 2. Ïðè n ≥ 3 â çàãàëüíîìó âèïàä-
êó öåé ìåòîä âåäå äî çíà÷íèõ òåõíi÷íèõ òðóäíîùiâ. Ñèñòåìó
ðiâíÿíü (1) ìîæíà ðîçâ'ÿçóâàòè òàêîæ ìåòîäîì Åéëåðà. Éî-
ãî ñóòü ïîëÿãà¹ â òîìó, ùî íåíóëüîâèé ðîçâ'ÿçîê ñèñòåìè (1)
øóêàþòü ó âèãëÿäi

x = beλt, (4)

äå λ i b = (b1, ..., bn) ̸= 0 � íåâiäîìi ñòàëi. Äëÿ ¨õ çíàõîäæåííÿ
ïiäñòàâèìî (4) â (1) ÷è (2). Àíàëiç îäåðæàíî¨ ñèñòåìè ïîêàçó¹,
ùî ôóíêöiÿ (4) ¹ íåíóëüîâèì ðîçâ'ÿçêîì ñèñòåìè (2) òîäi i
òiëüêè òîäi, êîëè λ � âëàñíå çíà÷åííÿ ìàòðèöi A, òîáòî êîðiíü
àëãåáðà¨÷íîãî ðiâíÿííÿ n-ãî ñòåïåíÿ

det(A− λEn) = O, (5)

En � îäèíè÷íà ìàòðèöÿ, b = (b1, ..., bn) � âëàñíèé âåêòîð ìà-
òðèöi A, ÿêèé âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λ. Ðiâíÿííÿ (5)
íàçèâà¹òüñÿ õàðàêòåðèñòè÷íèì ðiâíÿííÿì.
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ßêùî êîðåíi λ1, λ2, ..., λn õàðàêòåðèñòè÷íîãî ðiâíÿííÿ äié-
ñíi i ðiçíi, à a(1), a(2), ..., a(n) âiäïîâiäíi ¨ì âëàñíi âåêòîðè ìà-
òðèöi A, òî çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (2) ìà¹ âèãëÿä:

x = C1a
(1)eλ1t + C2a

(2)eλ2t + ...+ Cna
(n)eλnt, t ∈ R,

äå C1, C2, ..., Cn � äîâiëüíi ñòàëi. ßêùî æ ñåðåä öèõ êîðåíiâ
õàðàêòåðèñòè÷íîãî ðiâíÿííÿ ¹ ïàðè êîìïëåêñíî ñïðÿæåíèõ
λ = α ± iβ (i2 = −1), òî öèì ñïîñîáîì ìîæíà çíàéòè âiä-
ïîâiäíi ¨ì êîìïëåêñíi ðîçâ'ÿçêè, ùî ìàþòü âèãëÿä u(t)+ iv(t).
Îñêiëüêè êîåôiöi¹íòè akj ñèñòåìè (1) äiéñíi, òî ðîçâ'ÿçêàìè
öi¹¨ ñèñòåìè ¹ äiéñíà u(t) òà óÿâíà v(t) ÷àñòèíè êîìïëåêñíî-
ãî ðîçâ'ÿçêó. Òàê ìîæíà ïîáóäóâàòè äiéñíi ðîçâ'ÿçêè ñèñòåìè,
ÿêi âiäïîâiäàþòü êîìïëåêñíèì λ.

ßêùî õàðàêòåðèñòè÷íå ðiâíÿííÿ ìà¹ k-êðàòíèé êîðiíü λ
(k ≥ 2), òî âiäïîâiäíèé äàíîìó λ ðîçâ'ÿçîê ñèñòåìè (1) ïîòði-
áíî øóêàòè ó âèãëÿäi

x = P (t)eλt, (6)

äå P (t) =

(
P (1)(t), ..., P (n)(t)

)
� âåêòîðíèé ìíîãî÷ëåí ñòåïåíÿ

íå âèùå (k−1) ç íåâiäîìèìè êîåôiöi¹íòàìè. Äëÿ ¨õ çíàõîäæåí-
íÿ ïîòðiáíî ïiäñòàâèòè (6) â (1), ñêîðîòèòè îäåðæàíó ðiâíiñòü
íà eλt i ïðèðiâíÿòè êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ t â
ëiâié i ïðàâié ÷àñòèíàõ êîæíî¨ ðiâíîñòi. Áiëüø òî÷íî, ñòåïiíü
ìíîãî÷ëåíà P (t) äîðiâíþ¹ k − l, äå l � ÷èñëî ëiíiéíî íåçàëå-
æíèõ âëàñíèõ âåêòîðiâ ìàòðèöi A, ùî âiäïîâiäàþòü âëàñíîìó
çíà÷åííþ λ.

Ïðèêëàä 2. Ðîçâ'ÿçàòè ñèñòåìó

dx1
dt

= 4x1 + x2,
dx2
dt

= 3x1 + 2x2,

dx3
dt

= 2x1 + 3x2 + 4x3. (7)
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Ðîçâ'ÿçàííÿ. Îñêiëüêè

det(A− λE3) =

∣∣∣∣∣∣
4− λ 1 0
3 2− λ 0
2 3 4− λ

∣∣∣∣∣∣ =
= (λ2 − 6λ+ 5)(4− λ)

òî ç õàðàêòåðèñòè÷íîãî ðiâíÿííÿ çíàõîäèìî, ùî λ1 = 1, λ2 =
4, λ3 = 5. Çãiäíî ç ìåòîäîì Åéëåðà ðîçâ'ÿçoê ñèñòåìè (7), ùî
âiäïîâiäà¹ λ = 1, øóêà¹ìî ó âèãëÿäi

x =

 x1
x2
x3

 =

 b1
b2
b3

 et.

Ïiñëÿ éîãî ïiäñòàíîâêè â (7) ìà¹ìî àëãåáðà¨÷íó ñèñòåìó

3b1 + b2 = 0, 3b1 + b2 = 0, 2b1 + 3b2 + 3b3 = 0,

îäíèì iç íåíóëüîâèõ ðîçâ'ÿçêiâ ÿêî¨ ¹ b1 = 1, b2 = −3, b3 =
7

3
.

Îòæå,

x =

 1
−3
7

3

 et

÷àñòèííèé ðîçâ'ÿçîê ñèñòåìè (7). Íåõàé òåïåð λ = 4. Ïiñëÿ
ïiäñòàíîâêè

x =

 x1
x2
x3

 =

 b1
b2
b3

 e4t

â (7) îäåðæèìî ñèñòåìó

b2 = 0, 3b1 − 2b2 = 0, 2b1 + 3b2 = 0,
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ÿêà ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê b1 = b2 = 0, b3 = 1. Öåé
ðîçâ'ÿçîê ïîðîäæó¹ ðîçâ'ÿçîê

x =

 x1
x2
x3

 =

 0
0
1

 e4t

ñèñòåìè (7). ßêùî λ = 5, òî iç ñèñòåìè

−b1 + b2 = 0, 3b1 − 3b2 = 0, 2b1 + 3b2 − b3 = 0

çíàõîäèìî b1 = b2 = 1, b3 = 5, òîìó

x =

 x1
x2
x3

 =

 1
1
5

 e5t

ùå îäèí ðîçâ'ÿçîê ñèñòåìè (7). Òàêèì ÷èíîì, çàãàëüíèé
ðîçâ'ÿçîê ñèñòåìè (7) ìà¹ âèãëÿä

x =

 x1
x2
x3

 = C1

 1
−3
7

3

 et + C2

 0
0
1

 e4t + C3

 1
1
5

 e5t

àáî
x1 = C1e

t + C3e
5t, x2 = −3C1e

t + C3e
5t,

x3 =
7

3
C1e

t + C2e
4t + 5C3e

5t,

äå C1, C2, C3 � äîâiëüíi ñòàëi.

Ïðèêëàä 3. Ðîçâ'ÿçàòè çàäà÷ó Êîøi

dx1
dt

= 3x1 + 2x2,
dx2
dt

= −x1 + x2,

x1

(
π

2

)
= 0, x2

(
π

2

)
= eπ.
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Ðîçâ'ÿçàííÿ. Çíàéäåìî ñïî÷àòêó çàãàëüíèé ðîçâ'ÿçîê ñè-
ñòåìè. Êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ∣∣∣∣ 3− λ 2

−1 1− λ

∣∣∣∣ = 0

êîìïëåêñíî ñïðÿæåíi: λ1 = 2 − i, λ2 = 2 + i. Çíàéäåìî êîì-
ïëåêñíèé ðîçâ'ÿçîê x1 = a1e

λ1t, x2 = a2e
λ1t äàíî¨ ñèñòåìè, ùî

âiäïîâiäà¹ êîðåíþ λ1. Çàçíà÷èìî, ùî a1 i a2 � êîìïëåêñíi ÷è-
ñëà, ÿêi ¹ ðîçâ'ÿçêîì ñèñòåìè

(1 + i)a1 + 2a2 = 0, −a1 + (−1 + i)a2 = 0.

Îäíèì iç ¨¨ íåíóëüîâèõ ðîçâ'ÿçêiâ ¹ a1 = 1 − i, a2 = −1. Òîìó
x1 = (1−i)e(2−i)t, x2 = −e(2−i)t � êîìïëåêñíèé ðîçâ'ÿçîê âèõiä-
íî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü. Âèêîðèñòîâóþ÷è ôîð-
ìóëó Åéëåðà ex+iy = ex(cos y + i sin y), äå x, y � äiéñíi ÷èñëà,
çàïèøåìî çíàéäåíèé ðîçâ'ÿçîê ó âèãëÿäi

x1 = e2t(cos t− sin t) + ie2t(− cos t− sin t),

x2 = e2t(− cos t) + ie2t sin t.

Îñêiëüêè äiéñíà i óÿâíà ÷àñòèíè çíàéäåíîãî ðîçâ'ÿçêó
òàêîæ ¹ ðîçâ'ÿçêàìè çàäàíî¨ ñèñòåìè, òî ìà¹ìî äâà äiéñíi
ðîçâ'ÿçêè

x11 = e2t(cos t− sin t) x12 = −e2t(cos t+ sin t),

x21 = −e2t cos t x22 = e2t sin t.

Ëåãêî ïåðåêîíàòèñÿ, ùî çíàéäåíi ðîçâ'ÿçêè ëiíiéíî íåçàëå-
æíi äëÿ âñiõ t ∈ R. Âiäçíà÷èìî, ùî êîðiíü λ2 = 2+ i õàðàêòå-
ðèñòè÷íîãî ðiâíÿííÿ íå ïîðîäæó¹ iíøèõ ðîçâ'ÿçêiâ ñèñòåìè,
ÿêi áóëè á ëiíiéíî íåçàëåæíèìè iç äâîìà âèùåçíàéäåíèìè [1].
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Òîìó çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè âèçíà÷à¹òüñÿ ñïiââiäíîøå-
ííÿìè

x1(t) = C1e
2t(cos t− sin t) + C2e

2t(− cos t− sin t),

x2 = C1e
2t(− cos t) + C2e

2t sin t,

â ÿêèõ C1, C2 � äîâiëüíi ñòàëi, t ∈ R. Çàäîâîëüíèâøè ïî÷à-

òêîâó óìîâó x1

(
π

2

)
= 0, x2

(
π

2

)
= eπ, îäåðæèìî C1 = −1,

C2 = 1, Îòæå,

x1(t) = −e2t(cos t− sin t) + e2t(− cos t− sin t),

x2 = −e2t(− cos t) + e2t sin t

¹ ðîçâ'ÿçêîì çàäà÷i Êîøi.

Ïðèêëàä 4. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè

dx1
dt

= x1 − x2 + x3,
dx2
dt

= x1 + x2 − x3,

dx3
dt

= −x2 + 2x3. (8)

Ðîçâ'ÿçàííÿ. ßêùî ðîçâ'ÿçîê ñèñòåìè øóêàòè ó âèãëÿäi
x1 = a1e

λt, x2 = a2e
λt, x3 = a3e

λt, òî a1, a2, a3 i λ çàäîâîëüíÿþòü
ðiâíÿííÿ

(1− λ)a1 − a2 + a3 = 0, a1 + (1− λ)a2 − a3 = 0,

−a2 + (2− λ)a3 = 0. (9)

Öi ðiâíÿííÿ ìàþòü íåòðèâiàëüíèé ðîçâ'ÿçîê çà óìîâè∣∣∣∣∣∣
1− λ −1 1
1 1− λ −1
0 −1 2− λ

∣∣∣∣∣∣ = 0,
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òîáòî ïðè λ1 = 2, λ2 = λ3 = 1. Iç (9) çíàõîäèìî, ùî êîðåíþ
λ = 2 âiäïîâiäà¹ ñèñòåìà

−a1 − a2 + a3 = 0, a1 − a2 − a3 = 0, −a2 = 0,

íåíóëüîâèì ðîçâ'ÿçêîì ÿêî¨ ¹, íàïðèêëàä, a1 = 1, a2 = 0,
a3 = 1. Òîìó x1 = e2t, x2 = 0, x3 = e2t � ÷àñòèííèé ðîçâ'ÿçîê
ñèñòåìè (8).

Ðîçãëÿíåìî òåïåð äâîêðàòíèé êîðiíü λ = 1 õàðàêòåðèñ-
òè÷íîãî ðiâíÿííÿ. Çãiäíî ç ìåòîäîì Åéëåðà éîìó âiäïîâiäà¹
ðîçâ'ÿçîê ñèñòåìè (8) âèãëÿäó

x1 = (a1 + b1t)e
t, x2 = (a2 + b2t)e

t, x3 = (a3 + b3t)e
t. (10)

Ïiäñòàâèâøè (10) ó (8), îäåðæó¹ìî òîòîæíîñòi

(−a2 + a3 − b1) + (−b2 + b3)t ≡ 0,

(a1 − a3 − b2) + (b1 − b3)t ≡ 0,

(−a2 + a3 − b3) + (−b2 + b3)t ≡ 0

äëÿ âñiõ t ∈ R. Çâiäñè âèïëèâà¹, ùî

−b2 − b3 = 0, b1 − b3 = 0, −b2 + b3 = 0,

−a2 + a3 − b1 = 0, a1 − a3 − b2 = 0, −a2 + a3 − b3 = 0

àáî
b1 = b2 = b3 = α, a2 = a3 − α, a1 = a3 + α,

äå α i a3 � äîâiëüíi. Ïðèïóñòèìî ñïî÷àòêó, ùî α = 1, a3 = 0, à
ïîòiì α = 0, a3 = 1. Òîäi îäåðæèìî äâà ðîçâ'ÿçêè àëãåáðà¨÷íî¨
ñèñòåìè

b1 = b2 = b3 = 1, a1 = 1, a2 = −1, a3 = 0

i
b1 = b2 = b3 = 0, a1 = a2 = a3 = 1,
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ÿêi, çãiäíî ç (10), ïîðîäæóþòü äâà ëiíiéíî íåçàëåæíi ðîçâ'ÿçêè

x1 = et(1 + t), x2 = et(−1 + t), x3 = ett

i
x1 = et, x2 = et, x3 = et

ñèñòåìè (8). Òàêèì ÷èíîì, çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè äèôå-
ðåíöiàëüíèõ ðiâíÿíü (8) ìà¹ âèãëÿä

x1 = C1e
2t + C2e

t(t+ 1) + C3e
t,

x2 = C1 · 0 + C2e
t(t− 1) + C3e

t,

x3 = C1e
2t + C2e

t · t+ C3e
t.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

Ðîçâ'ÿçàòè ñèñòåìè ðiâíÿíü:

1. à)


dx

dt
= 5x+ 2y,

dy

dt
= −4x− y;

á)


dx

dt
= z,

dy

dt
= x,

dz

dt
= y;

â)


dx

dt
= 2x+ y,

dy

dt
= x+ 3y − z,

dz

dt
= 2y + 3z − x;

2. à)


dx

dt
= −x+ y,

dy

dt
= 3x+ y;

á)


dx

dt
= y,

dy

dt
= x,

dz

dt
= x+ y + z;
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â)



dx

dt
= 2x+ 2z − y,

dy

dt
= x+ 2z,

dz

dt
= y − 2x− z;

3. à)


dx

dt
= 3x+ 2y,

dy

dt
= −x+ y;

á)


dx

dt
= x,

dy

dt
= x+ 2y,

dz

dt
= x+ y + 2z;

â)


dx

dt
= 2x+ y + z,

dy

dt
= x+ 2y + z,

dz

dt
= x+ y + 2z.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

I. Ðîçâ'ÿçàòè íàñòóïíi ñèñòåìè ðiâíÿíü (â äåÿêèõ çàäà÷àõ
âêàçàíî êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ):

1.

{
ẋ = 2x+ y,
ẏ = 3x+ 4y.

2.

{
ẋ = x− y,
ẏ = y − 4x.

3.

{
ẋ+ x− 8y = 0,
ẏ − x− y = 0.

4.

{
ẋ = x+ y,
ẏ = 3y − 2x.

5.

{
ẋ = x− 3y,
ẏ = 3x+ y.

6.

{
ẋ+ x+ 5y = 0,
ẏ − x− y = 0.

7.

{
ẋ = 2x+ y,
ẏ = 4y − x.

8.

{
ẋ = 3x− y,
ẏ = 4x− y.

9.

{
ẋ = 2y − 3x,
ẏ = y − 2x.

10.

{
ẋ− 5x− 3y = 0,
ẏ + 3x+ y = 0.
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11.

 ẋ = x+ z − y,
ẏ = x+ y − z,
ż = 2x− y

12.

 ẋ = x− 2y − z,
ẏ = y − x+ z,
ż = x− z

(λ1 = 1, λ2 = 2, λ3 = −1). (λ1 = 0, λ2 = 2, λ3 = −1).

13.

 ẋ = 2x− y + z,
ẏ = x+ 2y − z,
ż = x− y + 2z

14.

 ẋ = 3x− y + z,
ẏ = x+ y + z,
ż = 4x− y + 4z

(λ1 = 1, λ2 = 2, λ3 = 3). (λ1 = 1, λ2 = 2, λ3 = 5).

15.

 ẋ = 4y − 2z − 3x,
ẏ = z + x,
ż = 6x− 6y + 5z

16.

 ẋ = x− y − z,
ẏ = x+ y,
ż = 3x+ z

(λ1 = 1, λ2 = 2, λ3 = −1). (λ1 = 1, λ2,3 = 1± 2i).

17.

 ẋ = 2x+ y,
ẏ = x+ 3y − z,
ż = 2y + 3z − x

18.

 ẋ = 2x+ 2z − y,
ẏ = x+ 2z,
ż = y − 2x− z

(λ1 = 2, λ2,3 = 3± i). (λ1 = 1, λ2,3 = ±i).

19.

 ẋ = 4x− y − z,
ẏ = x+ 2y − z,
ż = x− y + 2z

20.

 ẋ = 2x− y − z,
ẏ = 3x− 2y − 3z,
ż = 2z − x− y

(λ1 = 2, λ2 = λ3 = 3). (λ1 = 0, λ2 = λ3 = 1).

21.

 ẋ = y − 2x− 2z,
ẏ = x− 2y + 2z,
ż = 3x− 3y + 5z

22.

 ẋ = 3x− 2y − z,
ẏ = 3x− 4y − 3z,
ż = 2x− 4y

(λ1 = 3, λ2 = λ3 = −1). (λ1 = λ2 = 2, λ3 = −5).

23.

 ẋ = x− y + z,
ẏ = x+ y − z,
ż = 2z − y

24.

 ẋ = y − 2z − x,
ẏ = 4x+ y,
ż = 2x+ y − z

(λ1 = λ2 = 1, λ3 = 2). (λ1 = 1, λ2 = λ3 = −1).
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25.

 ẋ = 2x+ y,
ẏ = 2y + 4z,
ż = x− z

26.

 ẋ = 2x− y − z,
ẏ = 2x− y − 2z,
ż = 2z − x+ y

(λ1 = λ2 = 0, λ3 = 3). (λ1 = λ2 = λ3 = 1).

27.

 ẋ = 4x− y,
ẏ = 3x+ y − z,
ż = x+ z

(λ1 = λ2 = λ3 = 2).

Âiäïîâiäi:

1. x = C1e
t+C2e

5t, y = −C1e
t+3C2e

5t. 2. x = C1e
−t+C2e

3t,
y = 2C1e

−t−2C2e
3t. 3. x = 2C1e

3t−4C2e
−3t, y = C1e

3t+C2e
−3t. 4.

x = e2t(C1 cos t+C2 sin t), y = e2t[(C1+C2) cos t+(C2−C1) sin t].
5. x = et(C1 cos 3t + C2 sin 3t), y = et(C1 sin 3t − C2 cos 3t). 6.
x = (2C2−C1) cos 2t− (2C1+C2) sin 2t, y = C1 cos 2t+C2 sin 2t.
7. x = (C1 +C2t)e

3t, y = (C1 +C2 +C2t)e
3t. 8. x = (C1 +C2t)e

t,
y = (2C1 − C2 + 2C2t)e

t. 9. x = (C1 + 2C2t)e
−t, y = (C1 + C2 +

2C2t)e
−t. 10. x = (C1+3C2t)e

2t, y = (C2−C1−3C2t)e
2t. 11. x =

C1e
t+C2e

2t+C3e
−t, y = C1e

t−3C3e
−t, z = C1e

t+C2e
2t−5C3e

−t.
12. x = C1+3C2e

2t, y = −2C2e
2t+C3e

−t, z = C1+C2e
2t−2C3e

−t.
13. x = C2e

2t+C3e
3t, y = C1e

t+C2e
2t, z = C1e

t+C2e
2t+C3e

3t.
14. x = C1e

t + C2e
2t + C3e

5t, y = C1e
t − 2C2e

2t + C3e
5t, z =

−C1e
t − 3C2e

2t + 3C3e
5t. 15. x = C1e

t +C3e
−t, y = C1e

t +C2e
2t,

z = 2C2e
2t−C3e

−t. 16. x = et(2C2 sin 2t+2C3 cos 2t), y = et(C1−
C2 cos 2t + C3 sin 2t), z = et(−C1 − 3C2 cos 2t + 3C3 sin 2t). 17.
x = C1e

2t + e3t(C2 cos t+C3 sin t), y = e3t[(C2 +C3) cos t+ (C3 −
C2) sin t], z = C1e

2t + e3t[(2C2 − C3) cos t + (2C3 + C2) sin t]. 18.
x = C2 cos t+(C2+2C3) sin t, y = 2C1e

t+C2 cos t+(C2+2C3) sin t,
z = C1e

t+C3 cos t− (C2 +C3) sin t. 19. x = C1e
2t+ (C2 +C3)e

3t,
y = C1e

2t + C2e
3t, z = C1e

2t + C3e
3t. 20. x = C1 + C2e

t, y =
3C1 + C3e

t, z = −C1 + (C2 − C3)e
t. 21. x = C1e

3t + C2e
−t, y =

−C1e
3t + (C2 + 2C3)e

−t, z = −3C1e
3t + C3e

−t. 22. x = C1e
2t +
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C3e
−5t, y = C2e

2t + 3C3e
−5t, z = (C1 − 2C2)e

2t + 2C3e
−5t. 23.

x = (C1 +C2t)e
t+C3e

2t, y = (C1 − 2C2 +C2t)e
t, z = (C1 −C2 +

C2t)e
t + C3e

2t. 24. x = (C2 + C3t)e
−t, y = 2C1e

t − (2C2 + C3 +
2C3t)e

−t, z = C1e
t−(C2+C3+C3t)e

−t. 25. x = C1+C2t+4C3e
3t,

y = C2 − 2C1 − 2C2t + 4C3e
3t, z = C1 − C2 + C2t + C3e

3t. 26.
x = (C1+C3t)e

t, y = (C2+2C3t)e
t, z = (C1−C2−C3−C3t)e

t. 27.
x = (C1+C2t+C3t

2)e2t, y = [2C1−C2+(2C2−2C3)t+2C3t
2]e2t,

z = [C1 − C2 + 2C3 + (C2 − 2C3)t+ C3t
2]e2t.

II. Ðîçâ'ÿçàòè ñèñòåìè, ùî íå çâåäåíi äî íîðìàëüíîãî âè-
ãëÿäó:

1.

{
ẍ = 2x− 3y,
ÿ = x− 2y.

2.

{
ẍ = 3x+ 4y,
ÿ = −x− y.

3.

{
ẍ = 2y,
ÿ = −2x.

4.

 ẍ = 3x− y − z,
ÿ = −x+ 3y − z,
z̈ = −x− y + 3z.

5.

{
2ẋ− 5ẏ = 4y − x,
3ẋ− 4ẏ = 2x− y.

6.

 ẍ+ ẋ+
+ẏ − 2y = 0,

ẋ− ẏ + x = 0.

7.

{
ẍ− 2ÿ + ẏ + x− 3y = 0,
4ÿ − 2ẍ− ẋ− 2x+ 5y = 0.

8.


ẍ− x+
+2ÿ − 2y = 0,

ẋ− x+
+ẏ + y = 0.

9.

{
ẍ− 2ÿ + 2x = 0,
3ẋ+ ÿ − 8y = 0.

10.

{
ẍ+ 3ÿ − x = 0,
ẋ+ 3ẏ − 2y = 0.

11.

{
ẍ+ 5ẋ+ 2ẏ + y = 0,
3ẍ+ 5x+ ẏ + 3y = 0.

12.


ẍ+ 4ẋ− 2x−
−2ẏ − y = 0,

ẍ− 4ẋ− ÿ+
+2ẏ + 2y = 0.

13.


2ẍ+ 2ẋ+ x+
+3ÿ + ẏ + y = 0,

ẍ+ 4ẋ− x+
+3ÿ + 2ẏ − y = 0.
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Âiäïîâiäi:

1. x = 3C1e
t+3C2e

−t+C3 cos t+C4 sin t, y = C1e
t+C2e

−t+
C3 cos t+C4 sin t. 2. x = −2et(C1+C2+C2t)−2e−t(C3−C4+C4t),
y = et(C1 + C2t) + e−t(C3 + C4t). 3. x = et(C1 cos t + C2 sin t) +
e−t(C3 cos t + C4 sin t), y = et(C1 sin t − C2 cos t) + e−t(C4 cos t −
C3 sin t). 4. x = C1e

t+C2e
−t+C3e

2t+C5e
−2t, y = C1e

t+C2e
−t+

C4e
2t+C6e

−2t, z = C1e
t+C2e

−t− (C3+C4)e
2t− (C5+C6)e

−2t. 5.
x = 3C1e

t+C2e
−t, y = C1e

t+C2e
−t. 6. x = C1e

t+C2e
−t+2C3e

−2t,
y = 2C1e

t+C3e
−2t. 7. x = 3Ce−t, y = Ce−t. 8. x = −2C2e

3t+C3e
t,

y = C1e
−t+C2e

3t. 9. x = 2C1e
2t+2C2e

−2t+2C3 cos 2t+2C4 sin 2t,
y = 3C1e

2t−3C2e
−2t−C3 sin 2t+C4 cos 2t. 10. x = C1e

t
2−4C2e

−2t,
y = C1e

t
2 +C2e

−2t. 11. x = (C1+C2t)e
t+C3e

−t, y = (−2C1−C2−
2C2t)e

t−4C3e
−t. 12. x = C1e

t+C2e
−t+C3e

2t+C4e
−2t, y = C1e

t+
5C2e

−t+2C3e
2t+2C4e

−2t. 13. x = C1 +C2e
t+C3 cos t+C4 sin t,

y = −C1 − C2e
t + (3

5
C4 − 4

5
C3) cos t− (3

5
C3 +

4
5
C4) sin t.

Ëiòåðàòóðà: [1], c. 158�177; [2], c. 107�114; [3], c. 96�101;
[4], c. 153�161; [5], c. 257�262; [6], c. 305�322; [7], c. 58�66.
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Òåìà 11. ÌÀÒÐÈ×ÍÈÉ ÌÅÒÎÄ ÐÎÇÂ'ßÇÀÍÍß
ËIÍIÉÍÈÕ ÑÈÑÒÅÌ

Âiäîìî, ùî äëÿ êîæíî¨ ëiíiéíî¨ ñèñòåìè n ðiâíÿíü
dx

dt
= A(t)x ç íåïåðåðâíîþ íà iíòåðâàëi (α, β) ⊂ R ìàòðèöåþ

A(t) iñíó¹ íîðìàëüíà ôóíäàìåíòàëüíà ìàòðèöÿ Q(t, t0), òîáòî
ìàòðèöÿ, ÿêà ¹ ðîçâ'ÿçêîì ìàòðè÷íî¨ çàäà÷i Êîøi

dQ

dt
= A(t)Q, Q(t0, t0) = En

(
t ∈ (α, β), t0 ∈ (α, β)

)
.

Çà äîïîìîãîþ íîðìàëüíî¨ ôóíäàìåíòàëüíî¨ ìàòðèöi çàãàëü-
íèé ðîçâ'ÿçîê ëiíiéíî¨ ñèñòåìè ìà¹ âèãëÿä x = Q(t, t0)c, äå
c = (c1, ..., cn) � âåêòîð äîâiëüíèõ ñòàëèõ.

Êðiì òîãî, ôîðìóëà x = Q(t, t0)x
0 äà¹ ðîçâ'ÿçîê çàäà÷i Êî-

øi
dx

dt
= A(t)x, x|t=t0 = x0.

Òîìó ïèòàííÿ ðîçâ'ÿçíîñòi ëiíiéíî¨ ñèñòåìè ðiâíîñèëüíå ïîáó-
äîâi ìàòðèöi Q. Ó çàãàëüíîìó âèïàäêó çíàéòè ìàòðèöþ Q íà
ïðàêòèöi äîñèòü ñêëàäíî. Ïðîòå ó âèïàäêó ëiíiéíèõ ñèñòåì çi
ñòàëîþ ìàòðèöåþ A(t) = A = const íîðìàëüíà ôóíäàìåíòàëü-
íà ìàòðèöÿ âèçíà÷à¹òüñÿ ôîðìóëîþ

Q(t, t0) = eA(t−t0).

Ïðè öüîìó ïiä ìàòðè÷íîþ åêñïîíåíòîþ eA(t−t0) ðîçóìiþòü ìà-
òðè÷íèé ðÿä

eA(t−t0) = En+A(t−t0)+
1

2!
A2(t−t0)2+...+

1

k!
Ak(t−t0)k+..., (1)

ÿêèé çáiæíèé äëÿ êîæíî¨ ìàòðèöi A i âñiõ t ∈ R.
Ïîòðiáíî ïàì'ÿòàòè, ùî äëÿ êîæíî¨ êâàäðàòíî¨ ìàòðèöi A

iñíó¹ òàêà íåâèðîäæåíà ìàòðèöÿ T , ùî A = T−1JT , äå

J = diag

(
J1(λ1), J2(λ2), ..., Jp(λp)

)



96

� íîðìàëüíà æîðäàíîâà ôîðìà ìàòðèöi A. Òóò rk×rk ìàòðèöi
Jk(λk) � êëiòèíè Æîðäàíà:

Jk(λk) =


λk 1 0 ... 0
0 λk 1 ... 0
... ... ... ... ...
0 0 0 ... λk

 = λkErk + Irk ,

Irk =


0 1 0 ... 0
0 0 1 ... 0
... ... ... ... ...
0 0 0 ... 0

 ,

à λk � âëàñíi çíà÷åííÿ ìàòðèöi A (íå îáîâ'ÿçêîâî ðiçíi). Âëà-
ñíîìó çíà÷åííþ λk âiäïîâiäà¹ mk = n− rang (A− λkEn) æîð-
äàíîâèõ êëiòèí.

Âèêîðèñòîâóþ÷è (1), ìîæíà ïîêàçàòè, ùî

eAt = T−1diag (eJ1(λ1)t, ..., eJp(λp)t)T,

äå
eJk(λk)t = eλkteIrk t.

Ìàòðèöþ eIrk t ëåãêî ïîáóäóâàòè çà äîïîìîãîþ ðÿäó (1),
îñêiëüêè Imrk = 0 ïðè m ≥ rk.

Ïðèêëàä 1. Ïîáóäóâàòè íîðìàëüíó ôóíäàìåíòàëüíó ìà-
òðèöþ Q(t, t0) ñèñòåìè

dx1
dt

= x1 cos t+ x2 sin t,
dx2
dt

= x1 sin t+ x2 cos t. (2)

Ðîçâ'ÿçàííÿ.Äîäàþ÷è i âiäíiìàþ÷è ðiâíÿííÿ ñèñòåìè (2),
îäåðæèìî äâà ðiâíÿííÿ ç âiäîêðåìëþâàíèìè çìiííèìè

d(x1 + x2)

dt
= (x1 + x2)(cos t+ sin t),
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d(x1 − x2)

dt
= (x1 − x2)(cos t− sin t),

âñi ðîçâ'ÿçêè ÿêèõ âèçíà÷àþòüñÿ ôîðìóëàìè

x1 + x2 = c1e
sin t−cos t, x1 − x2 = c2e

sin t+cos t.

Çâiäñè çíàõîäèìî çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (2)

x1 = k1e
sin t−cos t + k2e

sin t+cos t,

x2 = k1e
sin t−cos t − k2e

sin t+cos t, (3)

äå k1 =
1

2
c1 i k2 =

1

2
c2 � äîâiëüíi ñòàëi.

Çàäàìî äëÿ ðiâíÿíü (2) ïî÷àòêîâó óìîâó

x1|t=t0 = 1, x2|t=t0 = 0. (4)

Ùîá çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi (2), (4), ïiäñòàâèìî çíà÷å-
ííÿ x1 i x2 iç (3) â (4). Òîäi îäåðæèìî ñèñòåìó àëãåáðà¨÷íèõ
ðiâíÿíü âiäíîñíî k1 i k2:

k1e
sin t0−cos t0 + k2e

sin t0+cos t0 = 1,

k1e
sin t0−cos t0 − k2e

sin t0+cos t0 = 0.

�¨ ðîçâ'ÿçîê

k1 =
1

2
e−(sin t0−cos t0), k2 =

1

2
e−(sin t0+cos t0)

i ôîðìóëè (3) äîçâîëÿþòü çàïèñàòè ðîçâ'ÿçîê çàäà÷i (2), (4) ó
âèãëÿäi

x
(1)
1 =

1

2
e(sin t−cos t)−(sin t0−cos t0) +

1

2
e(sin t+cos t)−(sin t0+cos t0),

x
(1)
2 =

1

2
e(sin t−cos t)−(sin t0−cos t0) − 1

2
e(sin t+cos t)−(sin t0+cos t0).
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Àíàëîãi÷íî áóäó¹ìî ðîçâ'ÿçîê

x
(2)
1 =

1

2
e(sin t−cos t)−(sin t0−cos t0) − 1

2
e(sin t+cos t)−(sin t0+cos t0),

x
(2)
2 =

1

2
e(sin t−cos t)−(sin t0−cos t0) +

1

2
e(sin t+cos t)−(sin t0+cos t0),

ñèñòåìè (2), ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

x1|t=t0 = 0, x2|t=t0 = 1.

Òîäi êâàäðàòíà ìàòðèöÿ äðóãîãî ïîðÿäêó

Q(t, t0) =

(
x
(1)
1 x

(2)
1

x
(1)
2 x

(2)
2

)

¹ íîðìàëüíîþ ôóíäàìåíòàëüíîþ ìàòðèöåþ ñèñòåìè (2),
îñêiëüêè ¨¨ ñòîâïöi ¹ ðîçâ'ÿçêàìè (2) i

Q(t0, t0) =

(
1 0
0 1

)
= E2.

Ïðèêëàä 2. Îá÷èñëèòè eAt, ÿêùî A =

(
3 −1
2 0

)
.

Ðîçâ'ÿçàííÿ. Âëàñíi çíà÷åííÿ ìàòðèöi A, òîáòî êîðåíi
ðiâíÿííÿ ∣∣∣∣ 3− λ −1

2 0− λ

∣∣∣∣ = 0,

äiéñíi é ðiçíi: λ1 = 1, λ2 = 2. Òîìó íîðìàëüíà æîðäàíîâà
ôîðìà ìàòðèöi A ìà¹ âèãëÿä

J =

(
1 0
0 2

)
= TAT−1.
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Çíàéäåìî íåâèðîäæåíó ìàòðèöþ T =

(
α β
γ δ

)
iç óìîâè JT =

TA:

α = 3α + 2β, γ = −α, 2γ = 3γ + 2δ, 2δ = −γ.

Îäíèì iç ðîçâ'ÿçêiâ îñòàííüî¨ ñèñòåìè ¹ α = 2, β = 4, γ = −2,
δ = 1, òîáòî

T =

(
2 −2
−2 1

)
, T−1 =

1

2

(
−1 −2
−2 −2

)
.

Òîìó
eAt = eT

−1JtT = T−1eJtT =

=
1

2

(
−1 −2
−2 −2

)(
et 0
0 e2t

)(
2 −2
−2 1

)
=

=

(
2e2t − et et − e2t

2e2t − 2et 2et − e2t

)
.

Ïðèêëàä 3. Çà äîïîìîãîþ ìàòðèöi eAt ðîçâ'ÿçàòè çàäà÷ó
Êîøi

dx

dt
= Ax, x =

 x1
x2
x3

 , A =

 2 1 0
0 2 1
0 0 2

 ,

x |t=0 =

 1
1
0

 ≡ x0.

Ðîçâ'ÿçàííÿ. Îñêiëüêè çàäàíà ìàòðèöÿ A âæå çâåäåíà äî
íîðìàëüíî¨ æîðäàíîâî¨ ôîðìè (λ = 2 � âëàñíå çíà÷åííÿ A
êðàòíîñòi 3), òî

eAt = e2teI3t, I3 =

 0 1 0
0 0 1
0 0 0

 .
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Âðàõîâóþ÷è, ùî

I23 =

 0 0 1
0 0 0
0 0 0

 , Im3 =

 0 0 0
0 0 0
0 0 0

 , m ≥ 3,

iç ôîðìóëè (1) çíàõîäèìî, ùî

eI3t = E3 + I3t+
1

2!
I23 t

2 =

 1 0 0
0 1 0
0 0 1

+

 0 t 0
0 0 t
0 0 0

+

+

 0 0
1

2
t2

0 0 0
0 0 0

 =

 1 t
1

2
t2

0 1 t
0 0 1

 .

Òîäi

eAt = e2teI3t =

 e2t te2t
1

2
t2e2t

0 e2t te2t

0 0 e2t

 ,

i ðîçâ'ÿçîê çàäà÷i Êîøi âèçíà÷à¹òüñÿ iç ñïiââiäíîøåíü

x = eAtx0 =

 e2t te2t
1

2
t2e2t

0 e2t te2t

0 0 e2t


 1

1
0

 =

 e2t(t+ 1)
e2t

0

 .

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè
1. Çíàéòè eAt, ÿêùî:

a) A =

(
3 −2
4 −3

)
, A =

(
2 1
−1 4

)
;

á) A =

(
3 1
−1 1

)
, A =

(
3 −1
4 −1

)
;
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â) A =

(
2 1
3 4

)
, A =

(
2 −3
1 −2

)
.

2. Íå îá÷èñëþþ÷è eAt, çíàéòè det eAt:

a) A =

 1 −2 2
5 4 7
0 −1 −3

; á) A =

 1 2 3
−4 −5 −6
7 −8 9

;
â) A =

 0 1 −5
3 −2 4
2 2 2

.
3. Ïîáóäóâàòè eAt i ðîçâ'ÿçàòè çàäà÷ó Êîøi

dx

dt
= Ax, x |t=0 = x0,

ÿêùî:

a) A =

 −3 1 0
0 −3 0
0 0 −3

, x0 =

 1
−1
1

;
á) A =

 3 1 0
0 3 0
0 0 3

, x0 =

 −1
1
1

;
â) A =

 −2 0 0
0 −2 1
0 0 −2

, x0 =

 1
1
−1

.
4. Çíàéòè íîðìàëüíó ôóíäàìåíòàëüíó ìàòðèöþ Q(t, t0) ëi-

íiéíî¨ ñèñòåìè

a)


dx1
dt

= 2tx1,

dx2
dt

= 3x2 + e−t
2

x1;

á)


dx1
dt

= 5x1 + etx2,

dx2
dt

= 4x2;
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â)


dx1
dt

= cos t x1,

dx2
dt

= −x2 + x1(1 + cos t).

Ëiòåðàòóðà: [1], c. 177�185; [2], c. 101�107; [5], c. 329�250;
[6], c. 310�321; [7], c. 67�69.
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Òåìà 12. ËIÍIÉÍI ÍÅÎÄÍÎÐIÄÍI ÑÈÑÒÅÌÈ

Ëiíiéíîþ íåîäíîðiäíîþ ñèñòåìîþ íàçèâà¹òüñÿ ñèñòå-
ìà

dxk
dt

= ak1(t)x1 + ...+ akn(t)xn + fk(t), k = 1, n, (1)

â ÿêié akj(t), fk(t) � çàäàíi íåïåðåðâíi ôóíêöi¨ çìiííî¨ t ∈
(α, β) ⊂ R, xk = xk(t) � íåâiäîìi ôóíêöi¨. ßêùî ïîçíà÷èòè

x =

 x1
...
xn

 , f(t) =

 f1(t)
...

fn(t)

 , A(t) =

(
akj(t)

)n
k,j=1

,

òî (1) ìîæíà ïåðåïèñàòè â ìàòðè÷íié ôîðìi

dx

dt
= A(t)x+ f(t). (2)

Ñèñòåìó (2) ìîæíà ðîçâ'ÿçóâàòè øëÿõîì çâåäåííÿ äî îäíîãî
àáî äåêiëüêîõ ëiíiéíèõ íåîäíîðiäíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ.
Êðiì òîãî, äëÿ ðîçâ'ÿçàííÿ ñèñòåìè (2) âèêîðèñòîâóþòü ìå-
òîä âàðiàöi¨ ñòàëèõ. Éîãî ñóòü ïîëÿãà¹ â òîìó, ùî ñïî÷àòêó
çíàõîäÿòü çàãàëüíèé ðîçâ'ÿçîê x = X(t)c âiäïîâiäíî¨ îäíîði-

äíî¨ ñèñòåìè
dx

dt
= A(t)x. Òóò c � n-âèìiðíèé âåêòîð äîâiëü-

íèõ ñòàëèõ, à X(t) � n× n-ìàòðèöÿ, ñòîâïöÿìè ÿêî¨ ¹ ëiíiéíî
íåçàëåæíi ðîçâ'ÿçêè îäíîðiäíî¨ ñèñòåìè. Òîäi ðîçâ'ÿçîê íåî-
äíîðiäíî¨ ñèñòåìè øóêàþòü ó âèãëÿäi

x = X(t)c(t). (3)

Äëÿ çíàõîäæåííÿ íåâiäîìî¨ âåêòîð-ôóíêöi¨ c(t) ïîòðiáíî
ïiäñòàâèòè (3) ó (2), âíàñëiäîê ÷îãî îäåðæèìî ðiâíiñòü

dc(t)

dt
= X−1(t)f(t).
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Äàëi c(t) âèçíà÷à¹òüñÿ øëÿõîì iíòåãðóâàííÿ. Íåäîëiê öüî-
ãî ìåòîäó ïîëÿãà¹ â òîìó, ùî íà ïðàêòèöi ÷àñòî çóñòði÷àþòüñÿ
âèïàäêè, êîëè äîñèòü ãðîìiçäêî îá÷èñëþþòüñÿ iíòåãðàëè.

ßêùî â ñèñòåìi (2) ìàòðèöÿ A(t) = A � ñòàëà, à êîìïîíåí-
òè fk(t) âåêòîðà f(t) ìàþòü âèãëÿä

fk(t) = eat
(
Qmk

(t) cos bt+ Plk(t) sin bt

)
,

äå a, b � ñòàëi, Qmk
(t) i Plk(t) � ìíîãî÷ëåíè ñòåïåíiâ mk i

lk, òî ÷àñòèííèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ñèñòåìè ìîæå áóòè
çíàéäåíèé çà äîïîìîãîþ ìåòîäó íåâèçíà÷åíèõ êîåôiöi¹íòiâ.
Çãiäíî ç öèì ìåòîäîì, iñíó¹ ÷àñòèííèé ðîçâ'ÿçîê âèãëÿäó

xk = eat
(
Rk,1
m+s(t) cos bt+Rk,2

m+s(t) sin bt

)
, k = 1, n. (4)

Òóò Rk,1
m+s(t) i R

k,2
m+s(t) � ìíîãî÷ëåíè ñòåïåíÿ m + s ç íåâiäî-

ìèìè êîåôiöi¹íòàìè, m = maxk{mk; lk}, s � êðàòíiñòü ÷èñëà
a+ bi ÿê êîðåíÿ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

det(A− λEn) = 0.

Íåâiäîìi êîåôiöi¹íòè ìíîãî÷ëåíiâ âèçíà÷àþòü øëÿõîì ïiäñòà-
íîâêè (4) â (1) i ïðèðiâíþâàííÿ êîåôiöi¹íòiâ ïîäiáíèõ ÷ëåíiâ.

Ïðèêëàä 1. Ðîçâ'ÿçàòè ñèñòåìó

dx1
dt

= −4x1 − 2x2 +
2

et − 1
,

dx2
dt

= 6x1 + 3x2 −
3

et − 1

ìåòîäîì âàðiàöi¨ ñòàëèõ.
Ðîçâ'ÿçàííÿ. Âiäïîâiäíà îäíîðiäíà ñèñòåìà

dx1
dt

= −4x1 − 2x2,
dx2
dt

= 6x1 + 3x2
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¹ ëiíiéíîþ ñèñòåìîþ çi ñòàëèìè êîåôiöi¹íòàìè, òîìó ¨¨ çàãàëü-
íèé ðîçâ'ÿçîê (òåìà 1) ìà¹ âèãëÿä

x1 = c1 + c2e
−t, x2 = −2c2 −

3

2
c2e

−t. (5)

Íåõàé ó ôîðìóëàõ (5) c1 = c1(t) i c2 = c2(t) � íåâiäîìi ôóíêöi¨.
Òîäi ïiñëÿ ïiäñòàíîâêè (5) ó ïî÷àòêîâó ñèñòåìó îäåðæèìî

c
′

1(t) + c
′

2(t)e
−t =

2

et − 1
, −2c

′

1(t)−
3

2
c
′

2(t)e
−t = − 3

et − 1

àáî

c
′

1(t) = 0, c
′

2(t) =
2et

et − 1
.

Iíòåãðóþ÷è îñòàííi ðiâíîñòi, çíàõîäèìî

c1(t) = k1, c2(t) = 2

∫
et

et − 1
dt = 2 ln |et − 1|+ k2,

äå k1 i k2 � äîâiëüíi ñòàëi. Âðàõîâóþ÷è (5), îäåðæèìî çàãàëü-
íèé ðîçâ'ÿçîê ñèñòåìè

x1 = k1 + k2e
−t + 2e−t ln |et − 1|,

x2 = −2k1 −
3

2
k2e

−t − 3e−t ln |et − 1|.

Ïðèêëàä 2. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè

dx1
dt

= 5x1 − 3x2 + 2e3t,
dx2
dt

= x1 + x2 + 4e2t. (6)

Ðîçâ'ÿçàííÿ. Õàðàêòåðèñòè÷íå ðiâíÿííÿ∣∣∣∣ 5− λ −3
1 1− λ

∣∣∣∣ = 0
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ìà¹ êîðåíi λ1 = 2 i λ2 = 4, òîìó çàãàëüíèé ðîçâ'ÿçîê âiäïîâiä-
íî¨ îäíîðiäíî¨ ñèñòåìè ìà¹ âèãëÿä

x1 = c1e
2t + 3c2e

4t, x2 = c1e
2t + c2e

4t. (7)

Ðîçãëÿíåìî òåïåð íåîäíîðiäíó ñèñòåìó

dx1
dt

= 5x1 − 3x2 + 2e3t,
dx2
dt

= x1 + x2. (8)

Äëÿ íå¨ f(t) =

(
2e3t

0

)
, à ÷èñëî a + ib = 3 + i · 0 = 3 íå ¹ êî-

ðåíåì õàðàêòåðèñòè÷íîãî ðiâíÿííÿ, òîìó ÷àñòèííèé ðîçâ'ÿçîê
ñèñòåìè (8) øóêà¹ìî ó âèãëÿäi

x1 = αe3t, x2 = βe3t.

Ïiñëÿ ïiäñòàíîâêè ó (8) îäåðæèìî

3α = 5α− 3β + 2, 3β = α + β

àáî α = −4, β = −2. Òàêèì ÷èíîì, x1 = −4e3t, x2 = −2e3t �
÷àñòèííèé ðîçâ'ÿçîê ñèñòåìè (8).

Àíàëîãi÷íî, ÷àñòèííèé ðîçâ'ÿçîê ñèñòåìè

dx1
dt

= 5x1 − 3x2,
dx2
dt

= x1 + x2 + 4e2t (9)

ìà¹ âèãëÿä x1 = (α + βt)e2t, x2 = (γ + δt)e2t, îñêiëüêè ÷èñëî
a+ ib = 2+ i · 0 = 2 ¹ ïðîñòèì êîðåíåì õàðàêòåðèñòè÷íîãî ðiâ-
íÿííÿ. Ïiäñòàâèâøè öåé ðîçâ'ÿçîê â (9), äiñòàíåìî òîòîæíîñòi

3(β−δ)t+(3α−3γ−β) = 0, (β−δ)t+(α−γ−δ+4) ≡ 0, t ∈ R.

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ t â ëiâié i
ïðàâié ÷àñòèíàõ îáîõ ðiâíîñòåé, îòðèìà¹ìî ñèñòåìó

3(β − δ) = 0, β − δ = 0, 3α− 3γ − β = 0, α− γ − δ + 4 = 0,
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îäíèì iç ðîçâ'ÿçêiâ ÿêî¨ ¹ α = 2, β = 6, γ = 0, δ = 6. Îòæå,
x1 = (2 + 6t)e2t, x2 = 6te2t � ÷àñòèííèé ðîçâ'ÿçîê ñèñòåìè (9).

Âèêîðèñòîâóþ÷è ïðèíöèï ñóïåðïîçèöi¨, ìîæåìî çàïèñàòè
çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (6):

x1 = c1e
2t + 3c2e

4t − 4e3t + (2 + 6t)e2t,

x2 = c1e
2t + c2e

4t − 2e3t + 6te2t.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè
1. Ðîçâ'ÿçàòè ñèñòåìó øëÿõîì çâåäåííÿ äî îäíîãî ðiâíÿííÿ

äðóãîãî ïîðÿäêó:

à)


dx1
dt

= 2x1 − 4x2 + 4te−2t,

dx2
dt

= 2x1 − 2x2;

á)


dx1
dt

= 2x1 + x2 + et,

dx2
dt

= −2x1 + 2t;

â)


dx1
dt

= x1 − 3x2 + 3et,

dx2
dt

= x1 + 2x2 + 16tet.

2. Ðîçâ'ÿçàòè ñèñòåìó ìåòîäîì âàðiàöi¨ ñòàëèõ:

à)


dx1
dt

= x2 + tg2 t− 1,

dx2
dt

= −x1 + tg t;

á)


dx1
dt

= 2x2 − x,

dx2
dt

= 4x2 − 3x1 +
e3t

e2t + 1
;
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â)


dx1
dt

= x1 − x2 +
1

cos t
,

dx2
dt

= 2x1 − x2.

3. Ðîçâ'ÿçàòè ñèñòåìó ìåòîäîì íåâèçíà÷åíèõ êîåôiöi¹íòiâ:

a)


dx

dt
= x− y + 2 sin t,

dy

dt
= 2x− y;


dx

dt
= x− y + 8t,

dy

dt
= 5x− y;

á)


dx

dt
= 2x− 3y,

dy

dt
= x− 2y + 2 cos t;


dx

dt
= 2x+ y + et,

dy

dt
= −2x;

â)


dx

dt
= 2x+ y + 2et,

dy

dt
= x+ 2y − 3e4t;


dx

dt
= 2x− y + 6,

dy

dt
= 3y − 2x.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè.
I. Ðîçâ'ÿçàòè ëiíiéíi íåîäíîðiäíi ñèñòåìè:
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1.

{
ẋ = y + 2et,
ẏ = x+ t2.

2.

{
ẋ = y − 5 cos t,
ẏ = 2x+ y.

3.

{
ẋ = 3x+ 2y + 4e5t,
ẏ = x+ 2y.

4.

{
ẋ = 2x− 4y + 4e−2t,
ẏ = 2x− 2y.

5.

{
ẋ = 4x+ y − e2t,
ẏ = y − 2x.

6.

{
ẋ = 2y − x+ 1,
ẏ = 3y − 2x.

7.

{
ẋ = 5x− 3y + 2e3t,
ẏ = x+ y + 5e−t.

8.

{
ẋ = 2x+ y + et,
ẏ = −2x+ 2t.

9.

{
ẋ = x+ 2y,
ẏ = x− 5 sin t.

10.

{
ẋ = 2x− 4y,
ẏ = x− 3y + 3et.

11.

{
ẋ = 2x− y,
ẏ = y − 2x+ 18t.

12.

{
ẋ = x+ 2y + 16tet,
ẏ = 2x− 2y.

13.

{
ẋ = 2x+ 4y − 8,
ẏ = 3x+ 6y.

14.

{
ẋ = 2x− 3y,
ẏ = x− 2y + 2 sin t.

15.

{
ẋ = x− y + 2 sin t,
ẏ = 2x− y.

16.

{
ẋ = 2x− y,
ẏ = x+ 2et.
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17.

{
ẋ = 4x− 3y + sin t,
ẏ = 2x− y − 2 cos t.

18.

{
ẋ = 2x+ y + 2et,
ẏ = x+ 2y − 3e4t.

19.

{
ẋ = x− y + 8t,
ẏ = 5x− y.

20.

{
ẋ = 2x− y,
ẏ = 2y − x− 5et sin t.

Âiäïîâiäi:
1. x = C1e

t+C2e
−t+tet−t2−2, y = C1e

t−C2e
−t+(t−1)et−2t.

2. x = C1e
2t +C2e

−t − 2 sin t− cos t, y = 2C1e
2t −C2e

−t + sin t+
3 cos t. 3. x = C1e

t + 2C2e
4t + 3e5t, y = −C1e

t + C2e
4t + e5t.

4. x = C1(cos 2t − sin 2t) + C2(cos 2t + sin 2t), y = C1 cos 2t +
C2 sin 2t + e−2t. 5. x = C1e

2t + C2e
3t + (t + 1)e2t, y = −2C1e

2t −
C2e

3t−2te2t. 6. x = (C1+2C2t)e
t−3, y = (C1+C2+2C2t)e

t−2.
7. x = C1e

2t+3C2e
4t− e−t− 4e3t, y = C1e

2t+C2e
4t− 2e−t− 2e3t.

8. x = C1e
t cos t+C2e

t sin t+ et+ t+1, y = C1e
t(− cos t− sin t)+

C2e
t(cos t−sin t)−2et−2t−1. 9. x = C1e

−t+2C2e
2t−cos t+3 sin t,

y = −C1e
−t+C2e

2t+2 cos t− sin t. 10. x = 4C1e
t+C2e

−2t− 4tet,
y = C1e

t + C2e
−2t − (t − 1)et. 11. x = C1e

3t + 3t2 + 2t + C2,
y = −C1e

3t+6t2−2t+2C2−2. 12. x = 2C1e
2t+C2e

−3t−(12t+13)et,
y = C1e

2t − 2C2e
−3t − (8t + 6)et. 13. x = 2C1e

8t − 2C2 − 6t + 1,
y = 3C1e

8t + C2 + 3t. 14. x = 3C1e
t + C2e

−t + 3 sin t, y = C1e
t +

C2e
−t − cos t+ 2 sin t. 15. x = C1 cos t+ C2 sin t+ t sin t− t cos t,

y = C1(sin t + cos t) + C2(sin t − cos t) − 2t cos t + sin t + cos t.
16. x = (C1 + C2t − t2)et, y = [C1 − C2 + t(C2 + 2) − t2]et. 17.
x = C1e

t+3C2e
2t+cos t−2 sin t, y = C1e

t+2C2e
2t+2 cos t−2 sin t.

18. x = C1e
t+C2e

3t+tet−e4t, y = −C1e
t+C2e

3t−(t+1)et−2e4t.
19. x = C1 cos 2t − C2 sin 2t + 2t + 2, y = (C1 + 2C2) cos 2t +
(2C1 − C2) sin 2t + 10t. 20. x = C1e

t + C2e
3t + et(2 cos t − sin t),

y = C1e
t − C2e

3t + et(3 cos t+ sin t).

II. Ðîçâ'ÿçàòè ìåòîäîì âàðiàöi¨ ñòàëèõ:

1.

{
ẋ = y + tg2t− 1,
ẏ = −x+ tg t.

2.

{
ẋ = 2y − x,

ẏ = 4y − 3x+ e3t

e2t+1
.



111

3.

{
ẋ = −4x− 2y + 2

et−1
,

ẏ = 6x+ 3y − 3
et−1

.

4.

{
ẋ = x− y + cos−1 t,
ẏ = 2x− y.

5.

{
ẋ = 3x− 2y,
ẏ = 2x− y + 15et

√
t.

Âiäïîâiäi:
1. x = C1 cos t+ C2 sin t+ tg t, y = −C1 sin t+ C2 cos t+ 2. 2.

x = C1e
t+2C2e

2t−et ln(e2t+1)+2e2tarctg et, y = C1e
t+3C2e

2t−
et ln(e2t + 1) + 3e2tarctg et. 3. x = C1 + 2C2e

−t + 2e−t ln |et − 1|,
y = −2C1 − 3C2e

−t − 3e−t ln |et − 1|. 4. x = C1 cos t + C2 sin t +
t(cos t+sin t)+ (cos t− sin t) ln | cos t|, y = (C1−C2) cos t+(C1+
C2) sin t + 2 cos t ln | cos t| + 2t sin t. 5. x = (C1 + 2C2t − 8t5/2)et,
y = (C1 + 2C2t− C2 − 8t5/2 + 10t3/2)et.

Ëiòåðàòóðà: [1], c. 185�200; [2], c. 119�124; [4], c. 161�165;
[5], c. 367�391; [6], c. 322�333; [7], c. 62�63.
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Òåìà 13. ÍÅËIÍIÉÍI ÑÈÑÒÅÌÈ

Ðîçãëÿíåìî íåëiíiéíó ñèñòåìó â íîðìàëüíié ôîðìi

dxk
dt

= fk(t, x1, ..., xn), k = 1, n, (1)

ïðàâà ÷àñòèíà ÿêî¨ âèçíà÷åíà i íåïåðåðâíà ðàçîì çi ñâî¨ìè
÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó çà âñiìà çìiííèìè
x1, ..., xn ó äåÿêié îáëàñòi D ⊂ Rn+1. Ïðè öüîìó ïðèïóùåííi
çàäà÷à Êîøi äëÿ ñèñòåìè (1) çàâæäè ìà¹ i ïðè òîìó ¹äèíèé
ðîçâ'ÿçîê.

Ðîçâ'ÿçàòè ñèñòåìó îçíà÷à¹, ùî ïîòðiáíî çíàéòè n íåçà-
ëåæíèõ ó D iíòåãðàëiâ uk(t, x1, ..., xn), k = 1, n ñèñòåìè (1). Ií-
òåãðàëîì ñèñòåìè íàçèâà¹òüñÿ òàêà ôóíêöiÿ u(t, x1, ..., xn),
ÿêà íå ¹ òîòîæíî ñòàëîþ â æîäíié ïiäîáëàñòi D, àëå ïåðåòâî-
ðþ¹òüñÿ â ñòàëó, ÿêùî çàìiñòü x1, ..., xn ïiäñòàâèòè äîâiëüíèé
ðîçâ'ÿçîê ñèñòåìè. Òîäi êîæíà ç ðiâíîñòåé

u1(t, x1, ..., xn) = c1, ..., un(t, x1, ..., xn) = cn, (2)

äå c1, ..., cn � äîâiëüíi ñòàëi, íàçèâà¹òüñÿ ïåðøèì iíòåãðà-
ëîì ñèñòåìè (1), à ñóêóïíiñòü ðiâíîñòåé (2) � çàãàëüíèì ií-
òåãðàëîì ñèñòåìè.

ßêùî ðiâíîñòi (2) ðîçâ'ÿçàòè âiäíîñíî x1, ..., xn, òî îäåðæè-
ìî çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (1). Ó òîìó âèïàäêó, êîëè äëÿ
(1) çíàéäåíî m < n íåçàëåæíèõ iíòåãðàëiâ, ïîðÿäîê ñèñòåìè
ëåãêî çíèçèòè íà m îäèíèöü. Äëÿ öüîãî çäiéñíþ¹òüñÿ çàìi-
íà çìiííèõ [2], ÿêà çâîäèòü (1) äî íîðìàëüíî¨ ñèñòåìè n −m
ðiâíÿíü.

Äëÿ çíàõîäæåííÿ ïåðøèõ iíòåãðàëiâ ó áàãàòüîõ âèïàäêàõ
âèêîðèñòîâóþòü ìåòîä iíòåãðîâíèõ êîìáiíàöié. Ñóòü éîãî ïî-
ëÿãà¹ â òîìó, ùî iç ðiâíÿíü ñèñòåìè óòâîðþþòü iíòåãðîâíi êîì-
áiíàöi¨, òîáòî òàêi ðiâíÿííÿ âiäíîñíî äåÿêî¨ ôóíêöi¨, ÿêi ëåãêî
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iíòåãðóþòüñÿ. Öåé ìåòîä ìîæíà âèêîðèñòîâóâàòè òàêîæ äëÿ
ðîçâ'ÿçàííÿ ñèñòåì ðiâíÿíü ó ñèìåòðè÷íié ôîðìi

dx1
a1(x1, ..., xn)

= ... =
dxn

an(x1, ..., xn)
. (3)

Òóò a1, ..., an � çàäàíi ôóíêöi¨. Äëÿ ïîáóäîâè ïåðøèõ iíòåãðà-
ëiâ êîðèñíî ïàì'ÿòàòè òàêó âëàñòèâiñòü ðiâíèõ äðîáiâ: ÿêùî

p1
q1

= ... =
pm
qm
,

à k1, ..., km � äîâiëüíi ÷èñëà, òî

p1
q1

= ... =
pm
qm

=
p1k1 + p2k2 + ...+ pmkm
q1k1 + q2k2 + ...+ qmkm

.

Âiäçíà÷èìî òàêîæ, ùî ÿê i ó âèïàäêó ëiíiéíèõ ñèñòåì, íå-
ëiíiéíó ñèñòåìó (1) ìîæíà ðîçâ'ÿçóâàòè øëÿõîì çâåäåííÿ äî
îäíîãî ðiâíÿííÿ n-ãî ïîðÿäêó àáî äåêiëüêîõ ðiâíÿíü, ñóìàð-
íèé ïîðÿäîê ÿêèõ äîðiâíþ¹ n.

Ïðèêëàä 1. Ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü ó ñèìåòðè÷íié
ôîðìi

dx

y + z
− dy

x+ z
=

dz

x+ y
.

Ðîçâ'ÿçàííÿ. Ñêîðèñòàâøèñü âëàñòèâiñòþ ðiâíèõ äðîáiâ,
óòâîðèìî iíòåãðîâíó êîìáiíàöiþ

dx− dy

(y + z)− (x+ z)
=

dy − dz

(x+ z)− (x+ y)

àáî
d(x− y)

x− y
=
d(y − z)

y − z
.

Ðîçâ'ÿçóþ÷è îäåðæàíå ðiâíÿííÿ ç âiäîêðåìëþâàíèìè çìiííè-

ìè, çíàõîäèìî ïåðøèé iíòåãðàë ñèñòåìè
y − z

x− y
= c1.
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Iíøó iíòåãðîâíó êîìáiíàöiþ ìîæíà óòâîðèòè òàêèì ÷èíîì:

dx+ dy + dz

y + z + x+ z + x+ y
=

dx− dy

(y + z)− (x+ z)
.

Çâiäñè ìà¹ìî, ùî

d(x+ y + z)

2(x+ y + z)
=

d(x− y)

−(x− y)
, ln |x+ y+ z| = −2 ln |x− y|+ ln |c2|,

òîáòî
x+ y + z

(x− y)2
= c2 � ùå îäèí ïåðøèé iíòåãðàë ñèñòåìè. Íå-

âàæêî ïåðåêîíàòèñü, ùî çíàéäåíi iíòåãðàëè íåçàëåæíi, òîìó
ñïiââiäíîøåííÿ

y − z

x− y
= c1,

x+ y + z

(x− y)2
= c2

âèçíà÷àþòü çàãàëüíèé iíòåãðàë çàäàíî¨ ñèñòåìè.
Ïðèêëàä 2. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè

dy

dx
=

y2

z − x
,

dz

dx
= y + 1. (4)

Ðîçâ'ÿçàííÿ. Ïîçíà÷èìî â (4) u(x) = z−x. Òîäi îäåðæèìî
ñèñòåìó

dy

dx
=
y2

u
,

du

dx
= y. (5)

Ðîçäiëèìî ïåðøå ç öèõ ðiâíÿíü íà äðóãå i ðîçâ'ÿæåìî îäåð-
æàíå ðiâíÿííÿ:

dy

du
=
y

u
, ln |y| = ln |u|+ ln |C1|, y = uC1.

Îòæå, yu−1 = C1 � ïåðøèé iíòåãðàë ñèñòåìè (5). Ïiäñòàâèìî
çíà÷åííÿ y = uC1 â äðóãå ðiâíÿííÿ ñèñòåìè (5):

du

dx
= C1u, u = C2e

C1x.
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Òàêèì ÷èíîì, y = uC1, u = C2e
C1x. Âðàõîâóþ÷è çàìiíó z−x =

u, îòðèìà¹ìî çàãàëüíèé ðîçâ'ÿçîê

y = C1C2e
C1x, z = x+ C2e

C1x

ñèñòåìè (4), â ÿêîìó C1 i C2 � äîâiëüíi ñòàëi (C2 ̸= 0).
Ïðèêëàä 3. Äîâåñòè, ùî u(x1, x2, x3, x4) = x2x3 − x1x4 ¹

iíòåãðàëîì ñèñòåìè

dx1
dt

= x2,
dx2
dt

= −x1,
dx3
dt

= x4,
dx4
dt

= −x3.

Ðîçâ'ÿçàííÿ. Îñêiëüêè

du

dt
=

4∑
k=1

∂u

∂xk

dxk
dt

= (−x4)x2+x3(−x1)+x2x4+(−x1)(−x3) ≡ 0

äëÿ âñiõ (x1, x2, x3, x4) ∈ R4, òî u(x1, x2, x3, x4) = c = const
íà ðîçâ'ÿçêàõ ñèñòåìè. Çãiäíî ç îçíà÷åííÿì u ¹ iíòåãðàëîì
çàäàíî¨ ñèñòåìè.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè
1. Ðîçâ'ÿçàòè ñèñòåìè:

a)


dx

dt
= x+ y,

2x
dy

dt
= y2 − x2 + 1;

dx

y − x
=

dy

x+ y + z
=

dz

x− y
;

dx

xz
=
dy

yz
=

dz

−xy
;

á)


dx

dt
=

y

(x− y)2
,

dy

dt
=

x

(x− y)2
;


dx

dt
=
t

y
,

dy

dt
= − t

x
;

dx

x(y − z)
=

dy

z2 + xy
=

dz

z(x+ z)
;
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â)


dy

dx
= −x

z
,

dz

dx
=
x

y
;

dx

2xy
=

dy

y2 − x2 − z2
=

dz

2yz
;

dx

x+ y2 + z2
=
dy

y
=
dz

z
.

2. Ïåðåâiðèòè, ÷è ¹ ñïiââiäíîøåííÿ u(t, x, y) = c ïåðøèì
iíòåãðàëîì çàäàíî¨ ñèñòåìè:

a) u = ty + x2,
dx

dt
= −x

t
,

dy

dt
=

2x2 − ty

t2
;

á) u = t2 + 2xy,
dx

dt
= −y, dy

dt
=
y2 − t

x
;

â) u = x2 + y2 − 2 ln |xy − 1|, dx

dt
= x+ y − xy2,

dy

dt
= −x− y + x2y.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

I. Ðîçâ'ÿçàòè ñèñòåìè ðiâíÿíü:
1. y′ =

x

z
, z′ = −x

y
.

2. y′ =
y2

z − x
, z′ = y + 1.

3. y′ =
z

x
, z′ =

z(y + 2z − 1)

x(y − 1)
.

4. y′ = y2z, z′ =
z

x
− yz2.

5. 2zy′ = y2 − z2 + 1, z′ = z + y.

6.
dx

2y − z
=
dy

y
=
dz

z
.

7.
dx

y
=
dy

x
=
dz

z
.
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8.
dx

y + z
=

dy

x+ z
=

dz

x+ y
.

9.
dx

y − x
=

dy

x+ y + z
=

dz

x− y
.

10.
dx

z
=
dy

u
=
dz

x
=
du

y
.

11.
dx

y − u
=

dy

z − x
=

dz

u− y
=

du

x− z
.

12.
dx

z
=
dy

xz
=
dz

y
.

13.
dx

z2 − y2
=
dy

z
= −dz

y
.

14.
dx

x
=
dy

y
=

dz

xy + z
.

15.
dx

xz
=
dy

yz
=

dz

xy
√
z2 + 1

.

16.
dx

x+ y2 + z2
=
dy

y
=
dz

z
.

17.
dx

x(y + z)
=

dy

z(z − y)
=

dz

y(y − z)
.

18. −dx
x2

=
dy

xy − 2z2
=
dz

xz
.

19.
dx

x(z − y)
=

dy

y(y − x)
=

dz

y2 − xz
.

20.
dx

x(y2 − z2)
= − dy

y(z2 + x2)
=

dz

z(x2 + y2)
.

Âiäïîâiäi

1. y = C2e
C1x2 , z = (2C1C2)

−1e−C1x2 . 2. y = C2e
C1x, z =

x + C2C
−1
1 eC1x; y = 0, z = x + C. 3. y = (x + C1)(x + C2)

−1,
z = ((C2 −C1)x)(x+C2)

−2. 4. y = C2e
C1x2 , z = 2C1C

−1
2 xe−C1x2;

y = 0, z = Cx. 5. y = −C−1
1 + 2−1C1(x + C2)− 4−1C1(x + C2)

2,
z = 4−1C1(x+C2)

2+C−1
1 . 6. y = C1z, x = 2y−z+C2. 7. x2−y2 =
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C1, x+ y = C2z. 8. x− y = C1(y − z), (x+ y + z)(x− y)2 = C2.
9. x + z = C1, (x + y + z)(y − 3x − z) = C2. 10. x2 − z2 = C1,
y2 − u2 = C2, (x + z) = C3(u + y). 11. x + z = C1, y + u = C2,
(x− z)2 + (y− u)2 = C3. 12. x2 − 2y = C1, 6xy− 2x3 − 3z2 = C2.
13. y2 + z2 = C1, x − yz = C2. 14. x = C1y, xy − z = C2x. 15.
x = C1y, xy − 2

√
z2 + 1 = C2. 16. y = C1z, x − y2 − z2 = C2z.

17. y2 + z2 = C1, x(y − z) = C2. 18. xz = C1, xy + z2 = C2. 19.
x+z−y = C1, ln |x|+zy−1 = C2. 20. x2+y2+z2 = C1, yz = C2x.

II. Äëÿ çàäàíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü òà çàäà-
íèõ ôóíêöié φ ïåðåâiðèòè, ÷è ¹ ñïiââiäíîøåííÿ φ = C ïåðøè-
ìè iíòåãðàëàìè öèõ ñèñòåì.

1.
dx

dt
=

x2 − t

y
,
dy

dt
= −x; φ1 = t2 + 2xy; φ2 = x2 − ty.

Âiäïîâiäü: 1) òàê; 2) íi.

2. ẋ = xy, ẏ = x2 + y2; φ1 = x ln y − x2y; φ2 =
y2

x2
− 2 ln x.

Âiäïîâiäü: 1) íi; 2) òàê.

3.
dx

y
= −dy

x
=
dz

u
= −du

z
; φ = yz − ux. Âiäïîâiäü: òàê.

Ëiòåðàòóðà: [1], c. 207�216; [2], c. 158�169; [5], c. 110�125;
[6], c. 283�297; [7], c. 97�100.
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Òåìà 14. ÑÒIÉÊIÑÒÜ ÐÎÇÂ'ßÇÊIÂ
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ

Íåõàé çàäàíà ñèñòåìà n ðiâíÿíü, çàïèñàíà ó âåêòîðíié ôîð-
ìi

dx

dt
= f(t, x), x = (x1, ..., xn), f = (f1, ..., fn), (1)

ïðàâà ÷àñòèíà ÿêî¨ íåïåðåðâíà ðàçîì çi âñiìà ñâî¨ìè ÷àñòèííè-
ìè ïîõiäíèìè ïåðøîãî ïîðÿäêó çà çìiííèìè x1, ..., xn íà ìíî-
æèíi (t, x) ∈ [t0,∞)×D = G (D � îáëàñòü iç Rn).

Îçíà÷åííÿ 1. Ðîçâ'ÿçîê x = φ(t) ñèñòåìè (1), âèçíà÷å-
íèé äëÿ âñiõ t ≥ t0, íàçèâà¹òüñÿ ñòiéêèì çà Ëÿïóíîâèì, ÿêùî
äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå δ(ε) > 0, ùî äëÿ äîâiëüíîãî
ðîçâ'ÿçêó x = x(t) öi¹¨ æ ñèñòåìè, ÿêèé çàäîâîëüíÿ¹ íåðiâíiñòü

∥x(t0)− φ(t0)∥ < δ(ε),

ïðè âñiõ t ≥ t0 âèêîíó¹òüñÿ íåðiâíiñòü

∥x(t)− φ(t)∥ ≤ ε.

Òóò i íàäàëi ïiä íîðìîþ âåêòîðà x = (x1, ..., xn) áóäåìî
ðîçóìiòè åâêëiäîâó íîðìó, òîáòî

∥x∥ =
√
x21 + x22 + ...+ x2n.

ßêùî æ äëÿ äåÿêîãî ε > 0 òàêîãî δ(ε) íå iñíó¹, òî ðîçâ'ÿçîê
x = φ(t) íàçèâà¹òüñÿ íåñòiéêèì.

Îçíà÷åííÿ 2. Ðîçâ'ÿçîê x = φ(t) ñèñòåìè (1) íàçèâà¹òüñÿ
àñèìïòîòè÷íî ñòiéêèì, ÿêùî âií ñòiéêèé ó ðîçóìiííi Ëÿïóíîâà
òà iñíó¹ òàêå δ0 > 0, ùî äëÿ äîâiëüíîãî ðîçâ'ÿçêó x = x(t) öi¹¨
æ ñèñòåìè, ÿêèé çàäîâîëüíÿ¹ íåðiâíiñòü ∥x(t0) − φ(t0)∥ < δ0,
âèêîíó¹òüñÿ óìîâà

lim
t→∞

∥x(t)− φ(t)∥ = 0.
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Çàçíà÷èìî, ùî äîñëiäæåííÿ ñòiéêîñòi ðîçâ'ÿçêó x = φ(t)
ìîæíà çâåñòè äî äîñëiäæåííÿ ñòiéêîñòi íóëüîâîãî ðîçâ'ÿçêó
y ≡ 0. Äëÿ öüîãî äîñèòü ó ñèñòåìi (1) çðîáèòè çàìiíó x =
φ(t) + y.

Ïðèïóñòèìî, ùî (1) ìà¹ íóëüîâèé ðîçâ'ÿçîê i ¨¨ ìîæíà çà-
ïèñàòè ó âèãëÿäi

dx

dt
= Ax+ f̃(t, x), (2)

äå A � ñòàëà êâàäðàòíà n-âèìiðíà ìàòðèöÿ, à f̃ çàäîâîëüíÿ¹
íåðiâíiñòü

∥f̃(t, x)∥ ≤ α(x)x ∀ (t, x) ∈ G, lim
x→0

α(x) = 0.

Òåîðåìà 1 (Ëÿïóíîâà). ßêùî âñi âëàñíi çíà÷åííÿ ìà-
òðèöi A ìàþòü âiä'¹ìíi äiéñíi ÷àñòèíè, òî íóëüîâèé ðîçâ'ÿçîê
ñèñòåìè (2) àñèìïòîòè÷íî ñòiéêèé; ÿêùî æ õî÷ îäíå âëàñíå
çíà÷åííÿ ìà¹ äîäàòíó äiéñíó ÷àñòèíó, òî íóëüîâèé ðîçâ'ÿçîê
íåñòiéêèé.

Ç äàíî¨ òåîðåìè âèïëèâà¹, ùî ïèòàííÿ ñòiéêîñòi íóëüîâîãî
ðîçâ'ÿçêó íåëiíiéíî¨ ñèñòåìè (2) ðîçâ'ÿçó¹òüñÿ çà äîïîìîãîþ
ìàòðèöi A, òîáòî çà äîïîìîãîþ ïèòàííÿ ñòiéêîñòi íóëüîâîãî

ðîçâ'ÿçêó ëiíiéíî¨ ñèñòåìè
dx

dt
= Ax. Îñòàííþ ñèñòåìó íàçè-

âàþòü ñèñòåìîþ ïåðøîãî íàáëèæåííÿ äëÿ (2), à òåîðåìó
1 � òåîðåìîþ ïðî ñòiéêiñòü çà ïåðøèì íàáëèæåííÿì.

Çàçíà÷èìî, ùî òåîðåìà 1 íå äà¹ âiäïîâiäi íà ïèòàííÿ ïðî
ñòiéêiñòü, ÿêùî âëàñíi çíà÷åííÿ ìàòðèöi A ìàþòü íåäîäàòíi
äiéñíi ÷àñòèíè, ïðè÷îìó A ìà¹ âëàñíi çíà÷åííÿ ç íóëüîâîþ
äiéñíîþ ÷àñòèíîþ. Â öüîìó âèïàäêó ñòiéêiñòü ðîçâ'ÿçêó çðó-
÷íî äîñëiäæóâàòè çà äîïîìîãîþ ôóíêöié Ëÿïóíîâà.

Òåîðåìà 2 (ïðî ñòiéêiñòü). ßêùî iñíó¹ äèôåðåíöiéîâíà
ôóíêöiÿ V (x) ≡ V (x1, ..., xn), ÿêà ïðè ∥x∥ < ∆ ñïðàâäæó¹
óìîâè

1) V > 0 ïðè x ̸= 0, V (0) = 0,
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2)
dV

dt
≡ ∂V

∂x
f(t, x) ≤ 0 ïðè ∥x∥ < ∆, t ≥ t0,

òî íóëüîâèé ðîçâ'ÿçîê ñèñòåìè (1) ñòiéêèé.
Òåîðåìà 3 (ïðî àñèìïòîòè÷íó ñòiéêiñòü). ßêùî â òå-

îðåìi 2 çàìiñòü óìîâè 2) âèêîíó¹òüñÿ áiëüø ñèëüíà óìîâà

dV

dt
≤ −W (x) < 0 0 < ∥x∥ < ∆, t ≥ t0,

à ôóíêöiÿ W (x) íåïåðåðâíà ïðè ∥x∥ < ∆, òî íóëüîâèé
ðîçâ'ÿçîê ñèñòåìè (1) àñèìïòîòè÷íî ñòiéêèé.

Âiäçíà÷èìî, ùî òåîðåìè 2, 3, ÿê i òåîðåìà 1, âïåðøå áóëè
äîâåäåíi Ëÿïóíîâèì.

Ôóíêöi¨ Ëÿïóíîâà V (x) ìîæóòü áóòè âèêîðèñòàíi òàêîæ
äëÿ âñòàíîâëåííÿ íåñòiéêîñòi ðîçâ'ÿçêó ñèñòåìè (1). Ââàæà-
òèìåìî, ùî îáëàñòü D ìiñòèòü ïîëîæåííÿ ðiâíîâàãè x = 0
ñèñòåìè (1). Íàäàëi ÷åðåç ∂D ïîçíà÷àòèìåìî ìåæó îáëàñòi D.

Òåîðåìà ×åòà¹âà (ïðî íåñòiéêiñòü). Íåõàé â îáëàñòi D
âèçíà÷åíà íåïåðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ V (x) ç òàêèìè
âëàñòèâîñòÿìè:

1) iñíó¹ ïiäîáëàñòü D1 ⊂ D òàêà, ùî 0 ∈ ∂D1, V (x) > 0
∀ x ∈ D1, V (x) = 0 ∀ x ∈ ∂D1;

2)
dV

dt
≡ ∂V

∂x
f(t, x) ≥ W (x) > 0 ∀ (t, x) ∈ [t0,∞) × D1, à

ôóíêöiÿ W (x) íåïåðåðâíà.
Òîäi íóëüîâèé ðîçâ'ÿçîê ñèñòåìè (1) íåñòiéêèé.

Ïðèêëàä 1. Çà äîïîìîãîþ òåîðåìè Ëÿïóíîâà ïðî ñòié-
êiñòü çà ïåðøèì íàáëèæåííÿì äîñëiäèòè íà ñòiéêiñòü íóëüî-
âèé ðîçâ'ÿçîê x = 0, y = 0 ñèñòåìè

dx

dt
= ex+2y − cos 3x,

dy

dt
=

√
4 + 8x− 2ey. (3)

Ðîçâ'ÿçàííÿ. Ñêîðèñòà¹ìîñÿ ðîçêëàäàìè ôóíêöié ez,
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cos z i (1 + z)1/2 çà ôîðìóëîþ Òåéëîðà:

ez = 1+z+R1(z), cos z = 1+R2(z), (1+z)1/2 = 1+
1

2
z+R3(z).

Òóò Ri(z) (i = 1, 2, 3) � íåñêií÷åííî ìàëi äðóãîãî ïîðÿäêó
ìàëîñòi ïðè z → 0. Òîäi (3) ìîæíà ïîäàòè ó âèãëÿäi

dx

dt
= 1 + x+ 2y +R1(x+ 2y)− 1−R2(3x),

dy

dt
= 2

(
1 +

1

2
· 2x+R3(2x)

)
2

(
1 + y +R1(y)

)
. (4)

Çàïèøåìî ñèñòåìó ïåðøîãî íàáëèæåííÿ äëÿ (4):

dx

dt
= x+ 2y,

dy

dt
= 2x− 2y.

Âëàñíi çíà÷åííÿ ìàòðèöi

(
1 2
2 −2

)
, òîáòî êîðåíi ðiâíÿííÿ

(1−λ)(−2−λ)−4 = 0, äîðiâíþþòü âiäïîâiäíî−2 i 3. Îñêiëüêè ç
âëàñíèõ çíà÷åíü îäíå äîäàòíå, òî, çãiäíî ç òåîðåìîþ Ëÿïóíîâà
íóëüîâèé ðîçâ'ÿçîê ñèñòåìè (3) íåñòiéêèé.

Ïðèêëàä 2. Äîñëiäèòè íà ñòiéêiñòü ïîëîæåííÿ ðiâíîâàãè
ìàòåìàòè÷íîãî ìàÿòíèêà:

d2x

dt2
+ µ

dx

dt
+ ν sin x = 0, µ ≥ 0, ν > 0.

Ðîçâ'ÿçàííÿ. Ïåðåïèøåìî ðiâíÿííÿ ðóõó ìàÿòíèêà ó âè-
ãëÿäi íîðìàëüíî¨ ñèñòåìè

dx

dt
= y,

dy

dt
= −ν sin x− µy. (5)

Çàçíà÷èìî, ùî âèïàäîê µ > 0 âiäïîâiäà¹ ìàÿòíèêó ç òåðòÿì,
à µ = 0 � áåç òåðòÿ. Ðîçâ'ÿçàâøè ñèñòåìó ðiâíÿíü

y = 0, −ν sin x− µy = 0,
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çíàõîäèìî ïîëîæåííÿ ðiâíîâàãè ìàÿòíèêà: x = πn, y = 0
(n ∈ Z). Îñêiëüêè ñèñòåìà (5) ïåðiîäè÷íà çà x ç ïåðiîäîì 2π,
òî äîñèòü ðîçãëÿíóòè äâà ¨¨ ðîçâ'ÿçêè: x = 0, y = 0 � íè-
æí¹ ïîëîæåííÿ ðiâíîâàãè, x = π, y = 0 � âåðõí¹ ïîëîæåííÿ
ðiâíîâàãè ìàÿòíèêà.

Ðîçãëÿíåìî ñïî÷àòêó íèæí¹ ïîëîæåííÿ ðiâíîâàãè. Âðàõî-

âóþ÷è ðîçêëàä sin x = x − x3

3!
+ ..., äëÿ (5) ìà¹ìî ñèñòåìó

ïåðøîãî íàáëèæåííÿ

dx

dt
= y,

dy

dt
= −νx− µy.

Âëàñíi çíà÷åííÿ λ ìàòðèöi A =

(
0 1
−ν −µ

)
âèçíà÷à¹ìî

iç ðiâíÿííÿ λ2 + µλ + ν = 0. Àíàëiç öüîãî ðiâíÿííÿ ïîêàçó¹,
ùî ïðè µ > 0 äiéñíi ÷àñòèíè îáîõ êîðåíiâ ðiâíÿííÿ âiä'¹ìíi,
òîìó íèæí¹ ïîëîæåííÿ ðiâíîâàãè ìàÿòíèêà ç òåðòÿì àñèìïòî-
òè÷íî ñòiéêå. ßêùî æ µ = 0 (ìàÿòíèê áåç òåðòÿ), òî êîðåíi
λ1,2 = ±i

√
ν � ÷èñòî óÿâíi, òîìó ñêîðèñòàòèñü òåîðåìîþ Ëÿ-

ïóíîâà ïðî ñòiéêiñòü çà ïåðøèì íàáëèæåííÿì íå ìîæíà. Â
öüîìó âèïàäêó ïèòàííÿ ñòiéêîñòi ðîçâ'ÿæåìî çà äîïîìîãîþ

ôóíêöi¨ Ëÿïóíîâà. Ðîçãëÿíåìî V (x, y) =
1

2
y2 + ν(1 − cos x).

Î÷åâèäíî, ùî V (0, 0) = 0 i V (x, y) > 0 ïðè 0 < x2 + y2 < 4π2.
Êðiì òîãî, ç ñèñòåìè (5) ïðè µ = 0 ìà¹ìî, ùî

dV

dt
=
∂V

dx

∂x

dt
+
∂V

∂y

dy

dt
= ν sin x · y + y(−ν sin x) ≡ 0.

Òàêèì ÷èíîì, çãiäíî ç òåîðåìîþ 2 íèæí¹ ïîëîæåííÿ ðiâíîâàãè
ìàÿòíèêà áåç òåðòÿ (µ = 0) ñòiéêå.

Ðîçãëÿíåìî òåïåð âåðõí¹ ïîëîæåííÿ ðiâíîâàãè ìàÿòíèêà.
Îñêiëüêè x = π, y = 0 � íåíóëüîâèé ðîçâ'ÿçîê (5), òî çðîáèìî
â ñèñòåìi (5) çàìiíó x = a+ π, y = b:

da

dt
= b,

db

dt
= +ν sin a− µb. (6)
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Ó çìiííèõ (a, b) ðiâíÿííÿ êîëèâàííÿ ìàÿòíèêà ìà¹ íóëüî-
âèé ðîçâ'ÿçîê, ÿêèé âiäïîâiäà¹ âåðõíüîìó ïîëîæåííþ ðiâíî-
âàãè. Àíàëiç ñèñòåì (5) i (6) ïîêàçó¹, ùî âîíè âiäðiçíÿþòüñÿ
ëèøå çíàêîì ïåðåä ν â äðóãîìó ðiâíÿííi. Òîìó âëàñíi çíà-
÷åííÿ ìàòðèöi ç êîåôiöi¹íòiâ ñèñòåìè ïåðøîãî íàáëèæåííÿ
äëÿ (6) çàäîâîëüíÿþòü ðiâíÿííÿ λ2 + µλ− ν = 0. Éîãî êîðåíi

λ1 = −µ
2
−
√
µ2

4
+ ν, λ2 = −µ

2
+

√
µ2

4
+ ν. Îñêiëüêè λ2 > 0 ïðè

µ ≥ 0 i ν > 0, òî âåðõí¹ ïîëîæåííÿ ðiâíîâàãè ÿê äëÿ ìàÿòíèêà
ç òåðòÿì, òàê i äëÿ ìàÿòíèêà áåç òåðòÿ íåñòiéêå.

Ïðèêëàä 3. Äîñëiäèòè íà ñòiéêiñòü íóëüîâèé ðîçâ'ÿçîê
ñèñòåìè

dx

dt
= y − 3x− x3,

dy

dt
= 6x− 2y.

Ðîçâ'ÿçàííÿ. Âëàñíi çíà÷åííÿ ìàòðèöi, ñêëàäåíî¨ iç êîå-
ôiöi¹íòiâ ëiíiéíî¨ ñèñòåìè ïåðøîãî íàáëèæåííÿ

dx

dt
= −3x+ y,

dy

dt
= 6x− 2y,

äîðiâíþþòü âiäïîâiäíî −5 i 0. Ñàìå íàÿâíiñòü íóëüîâîãî âëà-
ñíîãî çíà÷åííÿ íå äîçâîëÿ¹ ñêîðèñòàòèñÿ òåîðåìîþ Ëÿïóíî-
âà ïðî ñòiéêiñòü çà ïåðøèì íàáëèæåííÿì. Òîìó ñêîðèñòà¹-
ìîñÿ äðóãèì ìåòîäîì Ëÿïóíîâà. Çàçíà÷èìî, ùî íå iñíó¹ çà-
ãàëüíî¨ ñõåìè ïîáóäîâè ôóíêöi¨ Ëÿïóíîâà V (x, y). Ïîêàæå-
ìî, ùî äëÿ çàäàíî¨ ñèñòåìè iñíó¹ ôóíêöiÿ Ëÿïóíîâà âèãëÿäó
V (x, y) = x2 + by2, äå b � äåÿêà äîäàòíà ñòàëà. Çðîçóìiëî, ùî
V (x, y) > 0 ïðè x2 + y2 ̸= 0 i V (0, 0) = 0. Îá÷èñëèìî ïîâíó
ïîõiäíó çà t âiä V (x, y) âçäîâæ ðîçâ'ÿçêiâ çàäàíî¨ ñèñòåìè:

dV

dt
=
∂V

∂x

dx

dt
+
∂V

∂y

dy

dt
= 2x(y − 3x− x3) + 2by(6x− 2y) =

= −2[3x2 − (1 + 6b)xy + 2by2]− 2x4.
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Ïiäáåðåìî b òàê, ùîá âèðàç ó êâàäðàòíèõ äóæêàõ áóâ íå-
âiä'¹ìíèì äëÿ âñiõ x, y. Äëÿ öüîãî äîñèòü, ùîá äèñêðèìi-
íàíò êâàäðàòíîãî òðè÷ëåíà 3t2 − (1 + 6b)t + 2b äîðiâíþâàâ

íóëþ: (1 + 6b)2 − 24b = 0. Çâiäñè çíàõîäèìî b =
1

6
. Îòæå,

V (x, y) = x2+
1

6
y2,

dV

dt
= −6

(
x− 1

3
y

)2

−2x4, òîìó çãiäíî ç òå-

îðåìîþ 3 ðîçâ'ÿçîê x = 0, y = 0 çàäàíî¨ ñèñòåìè àñèìïòîòè÷íî
ñòiéêèé.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Çà äîïîìîãîþ òåîðåìè Ëÿïóíîâà ïðî ñòiéêiñòü çà ïåð-
øèì íàáëèæåííÿì äîñëiäèòè íà ñòiéêiñòü íóëüîâèé ðîçâ'ÿçîê
ñèñòåì:

à)


dx

dt
= 2x− ln(1 + y) + sin x,

dy

dt
= ex + sin(x+ y)− cos2 y;

dx

dt
= −7x3y − x+ y,

dy

dt
= x3 + y2 + 2x− 3y;

á)


dx

dt
= ln(3ey − 2 cos x),

dy

dt
= 2ex − 3

√
8 + 12y + x3;

dx

dt
= xy − x5 − 2x,

dy

dt
= −15x2y2 − x+ 3y;
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â)


dx

dt
= 2x − 2 cos

(
π

3
− y

)
,

dy

dt
= tg(x− y) + xy;

dx

dt
= −2x+ y + x2y3,

dy

dt
= −2y − xy − x.

2. Äëÿ äàíèõ ñèñòåì çíàéòè âñi ïîëîæåííÿ ðiâíîâàãè i äî-
ñëiäèòè ¨õ íà ñòiéêiñòü:

à)


dx

dt
= y − 2x+ x3,

dy

dt
= −x− 2y + 3x5;


dx

dt
= (x− 1)(y − 1),

dy

dt
= xy − 2;

á)


dx

dt
= xy + 4,

dy

dt
= x2 + y2 − 17;


dx

dt
= y − x2 − x,

dy

dt
= 3x− x2 − y;

â)


dx

dt
= y2 + x2 − 13,

dy

dt
= y2 − x2 − 5;


dx

dt
= y − x− 1,

dy

dt
= ln(x2 − y).

3. Çà äîïîìîãîþ ôóíêöié Ëÿïóíîâà äîñëiäèòè ñòiéêiñòü íó-
ëüîâîãî ðîçâ'ÿçêó òàêèõ ñèñòåì:
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à)


dx

dt
= y − x− y2 − x3,

dy

dt
= x− y + xy;

á)


dx

dt
= −y − x3 + x5,

dy

dt
= 2x3 − y5;

â)


dx

dt
= y − 2x,

dy

dt
= 2x− y − x3.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè.
I. Äîñëiäèòè íà ñòiéêiñòü çà Ëÿïóíîâèì ðîçâ'ÿçîê çàäà÷i

Êîøi.
1. 3(t− 1)ẋ = x, x(2) = 0 (íåñòiéêèé).
2. ẋ = 4x− t2x, x(0) = 0 (ñòiéêèé).
3. ẋ = t− x, x(0) = 1 (ñòiéêèé).
4. 2tẋ = x− x3, x(1) = 0 (íåñòiéêèé).
II. Íàêðåñëèòè íà ïëîùèíi xOy òðà¹êòîði¨ çàäàíèõ ñèñòåì

â îêîëi òî÷êè (0,0) i çà êðåñëåííÿì ç'ÿñóâàòè, ÷è ¹ ñòiéêèì
íóëüîâèé ðîçâ'ÿçîê.

1. ẋ = −x, ẏ = −2y (àñèìïòîòè÷íî ñòiéêèé).
2. ẋ = x, ẏ = 2y (íåñòiéêèé).
3. ẋ = −x, ẏ = y (íåñòiéêèé).
4. ẋ = −y, ẏ = 2x3 (ñòiéêèé).
5. ẋ = y, ẏ = − sin x (ñòiéêèé).
6. ẋ = y, ẏ = x3(1 + y2) (íåñòiéêèé).
7. ẋ = −y cos x, ẏ = sin x (ñòiéêèé).
III. Çà äîïîìîãîþ òåîðåìè Ëÿïóíîâà ïðî ñòiéêiñòü çà ïåð-

øèì íàáëèæåííÿì äîñëiäèòè íà ñòiéêiñòü íóëüîâèé ðîçâ'ÿçîê.
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1.

{
ẋ = 2xy − x+ y,
ẏ = 5x4 + y3 + 2x− 3y

(ñòiéêèé).

2.

{
ẋ = x2 + y2 − 2x,
ẏ = 3x2 − x+ 3y

(íåñòiéêèé).

3.

{
ẋ = ex+2y − cos 3x,
ẏ =

√
4 + 8x− 2ey

(íåñòiéêèé).

4.

{
ẋ = ln(4y + e−3x),
ẏ = 2y − 1 + 3

√
1− 6x

(ñòiéêèé).

5.

{
ẋ = ln(3ey − 2 cos x),
ẏ = 2ex − 3

√
8 + 12y

(íåñòiéêèé).

6.

{
ẋ = tg(y − x),
ẏ = 2y − 2 cos(π

3
− x)

(ñòiéêèé).

7.

 ẋ = tg(z − y)− 2x,
ẏ =

√
9 + 12x− 3ey,

ż = −3y
(íåñòiéêèé).

8.

 ẋ = ex − e−3z,
ẏ = 4z − 3 sin(x+ y),
ż = ln(1 + z − 3x)

(íåñòiéêèé).

IV. Äîñëiäèòè, ïðè ÿêèõ çíà÷åííÿõ ïàðàìåòðiâ a òà b ¹
àñèìïòîòè÷íî ñòiéêèì íóëüîâèé ðîçâ'ÿçîê.

1

{
ẋ = ax− 2y + x2,
ẏ = x+ y + xy

2.

{
ẋ = ax+ y + x2,
ẏ = x+ ay + y2

(−2 < a < 1). (a < −1).
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3

{
ẋ = x+ ay + y2,
ẏ = bx− 3y − x2

4.

{
ẋ = y + sin x,
ẏ = ax+ by

(ab < −3). (a < b < −1).

5

{
ẋ = 2e−x −

√
4 + ay,

ẏ = ln(1 + x+ ay)
6.

{
ẋ = ln(e+ ax)− ey,
ẏ = bx+ tgy

(0 < a < e). (−be < a < e).

V. Äîñëiäèòè, ÷è ¹ ñòiéêèì ðîçâ'ÿçîê x = −t2, y = t ñèñòåìè

ẋ = y2 − 2ty − 2y − x, ẏ = 2x+ 2t2 + e2t−2y

(ñòiéêèé).
VI. Äîñëiäèòè, ÷è ¹ ñòiéêèì ðîçâ'ÿçîê x = cos t, y = 2 sin t

ñèñòåìè  ẋ = ln

(
x+ 2 sin2 t

2

)
− y

2
,

ẏ = (4− x2) cos t− 2x sin2 t− cos3 t

(íåñòiéêèé).
VII. Äëÿ çàäàíèõ ñèñòåì çíàéòè âñi ïîëîæåííÿ ðiâíîâàãè

òà äîñëiäèòè ¨õ íà ñòiéêiñòü.

1.

{
ẋ = y − x2 − x,
ẏ = 3x− x2 − y

2.

{
ẋ = ax+ y + x2,
ẏ = x+ ay + y2

((0, 0), íåñòiéêå) ((1, 2), (2, 1), íåñòiéêi).

3.

{
ẋ = y,
ẏ = sin(x+ y)

4.

{
ẋ = ln(−x+ y2),
ẏ = x− y − 1

((2kπ, 0), íåñòiéêå), ((3, 2), íåñòiéêå),
(((2k + 1)π, 0), ñòiéêå). ((0,−1), ñòiéêå).
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5.

{
ẋ = 3−

√
4 + x2 + y,

ẏ = ln(x2 − 3)
6.

{
ẋ = ey − ex,

ẏ =
√
3x+ y2 − 2

((2, 1), ñòiéêå), ((1, 1), íåñòiéêå),
((−2, 1), íåñòiéêå). ((−4,−4), ñòiéêå).

7.

{
ẋ = ln(1 + y + sin x),
ẏ = 2 + 3

√
3 sin x− 8

8.

{
ẋ = − sin y,
ẏ = 2x+

√
1− 3x− sin y

((2kπ, 0), íåñòiéêå), ((−1, 2kπ), ñòiéêå),
(((2k + 1)π, 0), ñòiéêå). ((−1, (2k + 1)π), íåñòiéêå).

VIII. Äîñëiäèòè íà ñòiéêiñòü íóëüîâèé ðîçâ'ÿçîê, ïîáóäó-
âàâøè ôóíêöiþ Ëÿïóíîâà òà çàñòîñóâàâøè òåîðåìè Ëÿïóíîâà
àáî ×åòà¹âà.

1.

{
ẋ = x3 − y,
ẏ = x+ y3

2.

{
ẋ = y − x+ xy,
ẏ = x− y − x2 − y3

(íåñòiéêèé) (ñòiéêèé).

3.

{
ẋ = 2y3 − x5,
ẏ = −x− y3 + y5

4.

{
ẋ = xy − x3 + y3,
ẏ = x2 − y3

(ñòiéêèé) (íåñòiéêèé).

5.

{
ẋ = y − 3x− x3,
ẏ = 6x− 2y

6.

{
ẋ = 2y − x− y3,
ẏ = x− 2y

(ñòiéêèé) (ñòiéêèé).

7.

{
ẋ = −x− xy,
ẏ = y3 − x3

8.

{
ẋ = x− y − xy2,
ẏ = 2x− y − y3

(íåñòiéêèé) (ñòiéêèé).
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9.

{
ẋ = −f1(x)− f2(y),
ẏ = f3(x)− f4(y)

äå sgn fi(z) = sgn z
i = 1,2,3,4 (ñòiéêèé).

IX. Äîñëiäèòè íà ñòiéêiñòü íóëüîâèé ðîçâ'ÿçîê, âèêîðèñòî-
âóþ÷è âiäîìi óìîâè âiä'¹ìíîñòi äiéñíèõ ÷àñòèí óñiõ êîðåíiâ
ìíîãî÷ëåíà, íàïðèêëàä, óìîâè Ðàóññà-Ãóðâiöà àáî êðèòåðié
Ìèõàéëîâà.

1. y′′′ + y′′ + y′ + 2y = 0 (íåñòiéêèé).
2. y′′′ + 2y′′ + 2y′ + 3y = 0 (ñòiéêèé).
3. yIV + 2y′′′ + 4y′′ + 3y′ + 2y = 0 (ñòiéêèé).
4. yIV + 2y′′′ + 3y′′ + 7y′ + 2y = 0 (íåñòiéêèé).
5. yIV + 2y′′′ + 6y′′ + 5y′ + 6y = 0 (ñòiéêèé).
6. yIV + 8y′′′ + 14y′′ + 36y′ + 45y = 0 (íåñòiéêèé).
7. yIV + 13y′′′ + 16y′′ + 55y′ + 76y = 0 (íåñòiéêèé).
8. yIV + 3y′′′ + 26y′′ + 74y′ + 85y = 0 (íåñòiéêèé).
9. yIV + 3.1y′′′ + 5.2y′′ + 9.8y′ + 5.8y = 0 (ñòiéêèé).
10. yV + 2yIV + 4y′′′ + 6y′′ + 5y′ + 4y = 0 (íåñòiéêèé).
11. yV + 2yIV + 5y′′′ + 6y′′ + 5y′ + 2y = 0 (ñòiéêèé).
12. yV + 3yIV + 6y′′′ + 7y′′ + 4y′ + 4y = 0 (íåñòiéêèé).
13. yV + 4yIV + 9y′′′ + 16y′′ + 19y′ + 13y = 0 (íåñòiéêèé).
14. yV + 4yIV + 16y′′′ + 25y′′ + 13y′ + 9y = 0 (ñòiéêèé).
15. yV + 3yIV + 10y′′′ + 22y′′ + 23y′ + 12y = 0 (íåñòiéêèé).
16. yV + 5yIV + 15y′′′ + 48y′′ + 44y′ + 74y = 0 (ñòiéêèé).
17. yV + 2yIV + 14y′′′ + 36y′′ + 23y′ + 68y = 0 (íåñòiéêèé).
X. Äîñëiäèòè, ïðè ÿêèõ çíà÷åííÿõ ïàðàìåòðiâ a òà b íóëüî-

âèé ðîçâ'ÿçîê ¹ àñèìïòîòè÷íî ñòiéêèì.
1. y′′′ + ay′′ + by′ + 2y = 0 (a > 0, b > 0, a− b > 2).
2. y′′′ + 3y′′ + ay′ + by = 0 (3a > b > 0).
3. yIV + 2y′′′ + 3y′′ + 2y′ + ay = 0 (0 < a < 2).
4. yIV + ay′′′ + y′′ + 2y′ + y = 0 (íåñòiéêèé ïðè âñiõ a).
5. ayIV + y′′′ + y′′ + y′ + by = 0 (a > 0, b > 0, a+ b < 1).
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6. yIV + y′′′ + ay′′ + y′ + by = 0 (b > 0, a > b+ 1).
7. yIV + ay′′′ + 4y′′ + 2y′ + by = 0 (a > 0, b > 0, 8a− a2b > 4).
8. yIV + 2y′′′ + ay′′ + by′ + y = 0 (a > 2, b > 0, 2ab− b2 > 4).

9. yIV + ay′′′ + 4y′′ + by′ + y = 0 (a > 0, b > 0, 2−
√
3 <

a

b
<

2 +
√
3).

10. yIV +2y′′′+4y′′+ay′+by = 0 (0 < a < b, 0 < b < 8a−a2).
Ëiòåðàòóðà: [1], c. 310�328; [2], c. 218�252; [3], c. 128�150;

[4], c. 359�383; [5], c. 443�461; [6], c. 338�367; [7], c. 70�77.

Òåìà 15. ÎCÎÁËÈÂI ÒÎ×ÊÈ ÍÀ ÏËÎÙÈÍI ÒÀ �Õ
ÊËÀÑÈÔIÊÀÖIß

Ðîçãëÿíåìî àâòîíîìíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

dx1
dt

= P (x1, x2),
dx2
dt

= Q(x1, x2), (1)

ïðàâà ÷àñòèíà ÿêî¨ âèçíà÷åíà i íåïåðåðâíî äèôåðåíöiéîâíà â
äåÿêié îáëàñòi D ôàçîâî¨ ïëîùèíè X1OX2. Íåõàé iñíó¹ içîëüî-
âàíà òî÷êà (x01, x

0
2) ∈ D, äëÿ ÿêî¨ P (x01, x

0
2) = 0, Q(x01, x

0
2) = 0. Ó

öüîìó âèïàäêó (x01, x
0
2) íàçèâàþòü içîëüîâàíîþ îñîáëèâîþ òî-

÷êîþ àáî ïîëîæåííÿì ðiâíîâàãè ñèñòåìè (1). Ïðè çðîáëåíèõ
íà P i Q ïðèïóùåííÿõ ÷åðåç êîæíó òî÷êó îáëàñòi D ïðîõî-
äèòü ¹äèíà ôàçîâà êðèâà (òðà¹êòîðiÿ) ñèñòåìè (1). Íàñ áóäå
öiêàâèòè ïèòàííÿ ïðî ïîâåäiíêó öèõ êðèâèõ â îêîëi îñîáëèâî¨
òî÷êè (x01, x

0
2).

Çðîáèìî â (1) çàìiíó x1 = x+ x01, x2 = y+ x02 (ïàðàëåëüíèé
ïåðåíîñ îñåé êîîðäèíàò) i çàïèøåìî äëÿ îäåðæàíî¨ ñèñòåìè
âiäïîâiäíó ¨é ëiíiéíó ñèñòåìó ïåðøîãî íàáëèæåííÿ

dx

dt
= ax+ by,

dy

dt
= cx+ ly. (2)
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Òóò a, b, c, l âiäïîâiäíî äîðiâíþþòü çíà÷åííþ ÷àñòèííèõ ïîõi-

äíèõ
∂P

∂x1
,
∂P

∂x2
,
∂Q

∂x1
,
∂Q

∂x2
â òî÷öi (x01, x

0
2). Çàçíà÷èìî, ùî içî-

ëüîâàíié îñîáëèâié òî÷öi (x01, x
0
2) ñèñòåìè (1) âiäïîâiäà¹ ïîëî-

æåííÿ ðiâíîâàãè x = 0, y = 0 ñèñòåìè (2). Ëåãêî ïåðåêîíàòèñü,
ùî ïðè al − bc ̸= 0 òî÷êà (0, 0) ¹ içîëüîâàíîþ îñîáëèâîþ òî-
÷êîþ ñèñòåìè (2). Ó áàãàòüîõ âèïàäêàõ ïîâåäiíêà òðà¹êòîðié
ñèñòåìè (1) â îêîëi (x01, x

0
2) çáiãà¹òüñÿ ç ïîâåäiíêîþ òðà¹êòîðié

ñèñòåìè (2) â îêîëi (0, 0).
Íàñëiäóþ÷è Ïóàíêàðå, õàðàêòåð îñîáëèâî¨ òî÷êè áóäåìî

äîñëiäæóâàòè íà ïðèêëàäi ñèñòåìè (2). Íåõàé T =

(
α β
γ δ

)
òàêà íåâèðîäæåíà ìàòðèöÿ, ùî T−1AT = J � íîðìàëüíà æîð-

äàíîâà ôîðìà ìàòðèöi A =

(
a b
c l

)
. ßêùî â (2) çðîáèòè çà-

ìiíó x = αy1+βy2, y = γy1+ δy2 (ïîâîðîò îñåé êîîðäèíàò), òî
â íîâèõ çìiííèõ (2) íàáóäå âèãëÿäó

dY

dt
= JY, Y =

(
y1
y2

)
. (3)

Çàëåæíî âiä ñòðóêòóðè ìàòðèöi J , òîáòî âiä âëàñíèõ çíà-
÷åíü λ1 i λ2 ìàòðèöi A, iñíó¹ òàêà êëàñèôiêàöiÿ:

I) λ1 i λ2 � äiéñíi é ðiçíi. Ó öüîìó âèïàäêó ñèñòåìà (3)
íàáóâà¹ âèãëÿäó

dy1
dt

= λ1y1,
dy2
dt

= λ2y2,

i ïîáóäîâà ¨¨ ðîçâ'ÿçêiâ íå âèêëèêà¹ òðóäíîùiâ. ßêùî λ1 i
λ2 îäíîãî çíàêó, òî îñîáëèâà òî÷êà (0, 0) íàçèâà¹òüñÿ âóçëîì
(àñèìïòîòè÷íî ñòiéêèì � ïðè λ1 < 0, λ2 < 0 i íåñòiéêèì �
ïðè λ1 > 0, λ2 > 0). ßêùî æ λ1 i λ2 ðiçíèõ çíàêiâ, òî îñîáëèâà
òî÷êà (0, 0) � ñiäëî (ñiäëî � íåñòiéêå ïîëîæåííÿ ðiâíîâàãè).
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II) λ1 = λ2 = λ. Ñèñòåìà (3) çàëåæíî âiä ñòðóêòóðè ìàòðèöi
J ìîæå ìàòè âèãëÿä

dy1
dt

= λy1,
dy2
dt

= λy2, (4)

àáî
dy1
dt

= λy1 + y2,
dy2
dt

= λy2. (5)

Â îáîõ âèïàäêàõ îñîáëèâà òî÷êà íàçèâà¹òüñÿ âóçëîì: äèêðè-
òè÷íèì âóçëîì ó âèïàäêó (4) i âèðîäæåíèì âóçëîì ó âèïàäêó
(5). Ïðè λ > 0 âóçîë ¹ íåñòiéêèì ïîëîæåííÿì ðiâíîâàãè, à ïðè
λ < 0 � àñèìïòîòè÷íî ñòiéêèì.

Çàçíà÷èìî, ùî íà ïðàêòèöi çðó÷íî çíàõîäèòè ïðÿìi y = kx
(àáî x = ky), íà ÿêèõ ëåæàòü òðà¹êòîði¨ ñèñòåìè (2). Äëÿ öüîãî
äîñèòü ïiäñòàâèòè y = kx (x = ky) äî îäíîãî ç ðiâíÿíü

dy

dx
=
cx+ ly

ax+ by
,

dx

dy
=
ax+ by

cx+ ly
.

III) λ1,2 = µ ± iν � êîìïëåêñíî ñïðÿæåíi. Òîäi (3) ìîæíà
ïåðåïèñàòè

dy1
dt

= µy1 − νy2,
dy2
dt

= νy1 + µy2.

ßêùî µ = Reλ1 = Reλ2 ̸= 0, òî îñîáëèâà òî÷êà íàçèâà¹òüñÿ
ôîêóñîì (àñèìïòîòè÷íî ñòiéêèì ïðè µ < 0 i íåñòiéêèì � ïðè
µ > 0). ßêùî æ µ = 0, òî îñîáëèâà òî÷êà íàçèâà¹òüñÿ öåíòðîì
(öåíòð � ñòiéêå ïîëîæåííÿ ðiâíîâàãè).

Ïðèêëàä 1. Âèçíà÷èòè òèï ïîëîæåííÿ ðiâíîâàãè ñèñòåìè

dx

dt
= x+ y,

dy

dt
= −2x+ 4y

i çîáðàçèòè íà ðèñóíêó ïîâåäiíêó ôàçîâèõ êðèâèõ.
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Ðîçâ'ÿçàííÿ. Âëàñíi çíà÷åííÿ ìàòðèöi A =

(
1 1
−2 4

)
,

òîáòî êîðåíi ðiâíÿííÿ∣∣∣∣ 1− λ 1
−2 4− λ

∣∣∣∣ = 0,

äîäàòíi é ðiçíi: λ1 = 2, λ2 = 3. Òîìó îñîáëèâà òî÷êà x = y = 0
� íåñòiéêèé âóçîë. Çíàéäåìî ïðÿìi y = kx, íà ÿêèõ ëåæàòü
òðà¹êòîði¨ ñèñòåìè. Äëÿ öüîãî ïiäñòàâèìî y = kx ó ðiâíÿííÿ

dy

dx
=

−2x+ 4y

x+ y
,

âíàñëiäîê ÷îãî îäåðæèìî k =
−2 + 4k

1 + k
, àáî k1 = 1, k2 = 2.

Îòæå, y = x i y = 2x � øóêàíi ïðÿìi.
Ç'ÿñó¹ìî òåïåð, ÿêî¨ ç íàâåäåíèõ äâîõ ïðÿìèõ äîòèêàþòüñÿ

òðà¹êòîði¨ ñèñòåìè â ïî÷àòêó êîîðäèíàò. Äëÿ öüîãî çíàéäåìî
âëàñíèé âåêòîð ìàòðèöi A, ÿêèé âiäïîâiäà¹ ìåíøîìó çà àáñî-
ëþòíîþ âåëè÷èíîþ âëàñíîìó çíà÷åííþ λ1 = 2. Ëåãêî ïåðåêî-
íàòèñü, ùî öåé âåêòîð ìà¹ êîîðäèíàòè (1;1) i âií ïàðàëåëüíèé
ïðÿìié y = x. Îòæå, òðà¹êòîði¨ äîòèêàþòüñÿ ïðÿìî¨ y = x
(äèâ. ðèñ. 1).
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Ñòðiëêàìè íà ðèñóíêó ïîçíà÷åíî íàïðÿìîê ðóõó ïî òðà¹-
êòîðiÿõ çàäàíî¨ ñèñòåìè ïðè çðîñòàííi t.

Ïðèêëàä 2. Âñòàíîâèòè õàðàêòåð îñîáëèâî¨ òî÷êè ñèñòå-
ìè

dx

dt
= −2y − 3x,

dy

dt
= 4x− y.

Ðîçâ'ÿçàííÿ. Êîðåíi λ1,2 = −2± i
√
7 ðiâíÿííÿ∣∣∣∣ −3− λ −2

4 −1− λ

∣∣∣∣ = 0

êîìïëåêñíî ñïðÿæåíi i Reλ1 = Reλ2 = −2 < 0, òîìó îñîáëè-
âà òî÷êà (0, 0) � àñèìïòîòè÷íî ñòiéêèé ôîêóñ. Ôàçîâi êðèâi â
öüîìó âèïàäêó � ñïiðàëi, ðóõ ïî ÿêèõ ïðè çðîñòàííi t çäiéñíþ-
¹òüñÿ â íàïðÿìêó îñîáëèâî¨ òî÷êè. Ç'ÿñó¹ìî òåïåð, áóäå öåé
ðóõ çäiéñíþâàòèñü çà õîäîì ÷è ïðîòè õîäó ãîäèííèêîâî¨ ñòðië-
êè. Äëÿ öüîãî çàôiêñó¹ìî íà ïëîùèíi äîâiëüíó òî÷êó, íàïðè-
êëàäM(1; 0). Çãiäíî iç çàäàíîþ ñèñòåìîþ çíàõîäèìî â òî÷öiM

âåêòîð øâèäêîñòi a⃗ =

(
dx

dt
;
dy

dt

)
= (−2y−3x; 4x−y) = (−3; 4)

(äèâ. ðèñ. 2). Âåêòîð a⃗ âêàçó¹ íà òå, ùî çðîñòàííþ t âiäïîâiäà¹
ðóõ ïðîòè õîäó ãîäèííèêîâî¨ ñòðiëêè
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Ïðèêëàä 3. Çíàéòè âñi îñîáëèâi òî÷êè ñèñòåìè

dx

dt
=
√
x2 − y + 2− 2,

dy

dt
= arctg (x2 + xy) (6)

i äîñëiäèòè ¨õ õàðàêòåð.
Ðîçâ'ÿçàííÿ. Ñèñòåìà ðiâíÿíü√

x2 − y + 2 = 0, arctg (x2 + xy) = 0

ìà¹ òðè ðîçâ'ÿçêè x1 = 1, y1 = −1; x2 = 0, y2 = −2; x3 = −2,
y3 = 2. M1(1, 1), M2(0,−2) i M3(−2, 2) � içîëüîâàíi îñîáëèâi
òî÷êè ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (6). Çãiäíî ç (2) ìà-
òðèöÿ A iç êîåôiöi¹íòiâ ëiíiéíî¨ ñèñòåìè ïåðøîãî íàáëèæåííÿ
äëÿ (6) â îêîëi òî÷êè Mk (k = 1, 2, 3) ìà¹ âèãëÿä

A =


∂

∂x

(√
x2 − y − 2

)
∂

∂y

(√
x2 − y − 2

)
∂

∂x
arctg(x2 + xy)

∂

∂y
arctg(x2 + xy)


∣∣∣∣∣∣∣∣∣∣ x = xk,
y = yk.

Äëÿ òî÷êè M1(1, 1) ìà¹ìî

A =


1√
2

− 1

2
√
2

3

5

1

5

 ,

∣∣∣∣∣∣∣∣∣
1√
2
− λ − 1

2
√
2

3

5

1

5
− λ

∣∣∣∣∣∣∣∣∣ = 0.

Çâiäñè çíàõîäèìî, ùî âëàñíi çíà÷åííÿ λ1,2 =
1

10
+

1

2
√
2
±

i
1

20

√
80
√
2− 54 ìàòðèöi A êîìïëåêñíî ñïðÿæåíi i Reλ1 =

Reλ2 > 0, òîìó M1(1, 1) îñîáëèâà òî÷êà òèïó ôîêóñ (íåñòié-
êèé).
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Òî÷öiM2(0, 2) âiäïîâiäà¹ ìàòðèöÿ A =

(
0 −1/4
−2 0

)
, âëà-

ñíi çíà÷åííÿ ÿêî¨ λ1,2 = ±
√
2 äiéñíi i ðiçíèõ çíàêiâ. Çãiäíî ç

íàâåäåíîþ âèùå êëàñèôiêàöi¹þ, òî÷êà M2(0,−2) � ñiäëî.

Ó âèïàäêó òî÷êè M3(−2, 2) ìàòðèöÿ A =

(
−1 −1/4
−2 −2

)
i

¨¨ âëàñíi çíà÷åííÿ λ1,2 =
−3±

√
3

2
âiä'¹ìíi, òîìó M3(−2, 2) �

àñèìïòîòè÷íî ñòiéêèé âóçîë.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Âèçíà÷èòè òèï ïîëîæåííÿ ðiâíîâàãè x = 0, y = 0 êîæíî¨
ç òàêèõ ñèñòåì i çîáðàçèòè íà ðèñóíêó ïîâåäiíêó òðà¹êòîðié:

à)


dx

dt
= 2y + x,

dy

dt
= 4x+ 3y;


dx

dt
= x− y,

dy

dt
= −y + 2x;


dx

dt
= x− 2y,

dy

dt
= 2x− 3y;

á)


dx

dt
= −6y − 5x,

dy

dt
= y + 3x;


dx

dt
= x− 4y,

dy

dt
= 2y − 3x;


dx

dt
= y,

dy

dt
= 2x+ 3y;

â)


dx

dt
= x,

dy

dt
= x+ 2y;


dx

dt
= 2x+ 2y,

dy

dt
= −2y − 5x;


dx

dt
= 3x+ y,

dy

dt
= y − x.

2. Çíàéòè âñi îñîáëèâi òî÷êè i äîñëiäèòè ¨õ õàðàêòåð:

à)


dx

dt
= sin x,

dy

dt
= sin y;

á)


dx

dt
= ln

y2 − y + 1

3
,

dy

dt
= x2 − y2;
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â)


dx

dt
= ex

2−y − e,

dy

dt
=
√

(x− y)2 + 3− 2.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè.
I. Äîñëiäèòè îñîáëèâi òî÷êè çàäàíèõ ðiâíÿíü òà ñèñòåì. Íà-

âåñòè ïîâåäiíêó iíòåãðàëüíèõ êðèâèõ íà ïëîùèíi xOy.

1. y′ =
2x+ y

3x+ 4y
2. y′ =

x− 4y

2y − 3x
(ñiäëî). (âóçîë).

3. y′ =
y − 2x

y
4. y′ =

x+ 4y

2x+ 3y
(ôîêóñ). (âóçîë).

5. y′ =
x− 2y

3x− 4y
6. y′ =

2x− y

x−
(ñiäëî). (öåíòð).

7. y′ =
y − 2x

2y − 3x
8. y′ =

4y − 2x

x+ y
(âèðîäæåíèé âóçîë). (âóçîë).

9. y′ =
y

x
10. y′ =

4x− y

3x− 2y
(îñîáëèâèé âóçîë). (ôîêóñ).
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11.

{
ẋ = 3x,
ẏ = 2x+ y

12.

{
ẋ = 2x− y,
ẏ = x

(âóçîë) (âèðîäæåíèé âóçîë).

13.

{
ẋ = x+ 3y,
ẏ = −6x− 5y

14.

{
ẋ = x,
ẏ = 2x− y

(ôîêóñ) (ñiäëî).

15.

{
ẋ = −2x− 5y,
ẏ = 2x+ 2y

16.

{
ẋ = 3x+ y,
ẏ = y − x

(öåíòð) (âèðîäæåíèé âóçîë).

17.

{
ẋ = 3x− 2y,
ẏ = 4y − 6x

18.

{
ẋ = y − 2x,
ẏ = 2y − 4x

(îñîáëèâi òî÷êè çàïîâíþþòü ïðÿìó).

II. Çíàéòè òà äîñëiäèòè îñîáëèâi òî÷êè çàäàíèõ ðiâíÿíü i
ñèñòåì.

1. y′ =
2y − x

3x+ 6
((−2,−1) � âóçîë).

2. y′ =
2x+ y

x− 2y − 5
((1,2) � ôîêóñ).

3. y′ =
4y2 − x2

2xy − 4y − 8
((4,2) � âóçîë,

(-2,-1) � ôîêóñ).

4. y′ =
2y

x2 − y2 − 1
((1,0) � îñîáëèâèé
âóçîë, (-1,0) � ñiäëî).
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5. y′ =
x2 + y2 − 2

x− y
((1,1) � ôîêóñ,

(-1,-1) � ñiäëî).

6. y′ =
y +

√
1 + 2x2

x+ y + 1
((0,-1) � âèðîäæåíèé
âóçîë, (2,-3) � ñiäëî).

7.

{
ẋ = x2 − y,
ẏ = ln(1− x+ x2)− ln 3

((2,4) � âóçîë, (-1,1)
� ñiäëî).

8.

{
ẋ = ln(2− y2),
ẏ = ex − ey

((1,1) � ôîêóñ,
(-1,-1) � ñiäëî).

9.

{
ẋ = (2x− y)(x− 2),
ẏ = xy − 2

((2,1) � âóçîë, (1,2)
� ñiäëî, (-1,-2) � ôî-
êóñ).

10.

{
ẋ =

√
x2 − y + 2− 2,

ẏ = arctg(x2 + xy)
((1,-1) � ôîêóñ,
(0,-2) � ñiäëî, (-2,2)
� âóçîë).

11.

{
ẋ = x2 − y,
ẏ = x2 − (y − 2)2

((-2,4) � âóçîë, (1,1)
� ôîêóñ).

12.

{
ẋ = ln

y2 − y + 1

3
,

ẏ = x2 − y2
((-2,2) � âèðîäæåíèé
âóçîë, (-1,-1) � ñi-
äëî).
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13.

{
ẋ = ln(1− y + y2),

ẏ = 3−
√
x2 + 8y

((3,0) � ôîêóñ, (1,1)
� âóçîë, (-1,1) i (-3,0)
� ñiäëà).

14.

{
ẋ =

√
(x− y)2 + 3− 2,

ẏ = ey
2−x − e

((0,1) i (0,-1) � ñiäëà,
(-1,0) � ôîêóñ, (3,2)
� âóçîë).

Ëiòåðàòóðà: [1], c. 78�84; [2], c. 112�114; [3], c. 144�150; [4],
c. 368�373; [5], c. 78�87; [6], c. 368�388; [7], c. 78�85.

Òåìà 16. ÏÅÐÅÒÂÎÐÅÍÍß ËÀÏËÀÑÀ ÒÀ ÉÎÃÎ
ÂÈÊÎÐÈÑÒÀÍÍß ÄËß ÐÎÇÂ'ßÇÀÍÍß

ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ

Íåõàé f(t) � êîìïëåêñíîçíà÷íà ôóíêöiÿ äiéñíî¨ çìiííî¨
t ∈ (−∞,∞), ÿêà çàäîâîëüíÿ¹ óìîâè: à) íà êîæíîìó ñêií÷åí-
íîìó âiäðiçêó îñi t ôóíêöiÿ f(t) íåïåðåðâíà, êðiì, ìîæëèâî,
ñêií÷åííîãî ÷èñëà òî÷îê ðîçðèâó ïåðøîãî ðîäó; á) f(t) = 0
ïðè t < 0; â) iñíóþòü òàêi ñòàëi c i α, ùî äëÿ âñiõ t ≥ 0 âèêî-
íó¹òüñÿ íåðiâíiñòü |f(t)| ≤ ceαt. Ôóíêöiþ f(t), ùî çàäîâîëüíÿ¹
öi óìîâè, íàçèâàþòü îðèãiíàëîì, à ôóíêöiþ

F (p) =

∞∫
0

e−ptf(t)dt (1)

êîìïëåêñíî¨ çìiííî¨ p íàçèâàþòü ïåðåòâîðåííÿì Ëàïëàñà ôóí-
êöi¨ f(t) àáî çîáðàæåííÿì ôóíêöi¨ f(t). Çâ'ÿçîê ìiæ îðèãiíà-
ëîì f(t) i éîãî çîáðàæåííÿì F (p) ïîçíà÷àþòü f(t) : F (p) àáî
F (p) : f(t). Âiäçíà÷èìî, ùî F (p) � àíàëiòè÷íà ôóíêöiÿ êîì-
ïëåêñíî¨ çìiííî¨ â ïiâïëîùèíi Re p > α.
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Ïîòðiáíî çíàòè îñíîâíi âëàñòèâîñòi ïåðåòâîðåííÿ Ëàïëàñà.
1) ßêùî f(t) : F (p) i g(t) : G(p), òî äëÿ äîâiëüíèõ êîì-

ïëåêñíèõ λ, µ

λf(t) + µg(t) : λF (p) + µG(p). (2)

2) ßêùî f(t) : F (p), òî äëÿ êîæíîãî α > 0

f(αt) : 1

α
F

(
p

α

)
. (3)

3) ßêùî f(t), f ′(t), ..., f (n)(t) � îðèãiíàëè i f(t) : F (p), òî

f (n)(t) : pnF (p)− pn−1f(0)− pn−2f ′(0)− ...−

−pf (n−2)(0)− f (n−1)(0), (4)

äå
f (k)(0) = lim

t→+0
f (k)(t), k = 1, n− 1.

4) ßêùî f(t) : F (p), òî

(−t)nf(t) : F (n)(p). (5)

5) ßêùî f(t) : F (p) i f(t) = 0 ïðè t < τ , äå τ > 0, òî

f(t− τ) : e−pτF (p). (6)

6) ßêùî f(t) : F (p), òî äëÿ êîæíîãî êîìïëåêñíîãî λ

eλtf(t) : F (p− λ). (7)

Ïðèêëàä 1. Çíàéòè ïåðåòâîðåííÿ Ëàïëàñà ôóíêöié 1, eλt,
sinωt, cosωt.

Ðîçâ'ÿçàííÿ. Çãiäíî ç îçíà÷åííÿì çîáðàæåííÿ ìà¹ìî, ùî

1 :
∞∫
0

e−pt1dt = lim
T→∞

T∫
0

e−ptdt = lim
T→∞

1

−T
(e−pT − 1) =

1

p
.
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Îòæå, 1 : 1

p
. Äëÿ çíàõîäæåííÿ çîáðàæåííÿ ôóíêöi¨ eλt

âèêîðèñòà¹ìî ôîðìóëó (7) ïðè f(t) = 1, âíàñëiäîê ÷îãî îäåð-

æèìî eλt · 1 : 1

p− λ
. Ôóíêöi¨ sinωt i cosωt âèðàçèìî ÷åðåç

ïîêàçíèêîâó ôóíêöiþ çãiäíî ç ôîðìóëàìè Åéëåðà:

sinωt =
1

2i
eiωt − 1

2i
e−iωt, cosωt =

1

2i
eiωt +

1

2i
e−iωt.

Òîäi iç ñïiââiäíîøåííÿ eλt : 1

p− λ
i âëàñòèâîñòi 1) çíàõîäèìî

sinωt =
1

2i
eiωt − 1

2i
e−iωt : 1

2i

1

p− iω
− 1

2i

1

p+ iω
=

ω

p2 + ω2
,

cosωt =
1

2i
eiωt +

1

2i
e−iωt : 1

2i

1

p− iω
+

1

2i

1

p+ iω
=

p

p2 + ω2
.

Ïðèêëàä 2. Çíàéòè çîáðàæåííÿ ôóíêöié tn, tneλt, äå n �
íàòóðàëüíå.

Ðîçâ'ÿçàííÿ. Ðîçãëÿíåìî ôóíêöiþ f(t) = eλt. Ç ïîïåðå-

äíüîãî ïðèêëàäó âèïëèâà¹, ùî f(t) = eλt : 1

p− λ
= F (p). Òîäi

çãiäíî ç (5), ìà¹ìî

(−t)neλt : F (n)(p) =

(
1

p− λ

)(n)

=
(−1)nn!

(p− λ)n+1
,

òîáòî

tneλt : n!

(p− λ)n+1
.

Ç îñòàííüî¨ ôîðìóëè ïðè λ = 0 îäåðæèìî tn : n!

pn+1
.

Âèïèøåìî òåïåð òàáëèöþ îðèãiíàëiâ i çîáðàæåíü, ÿêi ÷àñòî
çóñòði÷àþòüñÿ â çàñòîñóâàííÿõ:
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f(t) 1 eλt tn eλttn sinωt cosωt

F (p)
1

p

1

p− λ

n!

pn+1

n!

(p− λ)n+1

ω

p2 + ω2

p

p2 + ω2

f(t) eλt sinωt eλt cosωt

F (p)
ω

(p− λ)2 + ω2

p− λ

(p− λ)2 + ω2

Ñëiä ïàì'ÿòàòè, ùî êîëè F (p) ¹ ïðàâèëüíèì ðàöiîíàëüíèì
äðîáîì, ðîçêëàä ÿêîãî íà ïðîñòi äðîáè ìà¹ âèãëÿä

F (p) =
r∑

k=1

nk∑
s=1

Aks
(p− pk)s

, (8)

äå Aks � çàäàíi êîìïëåêñíi ÷èñëà, n1+n2+...+nr = n� ñòåïiíü
ìíîãî÷ëåíà â çíàìåííèêó äðîáó F (p), p1, p2, ..., pr � ðiçíi êîðå-
íi öüîãî ìíîãî÷ëåíà, à n1, n2, ..., nr � ¨õ êðàòíîñòi, òî îðèãiíàë
f(t), ÿêèé ìà¹ çîáðàæåííÿ F (p), âèçíà÷à¹òüñÿ ðiâíiñòþ

f(t) =
r∑

k=1

nk∑
s=1

Aks
ts−1

(s− 1)!
epkt. (9)

Ïðèêëàä 3. Çíàéòè îðèãiíàë f(t), ÿêèé ìà¹ çîáðàæåííÿ

F (p) =
2p3 + p2 + 2p+ 2

p5 + 2p4 + 2p3
.

Ðîçâ'ÿçàííÿ. Ðîçêëàäåìî F (p) íà ïðîñòi äðîáè

F (p) =
2p3 + p2 + 2p+ 2

p3(p2 + 2p+ 2)
=

2p3 + p2 + 2p+ 2

p3[p− (−1 + i)][p− (−1− i)]
=

=
A

p3
+
B

p2
+
C

p
+

D

p− (−1 + i)
+

E

p− (−1− i)
=
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=
1

p3
+

−i
p− (−1 + i)

+
i

p− (−1− i)

i ñêîðèñòà¹ìîñü ôîðìóëàìè (8), (9). Òîäi îäåðæèìî

f(t) = 1 · t3−1

(3− 1)!
e0·t − ie(−1+i)t + ie(−1−i)t =

=
t2

2
− ie−t(cos t+ i sin t) + ie−t(cos t− i sin t) =

t2

2
+ 2e−t sin t.

Ïðèêëàä 4. Çíàéòè ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ
x′′(t)+x(t) = 4 sin t, ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè x(0) =
0, x′(0) = 0.

Ðîçâ'ÿçàííÿ.Øóêà¹ìî ðîçâ'ÿçîê x = x(t) äàíî¨ çàäà÷i òà-
êèé, ùî x(t) = 0 ïðè t < 0. Íåõàé x(t) : X(p). Çàñòîñó¹ìî äî
ðiâíÿííÿ x′′(t)+x(t) = 4 sin t ïåðåòâîðåííÿ Ëàïëàñà, âðàõîâóþ-

÷è ïðè öüîìó âëàñòèâîñòi 1), 3) i ñïiââiäíîøåííÿ sin t : 1

p2 + 1
:

p2X(p)− px(0)− x′(0) +X(p) =
4

p2 + 1
.

Çà äîïîìîãîþ ïî÷àòêîâèõ óìîâ çâiäñè çíàõîäèìî, ùî

X(p) =
4

(p2 + 1)2
=

4

(p− i)2(p+ i)2
=

=
−i
p− i

+
−1

(p− i)2
+

i

p+ i
+

−1

(p+ i)2
.

Îðèãiíàë x(t), ÿêèé ìà¹ çîáðàæåííÿ X(p), âèçíà÷à¹ìî iç (8),
(9):

x(t) = −ieit − 1 · teit + ie−it − 1 · te−it =

= −i(eit − e−it)− t(eit − e−it) = 2 sin t− 2t cos t.

Îòæå, x(t) = 2 sin t− 2t cos t ¹ ðîçâ'ÿçêîì çàäàíî¨ çàäà÷i Êîøi.
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Ïðèêëàä 5. Ïîáóäóâàòè òàêèé ðîçâ'ÿçîê (x(t), y(t)) ñè-
ñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü x′(t) = 2x(t) + y(t), y′(t) =
3x(t) + 4y(t), ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè x(0) = 4,
y(0) = 8.

Ðîçâ'ÿçàííÿ. Íåõàé x(t) : X(p), y(t) : Y (p). Òîäi ñèñòå-
ìà äèôåðåíöiàëüíèõ ðiâíÿíü iç çàäàíèìè ïî÷àòêîâèìè óìîâà-
ìè ïðèâîäèòü äî ñèñòåìè ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü âiä-
íîñíî X(p) òà Y (p):{

pX(p)− x(0) = 2X(p) + Y (p),
pY (p)− y(0) = 3X(p) + 4Y (p),{
(p− 2)X(p)− Y (p) = 4,
−3X(p) + (p− 4)Y (p) = 8.

Çîáðàæåííÿì X(p) i Y (p),

X(p) =
1

p− 1
+

3

p− 5
, Y (p) =

−1

p− 1
+

9

p− 5
,

ùî ¹ ðîçâ'ÿçêîì îñòàííüî¨ ñèñòåìè, âiäïîâiäàþòü îðèãiíàëè

x(t) = et + 3e5t, y(t) = −et + 9e5t,

ÿêi âèçíà÷àþòü ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü iç
çàäàíèìè ïî÷àòêîâèìè óìîâàìè.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Çíàéòè çîáðàæåííÿ F (p) íàñòóïíèõ îðèãiíàëiâ f(t):
à) f(t) = cos 5t(t4 − it2 + 2); á) f(t) = t2e−t cos 2t; â) f(t) =

(t+ 5)e−2t sin 3t; ã) f(t) = (it3 − 2t2 + i− 1) sin 2t.
2. Çà çàäàíèì çîáðàæåííÿì F (p) âiäíîâèòè îðèãiíàë f(t):

à) F (p) =
3p− 2

p4 + 4p3 + 5p2
; á) F (p) =

p3 − p− 1

(p2 + 6p+ 13)(p− i)2
;

â) F (p) =
1

p4 + 6p2 + 9
; ã) F (p) =

7p3 − p

p4 + 4p2 + 4
.
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3. Çíàéòè ðîçâ'ÿçêè äèôåðåíöiàëüíèõ ðiâíÿíü iç çàäàíèìè
ïî÷àòêîâèìè óìîâàìè:
à) x′′(t)− 2x′(t) + x(t) = 6tet, á) x′′(t)− x(t) = 2et − t2,

x(0) = x′(0) = 0; x(0) = 0, x′(0) = 1;
â) x′′(t)− 5x′(t) + 4x(t) = 4t2et,

x(0) = 1, x′(0) = 2;
ã) x′′(t)− 3x′(t) + 2x(t) = sin t,

x(0) = 2, x′(0) = −1.
4. Ðîçâ'ÿçàòè òàêi çàäà÷i Êîøi:

à)

{
x′(t)− x(t) + y(t) = 0,
y′(t) + 4x(t)− y(t) = 0,

á)

{
x′(t) + x(t)− 8y(t) = 0,
y′(t)− x(t)− y(t) = 0,

x(0) = 1, y(0) = −1; x(0) = −1, y(0) = 1;

â)

{
x′(t) = x(t) + y(t),
y′(t) = 3y(t)− 2x(t),

ã)

{
x′(t) = x(t)− 3y(t),
y′(t) = 3x(t) + y(t),

x(0) = 0, y(0) = 1; x(0) = −2, y(0) = 0.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè.
Çà äîïîìîãîþ îïåðàöiéíîãî ÷èñëåííÿ çíàéòè ðîçâ'ÿçêè òà-

êèõ çàäà÷:
1. ẋ+ x = 1; x(0) = 0.
2. ẍ+ 4x = 1; x(0) = ẋ(0) = 0.
3. ẍ+ 3ẋ+ 2x = t; x(0) = ẋ(0) = 0.
4. ẍ+ 2ẋ+ 5x = sin t; x(0) = 1, ẋ(0) = 2.
5. ẍ+ x = sin 2t; x(0) = ẋ(0) = 0.
6. ẍ+ x = t cos 2t; x(0) = ẋ(0) = 0.
7.

...
x+x = 0; x(0) = 1, ẋ(0) = 3, ẍ(0) = 8.

8. ẍ− 4x = t− 1; x(0) = ẋ(0) = 0.
9. ẍ+ ẋ = t2 + 2t; x(0) = 4, ẋ(0) = −2.
10. ẍ− ẋ = tet; x(0) = ẋ(0) = 0.

11.

{
3ẋ+ 2x+ y = 1,
x+ 4ẏ + 3y = 0;

x(0) = 0,
y(0) = 0.

12.

{
ẋ+ 7x = y + 5,
ẏ + 2x+ 5y = −37t;

x(0) = 0,
y(0) = 0.



149

13.

{
ẋ+ y = 0,
ẏ + x = 0;

x(0) = 2,
y(0) = 0.

14.

{
ẋ+ x− 2y = 0,
ẏ + x+ 4y = 0;

x(0) = 1,
y(0) = 1.

15.

{
ẋ = −y,
ẏ = 2(x+ y);

x(0) = 1,
y(0) = 1.

16.

{
ẋ+ 2y = 3t,
ẏ − 2x = 4;

x(0) = 2,
y(0) = 3.

17.

{
ẋ+ x = y + et,
ẏ + y = x+ et;

x(0) = 1,
y(0) = 1.

18.

{
ẋ = x− y,
ẏ = x+ y;

x(0) = 1,
y(0) = 0.

19.

{
ẋ+ 7x− y = 0,
ẏ − 2x+ 5y = 0;

x(0) = 1,
y(0) = 1.

20.

{
ẋ+ ẏ = 0,
x− 2ẏ + x = 0;

x(0) = 1,
y(0) = −1.

Ëiòåðàòóðà: [4], c. 286�304; [6], c. 411�431.
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Òåìà 17. ÐIÂÍßÍÍß Ç ×ÀÑÒÈÍÍÈÌÈ
ÏÎÕIÄÍÈÌÈ ÏÅÐØÎÃÎ ÏÎÐßÄÊÓ

Ðîçãëÿíåìî ëiíiéíå ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíè-
ìè ïåðøîãî ïîðÿäêó

a1
∂u

∂x1
+ a2

∂u

∂x2
+ ...+ an

∂u

∂xn
= 0, (1)

â ÿêîìó ak = ak(x1, ..., xn)� çàäàíi íåïåðåðâíî äèôåðåíöiéîâíi
â îáëàñòi (x1, ..., xn) ∈ D ôóíêöi¨, u = u(x1, ..., xn) � íåâiäîìà
ôóíêöiÿ. Ââàæàòèìåìî, ùî ak, k = 1, n îäíî÷àñíî íå ïåðåòâî-
ðþþòüñÿ â íóëü â îáëàñòi D.

Çàäà÷à ðîçâ'ÿçàííÿ ðiâíÿííÿ (1) çâîäèòüñÿ äî çàäà÷i iíòå-
ãðóâàííÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ó ñè-
ìåòðè÷íié ôîðìi

dx1
a1

=
dx2
a2

= ... =
dxn
an

. (2)

ßêùî âiäîìî (n−1) íåçàëåæíèõ â D ïåðøèõ iíòåãðàëiâ ñèñòå-
ìè (2)

φ1(x1, ..., xn) = C1, ..., φn−1(x1, ..., xn) = Cn−1, (3)

òî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1) ìà¹ âèãëÿä

u = F (φ1(x1, ..., xn), ..., φn−1(x1, ..., xn)),

äå F � äîâiëüíà äèôåðåíöiéîâíà ôóíêöiÿ. Çàçíà÷èìî, ùî ií-
òåãðàëüíi êðèâi ñèñòåìè (2) íàçèâàþòüñÿ õàðàêòåðèñòèêàìè
ðiâíÿííÿ (2).

Êâàçiëiíiéíèì ðiâíÿííÿì ç ÷àñòèííèìè ïîõiäíèìè
ïåðøîãî ïîðÿäêó íàçèâà¹òüñÿ ðiâíÿííÿ

a1(x1, ..., xn, u)
∂u

∂x1
+ ...+ an(x1, ..., xn, u)

∂u

∂xn
=
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= a(x1, ..., xn, u). (4)

Ïðèïóñòèìî, ùî ak (k = 1, n) i a íåïåðåðâíî äèôåðåíöi-
éîâíi ôóíêöi¨ ñâî¨õ àðãóìåíòiâ x1, ..., xn, u â äåÿêié îáëàñòi
G ⊂ Rn+1, ïðè÷îìó

n∑
k=1

a2k + a2 ̸= 0 ∀(x1, ..., xn, u) ∈ G.

Ðiâíÿííþ (4) ïîñòàâèìî ó âiäïîâiäíiñòü ñèñòåìó çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü ó ñèìåòðè÷íié ôîðìi

dx1
a1

= ... =
dxn
an

=
du

da
. (5)

Iíòåãðàëüíi êðèâi ñèñòåìè (5) íàçèâàþòüñÿ õàðàêòåðèñòèêà-
ìè êâàçiëiíiéíîãî ðiâíÿííÿ (4). ßêùî

φ1(x1, ..., xn, u) = C1, ..., φn(x1, ..., xn, u) = Cn (6)

n íåçàëåæíèõ â G ïåðøèõ iíòåãðàëiâ ñèñòåìè (5), òî âñi ðîç-
â'ÿçêè ðiâíÿííÿ (4) âèçíà÷àþòüñÿ ç ðiâíîñòi Φ(φ1, ..., φn) = 0,
â ÿêié Φ � äîâiëüíà äèôåðåíöiéîâíà ôóíêöiÿ.

Çàäà÷åþ Êîøi äëÿ ðiâíÿííÿ (4) íàçèâà¹òüñÿ çàäà÷à ïðî
çíàõîäæåííÿ ðîçâ'ÿçêó u = u(x1, ..., xn) ðiâíÿííÿ (4), ÿêèé
íà çàäàíié ïîâåðõíi γ ðîçìiðó n − 1 ïåðåòâîðþ¹òüñÿ â çàäà-
íó ôóíêöiþ v(x1, ..., xn). Ïðè öüîìó ïî÷àòêîâà óìîâà (γ, v)
íàçèâà¹òüñÿ íåõàðàêòåðèñòè÷íîþ äëÿ ðiâíÿííÿ (4) â òî÷öi
x0 = (x01, ..., x

0
n) ∈ γ, ÿêùî (a1, ..., an) â öié òî÷öi íå äîòèêà¹òüñÿ

äî ïîâåðõíi γ. Âiäîìî [1], ùî ðîçâ'ÿçîê çàäà÷i Êîøi ç íåõàðà-
êòåðèñòè÷íîþ â òî÷öi x0 ïî÷àòêîâîþ óìîâîþ â äåÿêîìó îêîëi
öi¹¨ òî÷êè iñíó¹ i ¹äèíèé.

Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ (4), ÿêèé çàäîâîëü-
íÿ¹ ïî÷àòêîâó óìîâó u|γ = v(x1, ..., xn), äå ïîâåðõíÿ γ çàäàíà,
íàïðèêëàä, ðiâíÿííÿì Ψ(x1, ..., xn) = 0, ïîòðiáíî iç ñèñòåìè
ðiâíÿíü

Ψk(x1, ..., xn, u) = Ck, k = 1, n,
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Ψ(x1, ..., xn) = 0, u = v(x1, ..., xn)

âèêëþ÷èòè çìiííi x1, ..., xn, u i îäåðæàòè ñïiââiäíîøåííÿ
Ψ(C1, ..., Cn) = 0. Ïiäñòàâèâøè ñþäè çíà÷åííÿ çàìiñòü Ck
(k = 1, n) iç ôîðìóë (6), ìàòèìåìî

Ψ(φ1(x1, ..., xn, u), ..., φn(x1, ..., xn, u)) = 0.

Äàíà ðiâíiñòü âèçíà÷à¹ ðîçâ'ÿçîê çàäà÷i Êîøi â íåÿâíîìó âè-
ãëÿäi.

Ïðèêëàä 1. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

(x+ 2y)
∂u

∂x
− y

∂u

∂y
= 0.

Ðîçâ'ÿçàííÿ. Âiäïîâiäíå çàäàíîìó ðiâíÿííÿ â ñèìåòðè÷-

íié ôîðìi
dx

x+ 2y
=

dy

−y
ëiíiéíå íåîäíîðiäíå âiäíîñíî x:

dx

dy
= −x

y
− 2. (7)

Çàãàëüíèé ðîçâ'ÿçîê âiäïîâiäíîãî îäíîðiäíîãî ðiâíÿííÿ ìà¹

âèãëÿä x =
C

y
, à ÷àñòèííèé ðîçâ'ÿçîê íåîäíîðiäíîãî ðiâíÿííÿ

� x = −y. Òîìó x =
C

y
− y � çàãàëüíèé ðîçâ'ÿçîê ðiâíÿí-

íÿ (7). Çâiäñè çíàõîäèìî éîãî ïåðøèé iíòåãðàë xy + y2 = C.
Îòæå, ñïiââiäíîøåííÿ u = F (xy + y2), äå F � äîâiëüíà äèôå-
ðåíöiéîâíà ôóíêöiÿ, âèçíà÷à¹ çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ ç
÷àñòèííèìè ïîõiäíèìè.

Ïðèêëàä 2. Ðîçâ'ÿçàòè ðiâíÿííÿ

x2z
∂z

∂x
+ y2z

∂z

∂y
= x+ y. (8)
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Ðîçâ'ÿçàííÿ. Ðiâíÿííÿ (8) � êâàçiëiíiéíå ðiâíÿííÿ ç ÷à-
ñòèííèìè ïîõiäíèìè. Âiäïîâiäíà éîìó ñèñòåìà çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü ó ñèìåòðè÷íié ôîðìi ìà¹ âèãëÿä

dx

x2z
=

dy

y2z
=

dz

x+ y
. (9)

Iç ïåðøîãî ç öèõ ðiâíÿíü çíàõîäèìî, ùî
1

x
− 1

y
= C1 � ïåðøèé

iíòåãðàë ñèñòåìè (9). Óòâîðèìî äàëi iíòåãðîâàíó êîìáiíàöiþ

ydx+ xdy

yx2z + xy2z
=

dz

x+ y

àáî
d(xy)

xy · z
= dz.

Ðîçâ'ÿçàâøè äàíå ðiâíÿííÿ ç âiäîêðåìëþâàíèìè çìiííèìè,

îäåðæèìî ùå îäèí ïåðøèé iíòåãðàë ñèñòåìè (9): ln |xy|−1

2
z2 =

C2. Òîäi çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (8) ìîæíà ïîäàòè â íå-

ÿâíîìó âèãëÿäi Φ

(
1

x
− 1

y
, ln |xy| − 1

2
z2

)
= 0. Òóò Φ(u, v) �

äîâiëüíà äèôåðåíöiéîâàíà ôóíêöiÿ äâîõ çìiííèõ.
Ïðèêëàä 3. Ðîçâ'ÿçàòè çàäà÷ó Êîøi

x
∂z

∂x
+ y

∂z

∂y
= z − xy, z|x=2 = y2 + 1.

Ðîçâ'ÿçàííÿ. Çíàéäåìî ñïî÷àòêó íåçàëåæíi ïåðøi iíòå-
ãðàëè ñèñòåìè â ñèìåòðè÷íié ôîðìi

dx

x
=
dy

y
=

dz

z − xy
.
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Ç ïåðøîãî ðiâíÿííÿ öi¹¨ ñèñòåìè çíàõîäèìî
y

x
= C1 � ïåð-

øèé iíòåãðàë. Äëÿ çíàõîäæåííÿ ùå îäíîãî ïåðøîãî iíòåãðàëà
ïîáóäó¹ìî iíòåãðîâàíó êîìáiíàöiþ

ydx+ xdy

xy + yx
=

dz

z − xy
,

d(xy)

2xy
=

dz

z − xy
.

ßêùî ïîçíà÷èòè xy = t, òî îäåðæèìî ëiíiéíå íåîäíîðiäíå ðiâ-
íÿííÿ

dz

dt
=

z

2t
− 1

2
,

çàãàëüíèé ðîçâ'ÿçîê ÿêîãî ìà¹ âèãëÿä z = C2

√
t − t. Òîäi

z + xy
√
xy

= C2 � ïåðøèé iíòåãðàë ñèñòåìè â ñèìåòðè÷íié ôîðìi.

Âèêëþ÷èìî äàëi iç ñèñòåìè ðiâíÿíü

y

x
= C1,

z + xy
√
xy

= C2, x = 2, z = y2 + 1

çìiííi x, y, z. Ìà¹ìî

y = 2C1,
y2 + 1 + 2y√

2y
= C2

àáî
(2C1 + 1)2

2
√
C1

= C2.

Ïiäñòàâèìî â îñòàííþ ðiâíiñòü çàìiñòü C1 i C2 ¨õ çíà÷åííÿ ç
ïåðøèõ iíòåãðàëiâ. Òîäi äiñòàíåìî ðiâíiñòü(

2
y

x
+ 1

)2

2

√
y

x

=
z + xy√
xy

.
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Çâiäñè çíàõîäèìî, ùî z =
(2y + x)2

2x
− xy ¹ ðîçâ'ÿçêîì çàäà÷i

Êîøi.
Ïðèêëàä 4. Çíàéòè ïîâåðõíþ, ÿêà ïåðåòèíà¹ ïiä ïðÿìèì

êóòîì ñiì'þ ñôåð x2 + y2 + z2 = C2 i ïðîõîäèòü ÷åðåç êðèâó
x = 1, y2 + z2 = 1.

Ðîçâ'ÿçàííÿ. ßêùî ïîâåðõíi u(x, y, z) = 0 i v(x, y, z) = 0
ïåðåòèíàþòüñÿ ïiä ïðÿìèì êóòîì, òî ¨õ íîðìàëüíi âåêòîðè

grad u =

{
∂u

∂x
,
∂u

∂y
,
∂u

∂z

}
i grad v =

{
∂v

∂x
,
∂v

∂y
,
∂v

∂z

}
ïåðïåíäè-

êóëÿðíi. Öå îçíà÷à¹, ùî ñêàëÿðíèé äîáóòîê öèõ âåêòîðiâ äî-
ðiâíþ¹ íóëåâi:

grad u · grad v =
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
+
∂u

∂z

∂v

∂z
= 0.

Ó íàøîìó âèïàäêó grad v = {2x, 2y, 2z}, òîìó ðiâíÿííÿ äëÿ
çíàõîäæåííÿ u íàáóâà¹ âèãëÿäó

x
∂u

∂x
+ y

∂u

∂y
+ z

∂u

∂z
= 0.

Âiäïîâiäíà ñèñòåìà çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü dx
x
=

dy
y
= dz

z
ìà¹ äâà íåçàëåæíi ïåðøi iíòåãðàëè: y

x
= C1,

z
x
= C2.

Îòæå, îðòîãîíàëüíi ïîâåðõíi äî ñiì'¨ ñôåð x2 + y2 + z2 = C2

âèçíà÷àþòüñÿ ñïiââiäíîøåííÿì u = F

(
y

x
,
z

x

)
, â ÿêîìó F �

äîâiëüíà äèôåðåíöiéîâíà ôóíêöiÿ.
Çíàéäåìî òó ç ïîâåðõîíü, ÿêà ïðîõîäèòü ÷åðåç êðèâó x = 1,

y2 + z2 = 1. Äëÿ öüîãî âèêëþ÷èìî ç ðiâíÿíü y
x
= C1, z

x
= C2,

x = 1, y2 + z2 = 1 çìiííi x, y, z, âíàñëiäîê ÷îãî îäåðæèìî C2
1 +

C2
2 = 1. Â öþ ðiâíiñòü çàìiñòü C1 i C2 ïiäñòàâèìî ¨õ çíà÷åííÿ

ç ïåðøèõ iíòåãðàëiâ:

(
y
x

)2

+

(
z
x

)2

= 1. Îòæå, y2 + z2 = x2 �

øóêàíà ïîâåðõíÿ, ÿêà ¹ ïðÿìèì êðóãîâèì êîíóñîì.
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Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè

1. Ðîçâ'ÿçàòè ðiâíÿííÿ:

à) y
∂u

∂x
+ x

∂u

∂y
= x2 + y2, xy

∂u

∂x
+ (x− 2y)

∂u

∂y
= uy;

á)
∂u

∂x
+ (2y − u)

∂u

∂y
= y + 2u,

√
x
∂u

∂x
+
√
y
∂u

∂y
=

1

2
;

â) y
∂u

∂x
− xy

∂u

∂y
= 0, (u− y)

∂u

∂x
+ (x− u)

∂u

∂y
= y − x.

2. Ðîçâ'ÿçàòè çàäà÷i Êîøi:

à) y
∂u

∂x
− x

∂u

∂y
= y2 − x2, u|y=a = x2 − a2;

y2
∂u

∂x
+ xy

∂u

∂y
= x, u|x=0 = y2;

á) x
∂z

∂x
− 2y

∂z

∂y
= x2 + y2, z|y=1 = x2;

x
∂u

∂x
+ y

∂u

∂y
+ xy

∂u

∂z
= 0, u|z=0 = x2 + y2;

â)
∂z

∂x
+ (2ex − y)

∂z

∂y
= 0, z|x=0 = y;

x
∂z

∂x
+ y

∂z

∂y
= z − x2 − y2, z|y=−2 = x− x2.

Çàâäàííÿ äëÿ äîìàøíüî¨ ðîáîòè

Çíàéòè çàãàëüíèé ðîçâ'ÿçîê

1. y
∂z

∂x
− x

∂z

∂y
= 0. 2. (x+ 2y)

∂z

∂x
− y

∂z

∂y
.

3. x
∂u

∂x
+ y

∂u

∂y
+ z

∂u

∂z
= 0.
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4. (x− z)
∂u

∂x
+ (y − z)

∂u

∂y
+ 2z

∂u

∂z
= 0.

5. y
∂z

∂x
+ x

∂z

∂y
= x− y. 6. ex

∂z

∂x
+ y2

∂z

∂y
= yex.

7. 2x ∂z
∂x

+ (y − x)∂z
∂y

− x2 = 0.

8. xy
∂z

∂x
− x2

∂z

∂y
= yz.

9. x
∂z

∂x
+ 2y

∂z

∂y
= x2y + z.

10. (x2 + y2)
∂z

∂x
+ 2xy

∂z

∂y
+ z2 = 0.

11. 2y4
∂z

∂x
− xy

∂z

∂y
= x

√
z2 + 1.

12. x2z
∂z

∂x
+ y2z

∂z

∂y
= x+ y.

13. yz
∂z

∂x
− xz

∂z

∂y
= ez.

14. (z − y)2
∂z

∂x
+ xz

∂z

∂y
= xy.

15. xy
∂z

∂x
+ (x− 2z)

∂z

∂y
= yz.

16. y
∂z

∂x
+ z

∂z

∂y
=
y

x
.

17. sin2 x
∂z

∂x
+ tg z

∂z

∂y
= cos2 z.

18. (x+ z)
∂z

∂x
+ (y + z)

∂z

∂y
= x+ y.

19. (xz + y)
∂z

∂x
+ (x+ yz)

∂z

∂y
= 1− z2.

20. (y + z)
∂u

∂x
+ (z + x)

∂u

∂y
+ (x+ y)

∂u

∂z
= u.

21. x
∂u

∂x
+ y

∂u

∂y
+ (z + u)

∂u

∂z
= xy.
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22. (u− x)
∂u

∂x
+ (u− y)

∂u

∂y
− z

∂u

∂z
= x+ y.

Çíàéòè ðîçâ'ÿçêè ðiâíÿíü, ùî çàäîâîëüíÿþòü âêà-
çàíi óìîâè

23.
∂z

∂x
− y

∂z

∂y
= 0; z = 2x ïðè y = 1.

24.
∂z

∂x
+ (2ex − y)

∂z

∂y
= 0; z = y ïðè x = 0.

25. 2
√
x
∂z

∂x
− y

∂z

∂y
= 0; z = y2 ïðè x = 1.

26.
∂u

∂x
+
∂u

∂y
+ 2

∂u

∂z
= 0; u = yz ïðè x = 1.

27. x
∂u

∂x
+ y

∂u

∂y
+ xy

∂u

∂z
= 0; u = x2 + y2 ïðè z = 0.

Çíàéòè ïîâåðõíþ, ùî çàäîâîëüíÿ¹ äàíå ðiâíÿííÿ òà
ïðîõîäèòü ÷åðåç çàäàíó ëiíiþ

28. y2
∂z

∂x
+ xy

∂z

∂y
= x; x = 0, z = y2.

29. x
∂z

∂x
− 2y

∂z

∂y
= x2 + y2; y = 1, z = x2.

30. x
∂z

∂x
+ y

∂z

∂y
= z − xy; x = 2, z = y2 + 1.

31. tg z
∂z

∂x
+ y

∂z

∂y
= z; = x, z = x2.

32. x
∂z

∂x
− y

∂z

∂y
= z2(x− 3y); x = 1, yz + 1 = 0.

33. x
∂z

∂x
+ y

∂z

∂y
= z − x2 − y2; y = −2, z = x− x2.

34. yz
∂z

∂x
+ xz

∂z

∂y
= xy; x = a, y2 + z2 = a2.

35. z
∂z

∂x
− xy

∂z

∂y
= 2xz.; x+ y = 2, yz = 1.

36. z
∂z

∂x
+ (z2 − x2)

∂z

∂y
+ x = 0; y = x2, z = 2x.
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37. (y − z)
∂z

∂x
+ (z − x)

∂z

∂y
= x− y; z = y = −x.

38. x
∂z

∂x
+ (xz + y)

∂z

∂y
= z; x+ y = 2z, xz = 1.

39. y2
∂z

∂x
+ yz

∂z

∂y
+ z2 = 0; x− y = 0, x− yz = 1.

40. x
∂z

∂x
+ z

∂z

∂y
= y; y = 2z, x+ 2y = z.

Âiäïîâiäi

1. z = f(x2 + y2). 2. z = f(xy+ y2). 3. u = f(y/x, z/x). 4.

u = f
((xy)

z
,
(x+ y + 2z)2

z

)
. 5. F (x2 − y2, x − y + z) = 0. 6.

F
(
e−x− y−1, z+

x− ln |y|
e−x − y−1

)
= 0. 7. F (x2 − 4z, (x+ y)2/x) = 0.

8. F (x2 + y2, z/x) = 0. 9. F
(x2
y
, xy− 3z

x

)
= 0. 10. F

( 1

x+ y
+

1

z
,

1

x− y
+
1

z

)
= 0. 11. F (x2+y4, y(z+

√
z2 + 1)) = 0. 12. F

(1
x
−

1

y
, ln |xy|− z2

2

)
= 0. 13. F (x2+ y2, arctg(x/y)+ (z+1)e−z) = 0.

14. F (z2−y2, x2+(y−z)2) = 0. 15. F
(z
x
, 2x−4z−y2 = 0Big).

16. F (z − ln |x 2x(z − 1) − y2) = 0. 17. F (tg z + ctg x, 2y −
tg2 z) = 0. 18. F

(x+ y + z

(x− y)2
, (x − y)(x + y − 2z)

)
= 0. 19.

F ((x − y)(z + 1), (x + y)(z − 1)) = 0. 20. F (u(x − y), u(y −
z), (x+ y+ z)/u2) = 0. 21. F (x/y, xy− 2u, (z+u−xy)/x) = 0 .
22. F ((x−y)/z, (2u+z+y)z, (u−x−y)/z2) = 0. 23. z = 2xy. 24.
z−yex−e2x+1. 25. z = y2e2

√
x−1. 26. u = (1−x+y)(2−2x+z).

27. u = (xy−2z)
(
x
y
+ y

x

)
. 28. y2−x2− ln

√
y2 − x2 = z− ln |y|.

29. 2x2(y + 1) = y2 + 4z − 1. 30. (x + 2y)2 = 2x(z + xy). 31.√
z/y3 sin z = sin

√
z/y. 32. 2xy+1 = x+3y+z−1. 33. x−2y =
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x2+y2+z. 34. 2x2−y2−z2 = a2. 35. [(y2z−2)2−x2+z]y2z = 1.
36. x2 + z2 = 5(xz − y). 37. 3(x + y + z)2 = x2 + y2 + z2. 38.
xz = (xz − y − x + 2z)2. 39. (1 + yz)3 = 3yz(1 + yz − x) + y3.
40. x+ y + z = 0.

Ëiòåðàòóðà: [1], c. 217�237; [3], c. 209�227; [4], c. 476�489;
[6], c. 394�409; [7], c. 100�104.

ÊÎÍÒÐÎËÜÍI ÇÀÂÄÀÍÍß ÄÎ ÄÐÓÃÎÃÎ
ÌÎÄÓËß

1. Ïîíÿòòÿ ñòiéêîñòi òà àñèìïòîòè÷íî¨ ñòiéêîñòi ðîçâ'ÿçêiâ
äèôåðåíöiàëüíîãî ðiâíÿííÿ.

2. Òåîðåìà 1 (Ëÿïóíîâà) ïðî ñòiéêiñòü çà ïåðøèì íàáëèæå-
ííÿì.

3. Ìåòîä ôóíêöié Ëÿïóíîâà.
4. Ñòiéêiñòü ðîçâ'ÿçêiâ ëiíiéíèõ ñèñòåì çi ñòàëèìè êîåôiöi-

¹íòàìè. Êðèòåðié Ãóðâiöà.
5. Îñîáëèâi òî÷êè íà ïëîùèíi òà ¨õ êëàñèôiêàöiÿ.
6. Âëàñòèâîñòi ðîçâ'ÿçêiâ àâòîíîìíèõ ñèñòåì.
7. Äîñëiäæåííÿ êîëèâàííÿ ìàÿòíèêà.
8. Ïåðåòâîðåííÿ Ëàïëàñà òà éîãî çàñòîñóâàííÿ äëÿ

ðîçâ'ÿçàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü.
9. Ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó.
10. Òåîðåìà ïðî çîáðàæåííÿ çàãàëüíîãî ðîçâ'ÿçêó ëiíiéíîãî

ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè.
11. Êâàçiëiíiéíi ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè.
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Òåìà 18. ÂÈÂÅÄÅÍÍß ÎÑÍÎÂÍÈÕ ÐIÂÍßÍÜ
ÌÀÒÅÌÀÒÈ×ÍÎ� ÔIÇÈÊÈ ÒÀ ÏÎÑÒÀÍÎÂÊÀ

ÊÐÀÉÎÂÈÕ ÇÀÄÀ× ÄËß ÍÈÕ

Ðiâíÿííÿ, ÿêå çâ'ÿçó¹ íåâiäîìó ôóíêöiþ u, íåçàëåæíi çìií-
íi x1, . . . , xn i ÷àñòèííi ïîõiäíi âiä íåâiäîìî¨ ôóíêöi¨ äî ïåâ-
íîãî (íåíóëüîâîãî ïîðÿäêó), íàçèâà¹òüñÿ äèôåðåíöiàëüíèì
ðiâíÿííÿì iç ÷àñòèííèìè ïîõiäíèìè. Âîíî ìà¹ âèãëÿä

F (x1, . . . , xn, u,D
1
xu, . . . , D

m
x u) = 0, (1)

äå Dk
xu, x := (x1, . . . , xn), k ∈ {1, . . . ,m}, � ñóêóïíiñòü óñiõ ïî-

õiäíèõ âiä u ïîðÿäêó k, à F � âiäîìà ôóíêöiÿ ñâî¨õ àðãóìåíòiâ.
Íàéâèùèé ïîðÿäîê ïîõiäíî¨, ÿêà âõîäèòü ó ðiâíÿííÿ (1),

íàçèâà¹òüñÿ ïîðÿäêîì ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè.
Ó ìàòåìàòè÷íié ôiçèöi íàéïîøèðåíiøi i íàéêðàùå âèâ÷åíi

ðiâíÿííÿ äðóãîãî ïîðÿäêó. Ó âèïàäêó äâîõ íåçàëåæíèõ çìií-
íèõ x i y ðiâíÿííÿ äðóãîãî ïîðÿäêó ìîæíà çàïèñàòè â òàêié
çàãàëüíié ôîðìi:

F (x, y, u, ux, uy, uxx, uxy, uyy) = 0. (2)

ßêùî ôóíêöiÿ F ó (2) ¹ ëiíiéíîþ âiäíîñíî ñòàðøèõ ïîõiäíèõ
uxx, uxy i uyy, òî ðiâíÿííÿ íàçèâà¹òüñÿ êâàçiëiíiéíèì i âîíî
ìà¹ âèãëÿä

A(x, y, u, ux, uy)uxx + 2B(x, y, u, ux, uy)uxy+

+C(x, y, u, ux, uy)uyy + f(x, y, u, ux, uy) = 0.

Ðiâíÿííÿ (1) íàçèâà¹òüñÿ ëiíiéíèì, ÿêùî âîíî ëiíiéíå âiä-
íîñíî øóêàíî¨ ôóíêöi¨ i âñiõ ¨¨ ïîõiäíèõ. Íàïðèêëàä, ëiíiéíå
ðiâíÿííÿ äðóãîãî ïîðÿäêó ç äâîìà íåçàëåæíèìè çìiííèìè ìà¹
âèãëÿä

a(x, y)uxx+2b(x, y)uxy+c(x, y)uyy+d(x, y)ux+e(x, y)uy+f(x, y)u =
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= g(x, y), (x, y) ∈ Ω ⊂ R2, (3)

äå a, b, c, d, e, f � äåÿêi çàäàíi ôóíêöi¨ çìiííèõ x i y, ÿêi
íàçèâàþòüñÿ êîåôiöi¹íòàìè ðiâíÿííÿ. ßêùî g ≡ 0, òîáòî g
¹ íóëüîâîþ ôóíêöi¹þ, òî ðiâíÿííÿ (3) íàçèâà¹òüñÿ îäíîði-
äíèì, ó ïðîòèëåæíîìó âèïàäêó � íåîäíîðiäíèì, ïðè öüîìó
ôóíêöiþ g íàçèâàþòü íåîäíîðiäíiñòþ ðiâíÿííÿ.

Êëàñè÷íèì àáî ðåãóëÿðíèì ðîçâ'ÿçêîì ðiâíÿííÿ ç ÷à-
ñòèííèìè ïîõiäíèìè (1) ïîðÿäêó m íàçèâà¹òüñÿ ôóíêöiÿ u,
ÿêà âèçíà÷åíà â îáëàñòi Ω çìiíè íåçàëåæíèõ çìiííèõ, ÿêùî â
öié îáëàñòi âîíà ìà¹ íåïåðåðâíi ÷àñòèííi ïîõiäíi äî ïîðÿäêó
m âêëþ÷íî i ïðè ïiäñòàíîâöi â ðiâíÿííÿ (1) ïåðåòâîðþ¹ éîãî
â òîòîæíiñòü.

Áàãàòî çàäà÷ ìåõàíiêè i ôiçèêè ïðèâîäÿòü äî äîñëiäæå-
ííÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äðó-
ãîãî ïîðÿäêó òèïó (3). Âiäîìî, ùî ðiâíÿííÿ (3) ìà¹ áåçëi÷
ðîçâ'ÿçêiâ. Ïðè ðîçâ'ÿçóâàííi êîíêðåòíî¨ ôiçè÷íî¨ çàäà÷i íå-
îáõiäíî ç óñiõ öèõ ðîçâ'ÿçêiâ âèáðàòè òîé, ÿêèé çàäîâîëüíÿ¹
ïåâíi äîäàòêîâi óìîâè, ùî âèïëèâàþòü ç ¨¨ ôiçè÷íîãî çìi-
ñòó. Îòæå, çàäà÷à ìàòåìàòè÷íî¨ ôiçèêè ïîëÿãà¹ ó âiäøóêàííi
ðîçâ'ÿçêó ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè, ÿêèé çàäîâîëü-
íÿ¹ âiäïîâiäíi äîäàòêîâi óìîâè. Òàêèìè äîäàòêîâèìè óìîâàìè
íàé÷àñòiøå ¹ ïî÷àòêîâi óìîâè, ÿêi çàäàþòüñÿ ó äåÿêèé ìîìåíò
÷àñó, ç ÿêîãî ïî÷èíà¹òüñÿ âèâ÷åííÿ äàíîãî ôiçè÷íîãî ÿâèùà.

Ìàòåìàòè÷íà ìîäåëü çàäà÷i, ÿêà îïèñó¹ ðåàëüíèé ïðîöåñ
(ÿâèùå) ïîâèííà çàäîâîëüíÿòè òàêi âèìîãè: ðîçâ'ÿçîê çàäà-
÷i ïîâèíåí iñíóâàòè, ðîçâ'ÿçîê çàäà÷i ïîâèíåí áóòè ¹äèíèì,
ðîçâ'ÿçîê çàäà÷i ïîâèíåí áóòè ñòiéêèì. Îñòàíí¹ îçíà÷à¹, ùî
ìàëi çìiíè äàíèõ çàäà÷i ìàþòü âèêëèêàòè âiäïîâiäíî ìàëi çìi-
íè ðîçâ'ÿçêó. Çàäà÷à, ÿêà çàäîâîëüíÿ¹ öi òðè âèìîãè, íàçèâà-
¹òüñÿ êîðåêòíîþ (êîðåêòíî ïîñòàâëåíîþ).

Ùîá ïðàâèëüíî ñêëàñòè ìàòåìàòè÷íó ìîäåëü ôiçè÷íîãî
ïðîöåñó, ñëiä ñïî÷àòêó ç'ÿñóâàòè ñóòü äàíîãî ïðîöåñó i âèáðà-
òè ôóíêöiþ u, ÿêà éîãî îäíîçíà÷íî îïèñó¹. Äàëi òðåáà âèêîðè-
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ñòàòè âiäïîâiäíèé çàêîí ôiçèêè, ùî õàðàêòåðèçó¹ ïðîöåñ, i çà-
ñòîñóâàòè éîãî äî äîâiëüíî¨ äiëÿíêè äîñëiäæóâàíîãî îá'¹êòà.
Âèêîðèñòîâóþ÷è ïðè öüîìó òåîðåìè ìàòåìàòè÷íîãî àíàëiçó,
îäåðæó¹ìî ïiñëÿ âiäïîâiäíèõ ïåðåòâîðåíü, íàïðèêëàä, ñïiââiä-
íîøåííÿ âèãëÿäó

t2∫
t1

dt

∫
Ω

F (x1, x2, x3, t, u, ux1 , . . . , ux3x3 , ut, utt)dx = 0.

îñêëiüêè îáëàñòü iíòåãðóâàííÿ Ω ⊂ R3 òà ïðîìiæîê (t1, t2) äî-
âiëüíi, à ïiäiíòåãðàëüíà ôóíêöiÿ íåïåðåðâíà íà Q := (t1, t2)×
Ω, òî âîíà â êîæíié òî÷öi îáëàñòi Q ìà¹ äîðiâíþâàòè íóëþ,
òîáòî

F (x1, x2, x3, t, u, ux1 , . . . , ux1x1, ux1x2 , . . . , ux3x3 , ut, utt) = 0. (4)

Öå i ¹ äèôåðåíöiàëüíå ðiâíÿííÿ ïðîöåñó. Äîäàòêîâi óìîâè (ïî-
÷àòêîâi, êðàéîâi òîùî) âèçíà÷àþòü áåçïîñåðåäíüî ç óìîâ ôi-
çè÷íîãî ïðîöåñó.

Ó äåÿêèõ âèïàäêàõ çðó÷íî ïîñòóïàòè ïî-iíøîìó. Çàìiñòü
òîãî, ùîá çàñòîñîâóâàòè çàêîí ïðèðîäè äî äîâiëüíî¨ äiëÿíêè,
ïðèïóñêàþòü, ùî çìiííi âåëè÷èíè, ÿêi õàðàêòåðèçóþòü ïðî-
öåñ, ¹ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèìè ôóíêöiÿìè, i çàñòî-
ñîâóþòü öåé çàêîí äî ìàëî¨ äiëÿíêè òiëà, îá÷èñëþþ÷è çíà÷å-
ííÿ ôiçè÷íèõ õàðàêòåðèñòèê ó äåÿêèõ ñåðåäíiõ òî÷êàõ. Ïîòiì
ïåðåõîäÿòü äî ãðàíèöi, ñòÿãóþ÷è ìàëó äiëÿíêó â òî÷êó. Ïðè
öüîìó îäåðæóþòü òàêîæ ðiâíÿííÿ âèãëÿäó (4).

Ïðèêëàä 1. Ñòðóíà äîâæèíîþ l íàòÿãíóòà ç ñèëîþ T0 i
çíàõîäèòüñÿ â ïðÿìîëiíiéíîìó ïîëîæåííi ðiâíîâàãè. Ó ìîìåíò
t = 0 òî÷êàì ñòðóíè íàäàþòüñÿ ïî÷àòêîâi âiäõèëåííÿ i øâèä-
êîñòi. Ïîñòàâèòè çàäà÷ó ïðî âèçíà÷åííÿ ìàëèõ ïîïåðå÷íèõ êî-
ëèâàíü òî÷îê ñòðóíè ïðè t > 0.

J Íåõàé âiñü OX çáiãà¹òüñÿ çi ñòàíîì ñòðóíè â ïîëîæåííi
ðiâíîâàãè. Ïiä ñòðóíîþ ðîçóìiòèìåìî òîíêó íèòêó, ÿêà çãèíà-
¹òüñÿ áåç îïîðó, òîáòî, ÿêùî ïîäóìêè ðîçðiçàòè ¨¨ â òî÷öi x, òî
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ñèëà äi¨ îäíi¹¨ äiëÿíêè íà iíøó, òîáòî ñèëà íàòÿãó T⃗ (x, t), íà-
ïðÿìëåíà âçäîâæ äîòè÷íî¨ äî ñòðóíè ó ìîìåíò ÷àñó t â òî÷öi
x (ðèñ. 1).

Îñêiëüêè êîëèâàííÿ ïîïåðå÷íi é ìàëi, òî ìîæíà ââàæàòè,
ùî êîæíà òî÷êà ñòðóíè ïåðåìiùó¹òüñÿ ëèøå ó íàïðÿìêó, ïåð-
ïåíäèêóëÿðíîìó äî îñi Ox. Òîìó êîëèâàííÿ â êîæíèé ìîìåíò
÷àñó t ïîâíiñòþ îïèñó¹òüñÿ âåëè÷èíîþ âiäõèëåííÿ u(x, t). Çãi-
äíî ç ïðèíöèïîì Äàëàìáåðà âñi ñèëè, ùî äiþòü íà âèäiëåíó
äiëÿíêó ñòðóíè, âêëþ÷àþ÷è é ñèëè iíåðöi¨, ïîâèííi âðiâíîâà-
æóâàòèñÿ. Ðîçãëÿíåìî ìàëó äiëÿíêó ñòðóíèM1M2 i îá÷èñëèìî
ñóìó âñiõ öèõ ñèë (íàòÿã íà êiíöÿõ äiëÿíêè, çîâíiøíi ñèëè òà
ñèëè iíåðöi¨). Âåëè÷èíà T ñèëè íàòÿãó çà çàêîíîì Ãóêà ïðî-
ïîðöiéíà âiäíîñíîìó âèäîâæåííþ äiëÿíêè. Âiçüìåìî äîâiëüíó
äiëÿíêó (x, x+∆x) ñòðóíè, ÿêà ïðè ¨¨ êîëèâàííi äåôîðìó¹òüñÿ
â äiëÿíêó M1M2. Äîâæèíà äóãè öi¹¨ äiëÿíêè â ìîìåíò ÷àñó t

äîðiâíþ¹

x+∆x∫
x

√
1 + u2ξ(ξ, t)dξ ≈ ∆x, áî êîëèâàííÿ ìàëi é òîìó

ìîæíà çíåõòóâàòè âåëè÷èíîþ u2ξ . Öå îçíà÷à¹, ùî âèäîâæåííÿ
äiëÿíîê ñòðóíè â ïðîöåñi êîëèâàííÿ íå âiäáóâà¹òüñÿ i, îòæå,
çà çàêîíîì Ãóêà âåëè÷èíà íàòÿãó T â êîæíié òî÷öi ñòðóíè íå
çìiíþ¹òüñÿ ç ÷àñîì. Çàóâàæèìî, ùî âåëè÷èíó íàòÿãó T ìîæíà
ââàæàòè íåçàëåæíîþ i âiä x, òîáòî T ≈ T0. Ñïðàâäi, îñêiëüêè
ìè âèâ÷à¹ìî ëèøå ïîïåðå÷íi êîëèâàííÿ, òî ñèëè iíåðöi¨ i çîâ-
íiøíi ñèëè íàïðÿìëåíi ïåðïåíäèêóëÿðíî äî îñi Ox, òîìó ñóìà
ïðîåêöié âñiõ ñèë íà âiñü Ox äîðiâíþ¹

T (x+∆x, t) cosα(x+∆x, t)− T (x, t) cosα(x, t) = 0,

äå α(x, t) � êóò ìiæ äîòè÷íîþ â òî÷öi ç àáñöèñîþ x äî ïðî-
ôiëÿ ñòðóíè â ìîìåíò ÷àñó t i äîäàòíèì íàïðÿìêîì îñi Ox.

Îñêiëüêè êîëèâàííÿ ìàëi, òî cosα(x, t) =
1√

1 + tg2 α(x, t)
=
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1√
1 + u2x(x, t)

≈ 1 i òîìó T (x, t) ≈ T (x+∆x, t). Çâiäñè, âðàõó-

âàâøè äîâiëüíiñòü x i ∆x, îäåðæèìî, ùî âåëè÷èíà íàòÿãó T
íå çàëåæèòü âiä x. Îòæå, ìîæíà ââàæàòè, ùî T ≈ T0 äëÿ âñiõ
çíà÷åíü x i t.

Ñóìà ïðîåêöié íà âiñü Ou ñèë íàòÿãó, ùî äiþòü ó òî÷êàõ
M1 i M2, äîðiâíþ¹ Y = T0(sinα(x + δx, t) − sinα(x, t)), àëå

âíàñëiäîê íàøèõ ïðèïóùåíü sinα(x, t) =
tgα(x, t)√

1 + tg2 α(x, t)
=

ux(x, t)√
1 + u2x(x, t)

≈ ux(x, t), i òîìó Y ≈ T0(ux(x+∆x, t)−ux(x, t)).

Çàóâàæèâøè òåïåð, ùî ux(x + ∆x, t) − ux(x, t) = uxx(x +
θ1∆x, t)∆x, äå θ1 ∈ (0, 1), îñòàòî÷íî äiñòàíåìî Y ≈ T0uxx(x +
θ1∆x, t)∆x.

Ïîçíà÷èìî ÷åðåç p(x, t) ãóñòèíó çîâíiøíüî¨ ñèëè, äiþ÷î¨ ó
ìîìåíò ÷àñó t íà òî÷êó ñòðóíè ïàðàëåëüíî îñi Ou i ðîçðàõîâà-
íî¨ íà îäèíèöþ äîâæèíè. Òîäi ïðîåêöiÿ íà âiñü Ou çîâíiøíüî¨
ñèëè, ÿêà äi¹ íà äiëÿíêó M1M2 ñòðóíè, äîðiâíþâàòèìå

F = p(x+ θ2∆x, t)∆x, θ2 ∈ (0, 1).

Íåõàé ρ(x) � ëiíiéíà ãóñòèíà ìàñè ñòðóíè â òî÷öi x. Òîäi
ïðîåêöiÿ ñèëè iíåðöi¨ äiëÿíêè M1M2 ñòðóíè íà âiñü Ou äîðiâ-
íþ¹

I = −ρ(x+ θ3∆x)utt(x+ θ3x, t)∆x,

äå θ3 ∈ (0, 1). Çãiäíî ç ïðèíöèïîì Äàëàìáåðà Y + F + I = 0,
òîáòî

(T0uxx(x+θ1∆x, t)+p(x+θ2∆x, t)−ρ(x+θ3∆x)utt(x+θ3∆x, t))∆x = 0.

ßêùî ïîiäëèòè öþ ðiâíiñòü íà ∆x i ïåðåéòè äî ãðàíèöi ïðè
∆x→ 0, òî äiñòàíåìî, ùî

ρ(x)utt(x, t) == T0uxx(x, t) + p(x, t), 0 < x < l, t > 0. (5)
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öå i ¹ øóêàíå ðiâíÿííÿ êîëèâàíü ñòðóíè.
ßêùî ρ = const, òîáòî ñòðóíà îäíîðiäíà, òî ðiâíÿííÿ (5)

çàïèñó¹òüñÿ ó âèãëÿäi

utt(x, t) = a2uxx(x, t) + f(x, t), 0 < x < l, t > 0, (6)

äå a :=

√
T0
ρ
, f(x, t) :=

p(x, t)

ρ
.

ßêùî çîâíiøíÿ ñèëà âiäñóòíÿ, òîáòî p ≡ 0, òî ìè äiñòàíåìî
ðiâíÿííÿ âiëüíèõ êîëèâàíü ñòðóíè utt = a2uxx.

Ïðèïóñòèìî, ùî â ìîìåíò ÷àñó t = 0 âiäõèëåííÿ êîëèâàííÿ
â êîæíié òî÷öi x ∈ [0, l] äîðiâíþâàëî φ(x), à øâèäêiñòü ψ(x),
òîáòî

u(x, t)|t=0 := u(x, 0) = φ(x),
ut(x, t)|t=0 := ut(x, 0) = ψ(x), 0 ≤ x ≤ l.

(7)

Óìîâè (7) íàçèâàþòüñÿ ïî÷àòêîâèìè óìîâàìè.
Äàëi, îñêiëüêè ñòðóíà îáìåæåíà, òî òðåáà âêàçàòè, ùî âiä-

áóâà¹òüñÿ íà ¨¨ êiíöÿõ. Äëÿ çàêðiïëåíî¨ íà êiíöÿõ ñòðóíè ïî-
âèííî áóòè

u(x, t)|x=0 := u(0, t) = 0, u(x, t)|x=l := u(l, t) = 0, t ≥ 0. (8)

ßêùî êiíöi ñòðóíè ðóõàþòüñÿ çà ïåâíèì çàêîíîì, òî

u(0, t) = µ1(t), u(l, t) = µ2(t), t ≥ 0. (9)

Ó âèïàäêó âiëüíèõ êiíöiâ ñèëà íàòÿãó íà íèõ, à îòæå, i ¨¨ ïðî-
åêöiÿ T0ux íà âiñü Ou äîðiâíþ¹ íóëþ, òîáòî

ux(0, t) = 0, ux(l, t) = 0, t ≥ 0. (10)

Óìîâè (8), (9), (10) íàçèâàþòüñÿ êðàéîâèìè óìîâàìè.
Êðàéîâi óìîâè ìîæóòü áóòè êîìáiíîâàíèìè, íàïðèêëàä, ëiâèé
êiíåöü âiëüíèé, à ïðàâèé çàêðiïëåíèé, òîáòî ux(0, t) = u(l, t) =
0 i ò.ï. I
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Çàóâàæåííÿ. Ìîæëèâi âèïàäêè, êîëè ãóñòèíà çîâíiøíüî¨
ñèëè çàëåæèòü âiä u i ut. Òîäi ðiâíÿííÿ (5) áóäå êâàçiëiíiéíèì
ðiâíÿííÿì.

Ïðèêëàä 2. Ñêëàñòè ìàòåìàòè÷íó ìîäåëü çàäà÷i ïðî ìàëi
êîëèâàííÿ âàæêî¨ îäíîðiäíî¨ íèòêè, çàêðiïëåíî¨ âåðõíiì êií-
öåì.

J ßê â ïðèêëàäi 1, êîëèâàííÿ îïèñóþòüñÿ âiäõèëåííÿì
u(x, t) êîæíî¨ òî÷êè x íèòêè âiä ¨¨ ïîëîæåííÿ ðiâíîâàãè â ìî-
ìåíò ÷àñó t. Ñêîðèñòàâøèñü ïðèíöèïîì Äàëàìáåðà äëÿ äî-
âiëüíî¨ äiëÿíêè íèòêè (x, x + ∆x) (äèâ. ðèñ. 2). Íåõàé äîâ-
æèíà íèòêè l, à ëiíiéíà ãóñòèíà ìàñè ρ = const. Íàòÿã ó
òî÷êàõ M1 i M2 äîðiâíþ¹ âiäïîâiäíî T (x, t) = ρg(l − x),
t(x + ∆x, t) = ρg(l − x − ∆x), äå g � ïðèñêîðåííÿ ñèëè òÿ-
æiííÿ (âàãà äiëÿíêè íèòêè [x, l] äîðiâíþ¹ ρ(l− x)g). Îñêiëüêè
ñèëà iíåðöi¨ íàïðÿìëåíà ïåðïåíäèêóëÿðíî äî îñi Ox, à çîâíi-
øíÿ ñèëà (âàãà äiëÿíêè M1M2) � ïàðàëåëüíî îñi Ox, òî ñóìà
ïðîåêöié âñiõ ñèë íà âiñü Ox äîðiâíþ¹ íóëþ:

−ρg(l − x) + ρg(l − x−∆x) + ρg∆x = 0.

Áóäåìî ïðîåêòóâàòè âñi äiþ÷è ñèëè íà âiñü Ou. Ñóìà ïðî-
åêöiÿ ñèë íàòÿãó â ìîìåíò ÷àñó t, ÿê i â ïðèêëàäi 1, äîðiâíþ-
âàòèìå

F = −ρg(l − x) sinα(x, t)− ρg(l − x−∆x) sinα(x+∆x, t) ≈

≈ ρg((l − x−∆x)ux(x+Deltax, t)− (l − x)ux(x, t)) =

= ρg((l − x− θ1∆x)ux(x+ θ1∆x, t))x∆x,

äå α � êóò, óòâîðåíèé äîòè÷íîþ äî ïðîôiëþ íèòêè â ìîìåíò
÷àñó t i âiññþ Ox, θ2 ∈ (0, 1). Çîâíiøíÿ ñèëà P⃗ (âàãà äiëÿíêè
M1M2) ó ìîìåíò ÷àñó t ïðîåêòó¹òüñÿ íà âiñü Ou â íóëü, à ñèëà
iíåðöi¨ çãiäíî ç äðóãèì çàêîíîì Íüþòîíà äîðiâíþ¹

I ≈ −ρutt(x+ θ2∆x, t)∆x, θ2 ∈ (0, 1).
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Íà ïiäñòàâi ïðèíöèïó Äàëàìáåðà F + I = 0, òîáòî

ρg((l− x− θ1∆x)ux(x+ θ1∆x, t))x∆x− ρutt(x+ θ2∆x, t)∆x = 0.

Çâiäñè, ñêîðîòèâøè íà ρ∆x, ïåðåéøîâøè äî ãðàíèöi ïðè∆x→
0 i âðàõóâàâøè íåïåðåðâíiñòü ïîõiäíèõ âiä u, îäåðæèìî

utt(x, t) = g((l − x)ux(x, t))x, 0 < x < l, t > 0. (11)

Îòæå, ìàëi êîëèâàííÿ âàæêî¨ îäíîðiäíî¨ íèòêè. îïèñóþ-
òüñÿ ðiâíÿííÿì (11). ßêùî âiäîìi ïî÷àòêîâå ïîëîæåííÿ i ïî÷à-
òêîâà øâèäêiñòü êîæíî¨ òî÷êè íèòêè, òî ìàòèìåìî ïî÷àòêîâi
óìîâè (7).

Îñêiëüêè âåðõíié êiíåöü íèòêè çàêðiïëåíèé, òî u(0, t) = 0.
Ùîá äiñòàòè óìîâó äëÿ íèæíüîãî êiíöÿ íèòêè x = l, ñêîðè-
ñòà¹ìîñÿ òèì, ùî êîëèâàííÿ ìàëi, i òîìó âiäõèëåííÿ ñêí÷åííå,
òîáòî |u(l, t)| < +∞. Òàêà óìîâà îïðàâäàíà òèì, ùî, õî÷ êî-
åôiöi¹íòè ðiâíÿííÿ (11) i ãëàäêi, àëå êîåôiöi¹íò g(l − x) ïðè
ñòàðøié ïîõiäíié uxx ïðè x = l ïåðåòâîðþ¹òüñÿ â íóëü, òîáòî
ðiâíÿííÿ âèðîäæó¹òüñÿ. Îòæå, êðàéîâi óìîâè â äàíîìó âèïàä-
êó ìàþòü òàêèé âèãëÿä:

u(0, t) = 0, |u(l, t)| < +∞, t ≥ 0,I

Ïðèêëàä 3. Âèâ÷èòè ïðîöåñ ïîøèðåííÿ òåïëà â içîòðî-
ïíîìó òâåðäîìó òiëi çà íàÿâíîñòi òåïëîâèõ äæåðåë, ÿêùî âi-
äîìà ïî÷àòêîâà òåìïåðàòóðà òî÷îê òiëà òà òåïëîâèé ðåæèì
íà éîãî ìåæi.

J Ðîçãëÿíåìî òâåðäå òiëî D ⊂ R3, òåìïåðàòóðà ÿêîãî â
òî÷öi x := (x1, x2, x3) ó ìîìåíò ÷àñó t âèçíà÷à¹òüñÿ ôóíêöi¹þ
u(x, t). ßêùî ÷àñòèíè òiëà ìàþòü ðiçíó òåìïåðàòóðó, òî â òiëi
áóäå âiäáóâàòèñÿ ðóõ òåïëà âiä áiëüø íàãðiòèõ ÷àñòèí äî ìåíø
íàãðiòèõ. Âiçüìåìî ÿêó-íåáóäü ïîâåðõíþ S âñåðåäèíi òiëà i íà
íié åëåìåíò σ, ïëîùó ÿêîãî ïîçíà÷àòèìåìî ÷åðåç ∆σ. Ç òåîði¨
òåïëîïðîâiäíîñòi âiäîìî, ùî êiëüêiñòü òåïëà ∆, ÿêà ïðîõîäèòü
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÷åðåç åëåìåíò σ çà ÷àñ ∆t, ïðîïîðöiéíà äîáóòêó ∆σ∆t i ïîõi-
äíié ∂v⃗u âiä òåìïåðàòóðè u âçäîâæ íîðìàëi v⃗ äî σ ó íàïðÿìêó
ðóõó òåïëà, òîáòî

∆Q = −k∆σ∆t∂v⃗u = −k∆σ∆t(gradu)v⃗, (12)

äå k > 0 � êîåôiöi¹íò âíóòðiøíüî¨ òåïëîïðîâiäíîñòi, (gradu)v⃗
� ïðîåêöiÿ âåêòîðà gradu := (ux1 , ux2 , ux3) íà íîðìàëü v⃗. Çà
óìîâîþ òiëî içîòðîïíå, òîìó êîåôiöi¹íò k çàëåæèòü ëèøå âiä
òî÷êè x òiëà i íå çàëåæèòü âiä íàïðÿìêó íîðìàëi â öié òî÷öi.

Äëÿ âèâåäåííÿ ðiâíÿííÿ ïîøèðåííÿ òåïëà ñêîðèñòà¹ìîñÿ
ðiâíÿííÿì òåïëîâîãî áàëàíñó: êiëüêiñòü òåïëà Q1, âè-
òðà÷åíîãî íà çìiíó òåìïåðàòóðè ïåâíî¨ îáëàñòi, äîðiâíþ¹
ñóìi êiëüêîñòi òåïëà Q2, ùî ïîñòóïèëî iççîâíi, i êiëüêîñòi
òåïëà Q3, ùî âèäiëèëîñÿ ó ìåæàõ äàíî¨ îáëàñòi âíàñëiäîê
õiìi÷íèõ, ðàäiîàêòèâíèõ òà iíøèõ ïðîöåñiâ. Ðîçãëÿíåìî äî-
âiëüíó ïiäîáëàñòü Ω ⊂ D ç ãëàäêîþ çàìêíåíîþ ìåæåþ S âïðî-
äîâæ ÷àñó (t1, t2). Íåõàé ó êîæíié òî÷öi x ãóñòèíà ìàñè òiëà
D äîðiâíþ¹ ρ(x), à òåïëî¹ìíiñòü c(x). Òîäi êiëüêiñòü òåïëà Q1,
ÿêà íåîáõiäíà äëÿ çìiíè òåìïåðàòóðè îáëàñòi Q íà âåëè÷èíó
u(x, t2)− u(x, t1), x ∈ Q, äîðiâíþ¹

Q2 =

∫
Ω

c(x)ρ(x)u(x, t2)dx−
∫
Ω

c(x)ρ(x)u(x, t1)dx =

=

∫
Ω

c(x)ρ(x)(u(x, t2)− u(x, t1))dx

àáî

Q1 =

t2∫
t1

dt

∫
Ω

c(x)ρ(x)ut(x, t)dx,

îñêiëüêè u(x, t2)− u(x, t1) =

t2∫
t1

ut(x, t)dt.
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Çãiäíî ç ôîðìóëîþ (12) ÷åðåç ïîâåðõíþ S çà ïðîìiæîê ÷àñó
(t1, t2) íàäõîäèòü êiëüêiñòü òåïëà

Q2 =

t2∫
t1

dt

∫
S

k(x)∂v⃗u(x, t)dS,

äå v⃗ � çîâíiøíÿ íîðìàëü äî ïîâåðõíi S.
Íåõàé F (x, t) � ãóñòèíà òåïëîâèõ äæåðåë ó òî÷öi x ó ìîìåíò

÷àñó t. Òîäi êiëüêiñòü òåïëà, ÿêå âèäiëèëîñÿ àáî ïîãëèíóëîñÿ
â îáëàñòi Ω çà ïðîìiæîê ÷àñó (t1, t2), äîðiâíþ¹

Q3 =

t2∫
t1

∫
Ω

F (x, t)dx.

Ñêëàäåìî òåïåð ðiâíÿííÿ áàëàíñó òåïëà äëÿ âèäiëåíî¨
îáëàñòi Ω. Î÷åâèäíî, ùî Q1 = Q2 +Q3, òîáòî
t2∫
t1

(∫
Ω

c(x)ρ(x)ut(x, t)dx−
∫
S

k(x)∂v⃗u(x, t)dS−
∫
Ω

F (x, t)dx
)
dt = 0.

Çãiäíî ç ôîðìóëîþ Îñòðîãðàäñüêîãî-�àóñà∫
S

k(x)∂v⃗u(x, t)dxS =

∫
Ω

div(k(x)gradu(x, t))dx,

òîìó ìà¹ìî
t2∫
t1

∫
Ω

(c(x)ρ(x)ut(x, t)dx− div(k(x)gradu(x, t))− F (x, t))dx = 0,

äå div(kgradu) :=
3∑
i=1

(kuxi)xi . Îñêiëüêè ïiäiíòåãðàëüíà ôóí-

êöiÿ íåïåðåðâíà, à îáëàñòü Ω i ïðîìiæîê ÷àñó (t1, t2) äîâiëüíi,
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òî äëÿ áóäü-ÿêî¨ òî÷êè x ∈ D i äëÿ äîâiëüíîãî ìîìåíòó ÷àñó
t > 0

c(x)ρ(x)ut(x, t) = div(k(x)gradu(x, t)) + F (x, t). (13)

Öå ðiâíÿííÿ íàçèâà¹òüñÿ ðiâíÿííÿì ïîøèðåííÿ òåïëà â
íåîäíîðiäíîìó içîòðîïíîìó òiëi.

ßêùî òiëî îäíîðiäíå, òî c, ρ, k � ñòàëi i ðiâíÿííÿ (13) ìîæíà
ïåðåïèñàòè ó âèãëÿäi

ut(x, t) = a2(ux1x1(x, t)+ux2x2(x, t))+f(x, t), x ∈ D, t > 0, (14)

äå a :=

√
k

cρ
, f(x, t) :=

F (x, t)

cρ
.

ßêùî â ðîçãëÿäóâàíîìó îäíîðiäíîìó òiëi íåìà¹ äæåðåë òå-
ïëà, òîáòî F (x, t) = 0, x ∈ D, t > 0, òî äiñòàíåìî îäíîðiäíå
ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut(x, t) = a2(ux1x1(x, t) + ux2x2(x, t) + ux3x3(x, t)), x ∈ D, t > 0,
(15)

ÿêå ¹ íàéïðîñòiøèì ðiâíÿííÿì ïàðàáîëi÷íîãî òèïó.
Çîêðåìà, êîëè òåìïåðàòóðà u çàëåæèòü ëèøå âiä êîîðäèíàò

x1, x2, t, ùî, íàïðèêëàä, ìà¹ ìiñöå ïðè ïîøèðåííi òåïëà â
òîíêié îäíîðiäíié ïëàñòèíöi, ðiâíÿííÿ (15) ïåðåõîäèòü ó òàêå:

ut(x, t) = a2(ux1x1(x, t) + ux2x2(x, t)), x ∈ D, t > 0.

Íàðåøòi, äëÿ òiëà ëiíiéíîãî ðîçìiðó, íàïðèêëàä, äëÿ òîí-
êîãî îäíîðiäíîãî ñòåðæíÿ, ðiâíÿííÿ òåïëîïðîâiäíîñòi íàáóâà¹
âèãëÿäó

ut(x, t) = a2uxx(x, t), x ∈ D, t > 0.

ßêùî â ìîìåíò ÷àñó t = 0 òåìïåðàòóðà â êîæíié òî÷öi x
òiëà äîðiâíþâàëà φ(x), òî

u(x, t)|t=0 := u(x, 0) = φ(x), x ∈ D, (16)
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¹ ïî÷àòêîâîþ óìîâîþ çàäà÷i.
Êðàéîâà óìîâà ìîæå çàäàâàòèñÿ ðiçíèìè ñïîñîáàìè, íà-

ïðèêëàä:
1) ó êîæíié òî÷öi ïîâåðõíi S çàäà¹òüñÿ òåìïåðàòóðà

u(x, t)|S = g1(z, t), z ∈ S, t ≥ 0, (17)

äå g1 � âiäîìà ôóíêöiÿ òî÷êè z ïîâåðõíi S i ÷àñó t;
2) íà ïîâåðõíi S çàäà¹òüñÿ òåïëîâèé ïîòiê q = −k∂v⃗u, çâiä-

êè
∂v⃗su(x, t)|S = g2(z, t), z ∈ S, t ≥ 0, (18)

äå v⃗z � âåêòîð çîâíiøíüî¨ íîðìàëi äî ïîâåðõíi S ó òî÷öi z, g2
� âiäîìà ôóíêöiÿ, ÿêà âèðàæà¹òüñÿ ÷åðåç çàäàíèé òåïëîâèé
ïîòiê çà ôîðìóîþ g2 = − q

k
;

3) íà ïîâåðõíi S çàäàíà òåìïåðàòóðà îòî÷óþ÷îãî ñåðåäîâè-
ùà u0; òîäi çà çàêîíîì Íüþòîíà òåïëîâèé ïîòiê q = −k∂v⃗u
ïðîïîðöiéíèé ðiçíèöi òåìïåðàòóð òiëà i ñåðåäîâèùà, òîáòî

−k∂v⃗u(x, t)|S = H(u(x, t)− u0)|S, t ≥ 0,

äå v⃗ � çîâíiøíÿ íîðìàëü äî S, àáî, ïîêëàâøè h :=
H

k
,

(∂v⃗u(x, t) + h(u(x, t)− u0))|S = 0, t ≥ 0. (19)

Îòæå, ìàòåìàòè÷íà ìîäåëü çàäà÷i ïðî ïîøèðåííÿ òåïëà
â içîòðîïíîìó òâåðäîìó òiëi òàêà: çíàéòè â îáëàñòi Q =
{(x, t)|x ∈ D, t > 0} ðîçâ'ÿçîê ðiâíÿííÿ (14), ÿêèé çàäîâîëü-
íÿ¹ ïî÷àòêîâó óìîâó (16) i îäíó ç êðàéîâèõ óìîâ (17), (18) àáî
(19). I

Ïðèêëàä 4. Ëiâèé êiíåöü òîíêîãî îäíîðiäíîãî ñòåðæíÿ
äîâæèíîþ l òåïëîiçîëüîâàíèé, ÷åðåç ái÷íó ïîâåðõíþ âiäáóâà-
¹òüñÿ òåïëîîáìií ç íàâêîëèøíiì ñåðåäîâèùåì, òåìïåðàòóðà
ÿêîãî äîðiâíþ¹ íóëþ, à òåìïåðàòóðà íà ïðàâîìó êiíöi ¹ çàäà-
íîþ ôóíêöi¹þ ÷àñó g(t), t ≥ 0. Ñêëàñòè ìàòåìàòè÷íó ìîäåëü
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çàäà÷i ïðî ïîøèðåííÿ òåïëà â ñòåðæíi, ÿêùî ïî÷àòêîâà òåì-
ïåðàòóðà íóëüîâà.

J Ñóìiñòèìî ïî÷àòîê êîîðäèíàò ç ëiâèì êiíöåì ñòåðæíÿ, à
âiñü Ox ñïðÿìó¹ìî âçäîâæ éîãî îñi. Îñêiëüêè ñòåðæåíü òîíêèé
îäíîðiäíèé, òî c, ρ i k ñòàëi, à çìiíîþ òåìïåðàòóðè â íàïðÿì-
êàõ îñåé Oy i Oz ìîæíà çíåõòóâàòè, òîáòî uyy = uzz = 0.
Ìåæà ñòåðæíÿ ñêëàäà¹òüñÿ ëèøå ç äâîõ òî÷îê x = 0. i x = l,
òîìó òåïëî, ÿêå íàäõîäèòü ÷åðåç ái÷íó ïîâåðõíþ, ñëiä ââàæà-
òè �âíóòðiøíiì�, òîáòî ∆Q3 = ∆S∆thu, îòæå, ãóñòèíà òåïëî-

âèõ äæåðåë F (x, t) =
∆Q3

∆v∆t
= hu(x, t)

∆S

∆v
, 0 < x < l, t > 0.

ßêùî ïðèïóñòèòè, ùî ïåðåðiç ñòåðæíÿ � êðóã ðàäióñà r, òî

∆S = 2πr∆x,∆v = πr2∆x i òîìó F (x, t) =
2h

r
u(x, t), 0 < x < l,

t > 0. Îòæå, ðiâíÿííÿ (14) íàáóäå âèãëÿäó

ut(x, t) = a2uxx(x, t) + bu(x, t), 0 < x < l, t > 0, (20)

äå b :=
2h

cρr
.

Ëiâèé êiíåöü ñòåðæíÿ òåïëîiçîëüîâàíèé, à òîìó ïîòiê òåïëà
÷åðåç íüîãî äîðiâíþ¹ íóëþ. Îñêiëüêè âiñü Ox i íîðìàëüíî v⃗
ïðîòèëåæíî íàïðÿìëåíi, òî ∂v⃗u = −ux, i òîìó ç óìîâè (18)
âèïëèâà¹, ùî

ux(0, t) = 0, t ≥ 0. (21)

Íà ïðàâîìó êiíöi

u(l, t) = g(t), t ≥ 0. (22)

Ïî÷àòêîâà òåìïåðàòóðà çãiäíî ç óìîâîþ íóëüîâà, òîáòî

u(0, 0) = 0, 0 ≤ x ≤ l. (23)

Îòæå, ìàòåìàòè÷íà ìîäåëü çàäà÷i âèðàæà¹òüñÿ ðiâíîñòÿìè
(20)�(23). I
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Çàóâàæåííÿ. ßêùî ïðèïóñòèòè, ùî òåìïåðàòóðà â êî-
æíié òî÷öi x óñåðåäèíi òiëà óñòàëèëàñÿ, òîáòî âîíà íå çìiíþ-
¹òüñÿ ç ÷àñîì, òî òîäi ut = 0 i ðiâíÿííÿ (15) íàáóâà¹ âèãëÿäó

ux1x1(x) + ux2x2(x) + ux3x3(x) = 0, x ∈ D. (24)

Ðiâíÿííÿ (24) íàçèâà¹òüñÿ ðiâíÿííÿì Ëàïëàñà. Äëÿ âè-
çíà÷åííÿ u òåïåð íå òðåáà çàäàâàòè ïî÷àòêîâèé ðîçïîäië òåì-
ïåðàòóðè (ïî÷àòêîâó óìîâó), à äîñèòü çàäàòè ëèøå êðàéîâó
óìîâó, íåçàëåæíó âiä ÷àñó.

Çàäà÷à ïðî çíàõîäæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ (24) çà éîãî
çíà÷åííÿì íà ìåæi ðîçãëÿäóâàíî¨ îáëàñòi íàçèâà¹òüñÿ çàäà-
÷åþ Äiðiõëå.

Çàäà÷à ïðî çíàõîäæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ (24), ÿêèé çà-
äîâîëüíÿ¹ êðàéîâó óìîâó ∂v⃗u(x)|S = φ(z), z ∈ S, íàçèâà¹òüñÿ
çàäà÷åþ Íåéìàíà.

ßêùî â òiëi ¹ äæåðåëà òåïëà, òî ðiâíÿííÿ, ÿêå îïèñó¹ óñòà-
ëåíèé òåïëîâèé ïðîöåñ, ìà¹ âèãëÿä

ux1x1(x) + ux2x2(x) + ux3x3(x) = f(x), x ∈ D. (25)

Ðiâíÿííÿ (25) íàçèâà¹òüñÿ ðiâíÿííÿì Ïóàññîíà, äëÿ íüî-
ãî òàêîæ ðîçãëÿäàþòüñÿ çàäà÷i Äiðiõëå i Íåéìàíà.

Âïðàâè

O1. Ñôîðìóëþâàòè çàäà÷ó ïðî ìàëi ïîçäîâæíi êîëèâàííÿ
ïðóæíîãî îäíîðiäíîãî ñòåðæíÿ çìiííîãî ïåðåðiçó S(x) äîâæè-
íîþ l ïðè äîâiëüíèõ ïî÷àòêîâèõ óìîâàõ äëÿ âèïàäêiâ, êîëè:

à) ñòåðæåíü ìà¹ ôîðìó çðiçàíîãî êîíóñà ç ðàäióñàìè îñíîâ
r i R (r < R), ÿêi çàêðiïëåíi æîðñòêî;

á) êiíåöü ñòåðæíÿ x = 0 çàêðiïëåíèé ïðóæíî, à äî êiíöÿ
x = l, ïî÷èíàþ÷è ç ìîìåíòó t = 0, ïðèêëàäåíà ïîçäîâæíÿ
ñèëà f(t), t > 0, íà îäèíèöþ ïëîùi ïåðåðiçó.
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O2. Ïîñòàâèòè çàäà÷ó ïðî ìàëi êîëèâàííÿ ñòðóíè â ñåðå-
äîâèùi ç îïîðîì, ïðîïîðöiéíèì øâèäêîñòi, ïðèïóñêàþ÷è, ùî
êiíöi ñòðóíè çàêðiïëåíi.

O3. Äàíî îäíîðiäíó êóëþ ðàäióñà R ç íóëüîâîþ ïî÷àòêî-
âîþ òåìïåðàòóðîþ. Ïîñòàâèòè çàäà÷ó ïðî ðîçïîäië òåìïåðà-
òóðè ïðè t > 0 âñåðåäèíi êóëi, ÿêùî: à) êóëÿ íàãðiâà¹òüñÿ
ðiâíîìiðíî ïî âñié ïîâåðõíi ñòàëèì òåïëîâèì ïîòîêîì q; á) íà
ïîâåðõíi êóëi âiäáóâà¹òüñÿ êîíâåêòèâíèé òåïëîîáìií çà çàêî-
íîì Íüþòîíà ç íàâêîëèøíiì ñåðåäîâèùåì, òåìïåðàòóðà ÿêîãî
çàëåæèòü òiëüêè âiä ÷àñó.

O4. Ó òðóáöi äîâæèíîþ l ñòàëîãî ïåðåðiçó S, îäíîðiäíî
çàïîâíåíié ïîðèñòîþ ðå÷îâèíîþ, âiäáóâà¹òüñÿ äèôóçiÿ ãàçó ç
ïî÷àòêîâîþ (ïðè t = 0) êîíöåíòðàöi¹þ φ(x), 0 < x < l. Ïîñòà-
âèòè çàäà÷ó ïðî âèçíà÷åííÿ êîíöåíòðàöi¨ u ãàçó â òðóáöi ïðè
t > 0, ââàæàþ÷è ái÷íó ïîâåðõíþ òðóáêè ãàçîíåïðîíèêíîþ,
äëÿ âèïàäêiâ, êîëè:

à) íà êiíöi x = 0, ïî÷èíàþ÷è ç ìîìåíòó t = 0, ïiäòðè-
ìó¹òüñÿ êîíöåíòðàöiÿ ãàçó µ(t), t > 0, à êiíåöü x = l ïå-
ðåêðèòèé ïîðèñòîþ ïåðåãîðîäêîþ, òîáòî íà öüîìó êiíöi âiä-
áóâà¹òüñÿ ãàçîîáìií ç íàâêîëèøíiì ñåðåäîâèùåì çà çàêîíîì,
àíàëîãi÷íèì çàêîíó Íüþòîíà äëÿ êîíâåêòèâíîãî òåïëîîáìiíó,
ïðè÷îìó êîíöåíòðàöiÿ ãàçó â çîâíiøíüîìó ñåðåäîâèùi äîðiâ-
íþ¹ íóëþ.

O5. Àáñîëþòíî ãíó÷êà íèòêà äîâæèíîþ l ïiäâiøåíà çà êi-
íåöü x = l, à íà äðóãîìó êiíöi x = 0 ïðèêðiïëåíî âàíòàæ
ìàñîþ M . Ëiíiéíà ãóñòèíà íèòêè ρ çìiíþ¹òüñÿ çà çàêîíîì

ρ(x) =
A√
l1 + x

, 0 < x < l, äå ñòàëi A i l1 çâ'ÿçàíi ç ìàñîþ

âàíòàæó ñïiââiäíîøåííÿì M = 2A
√
l1. Äîâåñòè, ùî ðiâíÿí-

íÿ ìàëèõ êîëèâàíü íèòêè íàâêîëî ïîëîæåííÿ ðiâíîâàãè ìà¹

âèãëÿä uyy =
1

u2
utt, a :=

√
q

2
, y :=

√
l + l1 −

√
l1 + x.

O6. Ïîñòàâèòè çàäà÷ó äëÿ ïîïåðå÷íèõ êîëèâàíü âàæêî¨
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ñòðóíè äîâæèíîþ l, ùî îáåðòà¹òüñÿ ç êóòîâîþ øâèäêiñòþ ω
âiäíîñíî âåðòèêàëüíîãî ïîëîæåííÿ ðiâíîâàãè, âåðõíié êiíåöü
ÿêî¨ æîðñòêî çàêðiïëåíî, à íèæíié � âiëüíèé.

O7. Ïîñòàâèòè çàäà÷ó ïðî âèçíà÷åííÿ ñòàöiîíàðíî¨ êîíöåí-
òðàöi¨ íåñòiéêîãî ãàçó â öèëiíäði ðàäióà R0 i âèñîòè h, ÿêùî
â öèëiíäði ¹ äæåðåëî ãàçó (âíàñëiäîê õiìi÷íî¨ ðåàêöi¨) ñòà-
ëî¨ ïîòóæíîñòi Q, à øâèäêiñòü ðîçïàäó ãàçó ïðîïîðöiéíà éîãî
êîíöåíòðàöi¨ u, äëÿ âèïàäêiâ, êîëè:

à) íà îñíîâàõ öèëiíäðà z = 0 i z = h êîíöåíòðàöiÿ ãàçó
ïiäòðèìó¹òüñÿ íóëüîâîþ, à ái÷íà ïîâåðõíÿ öèëiíäðà ãàçîíå-
ïðèíèêíà;

á) îñíîâè z = 0 i z = h öèëiíäðà ïîðèñòi (÷åðåç íèõ âiäáó-
âà¹òüñÿ äèôóçiÿ çà çàêîíîì, àíàëîãi÷íèì çàêîíó Íüþòîíà äëÿ
êîíâåêòèâíîãî òåïëîîáìiíó), à íà ái÷íié ïîâåðõíi ïiäòðèìó¹-
òüñÿ íóëüîâà êîíöåíòðàöiÿ ãàçó, ïðè öüîìó êîíöåíòðàöiÿ ãàçó
â çîâíiøíüîìó ñåðåäîâèùi äîðiâíþ¹ íóëþ.

O8. Ñêëàñòè ìàòåìàòè÷íó ìîäåëü çàäà÷i ïðî ïîïåðå÷íi êî-
ëèâàííÿ íåîäíîðiäíî¨ ïðÿìîêóòíî¨ ìåìáðàíè {0 < x,< p, 0 <
y < q}, ÿêi âèêëèêàíi ïî÷àòêîâèì âiäõèëåííÿì φ(x, y) = Axy,
A = const, çà óìîâè, ùî ÷àñòèíà ìåæi {x = p, 0 ≤ y ≤ q} i
{y = q, 0 ≤ x ≤ p} âiëüíà, à iíøà ÷àñòèíà ìåæi çàêðiïëåíà
æîðñòêî, ââàæàþ÷è, ùî ïî÷àòêîâi øâèäêîñòi òî÷îê ìåìáðà-
íè äîðiâíþþòü íóëþ, à îòî÷óþ÷å ñåðåäîâèùå íå ÷èíèòü îïîðó
êîëèâàííÿì.

C1. Ïîñòàâèòè çàäà÷ó ïðî îõîëîäæåííÿ òîíêîãî êiëüöÿ, ÷å-
ðåç ïîâåðõíþ ÿêîãî âiäáóâà¹òüñÿ êîíâåêòèâíèé òåïëîîáìií çà
çàêîíîì Íüþòîíà ç íàâêîëèøíiì ñåðåäîâèùåì, ùî ìà¹ çàäà-
÷ó òåìïåðàòóðó. Íåðiâíîìiðíiñüþ ðîçïîäiëó òåìïåðàòóðè ïî
òîâùèíi êiëüöÿ íåõòóâàòè.

C2. Äâi ïëàñòèíêè çàâäîâæêè l1 i l2, âèãîòîâëåíi ç ðiçíèõ
ìàòåðiàëiâ i íàãðiòi äî òåìïåðàòóð u0 i v0, ó ìîìåíò t = 0 ââî-
äÿòüñÿ â äîòèê îäíà ç îäíîþ. Ñêëàñòè ðiâíÿííÿ, ÿêi îïèñóþòü
ïðîöåñ âèðiâíþâàííÿ òåìïåðàòóð, ââàæàþ÷è, ùî âiëüíi ãðàíi
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òåïëîiçîëüîâàíi âiä íàâêîëèøíüîãî ñåðåäîâèùà.
C3. Ç'ÿñóâàòè, ÷è ñïiââiäíîøåííÿ ¹ äèôåðåíöiàëüíèì ðiâ-

íÿííÿì iç ÷àñòèííèìè ïîõiäíèìè:
à) u2xx − u2yy = (uxxuyy)

2;

á) (tg u)x − ux
1

cos2 u
= 3u− 2.

C4. Âèçíà÷èòè ïîðÿäîê ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè:
à) 2(ux − 2u)uxy − ((u− x− 2u)2)y = xy;
á) (u2yy − uy)x − 2uyy(xxy − ux)y = 2(ux − 1);
â) 2uxxuxxy − ((uxx − uy)

2)y = 2uyuxxy − ux.
C5. Ñêëàñòè ìàòåìàòè÷íó ìîäåëü çàäà÷i ïðî ïîïåðå÷íi êî-

ëèâàííÿ êðóãëî¨ ìåìáðàíè ðàäióñà R, ÿêi âèêëèêàíi íåïåðåðâ-
íî ðîçïîäiëåíîþ ïî ìåìáðàíi ïîïåðå÷íî äiþ÷îþ ñèëîþ ç ãó-
ñòèíîþ q sinωt, ùî äi¹ ç ìîìåíòó t = 0, ÿêùî êðàé ìåìáðàíè
çàêðiïëåíî ïðóæíî.

Äîìàøí¹ çàâäàííÿ

Ä1. Âåðõíié êiíåöü ïðóæíîãî îäíîðiäíîãî âåðòèêàëüíî
ïiäâiøåíîãî âàæêîãî ñòåðæíÿ äîâæèíîþ l æîðñòêî ïðèêði-
ïëåíî äî ñòåëi ëiôòà, ÿêèé âiëüíî ïàäà¹, ïðè÷îìó, äîñÿãíóâ-
øè øâèäêîñòi v, âií óìèòü çóïèíÿ¹òüñÿ. Ïîñòàâèòè çàäà÷ó ïðî
ìàëi ïîçäîâæíi êîëèâàííÿ öüîãî ñòåðæíÿ.

Ä2. Íåîäíîðiäíà íèòêà, ãóñòèíà ÿêî¨ çìiíþ¹òüñÿ çà çàêî-
íîì ρ(x) =

a√
b2 − x2

, 0 < x < l, (a > 0, b > l) ïðèêðiïëåíà

êiíöåì x = 0 äî íåðóõîìî¨ îñi, à íà äðóãîìó êiíöi x = l ïðè-
êðiïëåíà êóëüêà, ìàñà ÿêî¨ M =

a

l

√
b2 − l2.

Äîâåñòè, ùî ïðè îáåðòàííi íèòêè çi ñòàëîþ êóòîâîþ øâèä-
êiñòþ ω íàâêîëî âêàçàíî¨ îñi ðiâíÿííÿ ìàëèõ êîëèâàíü ìà¹
âèãëÿä utt = ω2uyy, äå y := arcsin x

b
.

Ä3. Ïîñòàâèòè çàäà÷ó ïðî ìàëi ïîçäîâæíi êîëèâàííÿ îäíî-
ðiäíîãî ïðóæíîãî ñòåðæíÿ äîâæèíîþ l, îäèí êiíåöü ÿêîãî çà-
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êðiïëåíî æîðñòêî, à äðóãèé � ïðóæíî, òîáòî çàçíà¹ îïîðó, ïðî-
ïîðöiéíîãî øâèäêîñòi. Îïîðîì ñåðåäîâèùà çíåõòóâàòè.

Ä4. Äàíî òîíêèé îäíîðiäíèé ñòåðæåíü äîâæèíîþ l, ïî÷à-
òêîâà òåìïåðàòóðà ÿêîãî φ(x), 0 ≤ x ≤ l. Ïîñòàâèòè êðàéîâó
çàäà÷ó ïðî âèçíà÷åííÿ òåìïåðàòóðè ñòåðæíÿ, ÿêùî íà êiíöi
x = 0 ïiäòðèìó¹òüñÿ ñòàëà òåìïåðàòóðà u0, à íà ái÷íié ïî-
âåðõíi i íà êiíöi x = l âiäáóâà¹òüñÿ êîíâåêòèâíèé òåïëîîáìií
çà çàêîíîì Íüþòîíà ç íàâêîëèøíiì ñåðåäîâèùåì, òåìïåðàòó-
ðà ÿêîãî äîðiâíþ¹ íóëþ.

Ä5. Îäíîðiäíèé ñòåðæåíü äîâæèíîþ l ñòàëîãî ïåðåðiçó S
ìà¹ ïî÷àòêîâó òåìïåðàòóðó φ(x), 0 ≤ x ≤ l. Íà ïîâåðõíi ñòåð-
æíÿ âiäáóâà¹òüñÿ êîíâåêòèâíèé òåïëîîáìií çà çàêîíîì Íüþ-
òîíà ç ñåðåäîâèùåì, ÿêå ìà¹ òåìïåðàòóðó v(t), t > 0. Êiíöi
ñòåðæíÿ x = 0 i x = l çàòèñíóòè â ìàñèâíi êëåìè iç çàäàíèìè
òåïëî¹ìíîñòÿìè C i Q âiäïîâiäíî i äîñòàòíüî âåëèêîþ òåïëî-
ïðîâiäíiñòþ. Ñôîðìóëþâàòè çàäà÷ó ïðî âèçíà÷åííÿ òåìïåðà-
òóðè u ïðè t > 0 ó öüîìó ñòåðæíi äëÿ âèïàäêiâ, êîëè:

1) ñòåðæåíü íàãðâà¹òüñÿ åëåêòðè÷íèì ñòðóìîì ñèëîþ I,
ÿêèé òå÷å îï íüîìó;

2) ïî÷èíàþ÷è ç ìîìåíòó t = 0, ó ñòåðæíi äiþòü òåïëîâi
äæåðåëà ç îá'¹ìíîþ ãóñòèíîþ F (x, t), 0 < x < l, t > 0;

3) òåïëî â ñòåðæíi ïîãëèíà¹òüñÿ ïðîïîðöiéíî ut ó êîæíié
éîãî òî÷öi.

Ä6. Âèâåñòè ðiâíÿííÿ ñòàöiîíàðíîãî ïðîöåñó äèôóçi¨:
à') â îäíîðiäíîìó içîòðîïíîìó ñåðåäîâèùi, ÿêå ïåðåáóâà¹ ó

ñòàíi ñïîêîþ;
á) â îäíîðiäíîìó içîòðîïíîìó ñåðåäîâèùi, ÿêå ðóõà¹òüñÿ iç

çàäàíîþ øâèäêiñòþ âçäîâæ îñi Ox.
Ä7. Ïîñòàâèòè çàäà÷ó ïðî âèçíà÷åííÿ ñòàöiîíàðíîãî ðîç-

ïîäiëó òåìïåðàòóðè â òâåðäîìó òiëi, ùî ìà¹ ôîðìó îáìåæå-
íîãî öèëiíäðà, ÿêùî íà éîãî íèæíþ îñíîâó ïîäà¹òüñÿ ñòàëèé
òåïëîâèé ïîòiê q, ái÷íà ïîâåðõíÿ òåïëîiçîëüîâàíà, à âåðõíÿ
îñíîâà ïiäòðèìó¹òüñÿ ïðè çàäàíié òåìïåðàòóði.
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Âiäïîâiäi

Î1. à)
(
r+

R− r

l
x
)2
utt =

E

ρ

((
r+

R− r

l
x
)2
ux

)
x
, 0 < x < l,

l > 0, u(0, t) = 0, u(l, t) = 0, t ≥ 0, u(x, 0) = φ(x), ut(x, 0) =
ψ(x), 0 ≤ x ≤ l;

á) ρSutt = e(Sux)x, 0 < x < l, l > 0, S(0)Eux(0, t)−σu(0, t) =
0, Euxx(l, t) = F (t), t ≥ 0, u(x, 0) = φ(x), ut(x, 0) = ψ(x),
0 ≤ x ≤ l, σ � êîåôiöi¹íò æîðñòêîñòi ïðóæíîãî êðiïëåííÿ.

Î2. Äëÿ âèçíà÷åííÿ ïîïåðå÷íèõ âiäõèëåíü u òî÷îê ñòðóíè
âiä ¨õíüîãî ïîëîæåííÿ ðiâíîâàãè äiñòàíåìî çàäà÷ó

utt(x, t) = a2uxx(x, t)− 2v2ut(x, t), 0 < x,< l, t > 0,

u(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = f(x), ut(x, 0) = F (x), 0 ≤ x ≤ l,

äå 2v2 := k/ρ, ρ � ëiíiéíà ãóñòèíà ìàñè ñòðóíè, k � êîåôiöi¹íò
òåðòÿ, òîáòî êîåôiöi¹íò ïðîïîðöiéíîñòi â ñïiââiäíîøåííi Φ =
−kut, ÿêå âèðàæà¹ ñèëó òåðòÿ, äiþ÷ó íà îäèíèöþ äîâæèíè
ñòðóíè.

Î3. ut = a2(urr +
2
r
ur), 0 < r < R, t > 0; u(r, 0) = 0,

0 ≤ r ≤ R; êðàéîâi óìîâè: à) |u(0, t)| < +∞, ur(R, t) =
q

k
,

t > 0; á) |u(0, t)| < +∞, (ur + hu)|r=R = φ(t), t ≥ 0, h :=
H

k
.

Î4. à) ut = a2uxx, 0 < x < l, t > 0, a2 :=
αD

c
, u(0, t) = µ(t),

ux(l, t) = 0, t ≥ 0, u(x, 0) = φ(x), 0 ≤ x ≤ l, α � êîåôiöi¹íò
ïîðèñòîñòi ïåðåðiçó, ÿêèé äîðiâíþ¹ âiäíîøåííþ ïëîùi ïîð ó
äàíîìó ïåðåðiçi äî ïëîùi öüîãî ïåðåðiçó;

á) ut = a2uxx, 0 < x < l, t > 0, a2 :=
αD

c
, ux(0, t) =

− 1
αSD

q(t), ux(l, t)+
α

D
u(l, t) = 0, t ≥ 0, u(x, 0) = φ(x), 0 ≤ x ≤ l,
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äå D � êîåôiöi¹íò äèôóçi¨, c � êîåôiöi¹íò ïîðèñòîñòi ñåðåäîâè-
ùà òðóáêè, α � êîåôiöi¹íò äèôóçi¨ ÷åðåç ïîðèñòó ïåðåãîðîäêó.

Î6. utt = g((l − x)ux)x + ω2u, 0 < x < l, t > 0, u(0, t) = 0,
|u(l, t)| < +∞, t ≥ 0, u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l.

Î7. à) K∆u − γu + Q = 0, 0 < r < R0, 0 < z < h, t > 0,
u(r, 0) = 0, u(r, h) = 0, 0 ≤ r < R0, ur(R0, z) = 0, 0 ≤ z ≤ h, äå
γ � êîåôiöi¹íò ðîçïàäó ãàçó.

Î8. utt = a2(uxx + uyy), 0 < x < p, 0 < y < q, t > 0,
u(0, y, t) = 0, ux(p, y, t) = 0, 0 ≤ y ≤ q, t ≥ 0, u(x, 0, t) = 0,
uy(x, q, t) = 0, 0 ≤ x ≤ p, t ≥ 0, u(x, y, 0) = Axy, ut(x, y, 0) = 0,
0 ≤ x ≤ p, 0 ≤ y ≤ q.

Ñ1. uxx = − 1

a2
ut = b(u− u0), a :=

√
k

cρ
, b :=

αl

kσ
, 0 < x,< l,

t > 0, u(x, 0) = φ(x), 0 ≤ x ≤ l, u(0, t) = u(l, t), ux(0, t) =
ux(l, t), t ≥ 0.

Ñ2. uxx =
c1ρ1
k1

ut, 0 < x < l1, vxx =
c2ρ2
k2

vt, l1 < x < l1 + l2.

Ñ3. à) òàê, á) íi.
Ñ4. à) ïåðøîãî ïîðÿäêó, á) i â) � äðóãîãî ïîðÿäêó.
Ñ5. utt = a2(urr +

1
r
) + q

r
sinωt, 0 < r < R, t > 0, |u(0, t)| <

+∞, (ur(R, t) + hu(R, t)) = 0, t ≥ 0, u(r, 0) = 0, ut(r, 0) = 0,
0 ≤ e ≤ R, äå ρ � ïîâåðõíåâà ãóñòèíà ìàñè ìåìáðàíè, h > 0.

Ä1. uxx = − 1

a2
utt = − g

a2
, äå a :=

√
E

ρv
, 0 < x < l, t > 0;

u(0, t) = 0, ux(l, t) = 0, t ≥ 0; u(x, 0) = 0, ut(x, 0) = v(x),
0 ≤ x ≤ l.

Ä3. utt = a2uxx, 0 < x < l, t > 0, a2 :=
E

ρ
, u(0, t) = 0,

(ESux − kut)|x=l = 0, t ≥ 0; u(x, 0) = φ(x), ut(x, 0) = ψ(x),
0 ≤ x ≤ l, äå k � êîåôiöi¹íò òåðòÿ äëÿ êiíöÿ ñòåðæíÿ x = l.
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Òåìà 19. ÊËÀÑÈÔIÊÀÖIß ÒÀ ÇÂÅÄÅÍÍß ÄÎ
ÊÀÍÎÍI×ÍÎÃÎ ÂÈÃËßÄÓ ÐIÂÍßÍÜ IÇ
×ÀÑÒÈÍÍÈÌÈ ÏÎÕIÄÍÈÌÈ ÄÐÓÃÎÃÎ

ÏÎÐßÄÊÓ

10. Âèïàäîê äîâiëüíîãî ÷èñëà íåçàëåæíèõ çìiííèõ.
Ðîçãëÿíåìî â îáëàñòi Ω ⊂ Rn ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ
ç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó

n∑
i,j=1

aij(x)uxixj +
n∑
i=1

ai(x)uxi + a(x)u = f(x), (1)

äå x := (x1, . . . , xn), êîåôiöi¹íòè aij, ai, a òà ïðàâà ÷àñòèíà f ¹
äiéñíîçíà÷íèìè ôóíêöiâÿìè i, êðiì òîãî aij(x) = aji(x), x ∈ Ω,
{i, j} ⊂ {1, . . . , n}.

Íåõàé x0 � äîâiëüíà òî÷êà ç Ω. Ðîçãëÿíåìî ðiâíÿííÿ (1)
iç îá÷èñëåíèìè â öié òî÷öi êîåôiöi¹íòàìè aij ãðóïè ñòàðøèõ
÷ëåíiâ, òîáòî ðiâíÿííÿ

n∑
i,j=1

aij(x
0)uxixj +

n∑
i=1

ai(x)uxi + a(x)u = f(x). (2)

Çðîáèìî â ðiâíÿííi (2) íåâèðîäæåíó çàìiíó çìiííèõ

ξk =
n∑
j1

αkjxj, k ∈ {1, . . . , n}, det(αkj)nkj=1 ̸= 0. (3)

Ïðè çàìiíi (3) ôóíêöiÿ u(x) ïåðåéäå ó ôóíêöiþ ũ(ξ). Âèðàçèìî
ïîõiäíi âiä ôóíêöi¨ u çà x ÷åðåç ïîõiäíi âiä ôóíêöi¨ ũ çà ξ:

uxi =
n∑
k=1

ũξk(ξk)xi =
n∑
k=1

ũξkαki,

uxixj =
n∑

m=1

(ũxi)ξm(ξm)xj =
n∑

k,m=1

ũξkξmαkiαmj.



182

Ïiäñòàâèâøè öi âèðàçâ â (2) äiñòàíåìî ðiâíÿííÿ

n∑
k,m=1

α̃km(x
0)ũξkξm = F (ξ, ũ, ũξ1 , . . . , ũξn), (4)

äå α̃km(x0) :=
n∑

i,j=1

αij(x
0)αkiαmj, à F (ξ, ũ, ũξ1 , . . . ũξn) � ôóí-

êöiÿ, ÿêà íå çàëåæèòü âiä äðóãèõ ïîõiäíèõ ôóíöi¨ ũ.
Ðîçãëÿíåìî òåïåð êâàäðàòè÷íó ôîðìó

K =
n∑

i,j=1

aij(x
0)yiyj, (y1, yj) ∈ Rn, (5)

i çðîáèìî â íié çàìiíó çìiííèõ

yi =
n∑
k=1

αkizk, i ∈ {1, . . . , n}. (6)

Òîäi

K =
n∑

i,j=1

aij(x
0)

n∑
k=1

αkizk

n∑
m=1

αmj
zm =

=
n∑

k,m=1

( n∑
i,j=1

aij(x
0)αkiαmj

)
zk =

n∑
k,m=1

akm(x
0)zkzm.

Îòæå, êîåôiöi¹íòè êâàäðàòè÷íî¨ ôîðìè ïðè ïåðåòâîðåí-
íi (6) çìiíþþòüñÿ òàê ñàìî, ÿê êîåôiöi¹íòè ãðóïè ñòàðøèõ
÷ëåíiâ ðiâíÿííÿ (2) ïðè ïåðåòâîðåííi (3). Î÷åâèäíî, ùî äëÿ
çíàõîäæåííÿ ìàòðèöi ïåðåòâîðåííÿ (3) òðåáà âçÿòè ìàòðèöþ
ïåðåòâîðåííÿ (6), çíàéòè äëÿ íå¨ îáåðíåíó ìòðèöþ i òðàíñïî-
íóâàòè ¨¨.
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Ç êóðñó àëãåáðè âiäîìî, ùî íåâèðîäæåíå ïåðåòâîðåííÿ (6)
ìîæíà âèáðàòè òàê, ùîá êâàäðàòè÷íà ôîðìà (5) çâåëàñÿ äî
êàíîíi÷íîãî âèãëÿäó

K =
n∑
i=1

λi(x
n)z2i , λi ∈ {−1, 0, 1}.

Òîäi, âèáðàâøè îïèñàíèì âèùå ñïîñîáîì ïåðåòîðåííÿ (3), çâå-
äåìî ðiâíÿííÿ (2) äî êàíîíi÷íîãî âèãëÿäó

n∑
i=1

λi(x
0)ũξiξi = F (ξ, ũ, ũξ1 , . . . , ξn).

Ïîçíà÷èìî ÷åðåç n+ := n+(x
0) ÷èñëî äîäàòíèõ λi, ÷åðåç

n− := n−(x
0) � ÷èñëî âiä'¹ìíèõ λi, à ÷åðåç n0 := n0(x

0) � ÷èñëî
íóëüîâèõ λi, n = n+ + n− + n0.

Ðiâíÿííÿ (1) íàçèâà¹òüñÿ åëiïòè÷íèì ó òî÷öi x0 (ðiâíÿ-
ííÿì åëiïòè÷íîãî òèïó â òî÷öi x0), ÿêùî n+ = n àáî n− = n.

Ðiâíÿííÿ (1) íàçèâà¹òüñÿ ãiïåðáîëi÷íèì ó òî÷öi x0 (ðiâ-
íÿííÿì ãiïåðáîëi÷íîãî òèïó â òî÷öi x0), ÿêùî n+ = 1, à
n− = n− 1 àáî n− = 1, à n+ = n− 1.

Ðiâíÿííÿ (1) íàçèâà¹òüñÿ ïàðàáîëi÷íèì ó òî÷öi x0 (ðiâ-
íÿííÿì ïàðàáîëi÷íîãî òèïó â òî÷öi x0), ÿêùî n0 = 1, à
n− = n− 1 àáî n+ = n− 1.

Íàâåäåíi ñïiââiäíîøåííÿ ìiæ n+, n− i n0, î÷åâèäíî, íå âè-
÷åðïóþòü óñiõ ìîæëèâèõ âèïàäêiâ. Òîìó ðiâíÿííÿ ó òî÷öi x0

ìîæå íå íàëåæàòè äî æîäíîãî iç çàçíà÷åíèõ òèïiâ. Òàêå ðiâíÿ-
ííÿ íàçèâàþòü áåçòèïíèì. Ñåðåä áåçòèïíèõ ó öüîìó ðîçóìií-
íi ðiâíÿíü âèäiëÿþòü óëüòðàãiïåðáîëi÷íi é óëüòðàïàðàáîëi÷íi.

Ðiâíÿííÿ (1) íàçèâà¹òüñÿ:
1) óëüòðàãiïåðáîëi÷íèì ó òî÷öi x0, ÿêùî n0 = 0, n+ ≥ 2,

n− ≥ 2;
2) óëüòðàïàðàáîëi÷íèì ó òî÷öi x0, ÿêùî n0 ≥ 2, à n− =

0 àáî n+ = 0.
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Ðiâíÿííÿ (1) íàçèâà¹òüñÿ åëiïòè÷íèì, ãiïåðáîëi÷íèì,
ïàðàáîëi÷íèì, óëüòðàãiïåðáîëi÷íèì ÷è óëüòðàïàðàáî-
ëi÷íèì â îáëàñòi Ω, ÿêùî âîíî ¹ òàêèì ó êîæíié òî÷öi öi¹¨
îáëàñòi.

Ç ïîïåðåäíüîãî âèïëèâà¹, ùî ðiâíÿííÿ (1) ìîæå â ðiçíèõ
ïiäîáëàñòÿõ îáëàñòi Ω íàëåæàü äî ðiçíèõ òèïiâ. Òîäi âîíî íà-
çèâà¹òüñÿ ðiâíÿííÿì ìiøàíîãî òèïó.

Ïðèêëàä 1. Âèçíà÷èòè òèï i çâåñòè äî êàíîíi÷íîãî âèãëÿ-
äó ðiâíÿííÿ

uxx + 2uxy + 2uyy + 4uyz + 5uzz + ux + uy = 0, (7)

äå u := u(x, y, z).
J Ðîçãëÿíåìî êâàäðàòè÷íó ôîðìó, ñêëàäåíó çà ãðóïîþ

ñòàðøèõ ÷ëåíiâ ðiâíÿííÿ (7),

K = z21 + 2z1z2 + 2z22 + 4z2z3 + 5z23 (8)

i çâåäåìî ¨¨ äî êàíîíi÷íîãî âèãëÿäó. Äëÿ öüîãî âèäiëèìî ïîâíi
êâàäðàòè

K = (z1 + z2)
2 + (z2 + 2z3)

2 + z23 . (9)

ßêùî çðîáèòè ïåðåòâîðåííÿ

η1 = z1 + z2, η2 = z2 + 2z3, η3 = z3, (10)

òî êâàäðàòè÷íà ôîðìà íàáóäå âèãëÿäó

K = η21 + η22 + η23. (11)

Îòæå, ðiâíÿííÿ (7) åëiïòè÷íå â óñüîìó ïðîñòîði, áî n+ = 3
(λ1 = λ2 = λ3 = 1).

Ùîá çâåñòè ðiâíÿííÿ (7) äî êàíîíi÷íîãî âèãëÿäó, òðåáà âè-
áðàòè âiäïîâiäíå ïåðåòîâðåííÿ. Çãiäíî ç îïèñàíèì âèùå, äëÿ
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öüîãî òðåáà çíàéòè ìàòðèöþ, îáåðíåíó äî ìàòðèöi ïåðåòâîðå-
ííÿ (10)

A =

 1 1 0
0 1 2
0 0 1

 , η = Az

i òðàíñïîíóâàòè ¨¨. Ëåãêî áà÷èòè, ùî öi¹þ ìàòðèöåþ ¹ 1 0 0
−1 1 0
2 −2 1

 .

Òîìó  ξ1
ξ2
ξ3

 =

 1 0 0
−1 1 0
2 −2 1

 x
y
z


i øóêàíå ïåðåòâîðåííÿ òàêå:

ξ1 = x, ξ2 = −x+ y, ξ3 = 2x− 2y + z. (12)

Âiäîìî, ùî ãðóïà ñòàðøèõ ÷ëåíiâ ðiâíÿííÿ (7) ìàòèìå ïi-
ñëÿ ïåðåòâîðåííÿ (12) âèãëÿä

ũξ1ξ1 + ũξ2ξ2 + ũξ3ξ3 . (13)

Äëÿ çíàõîäæåííÿ ãðóïè ìîëîäøèõ ÷ëåíiâ ðiâíÿííÿ îá÷èñëèìî
ïîõiäíi

ux = ũξ1(ξ1)x+ũξ2(ξ2)x+ũξ3(ξ3)x = ũξ1−ũξ2+2ũξ3 , uy = ũξ2−2ũξ3 .

ßêùî ïiäñòàâèòè öi âèðàçè â ðiâíÿííÿ (7) i âðàõóâàòè (13),
òî îäåðæèìî êàíîíi÷íèé âèãëÿä ðiâíÿííÿ (7)

ũξ1ξ1 + ũξ2ξ2 + ũξ3ξ3 + ũξ1 = 0. I

Ïðèêëàä 2. Âèçíà÷èòè òèï ðiâíÿííÿ

4uxx + 2uyy − 6uzz + 6uxy + 10uxz + 4uyx + 2u = 0, (14)
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äå u := u(x, y, z), i çâåñòè éîãî äî êàíîíi÷íîãî âèãëÿäó.
J Ðîçãëÿíåìî êâàäðàòè÷íó ôîðìó, ñêëàäåíó çà ãðóïîþ

ñòàðøèõ ÷ëåíiâ ðiâíÿííÿ,

K = 4z21 + 2z22 − 6z23 + 6z1z2 + 10z1z3 + 4z2z3.

Âèäiëèâøè ïîâíi êâàäðàòè, äiñòàíåìî

K =
1

4
(4z1 + 3z2 + 5z3)

2 − 1

4
(z2 + 7z3)

2.

ßêùî çðîáèòè çàìiíó

η1 =
1

2
(4z1 + 3z2 + 5z3), η2 =

1

2
(z2 + 7z3), η3 = z3,

òî êâàäðàòè÷íà ôîðìà íàáóäå êàíîíi÷íîãî âèãëÿäó

K = η21 − η22.

Òóò n0 = 1, n+ = 1, n− = 1, à òîìó ðiâíÿííÿ (14) íå íàëåæèòü
äî æîäíîãî ç îïèñàíèõ âèùå òèïiâ, òîáòî ¹ áåçòèïíèì.

Âèçíà÷èìî ïåðåòâîðåííÿ, ÿêå çâîäèòü ðiâíÿííÿ (14) äî êà-
íîíi÷íîãî âèãëÿäó. Äëÿ öüîãî çíàéäåìî ìàòðèöþ, îáåðíåíó äî
ìàòðèöi

A =

 2 3/2 5/2
0 1/2 7/2
0 0 1

 ,

i ïðîòðàíñïîíó¹ìî ¨¨. Òàêîþ ¹ ìàòðèöÿ 1/2 0 0
−3/2 2 0
4 −7 1

 .

Òîìó ïåðåòâîðåííÿ, ÿêå çâîäèòü ðiâíÿííÿ (14) äî êàíîíi÷íîãî
âèãëÿäó, òàêå: ξ1 = 1

2
x, ξ2 = −3

2
x + 2y, ξ3 = 4x − 7y + z, à

êàíîíi÷íèé âèãëÿä ðiâíÿííÿ (14)

ũξ1ξ1 − ũξ2ξ2 + 2ũ = 0. I
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20. Âèïàäîê äâîõ íåçàëåæíèõ çìiííèõ. Ðîçãëÿíåìî òå-
ïåð êâàçiëiíiéíå ðiâíÿííÿ äðóãîãî ïîðÿäêó ç äâîìà íåçàëå-
æíèìè çìiííèìè x i y

a(x, y)uxx+2b(x, y)uxy+c(x, y)nuyy+f(x, y, u, ux, uy) = 0, (x, y) ∈ Ω,
(15)

äå êîåôiöi¹íòè a, b i c ìàþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi äî
äðóãîãî ïîðÿäêó âêëþ÷íî i |a|+ |b|+ |c| ̸= 0 â Ω.

Ðiâíÿííþ (15) âiäïîâiäà¹ êâàäðàòè÷íà ôîðìà

k = a(x, y)z21 + 2b(x, y)z1z2 + c(x, y)z22 , (x, y) ∈ Ω, (z1, z2) ∈ R2.

Ç êóðñó àëãåáðè âiäîìî, ùî ¨¨ êàíîíi÷íèé âèãëÿä, à îòæå, òèï
ðiâíÿííÿ (15), çàëåæèòü âiä çíàêó âèðàçó b2−ac, à ñàìå: ÿêùî
b2 − ac > 0, òî ðiâíÿííÿ (15) íàëåæèòü äî ãiïåðáîëi÷íîãî
òèïó (êâàäðàòè÷íà ôîðìà K çíàêîçìiííà), ÿêùî b2 − ac = 0
� äî ïàðàáîëi÷íîãî òèïó (êâàäðàòè÷íà ôîðìà K çíàêîñòàëà),
ÿêùî æ ÿêùî b2−ac < 0 � äî åëiïòè÷íîãî òèïó (êâàäðàòè÷íà
ôîðìà K çíàêîâèçíà÷åíà) â îáëàñòi Ω.

Ùîá çâåñòè ðiâíÿííÿ (15) äî êàíîíi÷íîãî âèãëÿäó, òðåáà
ñêëàñòè ðiâíÿííÿ õàðàêòåðèñòèê

a(x, y)(dy)2− 2b(x, y)dxdy+ c(x, y)(dx)2 = 0, (x, y) ∈ Ω, (16)

ÿêå ðîçïàäà¹òüñÿ íà äâà ðiâíÿííÿ

ady − (b+
√
b2 − ac)dx = 0, (17)

ady − (b−
√
b2 − ac)dx = 0, (18)

i çíàéòè ¨õ ïåðøi (çàãàëüíi iíòåãðàëè)

φ(x, y) = C1, ψ(x, y) = C2. (19)

Ó ãiïåðáîëi÷íîìó âèïàäêó b2 − ac > 0, òîìó ôóíêöi¨ φ i ψ
¹ äiéñíîçíà÷íèìè i, êðiì òîãî, íåçàëåæíèìè (ÿêîáiàí D(φ,ψ)

D(x,y)
̸=
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0). Ðiâíîñòi (19) âèçíà÷àþòü äâi ðiçíi ñiì'¨ äiéñíèõ õàðàêòåðè-
ñòèê. Çàìiíîþ çìiííèõ ξ = φ(x, y), η = ψ(x, y) ðiâíÿííÿ (15)
çâîäèòüñÿ äî êàíîíi÷íîãî âèãëÿäó

ũξη + f1(ξ, η, ũ, ũξ, ũη) = 0. (20)

Ó ïàðàáîëi÷íîìó âèïàäêó b2−ac = 0, à òîìó ðiâíÿííÿ (17)
i (18) çáiãàþòüñÿ i ìè ìàòèìåìî òiëüêè îäíó ñiì'þ äiéñíèõ
çàðàêòåðèñòèê φ(x, y) = c. Çàìiíîþ çìiííèõ ξ = φ(x, y), η =
ψ(x, y), äå ψ � äîâiëüíà ãëàäêà ôóíêöiÿ òàêà, ùî öÿ çàìiíà
çìiííèõ íåâèðîäæåíà â ðîçãëÿäóâàíié îáëàñòi, ðiâíÿííÿ (15)
çâîäèòüñÿ äî êàíîíi÷íîãî âèãëÿäó

ũηη + f(ξ, η, ũ, ũξ, ũη) = 0. (21)

Â åëiïòè÷íîìó âèïàäêó b2 − ac < 0, òîìó ïåðøi iíòåãðàëè
(19) áóäóòü êîìïëåêñíî ñïðÿæåíèìè, òîáòî

φ(x, y) = α(x, y) + iβ(x, y), ψ(x, y) = α(x, y)− iβ(x, y),

äå α i β � äiéñíîçíà÷íi ôóíêöi¨. Ó öüîìó âèïàäêó ìà¹ìî äâi
ñiì'¨ óÿâíèõ õàðàêòåðèñòèê. Çàìiíîþ ξ = α(x, y), η = β(x, y)
ðiâíÿííÿ (15) çâîäèòüñÿ äî êàíîíi÷íîãî âèãëÿäó

ũξξ + ũηη + f3(ξ, η, ũ, ũξ, ũη) = 0. (22)

Ïðè çâåäåííi äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ (15) òðåáà
ïàì'ÿòàòè, ùî òàêå çâåäåííÿ ìîæëèâå ëèøå ó êîæíié ç òèõ
÷àñòèí îáëàñòi, äå ðiâíÿííÿ çáåðiãàòèìå òèï.

ßêùî ðiâíÿííÿ (15) ëiíiéíå, òîáòî

a(x, y)uxx+2b(x, y)uxy+c(x, y)uyy+d(x, y)ux+e(x, y)uy+f(x, y)u = g(x, y),
(23)

òî ïiñëÿ íåâèðîäæåíî¨ çàìiíè

ξ = φ(x, y), η = ψ(x, y) (24)
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âîíî íàáóäå âèãëÿäó

ãũξξ + 2b̃ũξη + c̃ũηη + d̃ũξ + ẽũη + f̃ ũ = g̃, (25)

äå
ã(ξ, η) := a(ξx)

2 + 2bξxξy + c(ξy)
2,

c̃(ξ, η) := a(ηx)
2 + 2bηxηy + c(ηy)

2,

b̃(ξ, η) := aξxηx + b(ξxηy + ξyηx) + cξyηy, (26)

d̃(ξ, η) := aξxx + 2bξxy + cξyy + dξx + eξy,

ẽ(ξ, η) := aηxx + 2bηxy + cηyy + dηx + eηy,

f̃(ξ, η) := f, g̃(ξ, η) := g.

Çàóâàæèìî, ùî â ïðàâèõ ÷àñòèíàõ (26) òðåáà ïåðåéòè âiä
çìiííèõ x i y äî çìiííèõ ξ i η, ðîçâ'ÿçàâøè âiäíîñíî x i y
ñèñòåìó ðiâíÿíü {

φ(x, y) = ξ,
ψ(x, y) = η.

Ìîæíà äîâåñòè, ùî êîëè êîåôiöi¹íòè ðiâíÿííÿ (23) ñòà-
ëi, òî i êîåôiöi¹íòè ðiâíÿííÿ (25) ¹ ñòàëèìè. Ôîðìóëàìè (26)
çðó÷íî êîðèñòóâàòèñÿ ïðè çíàõîäæåííi êàíîíi÷íîãî âèãëÿäó
ðiâíÿííÿ (23).

Ïðèêëàä 3. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ

uxx(x, y)− 2 cos xuxy(x, y)− (3 + sin2 x)uyy(x, y)− yuy(x, y) = 0.
(27)

äå u := u(x, y, z), i çâåñòè éîãî äî êàíîíi÷íîãî âèãëÿäó.
J Îñêiëüêè a = 1, b = −cosx, c = −(3 + sin2 x), òî b2 −

ac = cos2 x + 3 + sin2 x = 4 > 0 i, îòæå, çàäàíå ðiâíÿííÿ ¹
ãiïåðáîëi÷íèì â óñié ïëîùèíi. Ðiâíÿííÿ õàðàêòåðèñòèê

(dy)2 + 2 cos xdxdy − (2 + sin2 x)(dx)2 = 0
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ðîçïàäà¹òüñÿ íà òàêi äâà ðiâíÿííÿ:

dy

dx
= − cos x− 2,

dy

dx
= − cos x+ 2.

Çàãàëüíèìè iíòåãðàëàìè öèõ ðiâíÿíü ¹ âiäïîâiäíî

y + sin x− 2x = C1, y + sin x+ 2x = C2.

Äëÿ çâåäåííÿ ðiâíÿííÿ (27) äî êàíîíi÷íîãî âèãëÿäó çðî-
áèìî çàìiíó ξ = y + sin x − 2x, η = y + sin x + 2x. ×àñòèííi
ïîõiäíi âiä ôóíêöi¨ u çà çìiííèìè x, y âèðàçèìî ÷åðåç ïîõiäíi
âiä ôóíêöi¨ ũ çà çìiííèìñè ξ, η:

ux = ũξξx + ũηηx = ũξ(cos x− 2) + ũη(cos x+ 2),

uy = ũξξy + ũηηy = ũξ + ũη,

uxx = ũξξ(ξx)
2 + 2ũξηηxηx + ũηη(ηx)

2 + ũξξxx + ũηηxx =

= (cosx−2)2ũξξ+2(cos2 x−4)ũξη+(cos x+2)2ũηη−sin xũξ−sin xũη,

uxy = ũξξξxξy + ũξη(ξxηy + ξyηx) + ũηηηxηy + ũξξxy + ũηηxy =

= (cosx− 2)ũξξ + 2 cos xũξη + (cos x+ 2)ũηη,

uyy = ũξξ(ξy)
2+2ũξηηyηy+ũηη(ηy)

2+ũξξyy+ũηηyy = ũξξ+2ũξη+ũηη.

Ïiäñòàâèâøè âèðàçè äëÿ öèõ ïîõiäíèõ ó ðiâíÿííÿ (27), ïi-
ñëÿ çâåäåííÿ ïîäiáíèõ ÷ëåíiâ, äiñòàíåìî

−16ũξη(ξ, η)− (y + sin x)(ũξ(ξ, η) + ũη(ξ, η)) = 0.

Îñêiëüêè y + sin x =
1

2
(ξ + η), òî îñòàòî÷íî ìàòèìåìî

ũξη +
ξ + η

32
(ũξ(ξ, η) + ũη(ξ, η)) = 0. I
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Ïðèêëàä 4. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ

xuxx(x, y)−2
√
xyuxy(x, y)+yuyy(x, y)+0, 5uy(x, y) = 0, x > 0, y > 0.

(28)
J Òóò a = x, b = −√

xy, c = y, b2− ac = xy−xy = 0. Îòæå,
ðiâíÿííÿ (28) ïàðàáîëi÷íå â îáëàñòi Ω := {(x, y) ∈ R2 |x >
0, y > 0}. Âîíî ìà¹ îäíó ñiì'þ õàðàêòåðèñòèê, ÿêi îïèñóþòüñÿ
äèôåðåíöiàëüíèì ðiâíÿííÿì

y−1/2dy = −x−1/2dx.

Çàãàëüíèé iíòåãðàë öüîãî ðiâíÿííÿ
√
x +

√
y = C. Òîìó

áåðåìî ξ =
√
x +

√
y, à çà η ìîæíà âçÿòè äîâiëüíó ôóíêöiþ

ψ ∈ C2(Ω), äëÿ ÿêî¨ ÿêîáiàí
D(ξ, η)

D(x, y)
̸= 0. Ïîêëàäåìî η =

√
x.

Ìà¹ìî
u=(2

√
x)−1(ũξ + ũη), uy = (2

√
y)−1ũξ,

uxx = (4x)−1ũξξ + (2x)−1ũξη + (4x)−1ũηη − (4
√
x3)−1(ũξ + ũη),

uxy = (4
√
xy)−1(ũξξ + ũξη), uyy = (4y)−1ũξξ − (2

√
y3)ũξ.

ßêùî ïiäñòàâèòè öi âèðàçè â ðiâíÿííÿ (28), òî äiñòàíåìî
éîãî êàíîíi÷íèé âèãëÿä

ũηη −
1

η
(ũξ(ξ, η) + ũη(ξ, η)) = 0. I

Ïðèêëàä 5. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ

y2uxx(x, y)+2xyuxy(x, y)+2x2uyy(x, y)+yuy(x, y) = 0, x ̸= 0, y ̸= 0.
(29)

J Ó öüîìó ðiâíÿííi a = y2, b = xy, c = 2x2, b2 − ac =
−x2y2 < 0 â îáëàñòi, äå x ̸= 0 i y ̸= 0. Öå îçíà÷à¹, ùî âî-
íî åëiïòè÷íå â öié îáëàñòi. Ðiâíÿííÿ õàðàêòåðèñòèê y2(dy)2 −
2xydxdy + 2x2(dx)2 = 0 ðîçïàäà¹òüñÿ íà äâà ðiâíÿííÿ

dy

dx
= (1 + i)

x

y
,
dy

dx
= (1− i)

x

y
.
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Ðîçâ'ÿçóþ÷è öi ðiâíÿííÿ, çíàõîäèìî äâi ñiì'¨ óÿâíèõ õàðàêòå-
ðèñòèê

(1 + i)x2 − y2 = C1, (1− i)x2 − y2 = C2.

Ââåäåìî íîâi íåçàëåæíi çìiííi ξ = x2 − y2, η = x2. Äëÿ
çíàõîäæåííÿ êîåôiöi¹íòiâ êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ (29),
ñêîðèñòà¹ìîñÿ ôîðìóëàìè (26). Îñêiëüêè â åëiïòè÷íîìó âè-
ïàäêó ã = c̃, à b̃ = 0, òî

ã = c̃ = y2(2x)2 = 2xy(2x)(−2y) + 2x2(−2y)2 = 4x2y2,

d̃ = 2y2 + 2xy · 0 + 2x2(−2) + y(−2y) = −4x2,

ẽ = y2 · 2 + 2xy · 0 + 2x2 · 0 + y · 0 = 2y2, f̃ = f = 0, g̃ = g = 0.

Îòæå, ðiâíÿííÿ (29) íàáóâà¹ âèãëÿäó

4x2y2(ũξξ + ũηη)− 4x2ũξ + 2y2ũη = 0.

Îñêiëüêè y2 = η − ξ, x2 = η, òî êàíîíi÷íèé âèãëÿä ðiâíÿííÿ
òàêèé

ũξξ(ξ, η) + ũηη(ξ, η) +
1

ξ − η
ũξ(ξ, η) +

1

2η
ũη(ξ, η) = 0. I

Çàóâàæåííÿ 1. Ðiâíÿííÿ (29) âèçíà÷åíå òàêîæ íà êîîð-
äèíàòíèõ îñÿõ, àëå òàì b2 − ac = 0, òîáòî ðiâíÿííÿ ïåðåñòà¹
áóòè åëiïòè÷íèì. Ïðè öüîìó êîåôiöi¹íòè êàíîíi÷íîãî âèãëÿäó
1

2η
=

1

2x2
àáî

1

ξ − η
= − 1

y2
ñòàþòü íåîáìåæåíèìè. Ëiíi¨ x = 0

i y = 0 íàçèâàþòüñÿ ëiíiÿìè ïàðàáîëi÷íîñòi.
Ïðèêëàä 6. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ

uxx + yuyy = 0, (x, y) ∈ R2. (30)

J Òóò a = 1, b = 0, c = y, b2 − ac = −y. ßêùî y = 0, òî
ðiâíÿííÿ ïàðàáîëi÷íå i éîãî êàíîíi÷íèé âèãëÿä uxx = 0, òîáòî,
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ÿê i â ïðèêëàäi 5, y = 0 ¹ ëiíi¹þ ïàðàáîëi÷íîñòi. Ïðè y > 0
íàøå ðiâíÿííÿ ¹ åëiïòè÷íèì, à ïðè y < 0 � ãiïåðáîëi÷íèì.

Ñêëàäåìî ðiâíÿííÿ õàðàêòåðèñòèê

(dy)2 + y(dx)2 = 0.

ßêùî y > 0, òî çâiäñè äiñòà¹ìî äâà ðiâíÿííÿ

dy + i
√
ydx = 0, dy − i

√
ydx = 0,

ÿêi ìàþòü çàãàëüíi iíòåãðàëè −2
√
yi+ x = C1, 2

√
yi+ x = C2.

Çðîáèâøè çàìiíó ξ = x, η = 2
√
y, îäåðæó¹ìî çà ôîðìóëàìè

(26), ùî ã = c̃ = 1, b̃ = 0, d̃ = 0, ẽ = − 1
2
√
y
, f̃ = 0, g̃ = 0. Îòæå,

â îáëàñòi åëiïòè÷íîñòi ðiâíÿííÿ (30) ìà¹ êàíîíi÷íèé âèãëÿä

ũξξ(ξ, η) + ũηη(ξ, η)−
1

η
ũη(ξ, η) = 0, η > 0.

Â îáëàñòi ãiïåðáîëi÷íîñòi (y < 0) ðiâíÿííÿ õàðàêòåðèñòèê
ðîçïàäà¹òüñÿ íà ðiâíÿííÿ

dy +
√
−ydxc = 0, dy −

√
−ydx = 0.

Çâiäñè äiñòà¹ìî äâi ñiì'¨ õàðàêòåðèñòèê: x + 2
√
−y = C1, x −

2
√
−y = C2. Çàìiíà çìiííèõ ξ = x + 2

√
−y, η = x − 2

√
−y

çâîäèòü ðiâíÿííÿ (30) äî êàíîíi÷íîãî âèãëÿäó

ũξη(ξ, η) +
1

2(ξ − η)
(ũξ(ξ, η)− ũη(ξ, η)) = 0,

áî êîåôiöi¹íòè ã = c̃ = 0, b̃ = 2, d̃ =
1

2
√
−y

, ẽ = − 1

2
√
−y

,

f̃ = 0, g̃ = 0, ξ − η = 4
√
−y ̸= 0. I

Çàóâàæåííÿ 2. Îñêiëüêè õàðàêòåðèñòèêè âèáèðàþòüñÿ
íåîäíîçíà÷íî, òî êîåôiöi¹íòè â ãðóïi ìîëîäøèõ ÷ëåíiâ êàíî-
íi÷íî¨ ôîðìè ðiâíÿííÿ ìîæóòü âiäðiçíÿòèñÿ.
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Âïðàâè

O1. Âèçíà÷èòè òèï ðiâíÿííÿ i çâåñòè éîãî äî êàíîíi÷íîãî
âèãëÿäó:

1) uxx + 2uxy − 2uxx + 2uyy + 6uzz = 0,
2) uxy + uxz − uyz − ux + uy = 0,
3) uxx + uyy + uzz + 6uxy + 2uxx + 2uyz + 2ux + 2uy + 4u = 0,
4) uxy − 2uxz + uyz + ux +

1
2
uy = 0,

5) uxx + 5uyy + 14uzz + 4uxy + 16uyz + 6uxz = 0.
Î2. Ïðîïîíîâàíi íèæ÷å ðiâíÿííÿ çâåñòè äî êàíîíi÷íîãî

âèãëÿäó â êîæíié ç îáëàñòåé, äå çáåðiãà¹òüñÿ òèï ðiâíÿííÿ:
1) uxx + 2uxy + 2uyy = 0,
2) uxx + 2uxy + uyy + 4u = 0,
3) uxx + 2uxy − 3uyy + 2ux + 6uy = 0,
4) x2uxx − y2uyy − 2yuy = 0,
5) x2uxx − 2xyuxy + y2uyy + xux + yuy = 0,
6) sin2 xuxx − 2y sin xuxy + y2uyy = 0,
7) uxx + yuyy + 0, 5uy = 0,
8) xyuxx + uyy +

1
2y
yux − 1

2y
uy = 0, x ≥ 0, y > 0,

9) x2uxx + 2xyuxy + y2uyy = 0,
10) y2uxx + 2xyuxy + y2uyy = 0,
11) uxx − 4uxy + 4uyy + uy − ux = 0,
12) uxx − 2 sin xuxy − cos2 xuyy − cos xuy = 0,
13) x2uxx − y2uyy = 0,
14) uxx − 4uxy − 3uyy − 2ux + 6uy = 0.
Ñ1. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ:
1) uxx + 2uxy + 2uyy + 4uyz + 5uzz − ux + 3uz = 0,
2) uxx + 2uxz − 2uxt + uyy + 2uyz + 2uyt + 2uzz + 2utt = 0,
3) uyy − 2uxy + uzz + ux + uy + uz + u = 0,
4) 2uxx + uyy + uzz − 2uxy + 2ux − uy + uz + u = 0,
5) uxx − 2uxy − 2uxz + ux + uy + 2uz + u = 0.
Ñ2. Âèçíà÷èòè òèï ðiâíÿííÿ i çâåñòè éîãî äî êàíîíi÷íîãî

âèãëÿäó:
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1) uxx + 2uxy + cos2 xuyy − ctg x(ux + uy) = 0,
2) uxx − xuyy = 0,
3) uxx + xuyy = 0 äëÿ x ≥ 0,
4) xuxx + 2

√
xyuxy + yuyy − 1

2
(
√
y√
x
− 1)uy = 0,

5) e2xuxx + 2ex+yuxy + e2yuyy = 0,
6) tg2 xuxx − 2y tg xuxy + y2uyy + (tg3 x)ux = 0,
7) yuxx + xuyy = 0, x > 0, y > 0,
8) y2uxx + 2xyuxy + 2x2uyy + yuy = 0.

Äîìàøí¹ çàâäàííÿ

Ä1. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ:
1) 4uxx − 4uxy − 2uyz + uy + uz = 0,
2) uxy − uxz + ux + uy − uz = 0,
3) uxy − uxt + uzz − 2uzt + 2utt = 0,
4) xuxy + uxz + yuxtuzt = 0,
5) uxx + 4uxy − uzz = 0,
6) 3uxy − 2uxz − uyz − u = 0.
Ä2. Ó êîæíié îáëàñòi, äå çáåðiãà¹òüñÿ òèï ðiâíÿííÿ, çâåñòè

éîãî äî êàíîíi÷íîãî âèãëÿäó:
1) uxx − 2uxy + 2uyy = 0,
2) 4uxx + 4uxy + uyy − 2uy = 0,
3) uxx + 4uxy + uyy + 2ux + uy + u = 0,
4) uxx − 2uxy + uyy + αux + βuy + cu = 0,
5) y2uxx + x2uyy = 0,
6) y2uxx − x2uyy = 0,
7) yuxx + uyy = 0, y > 0,
8) 4y2uxx − e2xuyy = 0,
9) uxx − 2 sin xuxy + (2− cos2 x)uyy = 0,
10) (1 + x2)uxx + (1 + y2)uyy + xux + yuy − 2u = 0,
11) eyuxx + exuyy − 0, 5eyux − 0, 5exuy = 5xyá
12) uxx + 4uxy + 5uyy + ux + 2uy = 0,
13) uxx + 2 sin xuxy + sin2 xuyy = 0,
14) xy2uxx − 2x2yuxy + x2uyy − y2ux = 0.
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Âiäïîâiäi

Î1. 1) ũξ1ξ1 + ũξ2ξ2 + ũξ3ξ3 = 0, ξ1 = x, ξ2 = −x + y, ξ3 =
x− 1

2
y+ 1

2
z; 2) ũξ1ξ1−ũξ2ξ2−ũξ3ξ3+ũξ2 = 0, ξ1 = x+y, ξ2 = −x+y,

ξ3 = −x− y+ z; 3) ũξ1ξ1 − ũξ2ξ2 + ũξ3ξ3 +2ũξ1 +
√
2ũξ2 +

√
2ũξ3 +

4ũ = 0, ξ1 = x, ξ2 = (3x − y)/2
√
2, ξ3 = (−x − y + 4z)/2

√
2;

4) ũξ1ξ1 − ũξ2ξ2 + ũξ3ξ3 +
3
2
ũξ1 − 1

2
ũξ2 = 0, ξ1 = x+ y, ξ2 = −x+ y,

ξ3 =
√
2
2
(−x + 2y + z); 5) ũξ1ξ1 + ũξ2ξ2 + ũξ3ξ3 = 0, ξ1 = x, ξ2 =

−2x+ y, ξ3 = x− 2y + z.
Î2. 1) ũξξ + ũηη = 0, ξ = y − x, η = x; 2) ũηη + ũ = 0,

ξ = x − y, η = x + y; 3) 2ũξη − ũξ = 0, ξ = x + y, η = y − 3x;
4) ũξη+ 1

2η
ũξ = 0, ξ = xy, η = y

x
; 5) ηũηη+ ũη = 0, ξ = xy, η = y;

6) ũηη − 2ξ
ξ2+η2

ũξ = 0, ξ = y tg x
2
, η = y; 7) ũξη = 0 ïðè y < 0,

ξ = x + 2
√
−y, η = x − 2

√
−y, ũξξ + ũηη = 0 ïðè y > 0, ξ = x,

η = 2
√
y, ũξξ + 0, 5ũη = 0 ïðè y = 0; 8) ũξξ + ũηη = 0 ïðè x > 0,

y < 0, ξ = 2
3
y3/2, η = 2x1/2, ũyy + 1

2y
yũx − 1

2y
ũy = 0 ïðè x = 0,

y > 0; 9) ũηη = 0, ξ = y
x
, η = y; 10) ũηη+

2ξ
ξ−η2 ũξ = 0, ξ = x2+y2,

η = y; 11) ũηη − ũξ − ũη = 0, ξ = 2x + y, η = x; 12) ũξη = 0,
ξ = x+ y− cos x, η = −x+ y− cos x; 13) ũξη − 1

2ξ
ũη = 0, ξ = xy,

η = y
x
; 14) ũξη − ũξ = 0, ξ = x+ y, η = 3x+ y.

C1. 1) ũξ1ξ1 + ũξ2ξ2 + ũξ3ξ3 − ũξ1 + ũξ2 + ũξ3 = 0, ξ1 = x,
ξ2 = −x+ y, ξ3 = 2x− 2y + z;
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Òåìà 20. ÌÅÒÎÄ ÕÀÐÀÊÒÅÐÈÑÒÈÊ. ÇÀÄÀ×À
ÊÎØI

10. Iäåÿ ìåòîäó ïîëÿãà¹ â òîìó, ùî ïiñëÿ çâåäåííÿ äî êàíî-
íi÷íîãî âèãëÿäó çà äîïîìîãîþ õàðàêòåðèñòèê ðiâíÿííÿ ÷àñòî
ñïðîùó¹òüñÿ íàñòiëüêè, ùî ñòà¹ ìîæëèâèì çíàõîäæåííÿ éîãî
çàãàëüíîãî ðîçâ'ÿçêó. Öå, â ñâîþ ÷åðãó, äîçâîëÿ¹ äîñëiäæóâà-
òè i ðîçâ'ÿçóâàòè çàäà÷ó Êîøi òà äåÿêi iíøi çàäà÷i äëÿ öüîãî
ðiâíÿííÿ.

Ïðèêëàä 1. Ðîçâ'ÿçàòè ðiâíÿííÿ

xy3uxx(x, y)− x3yuyy(x, y) + (8x2 − 1)y3ux(x, y) + x3uy(x, y)+

+16x3y3u(x, y) = 0, (x, y) ∈ R2 \ {0, 0}. (1)

J Îñêiëüêè b2 − ac = x4y4 > 0 ïðè xy ̸= 0, òî ðiâíÿííÿ
(1) ãiïåðáîëi÷íå ñêðiçü çà âèíÿòêîì êîîðäèíàòíèõ îñåé (ëiíié
ïàðàáîëi÷íîñòi). Ðîçâ'ÿæåìî éîãî ïðè xy ̸= 0. Ðiâíÿííÿ õàðà-
êòåðèñòèê xy3dy2 − x3ydx2 = 0 ðîçïàäà¹òüñÿ íà äâà ðiâíÿííÿ
ydy±xdx = 0, òîáòî õàðàêòåðèñòèêàìè ¹ ãiïåðáîëè y2−x2 = C1

òà êîëà x2 + y2 = C2. Îòæå, çàìiíîþ ξ = y2 − x2, η = x2 + y2

ðiâíÿííÿ (1) çâîäèòüñÿ äî êàíîíi÷íîãî âèãëÿäó. Çíàéäåìî íîâi
êîåôiöi¹íòè, ñîêðèñòàâøèñü ôîðìóëàìè (26) ç òåìè 19:

ã = c̃ = 0,

b̃ = xy3(−2x) · 2x− x3y · 2y · 2y = −8x3y3,

d̃ = xy3(−2)− x3y · 2 + (8x2 − 1)y3(−2x) + x3 · 2y = −16x3y3,

ẽ = xy3 · 2− x3y · 2 + (8x2 − 1)y32x+ x3 · 2y = 16x3y3,

f̃ = f = 16x3y3, g̃ = g = 0,

òîìó ðiâíÿííÿ (1) íàáóäå âèãëÿäó

−16x3y3ũξη − 16x3y3ũξ + 16x3y3ũη + 16x3y3ũ = 0
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àáî
(ũη + ũ)ξ − (ũη + ũ) = 0. (2)

Ïîçíà÷èìî
v := ũη + ũ, (3)

òîäi (2) íàáóäå âèãëÿäó vξ − v = 0, çâiäêè v = ω(η)eξ, äå ω �
äîâiëüíà íåïåðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ. Ïiäñòàâèìî v
â (3):

ũη + ũ = ω(η)eξ.

Öå çâè÷àéíå ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ ïåðøîãî ïîðÿä-
êó âiäíîñíî ũ ÿê ôóíêöi¨ η ïðè ôiêñîâàíîìó ξ, ïðàâà ÷àñòè-
íà ÿêîãî çàëåæèòü âiä ïàðàìåòðà ξ. Ðîçâ'ÿçóþ÷è éîãî, íàïðè-
êëàä, ìåòîäîì âàðiàöi¨ äîâiëüíî¨ ñòàëî¨, äiñòàíåìî ũ(ξ, η) =
e−ηf(ξ)+ eξ−η

∫
ω(η)eηdη, äå f � äîâiëüíà äâi÷i íåïåðåðâíî äè-

ôåðåíöiéîâíà ôóíêöiÿ. Òóò i äàëi ñèìâîëîì
∫
α(η)dη, ïîçíà÷à-

¹òüñÿ ÿêàñü îäíà ç ïåðâiñíèõ ôóíêöi¨ α. Îñêiëüêè ω � äîâiëü-
íà íåïåðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ, òî i e−η

∫
ω(η)eηdη =

g(η), η > 0, � äîâiëüíà äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà ôóí-
êöiÿ, à òîìó ũ(ξ, η) = e−ηf(ξ)+eξg(η). Ïîâåðòàþ÷èñü äî ñòàðèõ
çìiííèõ, ìà¹ìî

u(x, y) = e−(y2+x2)f(y2 − x2) + ey
2−x2g(y2 + x2), xy ̸= 0. (4)

Çàçíà÷èìî, ùî íà ëiíiÿõ ïàðàáîëi÷íîñòi xy = 0 (4) òåæ
¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1), àëå ìiñòèòü, ïî ñóòi, ëèøå îäíó
äîâiëüíó ôóíêöiþ. Ïðè÷èíîþ îñòàííüîãî ¹ äîòèê õàðàêòåðè-
ñòèê y2 − x2 = C1 äî õàðàêòåðèñòèê y2 + x2 = C2 íà ëiíiÿõ
ïàðàáîëi÷íîñòi.I

20. Êëàñè÷íîþ çàäà÷åþ Êîøi äëÿ ðiâíÿííÿ êîëèâàíü
ñòðóíè íàçèâà¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ ôóíêöi¨ u ç êëàñó
C2(Π1) ∩ C1(Π1), äå Π1 : {(x, t) |x ∈ R, t > 0}, ÿêà çàäîâîëüíÿ¹
ðiâíÿííÿ

utt(x, t) = a2uxx(x, t) + f(x, t), (x, t) ∈ Π1, (5)
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i ïî÷àòêîâi óìîâè

u(x, t)|t=0 := u(x, 0) = φ(x), ut(x, t)|t=0 := ut(x, 0) = ψ(x), x ∈ R,
(6)

äå f ∈ C(Π1), f ′
x ∈ C(Π1), φ ∈ C2(R), ψ ∈ C1(R) � çàäàíi

ôóíêöi¨. Ðîçâ'ÿçîê çàäà÷i Êîøi (5), (6) iñíó¹, ¹äèíèé i ïðè f ≡
0 ëåãêî çíàõîäèòüñÿ ìåòîîì õàðàêòåðèñòèê. Ñïðàâäi, îñêiëüêè
x± at = const � õàðàêòåðèñòèêè ðiâíÿííÿ (5), òî çàìiíîþ ξ =
x − at, η = x + at âîíî çâîäèòüñÿ äî ðiâíÿííÿ ũξη(ξ, η) = 0,
çàãàëüíèé ðîçâ'ÿçîê ÿêîãî ũ = g1(ξ) + g2(η), òîáòî

u(x, t) = g1(x− at) + g2(x+ at), {g1, g2} ⊂ C2(R).

Çàäîâîëüíÿþ÷è ïî÷àòêîâi óìîâè (6), îäåðæó¹ìî

g1(x) =
1

2
φ(x)+

1

2a

0∫
x

ψ(z)dz+C, g2(x) =
1

2
φ(x)+

1

2a

0∫
x

ψ(z)dz−C,

çâiäêè

u(x, t) =
φ(x− at) + φ(x+ at)

2
+

1

2a

x+at∫
x−at

ψ(z)dz, (x, t) ∈ Π1. (7)

Ôîðìóëó (7) íàçèâàþòü íàçèâàþòü ôîðìóëîþ Äàëàìáå-
ðà äëÿ îäíîðiäíîãî ðiâíÿííÿ (5). �¨ ìîæíà óçàãàëüíèòè íà
âèïàäîê f ̸≡ 0. Ñïðàâäi, ëåãêî ïåðåêîíàòèñÿ, ùî ôóíêöiÿ

v(x, t) := 1
2a

t∫
0

dτ
x+a(t−τ)∫
x−a(t−τ)

f(z, τ )dz, (x, t) ∈ Π1, ¹ ðîçâ'ÿçêîì ðiâ-

íÿííÿ (5) i ïðè t = 0 çàäîâîëüíÿ¹ íóëüîâi ïî÷àòêîâi óìîâè
v(x, 0) = 0, vt(x, 0) = 0, òîìó u + v, äå u âèçíà÷åíà â (7), ¹
ðîçâ'ÿçêîì çàäà÷i (5), (6), òîáòî ôîðìóëà

u(x, t) =
φ(x− at) + φ(x+ at)

2
+

1

2a

x+at∫
x−at

ψ(z)dz+



200

+
1

2a

t∫
0

dτ

x+a(t−τ)∫
x−a(t−τ)

f(z, τ )dz, (x, t) ∈ Π1, (8)

âèçíà÷à¹ ðçâ'ÿçîê öi¹¨ çàäà÷i. Öÿ ôîðìóëà íàçèâà¹òüñÿ ôîð-
ìóëîþ Äàëàìáåðà äëÿ íåîäíîðiäíîãî ðiâíÿííÿ (5).

Çàçíà÷èìî, ùî ôîðìóëè, àíàëîãi÷íi äî (8), ïðàâèëüíi òà-
êîæ ó âèïàäêó áiëüøîãî ÷èñëà ïðîñòîðîâèõ çìiííèõ. Çîêðåìà,
ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ êîëèâàíü ìåìáðàíè

utt(x, y, t) = a2(uxx(x, y, t) + uuu(x, y, t)) + f(x, y, t),

(x, y, t) ∈ Π2 := {(x, y, t) |(x, y) ∈ R2, t > 0},
u(x, y, 0) = φ(x, y), ut(x, y, 0) = ψ(x, y), (x, y) ∈ R2

ïðè f ∈ C2(Π2), φ ∈ C3(R2), ψ ∈ C2(R2) iñíó¹, ¹äèíèé i çîáðà-
æó¹òüñÿ ôîðìóëîþ Ïóàññîíà

u(x, y, t) =
1

2πa
∂t

∫
Kat(x,y)

φ(ξ, η)dξdη√
a2t2 − (x− ξ)2 − (y − η)2

+

+
1

2πa

∫
Kat(x,y)

ψ(ξ, η)dξdη√
a2t2 − (x− ξ)2 − (y − η)2

+

+
1

2πa

t∫
0

dτ

∫
Ka(t−τ)(x,y)

f(ξ, η, τ )dξdη√
a2(t− τ)2 − (x− ξ)2 − (y − η)2

, (x, y, t) ∈ Π2,

äå Kat(x, y) � êðóã ðàäióñà at ç öåíòðîì ó òî÷öi (x, y).
Àíàëîãi÷íî, ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ õâèëüîâîãî ðiâíÿí-

íÿ â ïðîñòîði

utt(x, y, z, t) = a2(uxx(x, y, z, t) + uyy(x, y, z, t) + uzz(x, y, z, t))+

+f(x, y, z, t), (x, y, z, t) ∈ Π3 := {(x, y, z, t) |(x, y, z) ∈ R3, t > 0},
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u(x, y, z, 0) = φ(x, y, z), ut(x, y, z, 0) = ψ(x, y, z), (x, y, z) ∈ R3,

ïðè f ∈ C2(Π
3
), φ ∈ C3(R3), ψ ∈ C2(R3) iñíó¹, ¹äèíèé i çîáðà-

æà¹òüñÿ ôîðìóëîþ Êiðõãîôà

u(x, y, z, t) =
1

4πa2
∂t

(
1

t

∫
Sat(x,y,z)

φ(ξ, η, ζ)dS

)
+

+
1

4πa2t

∫
Sat(x,y,z)

ψ(ξ, η, ζ)dS+

+
1

4πa2

∫
Sat(x,y,z)

f(ξ, η, ζ, t−
√

(x−ξ)2+(y−η)2+(z−ζ)2
a

)√
((x− ξ)2 + (y − η)2 + (z − ζ)2)

dξdηdζ, (x, y, z, t) ∈ Π3,

äå Kat(x, y, z) � êóëÿ ðàäióñà at ç öåíòðîì (x, y, z), à Sat(x, y, z)
� ¨¨ ìåæà (ñôåðà).

Ïðèêëàä 2. Ðîçâ'ÿçàòè çàäà÷ó Êîøi

utt(x, t) = uxx(x, t) + xt2, x ∈ R, t > 0,

u(x, 0) = 0, ut(x, 0) = x+ 1, x ∈ R.
J Ñêîðèñòà¹ìîñÿ ôîðìóëîþ (8). Ó íàøîìó âèïàäêó a = 1,

φ(x) = 0, ψ(x) = x+ 1, f(x, t) = xt2. Òîìó

u(x, t) =
1

2

x+t∫
x−t

(z + 1)dz +
1

2

t∫
0

dτ

x+(t−τ)∫
x−(t−τ)

zτ 2dz =
1

4
(z + 1)2

∣∣∣x+t
x−t

+

+
1

2

t∫
0

τ 2
z2

2

∣∣∣x+(t−τ)

x−(t−τ)
dτ = t(x+1)+x

t∫
0

τ 2(t−τ)dτ = t(x+1)+
1

12
xt4.

Îòæå, ðîçâ'ÿçêîì çàäà÷i ¹ ôóíêöiÿ u(x, t) = t(x+1)+ 1
12
xt4,

x ∈ R.I
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Ïðèêëàä 3. Ðîçâ'ÿçàòè çàäà÷ó Êîøi äëÿ òðèâèìiðíîãî
ðiâíÿííÿ êîëèâàíü

utt(x, y, z, t) = uxx(x, y, z, t)+uyy(x, y, z, t)+uzz(x, y, z, t), (x, y, z, t) ∈ Π3,

u(x, y, z, 0) = z, ut(x, y, z, 0) = x+ z, (x, y, z) ∈ R3

J Âèêîðèñòà¹ìî ôîðìóëó Êiðõãîôà. Ç óìîâè çàäà÷i âèïëè-
âà¹, ùî a = 1, f(x, y, z, t) = 0, φ(x, y, z) = z, ψ(x, y, z) = x + z.
Òîäi

u(x, y, z, t) =
1

4π
∂t

∫
St(x,y,z)

ζ

t
dS +

1

4π

ξ + ζ

t
dS.

Ñôåðà St(x, y, z) çàäà¹òüñÿ ðiâíÿííÿì (x−ξ)2+(y−η)2+z−ζ(2=
t2. Ñïðîåêòó¹ìî öþ ñôåðó íà ïëîùèíó Oξη. Ïîçíà÷èìî ÷åðåç
Kt(x, y, z) êðóã, â ÿêèé ïðîåêòó¹òüñÿ ñôåðà. Çâåäåìî ïîâåðõ-
íåâi iíòåãðàëè, ÿêi ñòâîÿòü ó ïðàâié ÷àñòèíi, äî ïîäâiéíèõ, ùî
áåðóòüñÿ ïî êðóãó Kt(x, y, z):

u(x, y, z, t) =
1

4π
∂t

( ∫
Kt(x,y,z)

z +
√
t2 − (x− ξ)2 − (y − η)2

t
√
t2 − (x− ξ)2 − (y − η)2

rdξdη+

+

∫
Kt(x,y,z)

z −
√
t2 − (x− ξ)2 − (y − η)2

t
√
t2 − (x− ξ)2 − (y − η)2

rdξdη

)
+

+

( ∫
Kt(x,y,z)

ξ + z +
√
t2 − (x− ξ)2 − (y − η)2

t
√
t2 − (x− ξ)2 − (y − η)2

rdξdη+

+

∫
Kt(x,y,z)

ξ + z −
√
t2 − (x− ξ)2 − (y − η)2

t
√
t2 − (x− ξ)2 − (y − η)2

rdξdη

)
.

Ïåðøi äîäàíêè â äóæêàõ � iíòåãðàëè, âçÿòi ïî âåðõíié ïîëîâè-
íi ñôåðè ζ = z +

√
t2 − (x− ξ)2 − (y − η)2; äðóãi � ïî íèæíié
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ïîëîâèíi ñôåðè ζ = z −
√
t2 − (x− ξ)2 − (y − η)2. Ïåðåéäåìî

â ïîäâiéíèõ iíòåãðàëàõ ï êðóãó Kt(x, y, z) äî ïîëÿðíèõ êîîð-
äèíàò: ξ − x = ρ cosφ, η − y = ρ sinφ, 0 < ρ < 1, 0 < φ ≤ 2π.
Òîäi

u(x, y, z, t) =
z

2π
∂t

t∫
0

ρdρ√
t2 − ρ2

2π∫
0

dφ+
1

2π

t∫
0

(x+ z)ρdρ√
t2 − ρ2

2π∫
0

dφ =

= z + (x+ z)t, (x, y, z, t) ∈ Π3. I
Çàóâàæåííÿ 1. Çàäà÷ó ç ïðèêëàäó 3 ìîæíà ðîçâ'ÿçàòè

ïðîñòiøå. Îñêiëüêè ôóíêöi¨ φ = z i ψ = x + z çàäîâîëüíÿþòü
ðiâíÿííÿ, òî ðîçâ'ÿçîê çàäà÷i øóêàòèìåìî ó âèãëÿäi

u(x, y, z, t) = f(t)z + g(t)(x+ z),

äå f i g � íåâiäîìi äâi÷i íåïåðåðâíî äèôåðåíöiéîâíi ôóíêöi¨.
Ïiñëÿ ïiäñòàíîâêè öi¹¨ ôóíêöi¨ ó ðiâíÿííÿ îäåðæèìî

f ′′(t)z + g′′(t)(x+ z) = 0,

çâiäêè âèïëèâà¹, ùî f ′′(t) = 0 i g′′(t) = 0, t > 0. ßêùî çàäî-
âîëüíèòè ôóíêöi¹þ u ïî÷àòêîâi óìîâè, òî ìàòèìåìî{

f(0)z + g(0)(x+ z) = z,
f ′(0)z + g′(0)(x+ z) = x+ z

àáî {
f(0) = 1,
f ′(0) = 0;

àáî

{
g(0) = 0,
g′(0) = 1.

Îòæå, äëÿ f i g îäåðæèìî âiäïîâiäíî òàêi çàäà÷i Êîøi:

f ′′(t) = 0,{
f(0) = 1,
f ′(0) = 0;

g′′(t) = 0,{
g(0) = 0,
g′(0) = 1.
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Ðîçâ'ÿæåìî ïåðøó ç íèõ. Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ
f(t0 = C1t + C2 ïiñëÿ ïiäñòàíîâêè â ïî÷àòêîâi óìîâè äàñòü
çíà÷åííÿ C1 = 0, C2 = 1, çâiäñè âèïëèâà¹, ùî f(t) = 1, t ≥ 0.

Àíàëîãi÷íî îäåðæèìî, ùî g(t) = t, t ≥ 0. Òîìó

u(x, y, z, t) = z + (x+ z)t, {x, y, z} ⊂ R3, t > 0.

Îñêiëüêè ðîçâ'ÿçîê çàäà÷i Êîøi ¹äèíèé, òî iíøîãî
ðîçâ'ÿçêó íåìà¹.

Çàóâàæåííÿ 2. Ïðè ðîçâ'ÿçóâàííi çàäà÷i Êîøi äëÿ ãiïåð-
áîëi÷íîãî ðiâíÿííÿ ó âèïàäêó äâîõ àáî òðüîõ íåçàëåæíèõ çìií-
íèõ çðó÷íî êîðèñòóâàòèñÿ òàêèì òâåðäæåííÿì: ÿêùî ôóíêöi¨
f , φ, ψ ãàðìîíi÷íi â Rn (n ≥ 2), à g ∈ C1((0,∞)), òî ðîçâ'ÿçîê
çàäà÷i Êîøi

utt(x, t) = a2∆u(x, t) + g(t)f(x),

(x, t) ∈ Πn := {(x, t) |x ∈ Rn, t > 0},
u(x, 0) = φ(x), ut(x, 0) = ψ(x), x := (x1, . . . , xn) ∈ Rn,

äå ∆u := ux1x1 + · · ·+ uxnxn, âèðàæà¹òüñÿ ôîðìóëîþ

u(x, t) = φ(x) + tψ(x) + f(x)

t∫
0

(t− τ)g(τ)dτ, (x, t) ∈ Πn.

30. Çàãàëüíà çàäà÷à Êîøi ïîëÿãà¹ ó çíàõîäæåííi
ðîçâ'ÿçêó ãiïåðáîëi÷íîãî (b2 − ac > 0) â îáëàñòi Ω ⊂ R2 ðiâíÿ-
ííÿ

a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + d(x, y)ux + e(x, y)uy+

+f(x, y)u = g(x, y), (x, y) ∈ Ω, (9)

ç äîñòàòíüî ãëàäêèìè êîåôiöi¹íòàìè i ïðàâîþ ÷àñòèíîþ, ÿêèé
íà êðèâié Γ ⊂ Ω çàäîâîëüíÿ¹ óìîâè

u|Γ = φ, ∂l⃗u|Γ = ψ. (10)



205

ßêùî êðèâà Γ: 1) ðåãóëÿðíà, 2) íå ¹ õàðàêòåðèñòèêîþ i íå
äîòèêà¹òüñÿ äî õàðàêòåðèñòèê ðiâíÿííÿ (9); 3) íå ìà¹ äîòè-
÷íèõ, ïàðàëåëüíèõ âåêòîðó l⃗, òî ïðè äîñèòü ãëàäêèõ φ, ψ â
îáëàñòi Ω1 ⊂ Ω, îáìåæåíié õàðàêòåðèñòèêàìè ðiâíÿííÿ (9),
ÿêi ïðîõîäÿòü ÷åðåç êiíöi Γ, iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (9),
(10).

Ïðèêëàä 4. Ðîçâ'ÿçàòè çàäà÷ó

x2uxx(x, y)− 2xyuxy(x, y)− 3y2uyy(x, y) = 0, x > 0, y > 1, (11)

u(x, 1) = 0, uy(x, 1) =
4
√
x7, x > 0. (12)

J Îñêiëüêè b2 − 4ac = 4x2y2 > 0, òî ðiâíÿííÿ ãiïåðáîëi÷íå.
Êðèâà Γ ó öüîìó âèïàäêó � ïðîìiíü {(x, y) ∈ R2 |x > 0, y = 1},
l⃗ � íàïðÿìîê, ïàðàëåëüíèé îñi Oy, îáëàñòü Ω := {(x, y) ∈
R2 |x > 0, y > 0}. Ðiâíÿííÿ õàðàêòåðèñòèê x2(dy)2 = 2xydxdy−
3y2(dx)2 = 0 ðîçïàäà¹òüñÿ íà äâà ðiâíÿííÿ xdy − ydx = 0 òà

xdy + 3ydx = 0, çàãàëüíi iíòåãðàëè ÿêèõ
x

y
= C1 òà x3y = C2.

Îòæå, õàðàêòåðèñòèêè i íàïðÿì l⃗ óòâîðþþòü ç Γ íåíóëüîâi êó-
òè α1, α2, β,òîìó ðîçâ'ÿçîê iñíó¹ â îáëàñòi, îáìåæåíié õàðàêòå-
ðèñòèêàìè, ÿêi ïðîõîäÿòü ÷åðåç òî÷êó A(0, 1): x

y
= 0, x3y = 0,

òîáòî ïðîìåíÿìè {x = 0, y > 0} òà {y = 0, x > 0}, iíøèìè ñëî-
âàìè, îáëàñòü Ω1 çáiãà¹òüñÿ ç Ω. Çàìiíîþ ξ = x

y
, η = x3y ðiâíÿ-

ííÿ (11) çâîäèòüñÿ äî âèãëÿäó 4ηũξη−ũξ = 0 àáî (4ηũη−ũ)ξ = 0
, çâiäêè ũη − 1

4η
ũ = ω(η), äå ω � äîâiëüíà íåïåðåðâíî äèôåðåí-

öiéîâíà ôóíêöiÿ. Îñòàíí¹ ðiâíÿííÿ ëiíiéíå i éîãî ðîçâ'ÿçîê
çíàõîäèìî, íàïðèêëàä, ìåòîäîì âàðiàöi¨ äîâiëüíî¨ ñòàëî¨. Öèì
ðîçâ'ÿçêîì ¹ ôóíêöiÿ ũ(ξ, η) = (f1(ξ) + f2(η)) 4

√
η, à çàãàëüíèé

ðîçâ'ÿçîê ðiâíÿííÿ (11) ìà¹ âèãëÿä

u(x, y) = (f1(x/y) + f2(x
3y)) 4

√
x3y, (x, y) ∈ Ω, (13)

äå f1, f2 � äîâiëüíi äâi÷i íåïåðåðâíî äèôåðåíöiéîâíi ôóíêöi¨.



206

Ïiäñòàâèìî (13) â (12):

(f1(x) + f2(x
3))

4
√
x3 = 0, x > 0,

−(xf ′
1(x) + x3f ′

2(x
3))

4
√
x3 +

1

4
(f1(x) + f2(x

3))
4
√
x3 =

7
√
x7, x > 0,

àáî

f1(x) + f2(x
3) = 0,−f ′

1(x) + x2f ′
2(x

3) = 1, x > 0. (14)

Âèêëþ÷àþ÷è f1, äiñòàíåìî âèðàç f ′
2(x

3) = 1
4x2

= 1
4
(x3)−2/3,

òîáòî f ′
2(z) =

1
4
z−2/3, çâiäêè f2(z) = 3

4
z1/3+C, z > 0. Òîäi ç (14)

âèïëèâà¹, ùî f1(x) = −f2(x3) = −3
4
x− C, x > 0. Ïiäñòàâèâøè

f1 i f2 ó (13), îäåðæèìî ðîçâ'ÿçîê çàäà÷ó (11), (12)

u(x, y) =
(
− 3x

4y
− C +

3

4
3
√
x3y + C

)
4
√
x3y =

3

4
4
√
x7y( 3

√
y − 1

y
),

(x, y) ∈ Ω. I
Çàóâàæåííÿ 3. Ìåòîä õàðàêòåðèñòèê íå ïðèäàòíèé äëÿ

åëiïòè÷íèõ ðiâíÿíü, îñêiëüêè âîíè íå ìàþò äiéñíèõ õàðàêòå-
ðèñòèê, àëå é çàäà÷à Êîøi äëÿ íèõ, âçàãàëi êàæó÷è, íååîðå-
êòíà [?].

Çàóâàæåííÿ 4. Ìiøàíó çàäà÷ó (çàäà÷ó ç ïî÷àòêîâèìè
i êðàéîâèìè óìîâàìè) ìîæíà çâåñòè äî çàäà÷i Êîøi, ïðî-
äîâæóþ÷è êîåôiöi¹íòè ðiâíÿííÿ i ïî÷àòêîâi äàíi ÷åðåç ìå-
æó òàê, ùîá êðàéîâi óìîâè âèêîíóâàëèñÿ. Çàñòîñîâóþ÷è ïi-
ñëÿ ïðîäîâæåííÿ ìåòîä õàðàêòåðèñòèê, ìîæíà òàêèì ñïîñî-
áîì ðîçâ'ÿçàòè é ìiøàíó çàäà÷ó.

Ïðèêëàä 5. Çíàéòè u, ÿêùî

uxx(x, y)−uyy(x, y)+2ux(x, y)+2uy(x, y) = 0, x > 0, y > 0, (15)

u(x, 0) = x2, uy(x, 0) = 0, x ≥ 0, (16)

u(0, y) = 0, y ≥ 0.
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J Ïðîäîâæèìî ïî÷àòêîâi ôóíêöi¨ ç óìîâ (16) íà âiä'¹ìíó
ïiââiñü i ðîçãëÿíåìî çàäà÷ó Êîøi

uxx(x, y)− uyy(x, y) + 2ux(x, y) + 2uy(x, y) = 0, x ∈ R, y > 0,
(15′)

u(x, 0) = φ(x), uy(x, 0) = 0, x ∈ R, (16′)

äå ôóíêöiÿ φ(x) ïðè x > 0 çáiãà¹òüñÿ ç x2. Çàäà÷à (15′), (16′)
ðîçâ'ÿçó¹òüñÿ ìåòîäîì õàðàêòåðèñòèê àíàëîãi÷íî äî òîãî, ÿê
ó ïðèêëàäi 4. Îñêiëüêè x ± y = const ¹ õàðàêòåðèñòèêàìè
ðiâíÿííÿ (15′), òî çàìiíîþ ξ = x − y, η = x + y âîíî çâî-
äèòüñÿ äî êàíîíi÷íîãî âèãëÿäó ũξη + ũη = 0, çâiäêè çíàõî-
äèìî ũ(ξ, η) = (f1(ξ) + f2(η))e

−ξ, òîáòî çàãàëüíèé ðîçâ'ÿçîê
ðiâíÿííÿ(15′)

u(x, y) = (f1(x− y) + f2(x+ y))ey−x. (17)

Ïiäñòàâèìî (17) ó (16′). Ìà¹ìî

(f1(x) + f2(x))e
−x = φ(x), x ∈ R,

(−f ′
1(x) + f ′

2(x))e
−x + (f1(x) + f2(x))e

−x = 0, x ∈ R,

òîäi

f1(x) + f2(x) = φ(x)ex, −f ′
1(x) + f ′

2(x) = −φ(x)ex,

çâiäêè

f1(x) =
1

2
(φ(x)ex +

x∫
0

φ(z)ezdz − C),

f2(x) =
1

2
(φ(x)ex −

x∫
0

φ(z)ezdz + C).
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Ïiäñòàâèâøè îñòàííi äâà âèðàçè ó (17), îäåðæèìî ðîçâ'ÿçîê
çàäà÷i Êîøi (15′), (16′) ó âèãëÿäó

u(x, y) =
1

2
(φ(x−y)ex−y+φ(x+y)ex+y+

x+y∫
x−y

φ(z)ezdz)ey−x, x ∈ R, y > 0.

Ùîá ïiäiáðàòè ïðîäîâæåííÿ φ, ïiäñòàâèìî öåé ðîçâ'ÿçîê ó ():

φ(−y)e−y + φ(y)ey +

y∫
−y

φ(z)ezdz = 0, y ≥ 0.

Çâiäñè âèïëèâà¹, ùî φ(y)ey � íåïàðíà ôóíêöiÿ. Îñêiëüêè ïðè
y > 0 φ(y) = y2, òî φ(y) = y|y|e|y|−y, òîáòî ðîçâ'ÿçêîì ¹ ôóí-
êöiÿ

u(x, y) =
1

2
((x−y)|x−y|e|x−y|+(x+y)|x+y|e|x+y|−

x+y∫
x−y

z|z|e|z|dx)ey−x,

x ∈ R, y ≥ 0. I
Ðîçãëÿíåìî çàäà÷ó (5), (6) ç f ≡ 0 äëÿ âèïàäêó íàïiâîáìå-

æåíî¨ ñòðóíè, ÿêà â ïîëîæåííi ðiâíîâàãè çáiãà¹òüñÿ ç iíòåðâà-
ëîì (0,+∞) i êiíåöü x = 0 ÿêî¨ æîðñòêî çàêðiïëåíèé (àáî âií
âiëüíèé), òîáòî çàäà÷ó

utt(x, t) = a2uxx(x, t), 0 < .x < +∞, t > 0,

u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 ≤ x < +∞

u(0, t) = 0 (àáî ux(0, t) = 0), t ≥ 0.

Ðîçâ'ÿçîê öi¹¨ çàäà÷i ìîæíà çíàéòè çà äîïîìîãîþ ôîðìóëè
Äàëàìáåðà (7), ÿêùî ïðîäîâæèòè ïî÷àòêîâi ôóíêöi¨ íà R íå-
ïàðíèì ñïîñîáîì ó âèïàäêó çàêðiïëåíîãî æîðñòêî êiíöÿ x = 0,
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òîáòî φ(−x) = −φ(x), ψ(−x) = −ψ(x), x ∈ R, i ïàðíèì ñïîñî-
áîì ó âèïàäêó âiëüíîãî êiíöÿ x = 0, òîáòî φ(−x) = φ(x),
ψ(−x) = ψ(x), x ∈ R.

Ïðèêëàä 6. Çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ utt(x, t) =
a2uxx(x, t), 0 < x < +∞, t > 0, ÿêèé çàäîâîëüíÿ¹ óìîâè
u(x, 0) = x2, ut(x, 0) = sin2 x, x ≥ 0, i u(0, t) = 0, t ≥ 0.

J Ïðîäîâæèìî ïî÷àòêîâi ôóíêöi¨ φ(x) = x2 i ψ(x) = sin2 x
íà âiä'¹ìíó ïiââiñü íåïàðíî:

φ1(x) =

{
x2 ïðè x ≥ 0,
−x2 ïðè x < 0,

ψ1(x) =

{
sin2 x ïðè x ≥ 0,
− sin2 x ïðè x < 0,

Òîäi, çãiäíî ç ôîðìóëîþ Äàëàìáåðà (7), ðîçâ'ÿçîê çàïèøåòüñÿ
ó âèãëÿäi

u(x, t) =
φ1(x− at) + φ1(x+ at)

2
+

1

2a

x+at∫
x−at

ψ1(z)dz) =

=



(x+ at)2 + (x− at)2

2
+

1

2a

x+at∫
x−at

sin2 zdz ïðè t ≤ x

a
,

(x+ at)2 − (x− at)2

2
+

1

2a

( x+at∫
0

sin2 zdz −
0∫

x−at

sin2 zdz
)

ïðè t > x
a
> 0,

=

=


x2 + a2t2 +

t

2
− 1

4a
cos 2x sin 2at ïðè t <

x

a
,

2axt+
1

4a
(2x− sin 2x cos 2at) ïðè t >

x

a
> 0.

Âïðàâè

O1. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ:
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1) uxy + aux = 0;
2) uxx − 2 sin xuxy − cos2 xuyy − cos xuy = 0;
3) 3uxx − 5uxy − 2uyy + 3ux + uy = 2;
4) uxy − 2auxy + a2uyy + ux + auy = 0;
5) e−2xuxx − e−2yuyy − e−2xux + e−2yuy + 8ey = 0;
6) x2uxx − 2xyuxy + y2uyy + xux + yuy = 0;
7) x2uxx − y2uyy = 0;
8) xuxx − yuyy +

1
2
(ux − uy) = 0, x > 0, y > 0;

O2. Çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi:
1) uxx + 2uxy − 3uyy = 0, u(x, y)|y=0 = 3x2, uy(x, y)|y=0 = 0;
2) uxx + 2 cos xuxy − sin2 xuyy − sin xuy = 0, u(x, y)|y=sinx =

x+ cos x, uy(x, y)|y=sinx = sin x;
3) eyuxy − uyy + uy = 0, u(x, y)|y=0 = −x2/2, uy(x, y)|y=0 =

− sin x;
4) uxy + yux+xuy +xyu = 0, u(x, y)|y=3x = 0, uy(x, y)|y=3x =

e−5x2 , x < 1, y < 3;
5) uxx − 6uxy + 5uyy = 0, u(x, y)|y=x = sin x, uy(x, y)|y=x =

cos x;
6) x2uxx− y2uyy − 2yuy = 0, u(x, y)|x=1 = y, ux(x, y)|x=1 = y,

x > 0, y < 0;
7) exuxy + uyy = 0, u(x, y)|y=e−x = 0, uy(x, y)|y=e−x = e2x;
8) uxy − 1/xuy = 0, u(x, y)|x=2y = 4y, ux(x, y)|x=2y = 2.
O3. Â îáëàñòi Π1 := {(x, t) | x ∈ R, t > 0} çíàéòè ðîçâ'ÿçîê

çàäà÷i Êîøi:
1) utt = uxx, u(x, t)|t=0 = cos x, ut(x, t)|t=0 = sin x;
2) utt = 4uxx + xt, u(x, t)|t=0 = x2, ut(x, t)|t=0 = x;
3) utt = uxx + ex, u(x, t)|t=0 = sin x, ut(x, t)|t=0 = x+ cos x;
4) utt = uxx, u(x, t)|t=0 =

sinx
x
, ut(x, t)|t=0 =

x
1+x2

;
5) utt = uxx, u(x, t)|t=0 =

x
1+x2

, ut(x, t)|t=0 = sin x.
O4. Âèêîðèñòîâóþ÷è ìåòîä ïðîäîâæåííÿ i ôîðìóëó Äà-

ëàìáåðà, çíàéòè â îáëàñòi Π1
+ := {(x, t)|0 ≤ x < +∞, t ≥ 0}

ðîçâ'ÿçîê çàäà÷i:
1) utt = a2uxx, u(x, 0) = 0, ut(x, 0) = sin x, ux(0, t) = 0;
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2) utt = a2uxx, u(x, 0) = x2

1+x2
, ut(x, 0) = 0, u(0, t) = 0;

3) utt = 4uxx, u(x, 0) = e−x
2
, ut(x, 0) = sin x, u(0, t) = 0;

4) utt = 4uxx, u(x, 0) = x, ut(x, 0) = 0, ux(0, t) = cos t.
O5. Ðîçâ'ÿçàòè çàäà÷ó:
1) utt = uxx, 0 ≤ x < +∞, t > 0, u(x, 0) = x2, ut(x, 0) = x,

u(0, t) = t2;
2) utt = 4uxx + 16t2, 0 ≤ x < +∞, t > 0, u(x, 0) = x4/6,

ut(x, 0) = 2 sin x, u(0, t) = 4t4;
3) utt = 3uxx+2(1−6t2)e−2x, 0 ≤ x < +∞, t > 0, u(x, 0) = 1,

ut(x, 0) = x, ux(0, t) + 2u(0, t) = 2 + t;
C1. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ:
1) (ux + u)y + 2x2y(ux + u) = 0;
2) uxy + xux + 2yuy + 2xyu = 0;
3) (ux + u)y + x(ux + u) + x2y = 0;
4) 2uxx + 6uxy + 4uyy + ux + uy = 0;
5) 3uxx − 10uxy + 3uyy − 2ux + 4uy + 5/16u = 0;
6) uxx − 6uxy + 8uyy + ux − 2uy + 4e5x+3/2y = 0;
C2. Íà êiíöi x = 0 öèëiíäðè÷íîãîî ñòåðæíÿ, íàñòiëüêè

äîâãîãî, ùî éîãî ìîæíà ââàæàòè íàïiâîáìåæåíèì, äi¹ çáóðþ-
þ÷à ñèëà A sinωt. Äîâåñòè, ùî âiäíîñíå âèäîâæåííÿ ïåðåðiçó
ñòåðæíÿ ç àáñöèñîþ x ó ìîìåíò ÷àñó t âèðàæà¹òüñÿ ôîðìóëîþ

u(x, t) =

 0 ïðè t ≤ x

a
,

A sin
ω

α
(αt− x) ïðè t >

x

a
,

ÿêùî ïî÷àòêîâi âiäõèëåííÿ i ïî÷àòêîâi øâèäêîñòi òî÷îê ñòðó-
íè äîðiâíþþòü íóëþ.

C3. Ïîøèðþþ÷è çáóðåííÿ êðàþ çà äîïîìîãîþ ïðÿìî¨ õâè-
ëi, ðîçâ'ÿçàòè çàäà÷ó:

utt = a2uxx, x > 0, t ≥ 0;

ux(0, t) = ν(t), t > 0; u(x, 0) = 0, ut(x, 0) = 0, x ≥ 0.
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C4. Âiäðiçîê ñòðóíè, ÿêèé çàêðiïëåíèé íà êiíöÿõ x = 0 i
x = l, ìà¹ â ïî÷àòêîâèé ìîìåíò ÷àñó ôîðìó ïàðàáîëè, ñèìå-
òðè÷íî¨ âiäíîñíî ïåðïåíäèêóëÿðà, ïðîâåäåíîãî ÷åðåç ñåðåäè-
íó âiäðiçêà [0, l]. Çíàéòè ôîðìó ñòðóí â ìîìåíò ÷àñó t1 = l

2a
i

t2 =
l
a
, ââàæàþ÷è ùî ïî÷àòêîâi øâèäêîñòi âiäñóòíi.

C5. Ñêîðèñòàâøèñü çàóâàæåííÿì 1, ðîçâ'ÿçàòè çàäà÷ó:
1) utt = ∆u+ 6xyt, u|t=0 = x2 − y2, ut|t=0 = xy;
2) utt = ∆u+ t sin y, u|t=0 = x2, ut|t=0 = sin y;
3) utt = ∆u+ 2xy, u|t=0 = x2 + y2 − 2z2, ut|t=0 = 1;
4) utt = 8∆u+ t2x2, u|t=0 = y2, ut|t=0 = z2.
C6. Äîâåñòè, ùî ïðè |x| ̸= |t| ôóíêöiÿ u(x, t) = x2+t2

(x2−t2)2 ¹
ðîçâ'ÿçêîì ðiâíÿííÿ êîëèâàííÿ ñòðóíè (5) ç a = 1, f = 0.

C7. Íåõàé u � ðîçâ'ÿçîê ðiâíÿííÿ (5) ç a = 1, f = 0. Äî-
âåñòè, ùî ôóíêöiÿ v(x, t) = u( x

x2−t2 ,
t

x2−t2 ) òàêîæ ¹ ðîçâ'ÿçêîì
öüîãî ðiâíÿííÿ ñêðiçü, äå âîíà âèçíà÷åíà.

C8. Ðîçâ'ÿçàòè çàäà÷ó Êîøi:
1) uxx−2 sin xuxy+(sin2 −9uyy)−cos xuy = 36, u|y=cosx = −x2,

uy|y=cosx = −2
3
;

2) x2uxx − 2xyxuxy − 3y2uyy = 0, u|y=1 = 0, uy|y=1 = x4/3;
3) uxx−2 sin xuxy−(3+cos2 x)uyy)+ux+(2−sin x−cos x)uy =

0, u|y=cosx = 0, uy|y=cosx = e−x/2 cos x;
4) uxx − 2uxy − 3uyy = 16, u|y=0 = 3x2, uy|y=0 = 0;
5) 3uxx − 2uxy − uyy +

4
y−x(ux + uy) = x− y, u(x, y)|x=0 = 1,

u(x, y)x|x=0 = y2.

Äîìàøí¹ çàâäàííÿ

Ä1. Çíàéòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ:
1) x2uxx − y2uyy − 2yuy = 0;
2) uxx − 2uxy + 3uyy = 0;
3) uxy − 2uxy − 3uy + 6u = 2ex+y;
4) uxx−2 cos xuxy−(3+sin2 x)uyy+ux+(sin x−cos x−2)uy = 0;
5) uxy + yuy − u = 0;
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6) uxy + yux + xuy + xyu = 0;
7) uxx + 4uxy − 5uyy + ux − uy = 0.
Ä2. Ðîçâ'ÿçàòè çàäà÷ó Êîøi:
1) uxyux = 0, u|y=x = sin x, ux|y=x = 1;
2) yxx + uxy − 3uyy = 2, u|x=0 = 0, uy|y=0 = x+ cos x;
3) xuxx + (x + y)uxy + yuyy = 0, u|y= 1

x
= x3, ux|y= 1

x
= 2x2,

x > 0, y > 0;
4) uxx + 2(1 + 2x)uxy + 4x(1 + x)uyy + 2uy = 0, u|x=0 = y,

ux|x=0 = 2
5) uxx − 2 sin xuxy − (3 + cos 2x)uyy − cos xuy = 0, u|y=cosx =

sin x, uy|y=cosx =
1
2
ex;

6) uxx+2 sin xuxy − cos2 xuyy + ux+ (sin x+ cos x+1)uy = 0,
u|y=− cosx = 1 + 2 sin x, uy|y=− cosx = sin x;

7) eyuxy − uyy + uy = xe2y, u|y=0 = sin x, uy|y=0 =
1

1+x2
;

8) y2uyy − x2uxx = 0, u(x, y)|y=1 = 3x, uy(x, y)|y=1 = 6x2.
Ä3. Ðîçâ'ÿçàòè çàäà÷ó Êîøi:
1) utt = uxx, u|t=0 = x2, ut|t=0 = x;
2) utt = uxx + sin x, u|t=0 = sin x, ut|t=0 = 0;
3) utt = 9uxx + sin x,u|t=0 = 1, ut|t=0 = 1;
4) utt = uxx + α sin βt, u|t=0 = cos x, ut|t=0 = sin x;
5) utt = uxx + x sin t, u|t=0 = sin x, ut|t=0 = cos x;
6) utt = ∆u+ x3 − 3x2, u|t=0 = ex cos y, ut|t=0 = ey sin x;
7) utt = 2∆u, u|t=0 = 2x2 − y2, ut|t=0 = 2x2 + y2;
8) utt = |deltau + 6tex

√
2 sin y cos z, u|t=0 = ex+y cos z

√
2,

ut|t=0 = e3y+4z sin 5x.
Ä4. Â îáëàñòi Π1

+ := {(x, t) | 0 ≤ x < +∞, t ≥ 0}. Çíàéòè
ðîçâ'ÿçîê çàäà÷i:

1) utt = a2uxx, u(x, 0) = 0, ut(x, 0) = x
1+x2

, u(0, t) = 0;

2) utt = a2uxx, u(x, 0) = x2

1+x2
, ut(x, 0) = x

1+x2
, u(0, t) = 0;

3) utt = uxx, u(x, 0) = 0, ut(x, 0) = 0, u(0, t) = sin πt;
4) utt = uxx, u(x, 0) = 0, ut(x, 0) = 0, ux(0, t) = − sin πt.
Ä5. Ðîçâ'ÿçàòè çàäà÷ó:
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1) utt = uxx + 2, x > 0, t > 0 u|t=0 = x + cos x, ut|t=0 = 1,
ux|x=0 = 1;

2) utt = uxx, x > 0, t > 0 u|t=0 = x2, ut|t=0 = 0, (ut+u)|x=0 =
2t+ t2;

3) utt = uxx − 6, x > 0, t > 0 u|t=0 = x2, ut|t=0 = 0, (ut +
2ux)|x=0 = −4;

4) utt = a2uxx, x > 0, t > 0 u|t=0 = 0, ut|t=0 = A, A � ñòàëà,
x ≥ 0, (ux + hu)|x=0 = 0, t ≥ 0;

5) utt = a2uxx, x > 0, t > 0 u|t=0 =

{
sin px/l, 0 ≤ x ≤ l,
0, l < x < +∞ ,

ut|t=0 = 0, x ≥ 0 (ux − hu)|x=0 = 0, t ≥ 0.

Âiäïîâiäi

Î1. 1) u(x, y) = φ(x)e−αy + g(y); 2) ũξη = 0, u = f(x + y −
cos x)+g(x−y+cos x); 3) ũξη+1

7
ũη =

2
49
, u = 2

7
(2x+y)+f(x−3y)+

g(2x+ y)e
1
7
3y−x; 4) ũξξ+ ũξ = 0, u = f(y− ax)+ g(y− ax)e−x; 5)

ũξη+ξ+η, u = ey(e2y−e2x)+f(ey−ex)+g(ey+ex); 6) ũηη+ 1
η
ũη = 0,

u = f(xy) ln |x|+ g(xy); 7) ũξη− 1
2ξ
ũη = 0, u =

√
xyf( y

x
)+ g(xy);

8) ũξη = 0, u = f(
√
x+

√
y) + g(

√
x−√

y).
Î2. 1) u = 3x2 + y2; 2) u = x + cos(x + sin x − y); 3) u =

x2

2
− cos x + cos(x + ey − 1); 4) u = (y − 3x)e−

1
2
(x2+y2); 5) u =

−3
2
sin y+5x

6
+ 5

2
sin y+x

2
; 6) u = y

3x
+ 2

3
x2y; 7) u(x, y) = 2ex− 4

y+e−x ;
8) u(x, y) = 2x.

Î3. 1) u = cos(x− t); 2) u = x2+xt+4t2+ 1
6
xt3; 3) u = xt =

sin(x+ t)− (1− ch t)ex; 4) u = x sinx cos t−t cos sin t
x2−t2 + 1

4
ln 1+(x+t)2

1+(x−t)2 ; 5)

u = 1
2
( x+t
1+(x+t)2

+ x−t
1+(x−t)2 ) + sin x sin t.

Î4. 1) u(x, t) =

{
1
a
sin x sin at, at < x < +∞,

1
a
(1− cos x cos at), 0 ≤ x ≤ at;

2)

u(x, t) =

{
1
2
( (x+at)2

1+(x+at)2
+ (x−at)2

1+(x−at)2 ), x > at,
1
2
( (x+at)2

1+(x+at)2
− (x−at)2

1+(x−at)2 ), 0 ≤ x ≤ at;
3) u(x, t) =
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e−(x2+4t2) ch 4xt+

{
1
2
(1− cos x cos 2t), 0 ≤ x < 2t,

1
2
sin x sin 2t, x ≥ 2t;

4) u(x, t) ={
x, x ≥ 2t,
2 sin(x

2
− t) + 2t, x < 2t;

Î5. 1) u = x2 + xt+ t2; 2) u = 4t4 +4t4x4 + 1
6
x4 +sin x sin 2t;

3) u = 1 + xt+ t2e−2x.

Ñ1. 1) u = e−x(ψ(y) +
x∫
0

φ(ξ)eξ−ξ
2e2dξ); 2) u = e−xy(yf(x) +

f ′(x)+
y∫
0

(y−η)g(η)e−xηdη). Ïîçíà÷èâøè uy+xu := ν, îäåðæàòè

ðiâíÿííÿ u = νx + 2yν, (νy + xν)x + 2y(νy + xν) = 0; 3) u =

(1+y)(1−e−x)−xy+e−x(φ(y)+
x∫
0

eξ(1−y)ψ(ξ)dξ). Êîðèñòóþ÷èñü

ïîçíà÷åííÿì ux + u := e−xyν, îäåðæàòè ðiâíÿííÿ ux + u =
1−xy+ e−xyψ(x), ðîçâ'ÿçóþ÷è ÿêå îòðèìàòè âiäïîâiäü; 4) u =

f(y− x) + e
1
2
(y−x)g(y− 2x); 5) u = f(x+3y) + g(3x+ y)e

7x+y
16 ; 6)

u = e
1
2
(x+y)((2x+ y)e4x+y + f(2x+ y) + g(4x+ y)).

Ñ2. Òðåáà ðîçâ'ÿçàòè çàäà÷ó
utt = a2uxx, x > 0, t > 0,
u(x, 0) = 0, ut(x, 0) = 0, x ≥ 0,
u(0, t) = A sinωt, t ≥ 0.
Ñ3.

u(x, t)


0, t ≤ x

a
,

−a
t−x

2∫
0

ν(τ)dτ, t > x
a
.

Ñ4. u(x, l
2a
) = 0, u(x, l

a
) = −4h

l2
(x− l)x, 0 ≤ x ≤ l.

Ñ5. 1) u = xyt(1 + t2) + x2 − y2; 2) u = x2 + t2 + t sin y; 3)
u = x2+y2−2z2+t+t2xyz; 4) u = y2+tz2+8t2+ 8

3
t3+ 1

12
t4x2+ 2

45
t6.

Ñ6. Ðîçêëàñòè u íà ïðîñòi äðîáè, òîäi
u(x, t) = 1

2(x−t)2 +
1

2(x+t)2
= f(x− t+ g(x+ t)).

Ñ7. Îñêiëüêè u(x, t) = f(x− t) + g(x+ t), òî
ν(x, t) = f( x

x2−t2 −
t

x2−t2 )+g(
x

x2−t2 +
t

x2−t2 ) = f( 1
x+t

)+g( 1
x−t) =
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g1(x+ t) + f1(x− t).
Ñ8. 1) u = −x2 − 13

3
(y − cos x)2 − 2

3
(y − cos x);

2) u = 3
4

4
√
x7y( 3

√
y − 1

y
);

3) u = 2e−
1
4
(2x−y+cosx) cos x sin 1

2
(y − cos x).Çà äîïîìîãîþ çà-

ìiíè ξ = 2x− y + cos x, η = 2x+ y − cos x, ðiâíÿííÿ çâåñòè äî
êàíîíi÷íîãî âèãëÿäó 4ũξη + ũη = 0. Çàãàëüíèé ðîçâ'ÿçîê öüîãî
ðiâíÿííÿ ũξη = f(ξ)+e−

ξ
4 g(η). Äàëi ïîâåðíóòèñÿ äî çìiííèõ x i

y òà, çàäîâîëüíèâøè ïî÷àòêîâi óìîâè, çíàéòè âèãëÿä ôóíêöi¨
f i g;

4) u = 3x2 − 5
3
y2;

5) u(x, y) = 1 + xy2 + x2

2
(x− 3y).
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Òåìà 21. ÌÅÒÎÄ ÔÓÐ'� ÂIÄÎÊÐÅÌËÅÍÍß
ÇÌIÍÍÈÕ ÄËß ÐÎÇÂ'ßÇÀÍÍß ÌIØÀÍÈÕ

ÇÀÄÀ×

Ó ïîïåðåäíié òåìi ìè ðîçâ'ÿçóâàëè ðiâíÿííÿ ãiïåðáîëi÷íî-
ãî òèïó â íåîáìåæåíèõ îáëàñòÿõ çìiíè ïðîñòîðîâèõ çìiííèõ
ïðè t > 0 (íàïðèêëàä, êîëèâàííÿ íåñêií÷åííî¨ ñòðóíè ðîç-
ãëÿäàëèñÿ ïðè −∞ < x < +∞ i t > 0). Óñÿ ñóêóïíiñòü
ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü âèçíà÷à¹òüñÿ ç òî÷íiñòþ äî äâîõ äî-
âiëüíèõ ôóíêöié. Äëÿ âèäiëåííÿ ïåâíîãî ðîçâ'ÿçêó ìè çàäà-
âàëè äâi óìîâè (óìîâè Êîøi): çíà÷åííÿ øóêàíî¨ ôóíêöi¨ i ¨¨
ïîõiäíî¨ çà t ïðè t = 0. ßêùî æ íàñ öiêàâèòü ðîçâ'ÿçîê ðiâ-
íÿííÿ ïðè t > 0 â îáìåæåíié îáëàñòi çìiíè ïðîñòîðîâèõ çìií-
íèõ, íàïðèêëàä, êîëèâàííÿ ñòðóíè, ùî ìà¹ ñêií÷åííó äîâæè-
íó, òî â äîïîâíåííÿ äî ïî÷àòêîâèõ óìîâ òðåáà ùå çàäàâàòè
ïîâåäiíêó øóêàíî¨ ôóíêöi¨ íà ìåæi îáëàñòi çìiíè ïðîñòîðî-
âèõ çìiííèõ. Çàäà÷ó ïðî ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ ç äîäàòêîâèìè ïî÷àòêîâèìè i êðàéîâèìè óìîâàìè íàçè-
âàþòü ìiøàíîþ àáî ïî÷àòêîâî-êðàéîâîþ çàäà÷åþ. Íàé-
÷àñòiøå ðîçâ'ÿçóâàííÿ ìiøàíèõ çàäà÷ äëÿ ðiâíÿíü ìàòåìàòè-
÷íî¨ ôiçèêè (íå îáîâ'ÿçêîâî ãiïåðáîëi÷íèõ) ïðîâîäèòüñÿ ìåòî-
äîì Ôóð'¹ âiäîêðåìëåííÿ çìiííèõ àáî êîðîòøå ìåòîäîì
Ôóð'¹.

Öåé ìåòîä çàñòîñîâíèé äëÿ îäíîðiäíèõ ðiâíÿíü ç îäíîði-
äíèìè êðàéîâèìè óìîâàìè. Îïèøåìî çàãàëüíó ñõåìó ìåòîäó
Ôóð'¹ äëÿ ðiâíÿííÿ

A(y)uyy(x, y) + B(y)uy(x, y) + C(y)u(x, y) =

=
1

ρ(x)
((p(x)ux(x, y))x − q(x)u(x, y)) , (1)

äå A, B, C � íåïåðåðâíi ôóíêöi¨ íà [0, y0], à ρ, p, p′, q � íå-
ïåðåðâíi ôóíêöi¨ íà [0, l], ïðè÷îìó ρ > 0, p > 0, q ≥ 0. Çà
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òàêèõ ïðèïóùåíü ñòîñîâíî ρ i p òèï ðiâíÿííÿ (1) âèçíà÷à¹-
òüñÿ çíàêîì A, à ñàìå, ÿêùî ïðè y ∈ [0, y0] : A(y) > 0, òî òèï
ãiïåðáîëi÷íèé, A(y) = 0 � ïàðàáîëi÷íèé i A(y) < 0 � åëiïòè-
÷íèé. Ó ãiïåðáîëi÷íîìó é ïàðàáîëi÷íîìó âèïàäêàõ çìiííà y ¹
÷àñîâîþ çìiííîþ, îáëàñòü çìiíè ÿêî¨ ìîæå áóòè íåîáìåæåíîþ,
òîáòî y0 = +∞. Îáëàñòü çìiíè x ó âñiõ âèïàäêàõ ¹ ñêií÷åííèì
âiäðiçêîì [0, l].

Îñíîâíi îäíîðiäíi ðiâíÿííÿ ìàòåìàòè÷íî¨ ôiçèêè ¹ ÷àñòèí-
íèìè âèïàäêàìè ðiâíÿííÿ (1).

Íåõàé Qy0 := (0, l) × (0, y0). Ðîçãëÿíåìî çàäà÷ó ïðî çíàõî-
äæåííÿ ôóíêöi¨ u(x, y), (x, y) ∈ Qy0 , ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
(1) ó Qy0 , çàäîâîëüíÿ¹ îäíîðiäíi êðàéîâi óìîâè çà çìiííîþ x

αux(0, y)+βu(0, y) = 0, γux(l, y)+δu(l, y) = 0, 0 ≤ y ≤ y0, (2)

i íåîäíîðiäíi óìîâè çà çìiííîþ y:
1) A > 0 (ãiïåðáîëi÷íèé âèïàäîê)

u(x, 0) = φ(x), uy(x, 0) = ψ(x), 0 ≤ x ≤ l, (3)

2) A = 0 (ïàðàáîëi÷íèé âèïàäîê)

u(x, 0) = φ(x), 0 ≤ x ≤ l, (4)

3) A < 0 (åëiïòè÷íèé âèïàäîê)

α1uy(x, 0) + β1u(x, 0) = φ(x),

γ1uy(x, y0) + δ1u(x, y0) = ψ(x), 0 ≤ x ≤ l, (5)

äå α, β, γ, δ, α1, β1, γ1, δ1 � ñòàëi, ÿêi çàäîâîëüíÿþòü óìîâè α2+
β2 ̸= 0, γ2 + δ2 ̸= 0, α2

1 + β2
1 ̸= 0, γ21 + δ21 ̸= 0.

Çàäà÷à (1), (2), (3) ¹ ìiøàíîþ çàäà÷åþ äëÿ ãiïåðáîëi÷íîãî
ðiâíÿííÿ; çàäà÷à (1), (2), (4) � ìiøàíîþ çàäà÷åþ äëÿ ïàðàáîëi-
÷íîãî ðiâíÿííÿ; à çàäà÷à (1), (2), (5) � êðàéîâîþ çàäà÷åþ äëÿ
åëiïòè÷íîãî ðiâíÿííÿ.
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Øóêàòèìåìî íåíóëüîâi ðîçâ'ÿçêè ðiâíÿííÿ (1), ÿêi çàäî-
âîëüíÿþòü óìîâè (2), ó âèãëÿäi äîáóòêó ôóíêöié

u(x, y) = X(x)Y (y), (x, y) ∈ Qy0 (6)

Ïiäñòàíîâêà (6) ó ðiâíÿííÿ (1) äà¹

A(y)X(x)Y ′′(y) + B(y)X(x)Y ′(y) + C(y)X(x)Y (y) =

=
1

ρ(x)
((p(x)X ′(x))′Y (y)− q(x)X(x)Y (y)) .

Ïîäiëèâøè öþ ðiâíiñòü íà X(x)Y (y), äiñòàíåìî

A(y)Y ′′(y) + B(y)Y ′(y) + C(y)Y (y)

Y (y)
=

(p(x)X ′(x))′ − q(x)X(x)

ρ(x)X(x)
.

Ëiâà ÷àñòèíà öi¹¨ òîòîæíîñòi íå çàëåæèòü âiä x, à ïðàâà -
âiä y, îòæå, ðiâíiñòü ìîæëèâà òiëüêè ó âèïàäêó, êîëè ¨¨ ëiâà é
ïðàâà ÷àñòèíè äîðiâíþþòü ñòàëié âåëè÷èíi. ßêùî ïîçíà÷èòè
öþ ñòàëó ÷åðåç λ, òî îäåðæèìî äâà çâè÷àéíi äèôåðåíöiàëüíi
ðiâíÿííÿ

A(y)Y ′′(y) + B(y)Y ′(y) + (C(y) + λ)Y (y) = 0, y ∈ (0, y0); (7)

(p(x)X ′(x))′ + (λρ(x)− q(x))X(x) = 0, x ∈ (0, l). (8)

Ðîçâ'ÿçêè (6) ïîâèííi çàäîâîëüíÿòè êðàéîâi óìîâè (2). Ïðè
ïiäñòàíîâöi (6) ó (2) äiñòàíåìî óìîâè, ÿêi ïîâèííà çàäîâîëü-
íÿòè ôóíêöiÿ X,

αX ′(0) + βX(0) = 0, γX ′(l) + δX(l) = 0. (9)

Çàäà÷à (8), (9) íàçèâà¹òüñÿ çàäà÷åþ Øòóðìà-Ëióâiëëÿ.
Âîíà ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè íå ïðè âñiõ çíà÷åííÿõ λ. Òi
çíà÷åííÿ λ, ïðè ÿêèõ âîíà ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè, íà-
çèâàþòüñÿ âëàñíèìè ÷èñëàìè (çíà÷åííÿìè), à âiäïîâiäíi
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¨ì íåòðèâiàëüíi ðîçâ'ÿçêè X � âëàñíèìè ôóíêöiÿìè çàäà÷i
Øòóðìà-Ëióâiëëÿ.

Âëàñíi ÷èñëà i âëàñíi ôóíêöi¨ çàäà÷i Øòóðìà-Ëióâiëëÿ (8),
(9) ìàþòü òàêi âëàñòèâîñòi:

1) iñíó¹ çëi÷åííà ìíîæèíà âëàñíèõ ÷èñåë λ1, ..., λk, ...(λ1 ≤
... ≤ λk ≤ ...) i âiäïîâiäíèõ ¨ì âëàñíèõ ôóíêöié
X1(x), ..., Xk(x), ..., x ∈ (0, l);

2) óñi âëàñíi ÷èñëà äiéñíi i íåâiä'¹ìíi; äëÿ ïåðøî¨ é òðå-
òüî¨ êðàéîâèõ çàäà÷ âëàñíi ÷èñëà äîäàòíi, äëÿ äðóãî¨ êðàéîâî¨
çàäà÷i ç q = 0 âëàñíèì ÷èñëîì ¹ òàêîæ λ = 0;

3) âëàñíi ôóíêöi¨ Xk i Xm, ÿêi âiäïîâiäàþòü ðiçíèì âëà-
ñíèì ÷èñëàì λk i λm, îðòîãîíàëüíi ìiæ ñîáîþ ç âàãîþ ρ íà
âiäðiçêó [0, l], òîáòî

l∫
0

ρ(x)Xk(x)Xm(x)dx =

{
0 ïðè k ̸= m,
||Xm||2 ̸= 0 ïðè k = m;

4) (òåîðåìà Ñòåêëîâà) âñÿêà ôóíêöiÿ f , ÿêà ¹ íåïåðåðâ-
íîþ íà ñåãìåíòi [0, l] ðàçîì çi ñâî¨ìè ïîõiäíèìè ïåðøîãî i
äðóãîãî ïîðÿäêiâ òà çàäîâîëüíÿ¹ êðàéîâi óìîâè (9), ðîçêëàäà-
¹òüñÿ â ðiâíîìiðíî çáiæíèé ðÿä Ôóð'¹ çà ñèñòåìîþ âëàñíèõ
ôóíêöié Xk, k ∈ N çàäà÷i (8), (9):

f(x) =
∞∑
k=1

akXk(x), x ∈ [0, l]. (10)

Êîåôiöi¹íòè ak âèçíà÷àþòüñÿ çà ôîðìóëîþ

ak =
1

||Xk||2

l∫
0

ρ(x)Xk(x)f(x)dx, k ∈ N. (11)

Çàóâàæåííÿ. Ðîçêëàä f ó ðÿä Ôóð'¹ (10) ìîæëèâèé i òîäi,
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i êîëè f ∈ L2,ρ((0, l)) (

l∫
0

ρ(x)|f(x)|2dx < +∞). Ïðè öüîìó ðÿä

(10) ç êîåôiöi¹íòàìè (11) çáiãà¹òüñÿ â ñåðåäíüîìó äî f íà (0, l),
òîáòî∥∥∥∥∥f −

n∑
k=1

akXk

∥∥∥∥∥
L2,ρ

:=

 l∫
0

ρ(x)

∣∣∣∣∣f(x)−
n∑
k=1

akXk(x)

∣∣∣∣∣
2

dx

1/2

−→
n→∞

0.

ßêùî çíàéäåíî âëàñíi ÷èñëà i âëàñíi ôóíêöi¨ çàäà÷i (8),
(9), òî, ïiäñòàâèâøè λ = λk, k ∈ N ó ðiâíÿííÿ (7), îäåðæèìî
ðiâíÿííÿ

A(y)Y ′′
k (y) + B(y)Y ′

k(y) + (C(y) + λk)Yk(y) = 0, k ∈ N. (12)

ßêùî A ̸= 0, òîáòî ìà¹ìî ãiïåðáîëi÷íèé àáî åëiïòè÷ièé
âèïàäêè, òî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (12) ìà¹ âèãëÿä

Yk(y) = AkY1k(y) + BkY2k(y), y ∈ [0, y0], k ∈ N,

äå Y1k i Y2k � ëiíiéíî íåçàëåæíi ðîçâ'ÿçêè öüîãî ðiâíÿííÿ, à
Ak i Bk � äîâiëüíi ñòàëi.

Ó ïàðàáîëi÷íîìó âèïàäêó, êîëè A = 0 i B ̸= 0, çàãàëüíèé
ðîçâ'ÿçîê âèçíà÷à¹òüñÿ ôîðìóëîþ

Yk(y) = AkY1k(y) := Ak exp

−
y∫

0

C(z) + λk
B(z)

dz

 , y ∈ [0, y0], k ∈ N,

Çíàéäåíi Xk i Yk ïiäñòàâëÿ¹ìî â (6) i îäåðæó¹ìî ðîçâ'ÿçêè
uk(x, y), (x, y) ∈ Qy0 , k ∈ N, ðiâíÿííÿ (1), ÿêi çàäîâîëüíÿþòü
óìîâè (2). Ïðè öüîìó

uk(x, y) =

{
(AkY1k(y) + BkY2k(y))Xk(x), ÿêùî A ̸= 0,
AkY1k(y)Xk(x), ÿêùî A = 0, B ̸= 0.
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Çà äîïîìîãîþ ðîçâ'ÿçêiâ uk, k ∈ N, áóäó¹ìî ðîçâ'ÿçêè ïî-
ñòàâëåíèõ çàäà÷ äëÿ ðiâíÿííÿ (1). Äëÿ öüîãî ðîçãëÿíåìî ðÿä

u(x, y) =
∞∑
k=1

uk(x, y), (x, y) ∈ Qy0 , (13)

ÿêèé ó âèïàäêó, êîëè A ̸= 0, ìà¹ âèãëÿä

u(x, y) =
∞∑
k=1

(AkY1k(y) + BkY2k(y))Xk(x), (x, y) ∈ Qy0 , (14)

à ÿêùî A = 0, B ̸= 0, òî âèãëÿä

u(x, y) =
∞∑
k=1

AkY1k(y)Xk(x), (x, y) ∈ Qy0 . (15)

ßêùî ðÿä (13) çáiãà¹òüñÿ ðiâíîìiðíî â Qy0 ðàçîì ç ðÿäàìè,
ÿêi îäåðæóþòüñÿ ç íüîãî ïî÷ëåííèì äèôåðåíöiþâàííÿì äâi÷i
çà x i y, òî éîãî ñóìà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1) i çàäîâîëüíÿ¹
êðàéîâi óìîâè (2), áî òàêó âëàñòèâiñòü ìàþòü ÷ëåíè ðÿäó. Ùîá
çíàéòè êîåôiöi¹íòè Ak i Bk iç (14) i (15), òðåáà çàäîâîëüíèòè
ôóíêöi¹þ u, ÿêà âèçíà÷à¹òüñÿ ðiâíiñòþ (13), óìîâè (3) � (5) çà
çìiííîþ y. Ó çàëåæíîñòi âiä òèïó ðiâíÿííÿ (1) ìàòèìåìî ðiçíi
ñèòóàöi¨.

Ãiïåðáîëi÷íèé òèï (A > 0). Ïiäñòàâèâøè (14) ó (3), äi-
ñòàíåìî

φ(x) =
∞∑
k=1

(AkY1k(0) + BkY2k(0))Xk(x),

ψ(x) =
∞∑
k=1

(AkY
′
1k(0) + BkY

′
2k(0))Xk(x), x ∈ [0, l]. (16)
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ßêùî ôóíêöi¨ φ i ψ ìîæíà ðîçêëàñòè ó ðÿäè Ôóð'¹ çà ñèñòå-
ìîþ âëàñíèõ ôóíêöié {Xk, k ∈ N}, òî

AkY1k(0) + BkY2k(0) =
1

∥Xk∥2

l∫
0

ρ(x)φ(x)Xk(x)dx,

AkY
′
1k(0) + BkY

′
2k(0) =

1

∥Xk∥2

l∫
0

ρ(x)ψ(x)Xk(x)dx.

(17)

Çíàéøîâøè Ak i Bk ç öi¹¨ ñèñòåìè, ïiäñòàâèìî ¨õ ó ðÿä (14).
ßê ðåçóëüòàò äiñòàíåìî ðîçâ'ÿçîê çàäà÷i (1) � (3).

Ïàðàáîëi÷íèé òèï (A = , B ̸= 0). Äëÿ çíàõîäæåííÿ êî-
åôiöi¹íòiâ Ak íåîáõiäíî çàäîâîëüíèòè ðÿäîì (15) ïî÷àòêîâó
óìîâó (4):

φ(x) =
∞∑
k=1

AkY1k(0)Xk(x), x ∈ [0, l].

Çâiäñè âèïëèâà¹, ùî

Ak =
1

Y1k(0)∥Xk∥2

l∫
0

ρ(x)φ(x)Xk(x)dx, k ∈ N.

Ïiäñòàâèâøè öi êîåôiöi¹íòè ó (15), îäåðæèìî ðîçâ'ÿçîê çàäà÷i
(1), (2), (4).

Åëiïòè÷íèé òèï (A < 0). Ðîçâ'ÿçîê ðiâíÿííÿ (1), ÿêèé
çàäîâîëüíÿ¹ êðàéîâi óìîâè (2), ÿê i â ãiïåðáîëi÷íîìó âèïàäêó,
çíàõîäèòüñÿ ó âèãëÿäi ðÿäó (14). Çàäîâîëüíèâøè öèì ðÿäîì
êðàéîâi óìîâè (5) çà çìiííîþ y, äiñòàíåìî ñèñòåìó ðiâíÿíü,
àíàëîãi÷íó äî (17), ç ÿêî¨ çíàéäåìî êîåôiöi¹íòè Ak i Bk. Ïiä-
ñòàíîâêà ¨õ ó (14) äà¹ ðîçâ'ÿçîê çàäà÷i (1), (2), (5).

Ïðèêëàä 1. Âèâ÷èòè âiëüíi êîëèâàííÿ òîíêîãî îäíîðiäíî-
ãî ñòåðæíÿ äîâæèíîþ π, ëiâèé êiíåöü ÿêîãî çàêðiïëåíèé, à
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ïðàâèé âiëüíèé, ÿêùî ïî÷àòêîâå âiäõèëåííÿ âiä ïîëîæåííÿ
ðiâíîâàãè äîðiâíþ¹

π

32
x(2π−x), 0 ≤ x ≤ π, à ïî÷àòêîâà øâèä-

êiñòü íóëüîâà.
C Îñêiëüêè êîëèâàííÿ âiëüíi, à ñòåðæåíü îäíîðiäíèé, òî

ðiâíÿííÿ êîëèâàíü

utt(x, t) = a2uxx(x, t), 0 < x < π, t > 0. (18)

Çà óìîâîþ çàäà÷i ëiâèé êiíåöü ñòåðæíÿ çàêðiïëåíèé, òî-
ìó u(0, t) = 0. Òå, ùî ïðàâèé êiíåöü âiëüíèé, îçíà÷à¹, ùî
ux(π, t) = 0. Îòæå, êðàéîâi óìîâè ìàþòü âèãëÿä

u(0, t) = 0, ux(π, t) = 0, t ≥ 0. (19)

Ïî÷àòêîâi óìîâè òàêi

u(x, 0) =
π

32
x(2π − x), ut(x, 0) = 0, 0 ≤ x ≤ π. (20)

Áóäåìî øóêàòè íåíóëüîâi ÷àñòèííi ðîçâ'ÿçêè ðiâíÿííÿ (18),
ÿêi çàäîâîëüíÿþòü êðàéîâi óìîâè (19), ó âèãëÿäi äîáóòêó ôóí-
êöié

u(x, t) = T (t)X(x), (21)

êîæíà ç ÿêèõ çàëåæèòü âiä îäíi¹¨ çìiííî¨. Ïiñëÿ ïiäñòàíîâ-
êè (21) ó (18) i âiäîêðåìëåííÿ çìiííèõ äiñòà¹ìî äâà çâè÷àéíi
äèôåðåíöiàëüíi ðiâíÿííÿ äðóãîãî ïîðÿäêó çi ñòàëèìè êîåôiöi-
¹íòàìè

T ′′(t)X(x) = a2T (t)X ′′(x),
T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ2,

T ′′(t) + a2λ2T (t) = 0, t ≥ 0, (22)

X ′′(x) + λ2X(x) = 0, 0 ≤ x ≤ π. (23)

Òóò i íàäàëi çàìiñòü −λ áóäåìî ïèñàòè −λ2, ùîá ïiäêðåñëèòè
íåäîäàòíiñòü öüîãî ÷èñëà.
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ßêùî ôóíêöiÿ u ç (21) çàäîâîëüíÿ¹ óìîâè (19), òî

X(0) = 0, X ′(π) = 0. (24)

Îòæå, çàäà÷åþØòóðìà-Ëióâiëëÿ ¹ çàäà÷à (23), (24). Çíàéäåìî
¨¨ âëàñíi ÷èñëà i âëàñíi ôóíêöi¨. Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ
(23)

X(x) = C1 cosλx+ C2 sinλx, 0 ≤ x ≤ π.

Çàäîâîëüíÿþ÷è öi¹þ ôóíêöi¹þ óìîâè (24), îäåðæó¹ìî ñèñòåìó
äâîõ ðiâíÿíü {

0 = C1 cosλ0 + C2 sinλ0,
0 = −C1λ sinλπ + C2λ cosλπ,

ÿêà ìiñòèòü íåâiäîìi âåëè÷èíè C1, C2 i λ. Äîäàòêîâîþ òóò ¹
óìîâà, ùî u ̸= 0, à, îòæå, i X ̸= 0. Òîìó ïðè C1 = 0, ùî
âèïëèâà¹ ç ïåðøîãî ðiâíÿííÿ, äiñòàíåìî ç äðóãîãî ðiâíÿííÿ
äâi óìîâè C2 ̸= 0 i cosλπ = 0. Ç îñòàííüî¨ óìîâè âèïëèâà¹,

ùî λπ =

(
2n+ 1

2

)
π àáî λn =

2n+ 1

2
, äå n ∈ Z+. Öå i ¹

âëàñíi ÷èñëà çàäà÷i (23), (24), à âëàñíèìè ôóíêöiÿìè, ÿêi ¨ì
âiäïîâiäàþòü, ¹

Xn(x) = sin
2n+ 1

2
x, 0 ≤ x ≤ π, n ∈ Z+. (25)

Òóò âçÿòî C2 = 1 òîìó, ùî âëàñíi ôóíêöi¨ âèçíà÷àþòüñÿ ç
òî÷íiñòþ äî äîâiëüíî¨ ñòàëî¨ C2.

Äëÿ çíàõîäæåííÿ T ç (22), âðàõîâóþ÷è òå, ùî λ = λn, äi-
ñòàíåìî ðiâíÿííÿ

T ′′
n (t) + a2

(
2n+ 1

2

)2

Tn(t) = 0, t ≥ 0, n ∈ Z+.

Çâiäñè îäåðæó¹ìî, ùî

Tn(t) = An cos
2n+ 1

2
at+Bn sin

2n+ 1

2
at, t ≥ 0, n ∈ Z+. (26)
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Îòæå, êîæíîìó âëàñíîìó ÷èñëó λn âiäïîâiäà¹ ðîçâ'ÿçîê çàäà÷i
(18), (19), ÿêèé ¹ äîáóòêîì ôóíêöié (25) i (26), òîáòî

un(x, t) =

(
An cos

2n+ 1

2
at+Bn sin

2n+ 1

2
at

)
sin

2n+ 1

2
x,

0 ≤ x ≤ π, t ≥ 0. (27)

Îñêiëüêè ôóíêöi¨ (27) íi ïðè ÿêîìó âèáîði ñòàëèõ An i Bn

íå çàäîâîëüíÿþòü óìîâè (20), òî ðîçâ'ÿçîê çàäà÷i (18) � (20)
øóêàòèìåìî ó âèãëÿäi ðÿäó

u(x, t) =
∞∑
n=0

(
An cos

2n+ 1

2
at+Bn sin

2n+ 1

2
at

)
sin

2n+ 1

2
x,

0 ≤ x ≤ π, t ≥ 0. (28)

Çàäîâîëüíÿþ÷è ðÿäîì (28) óìîâè (20), äiñòà¹ìî ðiâíîñòi
∞∑
n=0

An sin
2n+ 1

2
x =

π

32
x(2π − x), 0 ≤ x ≤ π,

∞∑
n=0

Bna
2n+ 1

2
sin

2n+ 1

2
x = 0, 0 ≤ x ≤ π,

ç ÿêèõ çíàõîäèìî çíà÷åííÿ êîåôiöi¹íòiâ An i Bn:

An =
2

π

π∫
0

π

32
x(2π − x) sin

2n+ 1

2
xdx =

=
1

8(2n+ 1)

x(2π − x) cos
2n+ 1

2
x

∣∣∣∣0
π

+ 2

π∫
0

(π − x) cos
2n+ 1

2
xdx

 =

=
1

2(2n+ 1)2

(π − x) sin
2n+ 1

2
x

∣∣∣∣π
0

+

π∫
0

sin
2n+ 1

2
xdx

 =



227

=
1

(2n+ 1)3
cos

2n+ 1

2
x

∣∣∣∣0
π

=
1

(2n+ 1)3
; Bn = 0, n ∈ Z+.

Îòæå, ðîçâ'ÿçîê çàäà÷i (18) � (20) ìà¹ âèãëÿä

u(x, t) =
∞∑
n=0

1

(2n+ 1)3
cos

2n+ 1

2
at sin

2n+ 1

2
x, 0 ≤ x ≤ π, t ≥ 0.

Îäåðæàíèé ðÿä i éîãî ïîõiäíi çáiãàþòüñÿ ðiâíîìiðíî äëÿ 0 ≤
x ≤ π, t ≥ 0, ùî ìîæíà äîâåñòè, ñêîðèñòàâøèñü ìàæîðàíòíîþ
îçíàêîþ Âåé¹ðøòðàññà é îçíàêîþ Äiðiõëå. ◃

Ïðèêëàä 2. Çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ

utt(x, t) + 2h1ut(x, t) = a2uxx(x, t), 0 < x < l, t > 0, (29)

(h1 � ìàëå äiéñíå ÷èñëî), ÿêèé çàäîâîëüíÿ¹ êðàéîâi

ux(0, t) = 0, ux(l, t) + h2u(l, t) = 0, h2 > 0, t ≥ 0, (30)

i ïî÷àòêîâi óìîâè

u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l. (31)

▹ Ïiäñòàâèâøè u(x, t) = X(x)T (t) ó ðiâíÿííÿ (29), äiñòàíå-
ìî, ùî X(x)T ′′(t) + 2h1X(x)T ′(t) = a2X ′′(x)T (t), à ïiñëÿ âiä-
îêðåìëåííÿ çìiííèõ îäåðæèìî ðiâíÿííÿ

T ′′(t) + 2h1T
′(t) + λ2a2T (t) = 0, t ≥ 0, (32)

X ′′(x) + λ2X(x) = 0, 0 ≤ x ≤ l. (33)

ßêùî çàäîâîëüíèòè êðàéîâi óìîâè (30), òî ìàòèìåìî

X ′(0) = 0, X ′(l) + h2X(l) = 0. (34)

Äëÿ çíàõîäæåííÿ X ìà¹ìî çàäà÷ó Øòóðìà-Ëióâiëëÿ (33),
(34). Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (33) X(x) = C1 cosλx +
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C2 sinλx. Òîäi X ′(x) = −C1λ sinλx + C2λ cosλx i òîìó, çàäî-
âîëüíèâøè óìîâè (34), äiñòàíåìî{
C2λ = 0,
C1(−λ sinλl + h2 cosλl) + C2(λ cosλl + h2 sinλl) = 0, λ ̸= 0.

Îñêiëüêè λ ̸= 0, òî ç ïåðøîãî ðiâíÿííÿ öi¹¨ ñèñòåìè äi-
ñòà¹ìî C2 = 0, à òîäi ç äðóãîãî ðiâíÿííÿ îäåðæèìî ðiâíiñòü
C1(−λ sinλl+ h2 cosλl) = 0. Î÷åâèäíî, ùî C1 ̸= 0, áî â ïðîòè-
ëåæíîìó âèïàäêó X ≡ 0, à òîìó −λ sinλl+h2 cosλl = 0, òîáòî

tg µ =
h2l

µ
, äå µ = λl. ßê ëåãêî áà÷èòè, ðîçãëÿäàþ÷è â ïëîùè-

íi Oµz ïåðåòèí äâîõ ëiíié z = tg µ, z =
h2l

µ
, öå ðiâíÿííÿ ìà¹

çëi÷åííó ìíîæèíó ïàð êîðåíiâ µ1, µ̄1, µ2, µ̄2, ..., ÿêi îäíàêîâi çà
àáñîëþòíîþ âåëè÷èíîþ i ïðîòèëåæíi çà çíàêîì. Ðîçãëÿäàòè-
ìåìî ëèøå äîäàòíi µ1, µ2, .... Òîäi ç ðiâíîñòi µk = λkl, k ∈ N
çíàõîäèìî âëàñíi ÷èñëà çàäà÷i (33), (34).

Ó âèïàäêó λ = 0 çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (33) ìà¹
âèãëÿä X(x) = C1x+C2. Çàäîâîëüíÿþ÷è óìîâè (34), äiñòà¹ìî
ñèñòåìó {

C1 = 0,
C1 + h2(C1l + C2) = 0,

çâiäêè âèïëèâà¹, ùî C1 = 0, C2 = 0, à öå îçíà÷à¹, ùî X ≡ 0.
Îòæå, âëàñíi ÷èñëà ìàþòü âèãëÿä λn =

µn
l
i ¨ì âiäïîâiäà-

þòü âëàñíi ôóíêöi¨ Xn(x) = cos
µn
l
x, 0 ≤ x ≤ l, n ∈ N.

Ðîçãëÿäà¹ìî òåïåð ðiâíÿííÿ (32) ç λ = λn, n ∈ N. Öå ëiíié-
íå îäíîðiäíå ðiâíÿííÿ äðóãîãî ïîðÿäêó çi ñòàëèìè êîåôiöi¹í-
òàìè, çàãàëüíèé ðîçâ'ÿçîê ÿêîãî

Tn(t) = e−h1t(An cos qnt+Bn sin qnt), qn =
√
µ2
na

2l−2 − h21, n ∈ N,
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äå µ2
na

2l−2 − h21 ≥ 0. Òîìó ðîçâ'ÿçêîì çàäà÷i (29), (30) ¹

un(x, t) = e−h1t(An cos qnt+Bn sin qnt) cos
µn
l
x, n ∈ N,

à ðîçâ'ÿçîê çàäà÷i (29) � (31) øóêà¹ìî ó âèãëÿäi ðÿäó

u(x, t) =
∞∑
n=1

e−h1t(An cos qnt+Bn sin qnt) cos
µn
l
x,

0 ≤ x ≤ l, t ≥ 0. (35)

Çàäîâîëüíèâøè ïî÷àòêîâi óìîâè (31), äiñòàíåìî ðiâíîñòi

φ(x) =
∞∑
n=1

An cos
µn
l
x,

ψ(x) =
∞∑
n=1

(−h1An +Bnqn) cos
µn
l
x, 0 ≤ x ≤ l. (36)

Ñèñòåìà ôóíêöié {cos µn
l
x, n ∈ N} îðòîãîíàëüíà íà [0, l],

òîìó, ïîìíîæèâøè ðiâíîñòi (36) íà cos
µm
l
x òà çiíòåãðóâàâøè

â ìåæàõ âiä 0 äî l, îäåðæèìî ñïiââiäíîøåííÿ
l∫

0

φ(x) cos
µm
l
xdx = Am

l∫
0

cos2
µm
l
xdx,

l∫
0

ψ(x) cos
µm
l
xdx = (−h1Am +Bmqm)

l∫
0

cos2
µm
l
xdx,

ç ÿêèõ âèïëèâà¹, ùî

Am =

l∫
0

φ(x) cos µm
l
xdx

l∫
0

cos2 µm
l
xdx

, Bm =

l∫
0

(ψ(x) + h1φ(x)) cos
µm
l
xdx

qm
l∫
0

cos µm
l
xdx

.
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Îñêiëüêè
l∫

0

cos2
µm
l
xdx =

l

2

(
1 +

sin 2µm
2µm

)
,

òî, ñêîðèñòàâøèñü ðiâíiñòþ tg µm =
h2l

µm
i òèì, ùî sin 2α =

2 tgα

1 + tg2 α
, îäåðæèìî, ùî

1

Cm
:=

l∫
0

cos2
µm
l
xdx =

l

2

µ2
m + h2l + (h2l)

2

µ2
m + (h2l)2

.

Îòæå, êîåôiöi¹íòè Am i Bm âèçíà÷àþòüñÿ ôîðìóëàìè

Am = Cm

l∫
0

φ(x) cos
µm
l
xdx,

Bm =
Cm
qm

l∫
0

[ψ(x) + h1φ(x)] cos
µm
l
xdx, m ∈ N.

Ïiäñòàâèâøè öi çíà÷åííÿ êîåôiöi¹íòiâ ó ðÿä (35), îòðèìà-
¹ìî øóêàíèé ðîçâ'ÿçîê çàäà÷i (29) � (31), ÿêùî ôóíêöi¨ φ i ψ
çàäîâîëüíÿþòü óìîâè òåîðåìè Ñòåêëîâà. ◃

Ïðèêëàä 3. Ðîçâ'ÿçàòè çàäà÷ó

utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0, (37)

ux(0, t) = 0, ux(l, t) = 0, t ≥ 0. (38)

u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l. (39)

▹Øóêàòèìåìî íåíóëüîâèé ðîçâ'ÿçîê çàäà÷i (37), (38) ó âè-
ãëÿäi

u(x, t) = X(x)T (t). (40)
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Ïiäñòàâèâøè (40) ó ðiâíÿííÿ (37) i âiäîêðåìèâøè çìiííi, äi-
ñòàíåìî òàêi äâà çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ:

T ′′(t) + a2λ2T (t) = 0, t ≥ 0, (41)

X ′′(x) + λ2X(x) = 0, 0 ≤ x ≤ l. (42)

ßêùî çàäîâîëüíèòè ôóíêöi¹þ (40) óìîâè (38), òî îäåðæèìî,
ùî

X ′(0) = 0, X ′(l) = 0. (43)

Ðîçâ'ÿæåìî çàäà÷ó Øòóðìà-Øóâiëëÿ (42), (43). Çàãàëüíèé
ðîçâ'ÿçîê ðiâíÿííÿ (42) X(x) = C1 cosλx + C2 sinλx. Ïiäñòà-
âèâøè X ó êðàéîâi óìîâè (43), äiñòàíåìî

0 = C2λ, 0 = −C1λ sinλl + C2λ cosλl.

ßêùî λ ̸= 0, òî C2 = 0 i òîäi C1 ̸= 0, áî â ïðîòèëåæíîìó
âèïàäêó X ≡ 0. Òîìó îäåðæó¹ìî, ùî sinλl = 0, òîáòî λn =
nπ

l
i Xn(x) = cos

nπ

l
x, 0 ≤ x ≤ l, n ∈ N. Ó âèïàäêó, êîëè

λ = 0, çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (42) ìà¹ âèãëÿä X0(x) =
C1x + C2. ßêùî çàäîâîëüíèòè óìîâè (43), òî îäåðæèìî, ùî
C1 = 0. Òîäi C2 ̸= 0, áî íàñ öiêàâëÿòü íåíóëüîâi ðîçâ'ÿçêè
çàäà÷i Øòóðìà-Ëióâiëëÿ. Ìîæíà âçÿòè C2 = 1, à öå îçíà÷à¹,
ùî X0(x) = 1, 0 ≤ x ≤ l.

Îòæå, ìè ìà¹ìî âëàñíi ÷èñëà λ0 = 0 i λn =
nπ

l
, n ∈ N ÿêèì

âiäïîâiäàþòü âëàñíi ôóíêöi¨ X0(x) = 1 i Xn(x) = cos
nπ

l
x,

n ∈ N, çàäà÷i (42), (43).
Ïðè λ = λ0 = 0 ðiâíÿííÿ (41) ìà¹ ðîçâ'ÿçîê T0(t) =

A0t + B0, à ïðè λ = λn, n ∈ N, ðîçâ'ÿçêîì ¹ ôóíêöiÿ Tn(t) =

An cos
anπ

l
t+Bn sin

anπ

l
t, n ∈ N.

Ñêëàäåìî ðÿä

u(x, t) = A0t+B0 +
∞∑
n=1

(
An cos

anπ

l
t+Bn sin

anπ

l
t
)
cos

nπ

l
x,
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0 ≤ x ≤ l, t ≥ 0. (44)

Çàäîâîëüíÿþ÷è ïî÷àòêîâi óìîâè (39), îäåðæó¹ìî ñïiââiäíîøå-
ííÿ äëÿ âèçíà÷åííÿ A0, An, B0 i Bn:

B0 +
∞∑
n=1

An cos
nπ

l
x = φ(x),

A0 +
∞∑
n=1

Bn cos
nπ

l
x = ψ(x), 0 ≤ x ≤ l.

Çâiäñè

B0 =
1

l

l∫
0

φ(x)dx, A0 =
1

l

l∫
0

ψ(x)dx,

An =
2

l

l∫
0

φ(x) cos
nπx

l
dx, Bn =

2

anπ

l∫
0

ψ(x) cos
nπx

l
dx, n ∈ N.

Ïiäñòàâèâøè çíàéäåíi êîåôiöi¹íòè â ðÿä (44), äiñòàíåìî
ðîçâ'ÿçîê çàäà÷i (37) � (39) çà óìîâè, ùî ôóíêöi¨ φ i ψ çà-
äîâîëüíÿþòü óìîâè òåîðåìè Ñòåêëîâà. ◃

Çàóâàæåííÿ. Çà äîïîìîãîþ ìåòîäó Ôóð'¹ ðîçâ'ÿçóþòüñÿ
òàêîæ ìiøàíi çàäà÷i äëÿ ðiâíÿíü ãiïåðáîëi÷íîãî, ïàðàáîëi÷íî-
ãî òà åëiïòè÷íîãî òèïiâ i ó âèïàäêó, êîëè ¹ äåêiëüêà ïðîñòî-
ðîâèõ çìiííèõ.

Ïðèêëàä 4. Â îäíîðiäíî¨ ïðÿìîêóòíî¨ ìåìáðàíè {0 ≤ x ≤
s, 0 ≤ y ≤ p} ÷àñòèíà ìåæi {x = 0, 0 ≤ y < p} âiëüíà, à ií-
øà ÷àñòèíà çàêðiïëåíà æîðñòêî. Íåõòóþ÷è ðåàêöi¹þ íàâêîëè-
øíüîãî ñåðåäîâèùà, âèâ÷èòè ïîïåðå÷íi êîëèâàííÿ ìåìáðàíè,
ÿêùî ïî÷àòêîâi âiäõèëåííÿ u(x, y, 0) = A cos

πx

2s
sin

πy

p
, 0 ≤

x ≤ s, 0 ≤ y ≤ p à ïî÷àòêîâi øâèäêîñòi íóëüîâi.
▹ Ìàòåìàòè÷íà ìîäåëü çàäà÷i òàêà:

utt(x, y, t) = a2(uxx(x, y, t) + uyy(x, y, t)),
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0 < x < s, 0 < y < p, t > 0, (45)

ux(0, y, t) = 0, u(s, y, t) = 0, 0 ≤ y ≤ p, t ≥ 0, (46)

u(x, 0, t) = 0, u(x, p, t) = 0, 0 ≤ x ≤ s, t ≥ 0, (47)

u(x, y, 0) = A cos
πx

2s
sin

πy

p
, 0 ≤ x ≤ s, 0 ≤ y ≤ p,

ut(x, y, 0) = 0, 0 ≤ x ≤ s, 0 ≤ y ≤ p.
(48)

Øóêàòèìåìî íåòðèâiàëüíi ðîçâ'ÿçêè ðiâíÿííÿ (45), ÿêi çà-
äîâîëüíÿþòü êðàéîâi óìîâè (46), (47), ó âèãëÿäi u(x, y, t) =
T (t)V (x, y). ßê i â ïîïåðåäíiõ ïðèêëàäàõ, äiñòàíåìî ðiâíÿííÿ
äëÿ T

T ′′(t) + a2λ2T (t) = 0, t > 0, (49)

i ìiøàíó çàäà÷ó äëÿ V

Vxx(x, y)+Vyy(x, y)+λ
2V (x, y) = 0, 0 < x < s, 0 < y < p, (50)

Vx(0, y) = 0, V (s, y) = 0, 0 ≤ y ≤ p, (51)

V (x, 0) = 0, V (x, p) = 0, 0 ≤ x ≤ s. (52)

Çàäà÷ó (50) � (52)), â ñâîþ ÷åðãó, ðîçâ'ÿçóâàòèìåìî ìåòî-
äîì âiäîêðåìëåííÿ çìiííèõ:

V (x, y) = X(x)Y (y),

X ′′(x)

X(x)
= −Y

′′(y) + λ2Y (y)

Y (y)
= −µ2,

X ′′(x) + µ2X(x) = 0, X ′(0) = 0, X(s) = 0, (53)

Y ′′(y) + k2Y (y) = 0, k2 = λ2 − µ2, Y (0) = 0, Y (p) = 0. (54)

Âëàñíèìè ÷èñëàìè çàäà÷i (53) ¹ µm =
(2m+ 1)π

2s
, âëàñíèìè

ôóíêöiÿìè � Xm(x) = cos
(2m+ 1)πx

2s
, m ∈ Z+, à çàäà÷i (54) �

âiäïîâiäíî kn =
nπ

p
i Yn(y) = sin

nπy

p
, n ∈ N.
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Òîäi

Vmn(x, y) = cos
(2m+ 1)πx

2s
sin

nπy

p
,

m ∈ Z+, n ∈ N, 0 ≤ x ≤ s, 0 ≤ y ≤ p,

¹ âëàñíèìè ôóíêöiÿìè çàäà÷i (50) � (52), ùî âiäïîâiäàþòü âëà-

ñíèì ÷èñëàì λ2mn = µ2
m + k2n =

(2m+ 1)2π2

4s2
+
n2π2

p2
. Ïðè öüî-

ìó îêðåìi âëàñíi ÷èñëà ìîæóòü áóòè êðàòíèìè, òîáòî îäíîìó
âëàñíîìó ÷èñëó âiäïîâiäàòèìóòü äåêiëüêà ëiíiéíî íåçàëåæíèõ
ôóíêöié Vmn (ïðè ðiçíèõ m i n ìîæå áóòè îäíå i òå ñàìå çíà-
÷åííÿ λmn).

Ïiäñòàâèâøè λ2 = λ2mn ó ðiâíÿííÿ (49) i îäåðæèìî ðiâíÿííÿ

T ′′
mn(t) + λ2mna

2Tmn(t) = 0,

çàãàëüíèì ðîçâ'ÿçêîì ÿêîãî ¹

Tmn(t) = Amn cos aλmnt+Bmn sin aλmnt,

t ≥ 0, m ∈ Z+, n ∈ N.

Ñêîðèñòàâøèñü ïðèíöèïîì ñóïåðïîçèöi¨, îòðèìà¹ìî, ùî ðÿä

u(x, y, t) =
∞∑
m=0

∞∑
n=1

(
Amn cos

√
(2m+ 1)2

4s2
+
n2

p2
aπt+

Bmn sin

√
(2m+ 1)2

4s2
+
n2

p2
aπt

)
cos

(2m+ 1)πx

2s
sin

nπy

p
,

t ≥ 0, 0 ≤ x ≤ s, 0 ≤ y ≤ p, (55)

êîëè âií çáiãà¹òüñÿ ðiâíîìiðíî ðàçîì çi ñâî¨ìè ôîðìàëüíèìè
ïîõiäíèìè, òîáòî ðÿäàìè, îäåðæàíèìè ïî÷ëåííèì äèôåðåí-
öiþâàííÿì, äî äðóãîãî ïîðÿäêó, çàäîâîëüíÿ¹ ðiâíÿííÿ (45) i
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êðàéîâi óìîâè (46), (47), áî òàêó âëàñòèâiñòü ìàþòü ÷ëåíè ðÿ-
äó.

Çàäîâîëüíÿþ÷è ïî÷àòêîâi óìîâè (48), äiñòà¹ìî
A cos

πx

2s
sin

πy

p
=

∞∑
m=0

∞∑
n=1

Amn cos
(2m+ 1)πx

2s
sin

nπy

p
,

0 =
∞∑
m=0

∞∑
n=1

Bmn

√
(2m+ 1)2

4s2
+
n2

p2
aπ cos

(2m+ 1)πx

2s
sin

nπy

p
,

0 ≤ x ≤ s, 0 ≤ y ≤ p.

Çâiäñè âèïëèâà¹, ùî A01 = A, Amn = 0, m ̸= 0 i n ̸= 1 îäíî÷à-
ñíî, Bmn = 0, m ∈ Z+, n ∈ N, îñêiëüêè Vmn ëiíiéíî íåçàëåæíi.

Ïiäñòàâèâøè çíàéäåíi êîåôiöi¹íòè â ðÿä (55), îäåðæèìî
ðîçâ'ÿçîê çàäà÷i (45) � (48)

u(x, y, t) = A cos

√
1

4s2
+

1

p2
aπt cos

πx

2s
sin

πy

p
,

0 ≤ x ≤ s, 0 ≤ y ≤ p, t ≥ 0. ◃

Âïðàâè
Î1. Ó ïðîïîíîâàíèõ çàäà÷àõ äàòè ôiçè÷íå òëóìà÷åííÿ

óìîâ çàäà÷, çíàéòè ðîçâ'ÿçêè öèõ çàäà÷ i äîñëiäèòè íà ðiâ-
íîìiðíó çáiæíiñòü îäåðæàíi ôóíêöiîíàëüíi ðÿäè:

1) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,

u(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = 0, ut(x, 0) = sin
2π

l
x, 0 ≤ x ≤ l.

2) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,

u(0, t) = 0, u(l, t) = 0, t ≥ 0,
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u(x, 0) =


h

c
x, 0 ≤ x ≤ c,

h(x− l)

c− l
, c < x ≤ l,

ut(x, 0) = 0, 0 ≤ x ≤ l.

3) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,

u(0, t) = 0, ux(l, t) = 0, t ≥ 0,

u(x, 0) = sin
5π

2l
x, ut(x, 0) = sin

π

2l
x, 0 ≤ x ≤ l.

4) utt(x, t) + 2ut(x, t) = uxx(x, t) + u(x, t), 0 < x < π, t > 0,

ux(0, t) = 0, u(π, t) = 0, t ≥ 0,

u(x, 0) = 0, ut(x, 0) = x, 0 ≤ x ≤ π.

5) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,

ux(0, t) = 0, ux(l, t) = 0, t ≥ 0,

u(x, 0) = x, ut(x, 0) = 1, 0 ≤ x ≤ l.

6) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,

ux(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = cos
π

2l
x, ut(x, 0) = cos

3π

2l
x+ cos

5π

2l
x, 0 ≤ x ≤ l.

7) utt(x, t) = 9uxx(x, t), 0 < x < 4, t > 0,

ux(0, t) = 0, u(4, t) = 0, t ≥ 0,

u(x, 0) = 0, ut(x, 0) = 16− x2, 0 ≤ x ≤ 4.

8) utt(x, t) = uxx(x, t) + 10u(x, t), 0 < x <
π

2
, t > 0,

u(0, t) = 0, ux

(π
2
, t
)
= 0, t ≥ 0,
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u(x, 0) =
1

9
sin x+ sin 3x, ut(x, 0) = 0, 0 ≤ x ≤ π

2
.

9) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,

u(0, t) = 0, ux(l, t) = 0, t ≥ 0,

u(x, 0) = x, ut(x, 0) = sin
5

2l
x+ sin

3π

2l
x, 0 ≤ x ≤ l.

10) utt(x, t) = a2uxx(x, t), 0 < x < 1, t > 0,

u(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = h(x4 − 2x3 + x)x, ut(x, 0) = 0, 0 ≤ x ≤ 1.

O2. Âèâ÷èòè êîëèâàííÿ ñòðóíè äîâæèíîþ l iç çàêðiïëåíè-
ìè êiíöÿìè, ÿêùî ïî÷àòêîâi øâèäêîñòi òî÷îê ñòðóíè äîðiâíþ-
þòü íóëþ, à ïî÷àòêîâå âiäõèëåííÿ ìà¹ ôîðìó ïàðàáîëè, âiññþ

ñèìåòði¨ ÿêî¨ ¹ ïðÿìà x =
l

2
, à âåðøèíîþ � òî÷êà

(
l

2
, h

)
.

O3. Çíàéòè âiäõèëåííÿ âiä ïîëîæåííÿ ðiâíîâàãè çàêðiïëå-
íî¨ íà êiíöi x = l îäíîðiäíî¨ ãîðèçîíòàëüíî¨ ñòðóíè, ëiâèé
êiíåöü ÿêî¨ x = 0 ïåðåìiùó¹òüñÿ òàê, ùî äîòè÷íà äî ñòðó-
íè çàëèøà¹òüñÿ ãîðèçîíòàëüíîþ, ÿêùî â ïî÷àòêîâèé ìîìåíò

÷àñó ñòðóíà ìàëà ôîðìó
1

9
cos

3πx

2l
, 0 ≤ x ≤ l, à ïî÷àòêîâà

øâèäêiñòü âiäñóòíÿ.
O4. Êiíåöü x = 0 îäíîðiäíîãî ñòåðæíÿ çàêðiïëåíèé æîðñ-

òêî, à äî êiíöÿ x = l ïðèêëàäåíà ïîçäîâæíÿ ñèëà P = const,
ïiä äi¹þ ÿêî¨ ñòåðæåíü ïåðåáóâà¹ ó ñòàíi ðiâíîâàãè. Çíàéòè
êîëèâàííÿ ñòåðæíÿ ïiñëÿ òîãî, ÿê ó ïî÷àòêîâèé ìîìåíò ÷à-
ñó ñèëà P ïåðåñòà¹ äiÿòè, ââàæàþ÷è, ùî ïî÷àòêîâi øâèäêîñòi
äîðiâíþþòü íóëþ.

O5. Ðîçâ'ÿçàòè çàäà÷ó:
1) utt(x, y, t) = uxx(x, y, t) + uyy(x, y, t),

0 < x < π, 0 < y < π, t > 0,
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u(0, y, t) = 0, u(π, y, t) = 0, y ∈ [0, π], t ≥ 0,
u(x, 0, t) = 0, u(x, π, t) = 0, x ∈ [0, π], t ≥ 0,

u(x, y, 0) = 3 sin x sin 2y, ut(x, y, 0) = 5 sin 3x sin 4y, {x, y} ⊂ [0, π].
2) utt(x, y, t) = a2(uxx(x, y, t) + uyy(x, y, t)),

0 < x < s, 0 < y < p, t > 0,
u(0, y, t) = 0, ux(s, y, t) = 0, y ∈ [0, p], t ≥ 0,
u(x, 0, t) = 0, uy(x, p, t) = 0, x ∈ [0, s], t ≥ 0,

u(x, y, 0) = Axy, ut(x, y, 0) = 0, x ∈ [0, s], y ∈ [0, p].
3) utt(x, y, t) = a2(uxx(x, y, t) + uyy(x, y, t)),

0 < x < p, 0 < y < p, t > 0,
u(0, y, t) = 0, u(p, y, t) = 0, y ∈ [0, p], t ≥ 0,
u(x, 0, t) = 0, u(x, p, t) = 0, x ∈ [0, p], t ≥ 0,

u(x, y, 0) = A sin πx
p
sin πy

p
, ut(x, y, 0) = 0, x ∈ [0, p], y ∈ [0, p].

C1. Ðîçâ'ÿçàòè çàäà÷ó ïðî êîëèâàííÿ ñòðóíè äîâæèíîþ l iç
çàêðiïëåíèìè êiíöÿìè, ÿêùî â ïî÷àòêîâîìó ïîëîæåííi ñòðóíà
çíàõîäèòüñÿ â ñïîêî¨, à ïî÷àòêîâà ùâèäêiñòü çàäà¹òüñÿ, ôîð-
ìóëîþ:

à) ψ(x) = v0 = const, x ∈ [0, l];

á) ψ(x) =

{
v0 ïðè x ∈ [α, β],
0 ïðè x /∈ [α, β],

äå 0 ≤ α < β ≤ l;

â) ψ(x) =

{
A cos

π(x− x0)

2α
, ÿêùî x ∈ [x0 − α, x0 + α],

0, ÿêùî x /∈ [x0 − α, x0 + α],
äå 0 ≤ x0 − α < x0 + α ≤ l.

C2. Çíàéòè çàêîí âiëüíèõ êîëèâàíü ñòðóíè, ðîçìiùåíî¨ íà
âiäðiçêó [0, l], ÿêùî â ïî÷àòêîâèé ìîìåíò ñòðóíi áóëà íàäàíà

ôîðìà êðèâî¨ φ(x) =
l

100
sin

πx

2l
, 0 ≤ x ≤ l, à ïîòiì ñòðóíà

áóëà âiäïóùåíà áåç ïî÷àòêîâî¨ øâèäêîñòi. Ñòðóíà çàêðiïëåíà
â ëiâîìó êiíöi, à ïðàâèé ìîæå âiëüíî ïåðåìiùóâàòèñÿ òàê, ùî
äîòè÷íà â íüîìó âåñü ÷àñ çàëèøà¹òüñÿ ãîðèçîíòàëüíîþ.

C3. Â îäíîðiäíî¨ ïðÿìîêóòíî¨ ìåìáðàíè Π := {(x, y)|0 ≤
x ≤ s, 0 ≤ y ≤ p} ÷àñòèíà ìåæi {(x, y)|x = 0, 0 ≤ y ≤ p}
âiëüíà, à ðåøòà çàêðiïëåíà æîðñòêî. Íåõòóþ÷è ðåàêöi¹þ íàâ-
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êîëèøíüîãî ñåðåäîâèùà, çíàéòè ïîïåðå÷íi êîëèâàííÿ ìåìáðà-
íè, âèêëèêàíi ïî÷àòêîâèì ðîçïîäiëîì øâèäêîñòåé ut(x, y, 0) =

A(s− x) sin
πy

p
, (x, y) ∈ Π.

C4. Ðîçâ'ÿçàòè çàäà÷ó:
1) utt(x, y, t) = a2(uxx(x, y, t) + uyy(x, y, t)),

0 < x < p, 0 < y < q, t > 0,

u(0, y, t) = 0, u(p, y, t) = 0, y ∈ [0, q], t ≥ 0,

u(x, 0, t) = 0, u(x, q, t) = 0, x ∈ [0, p], t ≥ 0,

u(x, y, 0) = Axy(p−x)(q−y), ut(x, y, 0) = 0, x ∈ [0, p], y ∈ [0, q].

2) utt(x, y, t) = a2(uxx(x, y, t) + uyy(x, y, t)),

0 < x < p, 0 < y < q, t > 0,

u(0, y, t) = 0, u(p, y, t) = 0, y ∈ [0, q], t ≥ 0,

u(x, 0, t) = 0, u(x, q, t) = 0, x ∈ [0, p], t ≥ 0,

u(x, y, 0) = 0, ut(x, y, 0) = Axy(p−x)(q−y), x ∈ [0, p], y ∈ [0, q].

Äîìàøí¹ çàâäàííÿ
Ä1. Çíàéòè çàêîí êîëèâàííÿ ñòðóíè äîâæèíîþ l, ðîçìiùå-

íî¨ íà âiäðiçêó [0, l], ÿêùî â ïî÷àòêîâèé ìîìåíò ÷àñó t = 0

ñòðóíi íàäàíî ôîðìó êðèâî¨ φ(x) =
x(l − x)

8l
, x ∈ [0, l], à ïîòiì

ñòðóíà âiäïóùåíà áåç ïî÷àòêîâî¨ øâèäêîñòi. Ñòðóíà çàêðiïëå-
íà íà êiíöÿõ. Çîâíiøíi ñèëè âiäñóòíi.

Ä2. Çíàéòè âiäõèëåííÿ âiä ïîëîæåííÿ ðiâíîâàãè çàêðiïëå-
íî¨ íà êiíöÿõ x = 0 i x = l îäíîðiäíî¨ ñòðóíè, ÿêùî â ïî÷à-

òêîâèé ìîìåíò: 1) ñòðóíà ìàëà ôîðìó
1

8
sin

3πx

l
, 0 ≤ x ≤ l,

à ïî÷àòêîâi øâèäêîñòi âiäñóòíi; 2) òî÷êè ñòðóíè çíàõîäèëèñü
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ó ïîëîæåííi ðiâíîâàãè i ¨é áóëà íàäàíà ïî÷àòêîâà øâèäêiñòü
1

3
sin

5πx

l
, 0 ≤ x ≤ l.

Ä3. Çíàéòè çàêîí êîëèâàííÿ ñòðóíè äîâæèíîþ l, ÿêùî ó
ïî÷àòêîâèé ìîìåíò óñiì òî÷êàì ñòðóíè íàäàíà øâèäêiñòü, ÿêà
äîðiâíþ¹

a

10
, äå a � ñòàëà, ÿêà ôiãóðó¹ â ðiâíÿííi ñòðóíè. Ïî÷à-

òêîâå âiäõèëåííÿ âiäñóòí¹. Êiíöi ñòðóíè çàêðiïëåíi. Çîâíiøíi
ñèëè âiäñóòíi.

Ä4. Çíàéòè âiäõèëåííÿ âiä ïîëîæåííÿ ðiâíîâàãè, çàêðiïëå-
íî¨ íà êiíöi x = 0, îäíîðiäíî¨ ãîðèçîíòàëüíî¨ ñòðóíè, ïðàâèé
êiíåöü ÿêî¨ ïðè x = l ïåðåìiùó¹òüñÿ òàê, ùî äîòè÷íà äî ñòðóíè
¹ âåñü ÷àñ ãîðèçîíòàëüíîþ. Ó ïî÷àòêîâèé ìîìåíò ÷àñó ñòðóíà

ìàëà ôîðìó φ(x) =
1

15
sin

11πx

2l
cos

4πx

2l
, x ∈ [0, l], à ïî÷àòêîâi

øâèäêîñòi íóëüîâi.
Ä5. Ðîçâ'ÿçàòè çàäà÷ó:
1) utt(x, t) = a2uxx(x, t), 0 < x < π, t > 0,

ux(0, t) = 0, ux(π, t) = 0, t ≥ 0,
u(x, 0) = Ax(π − x), ut(x, 0) = 0, 0 ≤ x ≤ π.

2) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
u(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = x, ut(x, 0) = 0, 0 ≤ x ≤ l.
3) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,

u(0, t) = 0, ux(l, t) = 0, t ≥ 0,
u(x, 0) = x, ut(x, 0) = sin π

2l
x+ sin 3π

2l
x, 0 ≤ x ≤ l.

4) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
ux(0, t) = 0, ux(l, t) + hu(l, t) = 0, h > 0, t ≥ 0,

u(x, 0) = 0, ut(x, 0) = 1, 0 ≤ x ≤ l.
5) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,

ux(0, t) = 0, ux(l, t) = 0, t ≥ 0,
u(x, 0) = x(l − x), ut(x, 0) = 0, 0 ≤ x ≤ l.

6) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
ux(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = l2 − x2, ut(x, 0) = 0, 0 ≤ x ≤ l.
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7) utt(x, t) = a2uxx(x, t), 0 < x < 2, t > 0,
ux(0, t) = 0, u(2, t) = 0, t ≥ 0,

u(x, 0) = 0, ut(x, 0) = 4− x2, 0 ≤ x ≤ 2.
8) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,

u(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) =


2h

l
x ïðè 0 ≤ x ≤ l

2
,

2h

l
(l − x) ïðè

l

2
> x < l,

ut(x, 0) = 0, 0 ≤ x ≤ l.

9) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
ux(0, t)− hu(0, t) = 0, h > 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = 1 + hx− 1+hl
l2
x2, ut(x, 0) = 0, 0 ≤ x ≤ l.

10) utt(x, t) = 25uxx(x, t) + x(3 − x) sinωt, ω ̸= 5kπ

3
, k ∈ N,

0 < x < 3, t > 0,
u(0, t) = 0, u(3, t) = 0, t ≥ 0,

u(x, 0) = 0, ut(x, 0) = 0, 0 ≤ x ≤ 3.
Ä6. Çàêðiïëåíié ó òî÷öi x = l îäíîðiäíié ãîðèçîíòàëüíié

ñòðóíi, ëiâèé êiíåöü ÿêî¨ ìîæå ïåðåìiùóâàòèñÿ ç ãîðèçîíòàëü-

íîþ äîòè÷íîþ, íàäàíî ïî÷àòêîâó øâèäêiñòü ψ(x) =
x(l − x)

l2
,

x ∈ [0, l]. Çíàéòè çàêîí ¨¨ âiëüíèõ êîëèâàíü, ÿêùî â ïî÷àòêîâèé

ìîìåíò ÷àñó âîíà ìàëà ôîðìó φ(x) = sin
πx

l
, x ∈ [0, l].

Ä7. Îäíîðiäíié êâàäðàòíié ìåìáðàíi çi ñòîðîíîþ l, ÿêà çà-
êðiïëåíà ïî êîíòóðó, íàäàëè ôîðìó u(x, y, 0) = sin

πx

l
sin

πy

l
,

{x, y} ⊂ [0, l]. Çíàéòè çàêîí âiëüíèõ êîëèâàíü, ÿêùî ïî÷àòêîâà
øâèäêiñòü òî÷îê ìåìáðàíè äîðiâíþ¹ a/l, äå a � ñòàëà ç ðiâíÿ-
ííÿ êîëèâàíü.

Ä8. Ðîç'ÿçàòè ìiøàíó çàäà÷ó:
1) utt = a2(uxx + uyy), 0 < x < l, 0 < y < p, t > 0,

ux(0, y, t) = 0, u(l, y, t) = 0, 0 ≤ y ≤ p, t ≥ 0,
u(x, 0, t) = 0, u(x, p, t) = 0, 0 ≤ x ≤ l, t ≥ 0,

u(x, y, 0) = 0, ut(x, y, 0) = A(l − x) sin
π

p
y, 0 ≤ x ≤ l, 0 ≤ y ≤ p.



242

2) utt = a2(uxx + uyy), 0 < x < p, 0 < y < p, t > 0,
u(0, y, t) = 0, u(p, y, t) = 0, 0 ≤ y ≤ p, t ≥ 0,
u(x, 0, t) = 0, u(x, p, t) = 0, 0 ≤ x ≤ p, t ≥ 0,

u(x, y, 0) = 0, ut(x, y, 0) =
a

50
y, 0 ≤ x ≤ p, 0 ≤ y ≤ p,

äå a � ñòàëà ç ðiâíÿííÿ êîëèâàííÿ ìåìáðàíè.
Âiäïîâiäi
O1. 1) u(x, t) = l

2πa
sin 2πa

l
t sin 2π

l
x;

2) u(x, t) = 2hl2

π2c(l−c)

∞∑
n=1

1
n2 sin

nπc
l
cos anπ

l
t sin nπ

l
x;

3) u(x, t) = 2l
aπ

sin aπt
2l

sin πx
2l

+ cos 5aπt
2l

sin 5πx
2l
;

4) u(x, t) = 8e−t
∞∑
n=0

1
(2n+1)2

(
(−1)n − 2

π(2n+1)

)
sin 2n+1

2
t cos 2n+1

2
x;

5) u(x, t) = t+ l
2
− 4l

π2

∞∑
n=0

1
(2n+1)2

cos (2n+1)aπt
l

t cos (2n+1)πx
l

;

6) u(x, t) = cos aπt
2l

cos πx
2l

+ 2l
3aπ

sin 3aπt
2l

cos 3πx
2l

+
2l
5aπ

sin 5aπt
2l

cos 5πx
2l
;

7) u(x, t) = 4096
3π4

∞∑
n=0

(−1)n

(2n+1)4
sin 3π(2n+1)t

8
cos π(2n+1)x

8
;

8) u(x, t) = 1
18
(e3t + e−3t) sin x+ 1

2
(et + e−t) sin 3x;

9) u(x, t) = 2l
aπ

sin aπt
2l

sin 5x
2l
+ 2l

3aπ
sin 3aπt

2l
sin 3πx

2l
+

8l
π2

∞∑
n=0

(−1)n

(2n+1)2
cos (2n+1)aπt

2l
sin (2n+1)πx

2l
;

10) u(x, t) = 96h
π5

∞∑
n=0

1
(2n+1)5

sin(2n+ 1)πx cos a(2n+ 1)πt.

O2. utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
u(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = 4h
l2
x(l − x), ut(x, 0) = 0, 0 ≤ x ≤ l;

u(x, t) = 32h
π3

∞∑
k=0

1
(2k+1)3

cos (2k+1)aπt
l

sin (2k+1)πx
l

.

O3. utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
u(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = 1
9
cos 3πx

2l
, ut(x, 0) = 0, 0 ≤ x ≤ l;
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u(x, t) = 1
9
cos 3aπt

2l
cos 3πx

2l
.

O4. utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
u(0, t) = 0, ux(l, t) = 0, t ≥ 0,

u(x, 0) = Px
Eσ
, ut(x, 0) = 0, 0 ≤ x ≤ l,

äå E � ìîäóëüÞíãà, σ � ïëîùà ïîïåðå÷íîãî ïåðåðiçó ñòåðæíÿ;

u(x, t) =
8Pl

Eσπ2

∞∑
n=0

(−1)n
1

(2n+ 1)2
cos

(2n+ 1)aπt

2l
sin

(2n+ 1)πx

2l
.

O5. 1) u(x, y, t) = 3 cos
√
5t sin x sin 2y + sin 5t sin 3x sin 4y;

2) u(x, y, t) = 64Asp
π4

∞∑
k=0

∞∑
n=0

(−1)k+n

(2k+1)2(2n+1)2
cos
√

(2k+1)2

4s2
+ (2n+1)2

4p2
πat×

× sin 2k+1
2s
πx sin 2n+1

2p
πy;

3) u(x, y, t) = A cos
√
2aπl
p

sin πx
p
sin πy

p
.

C1. à) u(x, t) = 4lv0
π2a

∞∑
k=0

1
(2k+1)2

sin (2k+1)aπt
l

sin (2k+1)πx
l

;

á) u(x, t) = 2lv0
π2a

∞∑
k=1

cos kπα
l

−cos kπβ
l

k2
sin aπkt

l
sin kπx

l
;

â) u(x, t) = 8Al
π2a

∞∑
k=1

cos πkα
l

sin
πkx0

l

k
(
1−( 2αk

l )
2
) sin aπkt

l
sin πkx

l
.

C2. utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
u(0, t) = 0, ux(l, t) = 0, t ≥ 0,

u(x, 0) = l
100

sin πx
2l
, ut(x, 0) = 0, 0 ≤ x ≤ l;

u(x, t) = l
100

cos aπt
2l

sin πx
2l
.

C3. Ðîçâ'ÿçêîì çàäà÷i

utt(x, y, t) = a2(uxx(x, y, t) + uyy(x, y, t)), 0 < x < s, 0 < y < p, t > 0,
ux(0, y, t) = u(s, y, t) = 0, 0 ≤ y ≤ p, t ≥ 0,
u(x, 0, t) = u(x, p, t) = 0, 0 ≤ x ≤ s, t ≥ 0;

u(x, y, 0) = 0, ut(x, y, 0) = A(s− x) sin πy
p
, 0 ≤ x ≤ s, 0 ≤ y ≤ p,

¹ ôóíêöiÿ u(x, y, t) = 8As
aπ3 sin

πy
p

∞∑
k=0

1
(2k+1)2ωk

sin(aπωkt) cos
(2k+1)πx

2s
,

äå ωk =
√(

2k+1
2s

)2
+ 1

p2
.



244

C4. 1) u(x, y, t) = 16Ap2q2

π6

∞∑
m,n=0

cos
(
aπ
√

(2m+1)2

p2
+ (2n+1)2

q2
t
)
×

× sin
(2m+1)πx

p
sin

(2n+1)πy
q

(2m+1)3(2n+1)3
; 2) u(x, y, t) =

16Ap2q2

aπ7

∞∑
m,n=0

sin

(
aπ

√
(2m+1)2

p2
+

(2n+1)2

q2
t

)
√

(2m+1)2

p2
+

(2n+1)2

q2

×

× sin
(2m+1)πx

p
sin

(2n+1)πy
q

(2m+1)3(2n+1)3
.

Ä1. u(x, t) = 1
π3

∞∑
n=0

1
(2n+1)3

cos (2n+1)aπt
l

sin (2n+1)πx
l

.

Ä2. 1) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
u(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = 1
8
sin 3πx

l
, ut(x, 0) = 0, 0 ≤ x ≤ l;

u(x, t) = 1
8
cos 3aπt

l
sin 3πx

l
;

2) utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0,
u(0, t) = 0, u(l, t) = 0, t ≥ 0,

u(x, 0) = 0, ut(x, 0) =
1
3
sin 5πx

l
, 0 ≤ x ≤ l;

u(x, t) = l
15aπ

sin 5aπt
l

sin 5πx
l
.

Ä3. u(x, t) = 2l
5π2

∞∑
n=0

1
(2n+1)2

sin (2n+1)aπt
l

sin (2n+1)πx
l

.

Ä4. u(x, t) = 1
30

(
cos 7aπt

2l
sin 7πx

2l
+ cos 15aπt

2l
sin 15πx

2l

)
.

Ä5. 1) u(x, t) = aπ2

6
− A

∞∑
k=1

1
k2

cos 2akt cos 2kx;

2) u(x, t) = 2l
π

∞∑
k=1

1
k
(−1)k+1 cos akπt

l
sin kπx

l
;

3) u(x, t) = 2l
aπ

sin aπt
2l

sin πx
2l

+ 2l
3aπ

sin 3aπt
2l

sin 3πx
2l

+

8l
π2

∞∑
k=0

(−1)k

(2k+1)2
× × cos (2k+1)aπt

2l
sin (2k+1)πx

2l
;

4) u(x, t) = 2h
a

∞∑
k=1

√
h2+λ2k

λk(l(h2+λ
2
k)+h)

sin aλkt cosλkx, äå λk � äîäà-

òíi êîðåíi ðiâíÿííÿ λ tg λl = h;



245

5) u(x, t) = l2

6
− l2

π2

∞∑
k=1

1
k2

cos 2akπt
l

cos 2kπx
l
;

6) u(x, t) = 32l2

π3

∞∑
k=1

(−1)k+1

(2k−1)3
cos a(2k−1)t

2l
cos (2k−1)πx

2l
;

7) u(x, t) =
∞∑
k=1

(−1)k512
((2k−1)π)4a

sin a(2k−1)πt
4

cos (2k−1)πx
4

;

8) u(x, t) = 8h
π3

∞∑
k=1

sin kn
2

k2
cos akπt

l
sin kπx

l
;

9) u(x, t) = 4(1+hl)
l2

∞∑
k=1

µ2k+h
2l2

(µ2k+h
2l2+hl)µk

(1− cosµk) cos
aµkt
l
×

× sin µk
l
(l − x), äå µk, k ∈ N, � äîäàòíi êîðåíi ðiâíÿííÿ tg µ =

− µ
hl
;

10) u(x, t) =
∞∑
k=1

36(1−(−1)k

(kπ)3
(
( 5kπ

3 )
2
−ω2

) (− 3ω
5kπ

sin 5kπt
3

+ sinωt
)
sin kπx

3
.

Ä6. u(x, t) = 4
π

∞∑
k=1

(
− 2

(2k−3)(2k+1)
cos a(2k−1)πt

2l
+ 4l

a(2k−1)3π2×

×
(
−1 + 4(−1)k+1

(2k−1)π
sin a(2k−1)πt

2l

))
cos (2k−1)πx

2l
.

Ä7. utt(x, y, t) = a2(uxx(x, y, t) + uyy(x, y, t)),
0 < x < l, 0 < y < l, t > 0,

u(0, y, t) = 0, u(l, y, t) = 0, 0 ≤ y ≤ l, t ≥ 0,
u(x, 0, t) = 0, u(x, l, t) = 0, 0 ≤ x ≤ l, t ≥ 0;

u(x, y, 0) = sin πx
l
sin πy

l
, ut(x, y, 0) =

a
l
, 0 ≤ x ≤ l, 0 ≤ y ≤ l,

u(x, y, t) =
(
cos a

√
2πt
l

+ 16√
2π3 sin

a
√
2πt
l

)
sin πx

l
sin πy

l
+

+ 16
π3

∞∑
k=1

∞∑
n=1

1

(2k+1)(2n+1)
√

(2k+1)2+(2n+1)2
×

× sin
a
√

(2k+1)2+(2n+1)2πt

l
sin (2n+1)πx

l
sin (2k+1)πy

l
.

Ä8. 1) u(x, y, t) = 8al
aπ2

∞∑
k=1

1
(2k−1)2ωk

sin aωkt cos
(2k−1)πx

2l
sin πy

p
,

äå ωk = π
√

(2k−1)2

4l2
+ 1

p2
;
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2) u(x, y, t) = 0,32p
π3

∞∑
k=0

∞∑
n=0

sin
aπ

√
(2k+1)2+(2n+1)2

p
t

(2k+1)(2n+1)
√

(2k+1)2+(2n+1)2
×

× sin (2k+1)πx
p

sin (2n+1)πy
p

.
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