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MULTIPOINT BOUNDARY-VALUE PROBLEM OF OPTIMAL CONTROL FOR 
PARABOLIC EQUATIONS WITH DEGENERATION 

І. D. Pukal’s’kyi1  and  B. О. Yashan1,2 UDC 517.956 

We study the problem of optimal control over the process described by a multipoint problem with 
oblique derivative for a second-order parabolic equation and consider the cases of internal, starting, and 
boundary control.  The performance criterion is specified as the sum of volume and surface integrals.  
By using the principle of maximum and a priori estimates, we establish the existence and uniqueness of 
solutions of a multipoint boundary-value problem with degeneration.  The coefficients of the parabolic 
equation and boundary conditions have power singularities of any order for any variables on a certain set 
of points.  We establish estimates for the solution of the multipoint boundary-value problem and its de-
rivatives in Hölder spaces with power weight.  The necessary and sufficient conditions for the existence 
of the optimal solution of the problem are presented. 

Keywords: interpolation inequalities, maximum principle, a priori estimates, degeneration, boundary 
conditions. 

The theory of optimal control over the processes described by the boundary-value problems for partial dif-
ferential equations is characterized by a great number of accumulated results.  Moreover, it is extensively devel-
oped at present.  The necessity of investigations of this kind is connected with their active applications in solv-
ing the problems of natural sciences including, in particular, the problems of hydrodynamics and gas dynamics, 
physics of heat, filtration, diffusion, plasma, and the theory of biological populations. 

For the first time, fundamentals of the theory of optimal control of deterministic systems governed by par-
tial differential equations, were systematically described in the monograph [3].  Important results obtained in 
this theory for the case of evolutionary equations given in a bounded time interval were obtained, in particular, 
in [1, 11–13, 15].  In [14, 16], the state of controlled systems was described by the Dirichlet problem for linear 
parabolic equations.  The existence and uniqueness of the optimal control in the case of final observation was 
proved and necessary conditions of optimality were established in the form of generalized Lagrange multipliers 
rule in [16]. 

The works [5, 8] were devoted to the problem of choice of the optimal control over the processes described 
by parabolic boundary-value problems with bounded internal control.  The performance functional has the form 
of a volume integral.  

In the present paper, we consider the multipoint boundary-value problem with oblique derivative for a para-
bolic equation with power singularities of any order in coefficients of the equation and in the boundary condition 
with respect to any variables on a certain set of points.  By using a priori estimates and the maximum principle, 
we prove the existence of unique solution of the posed problem and establish estimates for its derivatives in 
Hölder spaces with power weights.  The accumulated results are used to establish necessary and sufficient con-
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ditions for the existence of the optimal solution to a system described by the boundary-value problem with inter-
nal, starting, and boundary controls and integral performance criteria. 

1.  Statement of the Problem and Main Restrictions 

Let   t0 ,t1,…,tN+1,η  be arbitrary numbers,   0 ≤ t0 < t1 <… < tN+1,  η ≠ tk ,    k ∈{0,1,…,N +1},  let  D   be a 
bounded domain in   Rn   with boundary  ∂D ,  dimD = n ,  and let  Ω   be a bounded domain,  Ω⊂D   with  
dimΩ ≤n−1.  Denote  

   Q(0) = {(t, x) t ∈[t0 ,tN+1], x ∈Ω}∪{(t, x) t = η, x ∈D},  η∈(t0 ,tN+1) ,  Γ = [0,T )×  ∂D . 

In the domain  Q = [t0 ,tN+1)× D ,  we consider the problem of finding the functions  (u,q) ,  q = (q1,q2 ,q3 )   
for which the functional  

 I (q) = dt F1(t, x;u(t, x;q),q1(t, x))dx
D
∫

t0

tN+1

∫  

  + dt F2 (t, x;u(t, x;q),q2 (t, x))dxS
∂D
∫

t0

tN+1

∫  

  
 
+ F3(x;u(t1, x;q),u(t2 , x;q),…,u(tN , x;q)q3(x))dx
D
∫  (1) 

attains its minimum in the class of the functions 

  q ∈V = {q q1 ∈C
α (Q),q2 ∈C1+α (D),q3 ∈C

2+α (Q),ν11(t, x) ≤ q1 

   ≤ ν12 (t, x),ν21(t, x) ≤ q2 ≤ ν22 (t, x),ν31(x) ≤ q3 ≤ ν32 (x)}, 

where  α ∈(0,1),   Cα   is the space of functions with continuous derivative of order  α ;  q1,  q2 ,  and  q3   are 
controls (internal, boundary, and limit), and  νmn (t, x)  is the restriction imposed on control.  In this case, for  
(t, x)∈Q(0) = Q \Q(0) ,  the function  u(t, x;q1(t, x),q2 (t, x),q3(x))  satisfies the equation 

 (Lu)(t, x) ≡ ∂t − Aij (t, x)∂xi
∂x j

i, j=1

n

∑ + Ai (t, x)∂xi
i=1

n

∑ + A0 (t, x)
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
u  

  = f (t, x;q1(t, x)) ,  (2) 

the nonlocal condition with respect to the time variable  
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 (Bu)(x) ≡ u(t0 , x;q)+ ζk (x)u(tk , x;q)
k=1

N

∑ = ϕ(x;q3(x)) , (3) 

and the boundary condition 

 
x→z∈∂D
lim (B1u − ψ )(t, x) =

x→z∈∂D
lim bk (t, x)∂xk u(t, x;q)

k=1

n

∑⎡
⎣
⎢  

  − b0 (t, x)u(t, x;q)− ψ(t, x;q3(x))
⎤

⎦
⎥ = 0  (4) 

on the lateral surface.  
The power singularities of the coefficients of differential expressions  L   and  B1  at the point  P(t, x)∈Q(0)   

are characterized by the functions  s1(βi
(1) ,t )   and  s2 (βi

(2) , x): 

 s1(βi
(1), t) = t − η βi

(1)
, t − η ≤1,

1, t − η >1,

⎧
⎨
⎪

⎩⎪
      s2(βi

(2), x) = ρβi
(2 )

(x), ρ(x) ≤1,

1, ρ(x) >1,

⎧
⎨
⎪

⎩⎪
 

 ρ(x) = inf
z∈Ω

x − z ,       βi
(ν) ∈(−∞,∞) ,        ν ∈{1,2},         β

(ν) = (β1
(ν) ,…,βn

(ν)),        β = (β(1) ,β(2)). 

We now define the spaces used to study problem (1)–(4).  Denote by   ℓ ,  q(1),  q(2),  γ (1) ,  γ (2) ,  δ(1),  δ(2),  
µ j

(1),  and  µ j
(2)  real numbers,    j ∈{0,1,…,n},   ℓ ≥ 0 ,    [ℓ]  is the integral part of a number   ℓ ,      {ℓ} = ℓ − [ℓ],  

q(ν) ≥ 0 ,  γ (ν) ≥ 0 ,  δ(ν) ≥ 0 ,  µ j
(ν) ≥ 0 ,   ν∈{1,2};  P(t, x),  P1(t

(1) , x(1) ) ,  P2 (t
(2) , x(1) ),  Ri (t

(1) , x(2) )   are arbi-

trary points from  Q(0) ,    i∈{1,2,…,n} ,    x
(1) =(x1

(1) ,…, xi
(1) ,…, xn

(1)),  and    x
(2) =(x1

(1) ,…, xi−1
(1) , xi

(2) , xi+1
(1)…, xn

(1)). 

By   H
ℓ (γ;β;q;Q)   we denote the set of functions  u   with continuous derivatives in  Q(0)   of the form  

∂t
s ∂x

r u ,    2s + r ≤ [ℓ],  for which the norm  

 
 
u;γ;β;0;Q 0 = {sup

Q
u } ≡ u;Q 0 , 

 
 

u;γ;β;q;Q ℓ =
2s+ r ≤[ℓ]
∑ u;γ;β;q;Q 2s+ r + u;γ;β;q;Q ℓ , 

is finite.  Here, e.g., we have  

 
 
u;γ;β;q;Q 2s+ r ≡

P∈Q
sup s1(q

(1) + 2sγ (1) ,t)s2(q
(2) + 2sγ (2) , x) ∂t

s ∂x
r u(P)

⎡

⎣
⎢  
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× s1(ri (γ

(1) −βi
(1) ),t)s2(ri (γ

(2) −βi
(2) ), x)

i=1

n

∏ ⎤

⎦
⎥ , 

 
  
u;γ;β;q;Q ℓ ≡

(P2 ,Rν )⊂Q
sup s1(q

(1) + 2sγ (1) ,t (2))
⎡

⎣
⎢

⎡

⎣
⎢
⎢ν=1

n

∑
⎧
⎨
⎪

⎩⎪2s+ r =[ℓ]
∑  

  
  
× s2(q

(2) + 2sγ (2) , !x) s1(ri (γ
(1) −βi

(1) ),t (2))
i=1

n

∏  

    × s2(ri (γ
(2) −βi

(2) ), !x) ∂t
s ∂x

r u(P2 )− ∂t
s ∂x

r u(Rν )  

    × xν
(1) − xν

(2) −{ℓ}
s1({ℓ}(γ

(1) −βν
(1) ),t (2)) 

  
   
× s 2({ℓ}(γ

(2) −βν
(2) ), !x)⎤

⎦⎥
+

(P1,P2 )⊂Q
sup s1(q

(1) + ℓγ (1) , !t )⎡
⎣⎢

 

  
   
× s2(q

(2) + (2s + {ℓ})γ (2) , x(1)) s1(−riβi
(1) ,t!)

i=1

n

∏  

    × s2(ri (γ
(2) −βi

(2) ), x(1)) t (1) − t (2)
−{ℓ/2}

 

  
 
× ∂t

s ∂x
r u(P1)− ∂t

s ∂x
r u(P2 )

⎤

⎦
⎥
⎫
⎬
⎭
, r = r1 +…+ rn , 

   s1(q, !t ) = min{s1(q,t
(1)), s2(q,t

(2))},      and        s2 (q, !x) = min{s2(q, x
(1)), s2(q, x

(2))}. 

Suppose that, for problem (1)–(4), the following conditions are satisfied: 

(1°°)  for any vector   ξ = (ξ1,ξ2 ,…,ξn )   and  ∀(t, x)∈Q \Q(0),  the inequality 

 
 
π1 ξ 2 ≤

i, j=1

n

∑ Aij (t, x)s1(βi
(1) ,t)s1(β j

(1) ,t)s2(βi
(2) , x)s2(β j

(2) , x)ξiξ j ≤π2 ξ 2 , (5) 

holds; here,  π1   and  π2   are fixed positive constants,  

  s1(βi
(1) ,t)s1(β j

(1) ,t)s2(βi
(2) , x)s2(β j

(2) , x)Aij ∈H α (γ;β;0;Q), 

  s1(µi
(1) ,t)s2(µi

(2) , x)Ai ∈H α (γ;β;0;Q),  
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  s1(µ0
(1) ,t)s2(µ0

(2) , x)A0 ∈H α (γ;β;0;Q),      A0 ≥ 0 , 

  s1(δ
(1) ,t)s2(δ

(2) , x)b0 ∈H 1+α (γ;β;0;Q), 

  s1(βi
(1) ,t)s2(βi

(2) , x)bi ∈H 1+α (γ;β;0;Q), 

the vectors   

   b
(s ) = {b1

(s ) ,…,bn
(s )},   

where   bi
(s ) = s1(βi

(1) ,t)s2(βi
(2) , x)bi ,  and    e = {e1,…,en} ,  ei =  bi bk

2
k=1
n∑( )−1/2 ,  form an angle smaller than  

π/2 ,  with the direction of the outer normal  n   to  ∂D  at the point  P(t, x)∈Γ ,   b0 (t, x) Γ > 0 ,  ∂D ∈C2+α ,  
and  

 lim
x→z∈∂D

ψ(t0 , x;q2 (t0 , x))+ ζk (x)ψ(tk , x;q2 (tk , x))
k=1

N

∑ − B1ϕ(x;q3(x))
⎡

⎣
⎢

⎤

⎦
⎥ = 0 , 

 
x→z∈∂D
lim

i=1

n

∑bi (t, x)
∂ζk (x)
∂xi

⎛
⎝⎜

⎞
⎠⎟
= 0, ζk (x)

k=1

N

∑ ≤ λ0 < 1, 

 ζk (x)∈C
2+α (D) ; 

 (2°°) 

 ν11 ∈C
α (Q),      ν12 ∈Cα (Q) ,      f (t, x;q1(t, x)) ≡ F(t, x)∈H α (γ;β;0;Q), 

 ν31 ∈C
2+α (D),      ν32 ∈C2+α (D) ,       ϕ(x;q3(x)) ≡ Φ(x)∈H 2+α ( !γ;β!;0;D) , 

 ν21 ∈C
1+α (Q) ,      ν22 ∈C1+α (Q) ,      ψ(t, x;q2 (t, x)) ≡ G(t, x)∈H 1+α (γ;β;0;Q) , 

  β
! = (0,β(2) ) ,        !γ = (0,γ (2)), 

 
 
γ (ν) = max max

i
(1+βi

(ν)),max
i

(µi
(ν) −βi

(ν)),
µ0
(ν)

2 ,δ(ν)
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
,       ν ∈{1,2} . 

The following theorem is true: 

Theorem 1.  Suppose that conditions (1°) and (2°) are satisfied for problem (2)–(4).  Then there exists a 
unique solution of problem (2)–(4) from the space  H 2+α (γ;β;0;Q),  and the inequality  
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u;γ;β;0;Q 2+α ≤ c( f ;γ;;0;Q α + ϕ; !γ; !β;0;D

2+α
+ ψ;γ;β;0;Q 1+α ) (6) 

is true. 

To prove Theorem 1, we first establish the correct solvability of boundary-value problems with smooth co-
efficients.  In the obtained family of solutions, we select a convergent sequence whose limit value is the solution 
of problem (2)–(4). 

2.  Estimation of the Solutions of Boundary-Value Problems with Smooth Coefficients 

Let    Qm = Q ∪{(t, x)∈Q s1(1,t ) ≥ m1
−1, s2 (1, x) ≥ m2

−1},  m = (m1,m2 ) ,  m1 > 1,  m2 > 1,  be sequences of 
domains that converge to  Q   as  m1 →∞   and  m2 →∞ . 

In the domain  Q ,  we consider the problem of finding the solutions of the equation 

 
 
(L1um )(t, x) ≡ ∂t − aij (t, x)∂xi

∂x j
i, j=1

n

∑ + ai (t, x)∂xi
i=1

n

∑ + a0 (t, x)
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
um (t, x)  

  = fm (t, x;q1)  (7) 

satisfying the following conditions with respect to the variable  t : 

  (Bum )(x) = ϕm (x;q3 )  (8) 

and the boundary condition   

 
 x→z∈∂D

lim (B2um − ψm )(t, x) ≡
x→z∈∂D
lim hi (t, x)∂xi um

i=1

n

∑⎡
⎣
⎢  

  + h0 (t, x)um − ψm (t, x;q3 )
⎤
⎦⎥
= 0 . (9) 

Here, the coefficients  aij ,  ai ,  a0 ,  hi ,  and  h0   and the functions  fm ,  ϕm ,  and  ψm   are determined as 
follows:  If  (t, x)∈Qm ,  then the coefficients  aij ,  ai ,  a0 ,  hi ,  and  h0   and the functions  fm ,ϕm ,  and  ψm   
coincide with  Aij ,  Ai ,  A0 ,  bi ,  b0 ,  f ,  ϕ ,  and  ψ ,  respectively.  Moreover, in the domains  Q \Qm ,  they are 
continuous extensions of the coefficients  Aij ,  Ai ,  A0 ,  bi ,  and  b0   and the functions  f ,  ϕ,  and  ψ , respec-
tively,  from the domains  Qm   to the domains  Q \Qm   with preservation of smoothness and the norm (see [10, 
p.  82].  

Theorem 2.  Suppose that  um (t, x)  is a classical solution of problem (7)–(9) in the domain  Q   and that 
conditions (1°) and (2°) are satisfied.  Then the following estimate is true for  um (t, x): 



MULTIPOINT BOUNDARY-VALUE PROBLEM OF OPTIMAL CONTROL FOR PARABOLIC EQUATIONS WITH DEGENERATION 907 

  um ;Q 0 ≤ c( ϕm ;D 0 + fm ;Q 0 + ψm ;Q 0 ). (10) 

Proof.  The proof of estimate (10) is obtained by using the same methods as in the proof of Theorem 2.2 
in [2, p. 25], i.e., we analyze all possible positions of the positive maximum and negative minimum of the func-
tion um (t, x). 

By   (Gm
(1) (t, x,τ,ξ),Gm

(2) (t, x,τ,ξ))  we denote the Green function [4, p. 141] of the boundary-value problem 

  (L1um )(t, x) = fm (t, x;q1), 

 um (0, x) = ϕm (x;q3 ), (11) 

 
 x→z∈∂D

lim (B2um − ψm )(t, x) = 0 . 

Theorem 3.  Suppose that conditions (1°) and (2°) are satisfied.  Then there exists the Green function of  
problem (7)–(9) with the components    {Gm

(1) ,Gm
(2) ,Z1

(1) ,…,ZN
(1) ,Z1

(2) ,…,ZN
(2)}  and the following formula is 

true: 

 um (t, x) = dτ Gm
(1) (t, x,τ,ξ) fm (τ,ξ;q1)dξ

D
∫

0

t

∫ + Gm
(1) (t, x,0,ξ)ϕm (ξ;q3 )dξ

D
∫  

  + dτ Gm
(2) (t, x,τ,ξ)ψm (τ,ξ;q2 )dξS

∂D
∫

0

t

∫  

  + dτ Zk
(1) (tk ,t, x,τ,ξ) fm (τ,ξ;q1)dξ

D
∫

0

tk

∫
⎡

⎣
⎢
⎢k=1

N

∑  

  + Zk
(1) (tk ,t, x,0,ξ)ϕm (ξ;q3 )dξ

D
∫  

  + dτ Zk
(2) (tk ,t, x,τ,ξ)ψm (τ,ξ;q2 )dξS

∂D
∫

0

tk

∫
⎤

⎦
⎥
⎥
. (12) 

Proof.  We seek the solution of problem (7)–(9) in the form  

 um (t, x) = vm (t, x)+ Gm
(1) (t, x,0,ξ)um (0,ξ)dξ

D
∫ , (13) 

where  vm (t, x)   is a solution of problem (11).  For  vm (t, x) ,  we get the following representation [2, p. 141]: 
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 vm (t, x) = dτ Gm
(1) (t, x,τ,ξ) fm (τ,ξ;q1)dξ

D
∫

0

t

∫ + Gm
(1) (t, x,0,ξ)ϕm (ξ;q3 )dξ

D
∫  

  + dτ Gm
(2) (t, x,τ,ξ)ψm (τ,ξ;q2 )dξS

∂D
∫

0

t

∫ . (14) 

Satisfying the nonlocal condition (8), we get  

 um (0, x)+ ζk (x) Gm
(1) (tk , x,0,ξ)um (0,ξ)dξ

D
∫

k=1

N

∑  

  = − ζk (x)vm (tk , x)
k=1

N

∑ ≡ F1(x). (15) 

Since  Gm
(1) (t, x,τ,ξ) ≥ 0   and  Gm

(1) (t, x,τ,ξ)dξ
D∫ ≤ 1 ,  we find  

 ζ j (x) Gm
(1) (t j , x,0,ξ)dξ

D
∫

j=1

N

∑ ≤ ζ j (x) Gm
(1) (t j , x,0,ξ)dξ

D
∫

j=1

N

∑ ≤ λ0 . 

Thus, for the solution of Eq. (15), we get  

 um (0, x) ≤
λ0

1− λ0
F1;Q 0 . (16) 

We solve the integral equation (15) by the method of successive approximations.  We represent the solution 
of the integral equation (15) in the form 

 um (0, x) = F1(x)+ Zm (x, y)F1(y)dy
D
∫ , (17) 

where  Zm (x, y)  is the resolvent satisfying the integral equation  

 Zm (x,ξ)+ ζk (x)Gm
(1) (tk , x,0,ξ)

k=1

N

∑  

  = − ζk (x)Gm
(1) (tk , x,0, y)Zm (y,ξ)

k=1

N

∑ dy
D
∫ , 

whence we get the following estimate: 
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 Zm (x,ξ)dξ
D
∫ ≤

λ0
1− λ0

. 

Substituting the relation 

 F1(y) = − ζk (x)
k=1

N

∑ dτ Gm
(1) (t, y,τ,ξ) fm (τ,ξ;q1)dξ

D
∫

0

tk

∫
⎡

⎣
⎢
⎢

 

  + Gm
(1) (tk , y,0,ξ)ϕm (ξ;q3 )dξ

D
∫  

  + dτ Gm
(2) (tk , y,τ,ξ)ψm (τ,ξ;q2 )dξS

∂D
∫

0

tk

∫
⎤

⎦
⎥
⎥
 

in equality (17) and changing the order of integration, we obtain 

 um (0, x) = dτ Γm
(1) (tk , x,τ,ξ) fm (τ,ξ;q1)dξ

D
∫

0

tk

∫
⎡

⎣
⎢
⎢k=1

N

∑  

  + Γm
(1) (tk , x,0,ξ)ϕm (ξ;q3 )dξ

D
∫  

  + dτ Γm
(2) (tk , x,τ,ξ)ψm (τ,ξ;q2 )dξS

D
∫

0

tk

∫
⎤

⎦
⎥
⎥

, (18) 

where  

 Γm
(ν) (tk , x,τ,ξ) = −ζk (x)Gm

(ν) (tk , x,τ,ξ)− ζk (y)Zm (x, y)Gm
(ν) (tk , y,τ,ξ)dy

D
∫ ,       ν ∈{1,2}. 

Substituting the value of  um (0, x)  in equality (13), applying relation (14) for  vm (t, x) ,  and changing the 
order of integration, we obtain  

 um (t, x) = dτ Gm
(1) (t, x,τ,ξ) fm (τ,ξ;q1)dξ

D
∫

0

t

∫ + Gm
(1) (t, x,0,ξ)ϕm (ξ;q3 )dξ

D
∫  

  + dτ Gm
(2) (t, x,τ,ξ)ψm (τ,ξ;q2 )dξS

∂D
∫

0

t

∫  

  + dτ Zk
(1) (tk ,t, x,τ,ξ) fm (τ,ξ;q1)dξ

D
∫

0

tk

∫
⎡

⎣
⎢
⎢k=1

N

∑  
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  + Zk
(1) (tk ,t, x,0,ξ)ϕm (ξ;q3 )dξ

D
∫  

  + dτ Zk
(2) (tk ,t, x,τ,ξ)ψm (τ,ξ;q2 )dξS

∂D
∫

0

tk

∫
⎤

⎦
⎥
⎥
, (19) 

where 

 Zk
(ν) (tk ,t, x,τ,ξ) = Gm

(1) (t, x,0, y)Γm
(ν) (tk , y,τ,ξ)dy

D
∫ ,        k ∈{1,…,N}, ν ∈{1,2}. 

In the domain  Q ,  we consider the following problem:  

 (L1um )(t, x) = fm (t, x;q1) , 

 um (0, x) = Gm (x) , (20) 

 lim
x→z∈∂D

(B2um − ψm )(t, x) = 0 , 

where 

 Gm (x) = ϕm (x,q3 )− ζkum (tk , x)
k=1

N

∑ . 

The solution of the boundary-value problem (20) in the domain  Q   exists and is unique in the space  
C2+α (Q)   (see [4, p. 90]).   

We now estimate the derivatives of the solutions  um (t, x).  In the space   C
ℓ (Q) ,  we introduce the norm  

 um ;γ;β;q;Q ℓ .  For fixed  m1  and  m2 ,  this norm is equivalent to the Hölder norm, which is expressed in the 

same way as   u;γ;β;q;Q ℓ   but, instead of the functions   s1(q
(1) ,t)   and   s2(q

(2) , x),  it is necessary to take  

 d1(q
(1) ,t)  and   d2(q

(2) , x),  respectively: 

 d1(q
(1), t) =

max s1(q
(1), t),m1

−q(1)⎛
⎝

⎞
⎠ , q(1) ≥ 0,

min s1(q
(1), t),m1

−q(1)⎛
⎝

⎞
⎠ , q(1) < 0,

⎧

⎨
⎪
⎪

⎩
⎪
⎪

 

 d2(q
(2), x) =

max s2(q
(2), x),m2

−q(2)⎛
⎝

⎞
⎠ , q(2) ≥ 0,

min s1(q
(2), x),m2

−q(2)⎛
⎝

⎞
⎠ , q(2) < 0.

⎧

⎨
⎪
⎪

⎩
⎪
⎪
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Theorem 4.  If conditions (1°) and (2°) are satisfied, then the solution of problem (7)–(9) satisfies the fol-
lowing estimate:  

 
  
um ;γ;β;0;Q 2+α ≤ c( ϕ; !γ; !β;0;D

2+α
+ f ;γ;β;0;Q 2+α + ψ;γ;β;0;Q 1+α). (21) 

The constant  c   is independent of  m . 

Proof.  By using the definition of norm and the interpolation inequalities from [6, 10], we get 

 um ;γ;β;0;Q 2+α ≤ (1+ εα ) um ;γ;β;0;Q 2+α + c(ε) um ;Q 0 , 

where  ε   is an arbitrary real number from  (0,1) .  Therefore, it is sufficient to estimate the seminorm  
um ;γ;β;0;Q 2+α . 

It follows from the definition of the seminorm that the domain  Q   contains points  P1,  P2 ,  and  Hi   for 
which one of the following inequalities is true:  

 
 
λ0 +1

2 um ;γ;β;0;Q 2+α ≤ Eµ , µ ∈{1,2} , (22) 

where 

 
  
E1 ≡ d1(2sγ

(1) ,t (2))d2(2sγ
(2) , !x)

ν=1

n

∑ d1(ri(γ
(1) −βi

(1)),t (2))
i=1

n

∏⎧
⎨
⎩⎪2s+ r =2

∑  

    × d2(ri(γ
(2) −βi

(2)), !x) ∂t
s ∂x

r um (P2 )− ∂t
s ∂x

r um (H ν )  

  
  
× xν

(1) − xν
(2) −α /2

d1(α(γ (1) −βν
(1)),t (1))d2(α(γ (2) −βν

(2)), !x)
⎫
⎬
⎭

, 

 
  
E2 ≡ d1((2 +α)γ (1) , !t )d2((2s +α)γ (2) , x(1)) d1(−riβi

(1) , !t )
i=1

n

∏  

   × d2(ri(γ
(2) −βi

(2)), x(1)) t (1) − t (2)
−α /2

∂t
s ∂x

r um (P1)− ∂t
s ∂x

r um (P2 ) , 

 2s + r = 2 . 

If  

 
  
xν
(1) − xν

(2) ≥
ε1
4n d1(γ

(1) , !t )d2(γ
(2) −βν

(2) , !x) ≡ T1   

and  ε1  is an arbitrary real number from  (0,1) ,  then 
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 E1 ≤ 2ε1
−α um ;γ;β;0;Q 2. (23) 

If  

 
  
t (1) − t (2) ≥

ε1
2

16 d1(2γ
(1) , !t )d2(2γ

(2) , !x) ≡ T2 ,  

then  

 E2 ≤ 2ε1
−α um ;γ;β;0;Q 2 . (24) 

Applying the interpolation inequalities to (23) and (24), we find  

 Eµ ≤ εα um ;γ;β;0;Q 2+α + c(ε) um ;Q 0 . (25) 

Let  x j
(1) − x j

(2) ≤ T2   and let  t (1) − t (2) ≤ T1.  We assume that 

 d1(γ
(1), !t ) ≡ d1(γ

(1), t (1)), d2(γ
(2), !x) ≡ d2(γ

(2), x(1)) . 

Assume that either  xn − ξn ≤ 2T2 ,  ξ ∈∂Dm ,   or  x − ξ ≤ 2T2n . 
Consider a sphere   K(r,P)  of radius  r ,  r ≥ 4T2n ,  centered at a point  P ∈Γ   and containing the points  

P1,  Hi ,  and  P2 .  By using the restriction imposed on smoothness of the boundary  ∂D ,  we can straighten  

  ∂D ∩K(r,P)  with the help of a bijective transformation  x = ψ(y)   [10, p. 155], as a result of which the domain   

   Π = Q ∩K(r,P)   

transforms into the domain  Π1   for the points of which  yn ≥ 0   and  t ≥ 0. 
If we set  um (t, x) = ωm (t, y) ,  P1 = R1,  Hk = Mk ,  P2 = R2 ,  and   d2(γ

(2) , x(1)) = p2(γ
(2) , y(1))  and denote 

the coefficients of the differential expressions  L1   and  B1   under this transformation by  kij ,  ki ,  k0 ,   ℓ i ,  and  

 ℓ 0 ,  then  ωm   is a solution of the problem  

 
 
∂t − kij (R1)∂yi

∂y j
i, j=1

n

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ωm = [kij (t, y)− kij (R1)]∂yi

∂y j
ωm

i, j=1

n

∑  

  + ki (t, y)∂yi
ωm

i=1

n

∑ + k0 (t, y)ωm + Fm (t,ψ(y)) ≡ Fm
(0) (t, y), (26) 

 ωm (0, y) = Gm (0,ψ(y)) , (27) 

 B2ωm yn=0
≡

k=1

n

∑ℓ k (t,R1)∂ykωm yn=0
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  = ([ℓ k (t,R1) − ℓ k (t, y)]∂ykωm
k=1

n

∑ − ℓ 0 (t, y)ωm + ψm (t,ψ(y))) yn=0  

  ≡ Gm (t, y) yn=0 . (28) 

In problem (26)–(28), we perform the change  ωm (t, y)=Vm (t, z),  where  

  zk = d1(βk
(1) ,t (1)) ×   p2(βk

(2) , y(1))yk ,       k ∈{1,…,n}.  

By  Π2   we denote the domain of definition of the functions  Vm (t, z).  Then the function  Vm   is a solution 
of the problem  

 
 
L3Vm ≡ ∂t − d1(βi

(1) ,t (1))d1(β j
(1) ,t (1))p2(βi

(2) , y(1))p2(β j
(2) , y(1))

i, j=1

n

∑
⎡

⎣
⎢
⎢

 

  × kij (R1)∂zi ∂z j
⎤

⎦
⎥Vm = Fm

0 (t,Z ),  

 Vm (0, z) = Gm (Z ) ≡ Φm (Z ), 

 
  
B3Vm zn=0

≡ d1(βk
(1) ,t (1))p2(βk

(2) , y(1))ℓ k (t,R1)∂zk Vm zn=0k=1

n

∑ = Rm (t,Z ) zn=0
, 

where 

   Z = (d1(−β1
(1) ,t (1))p2(−β1

(2) , y(1))z1,…,d1(−βn
(1) ,t (1))p2(−βn

(2) , y(1))zn). 

We denote   

  zi
(1) =d1(βi

(1) ,t (1))p2(βi
(2) , y1)yi

(1) ,     Πµ
(1) = {(t, z)∈Π2 t − t (1) ≤ µ2T2 , zi − zi

(1) ≤ µ T2 , i ∈   {1,…,n}} 

and take a three times differentiable function  η(t, z)   satisfying the following conditions:  

 

 

η(t, z) =
1, (t, z)∈Π1/2

(1) , 0 ≤ η(t, z) ≤ 1,

0, (t, z) ∈Π3/4
(1) , ∂t

k ∂z
j η(t, z) ≤ ckid1(−(2k + j )γ (1) ,t (1))p2(−(2k + j )γ (2) , y(2)).

⎧
⎨
⎪

⎩
⎪

 

Then the function  Wm (t, z) = η(t, z)Vm (t, z)   is a solution of the boundary-value problem  
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L3Wm = ∑ d1(βi

(1) ,t (1))d1(β j
(1) ,t (1))p2(βi

(2) , y(1))p2(β j
(2) , y(1))kij (R1)

i, j=1

n

∑  

  
 
× [∂zi

η∂z j
Vm + ∂z j

η∂zi
Vm ] 

   
+Vm d1(βi

(1) ,t (1))d1(β j
(1) ,t (1))p2(βi

(2) , y(1))p2(β j
(2) , y(1))

i, j=1

n

∑
⎡

⎣
⎢
⎢  

  × kij (R1)∂zi
∂z j

η− ∂t η
⎤

⎦
⎥ + Fm

(0)η ≡ Fm
(1) (t, z) , (29) 

 Wm (0, x) = η(0, z)Φm (Z ) ≡ Φm
(1) (z), (30) 

 
  

B3Wm zn=0
= d1(βk

(1) ,t (1))p2(βk
(2) , y(1))Vmℓ k (t,R1)∂zk η− Rm (t,Z )η

k=1

n

∑⎡
⎣
⎢

⎤

⎦
⎥
zn=0

≡ Rm
(1). (31) 

According to the imposed conditions, the coefficients in Eq. (29) and in the boundary condition (31) are 
bounded by constants independent of the point  R1.  Therefore, by Theorem 6.2 in [2, p. 368], for any points  

 
{M1,M1}⊂ Π1/2

(1) ,  we arrive at the inequality 

 d−α (M1,M 2 ) ∂t
k ∂z

jVm (M1)− ∂t
k ∂z

jVm (M 2 )  

  
  
≤ c Fm

(1)
Cα (Π3/4

(1) )

⎛
⎝⎜

+ Φm
(1)

C2+α (Π3/4
(1) ∩{t=tk })

+ G1 C1+α (Π3/4
(1) ∩{(t ,z )∈Π3/4

(1) |zn=0})
⎞
⎠⎟

, (32) 

where  2k + j = 2   and  d(M1,M 2 )  is the parabolic distance between  M1   and  M 2 . 
In view of the properties of the function  η(t, z) ,  we obtain  

 
 
Fm

(1)
Cα (Π3/4

(1) )
≤ cd1(−(2 +α)γ (1) ,t (1))p2(−(2 +α)γ (2) , y(1)) 

  
 
×( Fm ;γ;0,2γ;Π3/4

(1)
α
+ Vm ;Π3/4

(1)
0
+ Vm ;γ;0,0;Π3/4

(1)
2
), 

 
  
Φm

(1)
C2+α (Π3/4

(1) ∩(t=0))
≤ cd1(− (2 +α)γ (1) ,t (1))p2(− (2 +α)γ (2) , y(1))  

  
  
× Φm ; !γ;0;0;Π3/4

(1) ∩{t = 0}2+α , (33) 

 
  
Rm

(1)
C1+α (Π3/4

(1) ∩{(t ,z )∈Π3/4
(1) |zn=0})

≤ cd1(−(2 +α)γ (1) ,t (1))  
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× p2(−(2 +α)γ (2) , y(1))( Rm ;γ ,0;γ;Π3/4

(1)
1+α

 

  
 
+ Vm ;γ ,0;0;Π3/4

(1)
2
+ Vm ;Π3/4

(1)
0
). 

Substituting (33) in (32) and returning to the variables  (t, y),  we find  

 
  
Er ≤ c( Fm ;γ ,β;2γ;Π2 α + Φm ; !γ , !β;0;Π2 ∩{t = 0}

2+α
 

  
 
+ Gm ;γ ,β;γ;Π3/4

(1)
1+α

+ c1 Vm ;γ ,β;0;Π2 2 + Vm ;Π2 0),      r ∈{1,2}. (34) 

Taking into account the definition of the space  H 2+α (γ ,β;0;Q)  and conditions (1°) and (2°), we get  

  Eµ ≤ c(n2ρα + εα (n + 2)) um ;γ ,β;0;Q 2+α + c1( fm ;γ ,β;0;Q 2+α  

  
 
+ λ0 um ;γ;β;0;Q 2+α + ϕm ; !γ; !β;0;Q ∩ (t = 0)

2+α
 

   + ψm ;γ ,β;γ;Q 1+α + um ;Q 0), µ ∈{1,2} , (35) 

ε   and  ρ  are arbitrary numbers,  ρ ∈(0,1),  and  ε ∈(0,1) . 
Let  x − ξ ≥ 2T2n .  Consider a problem  

 
 
∂t − aij (P)∂xi

∂x j
i, j=1

n

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
um ≡ [aij (t, x)− aij (P1)]∂xi

∂x j
um

i, j=1

n

∑  

  
 
+ (ai (t, x)∂xi

um + a0 (t, x))um
i=1

n

∑ + fm ≡ Fm
(2) (t, z) , (36) 

 um (0, x) = Gm (x) . (37) 

Let  Π1
(2)∈Q ,  let  Π1

(2)  be a cube centered at the point  P1,  and let   

 
 
Πρ

(2) = {(t, x)∈Q(k ) t − t (1) ≤     16
−1µ2T1, xi − xi

(1) ≤ 4µ−1T2 , i ∈{1,2,…,n}}. 

In problem (36), (37), we perform the change of variables  

 um (t, x) = ωm (t, y) ,     xi = d1(βi
(1), t (1))d2(βi

(2), x(1))yi ,       i ∈{1,2,…,n}.   

By  Π(3)  we denote the domain of definition of the functions  ωm (t, y) .  Then  ωm (t, y)   is a solution of the 
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problem  

 
 
L3ωm ≡ ∂t −

i, j=1

n

∑ aij (P1)d1(βi
(1) ,t (1))d1(β j

(1) ,t (1))
⎡

⎣
⎢
⎢

 

  
 
× d2(βi

(2) , x(1))d2(β j
(2) , x(1))∂xi

∂x j

⎤

⎦
⎥ωm = Fm

(2) (t,Y ), (38) 

 ωm (0, y) = Gm (Y ), (39) 

where 

   Y = (d1(−β1
(1) ,t (1))d2(−β1

(2) , x(1))y1,…,d1(−βn
(1) ,t (1))d2(−βn

(2) , x(1))yn). 

We denote   

  yi
(1) =d1(βi

(1) ,t (1))d2(βi
(2) , x(1))xi

(1)  
and   

  Πµ
(3) = {(t, y)∈Π(3) t − t (1) ≤ 16−1µ2T1, xi

(1) − xi ≤   4
−1µ T1 , i ∈{1,…,n}}   

and take a trice differentiable function  η1(t, y)  

 η1(t, y) =
1, (t, y)∈Π1/2

(3) , 0 ≤ η1(t, y) ≤1,

0, (t, y) ∈Π3/4
(3) , ∂t

k∂x
jη1(t, y) ≤ ckjd1(−(2k + j )γ (1), t (1) )d2 (−(2k + j )γ (2), x(1) ).

⎧

⎨
⎪

⎩
⎪

 

Then the function  Vm
(1) (t, y) = ωm (t, y)η1(t, y)   is a solution of the Cauchy problem 

 
 
L3Vm

(1) = aij (P1)d1(βi
(1) ,t (1))d1(β j

(1) ,t (1))d2(βi
(2) , x(1))d2(β j

(2) , x(1))
i, j=1

n

∑  

  
 
× [∂yi

η1 ∂y j
ωm + ∂y j

η1 ∂yi
ωm ] 

  
 
+ωm aij (P1)d1(βi

(1) ,t (1))d1(β j
(1) ,t (1))d2(βi

(2) , x(1))
i, j=1

n

∑
⎡

⎣
⎢
⎢

 

  
 
× d2(β j

(2) , x(1))∂yi
∂y j

η1 − ∂t η1
⎤

⎦
⎥ + Fm

(2)η1 ≡ Fm
(3) , (40) 
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 Vm
(1) (0, y) = Gmη1(0, y) = Rm

(2) . (41) 

According to Theorem 5.1 in [2, p. 364], for any points   {M1,M 2}⊂ Π1/2
(3) ,  the inequality 

 d−α (M1,M 2 ) ∂t
k ∂x

jωm (M1)− ∂t
k ∂x

jωm (M 2 )  

  
  
≤ c Fm

(3)
Cα (V3/4

(2) )
+ Rm

(2)
C2+α (V3/4

(1) ∩{t=0})

⎛
⎝⎜

⎞
⎠⎟

,      2k + j = 2 , 

is true. 
In view of the properties of the function  η1(t, y),  the definition of the space  H 2+α (γ;β;0;Q),  and re-

strictions (1°) and (2°), we arrive at the inequality  

  Eµ ≤ c(n2ρα + εα (n + 2)) um ;γ;β;0;Q 2+α + λ0 um ;γ;β;0;Q 2+α  

  
  
+ c1( ϕm ;γ!;β!;0;D 2+α

+ fm ;γ;β;0;Q α ). (42) 

Combining inequalities (22), (25), (35), and (42) and choosing sufficiently small  ε ,  we obtain the inequali-
ties  

 
  
um ;γ;β;0;Q 2+α ≤ c( fm ;γ;β;0;Q α + ϕm ;γ!;β!;0;D

2+α
 

   + ψm ;γ;β;0;Q 1+α ). (43) 

Since  

 fm ;γ;β;0;Q α ≤ c f ;γ;β;0;Q α , 

 
 
ϕm ; !γ; !β;0;D

2+α
≤ c ϕk ; !γ;

!β;0;D
2+α

, (44) 

 ψm ;γ;β;δ;Q 1+α ≤ c ψ;γ;β;δ;Q 1+α , 

substituting (37) in (36), we get inequality (21). 

Proof of Theorem 1.  The right-hand side of inequality (21) does not depend on  m1  and  m2   and the se-
quences 

  {um
(0)} ≡ {um (P)},      P(t, x)∈Q , 

 
 
{um

(1)} ≡ {d1(γ
(1) −βi

(1) ,t)d2(γ
(2) −βi

(2) , x)∂xi
um}, 
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  {um
(2)} ≡ {d1(2γ

(1) ,t)d2(2γ
(2) , x)∂t um}, 

 {um
(3)} ≡ {d1(γ

(1) −βi
(1) ,t)d1(γ

(1) −β j
(1) ,t)d2(γ

(2) −βi
(2) , x)

 
d2(γ

(2) −β j
(2) , x)∂xi

∂x j
um}  

are uniformly bounded and equicontinuous in the domain  Q .  According to the Arzelà theorem, there exist sub-
sequences    {um(ℓ)

(µ) }  uniformly convergent in  Q   to   {u
(µ)},   µ ∈{0,1,2,3}.  Passing to the limit as   m(ℓ)→∞   

in problem (7)–(9), we conclude that u(t, x) = u0
(0) is a unique solution of problem (1)–(3), u ∈H 2+α (γ;β;0;Q) ,  

and estimate (6) is true.   

3.  Problem of Optimal Control 

In the domain  Q ,  we consider problem (1)–(4).  Assume that both conditions (1°), (2°) and the following 
conditions are satisfied: 

(3°)  the functions  f (t, x,q1) = r(0) (t ) f (0) (x,q1(x)),  ψ(t, x,q2 ) = r(1) (t )ψ (0) (x,q2 (x)) ,  F1(t, x;u;q1),  
F2 (t, x;u;q2 ), and   F3(x,u(t1, x,q),u(t2 , x,q),…,u(tN , x,q),q3)  have the second-order derivatives with respect to 
the variables  (u,q1,q2 ,q3 ),  which belong, as functions of the variables  (t, x)   and  x ,  to the spaces  Cα (Q),  
C1+α (Γ) ,  and  C2+α (D) ,  respectively.   

To solve problem (1)–(4), we construct a sequence of solutions of the problems whose limit value is a solu-
tion of problem (1)–(4). 

In the domain  Q ,  we consider the problem of finding the functions  (um ,q)  for which the functional  

 I (q) = dt F1(t, x;um (t, x,q),q1)dx
D
∫

0

T

∫ + dt F2 (t, x;um (t, x,q),q2 )dxS
D
∫

0

T

∫  

  
 
+ F3(t, x;um (t1, x,q),…,um (tN , x,q),q3(x))dx
D
∫  (45) 

attains its minimum value in the class of functions  q ∈V ,  where  um   satisfies Eq. (7) for  

 fm (t, x,q1) =  rm
(0) (t ) fm

(0) (x,q1(x)),  

the multipoint condition (8) with respect to the time variable, and the boundary condition (9) on the lateral sur-
face  Γ   for   

 ψm (t, x;q2 ) ≡ rm
(1) (t )ψm

(0) (x,q2 (x)) . 

Denote 

  ωω = (um (t1, x,q),um (t2 , x,q),…,um (tN , x,q),q3 ) = (ω1,ω2 ,…,ωN+1) , 
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 λ1(ξ) = rm
(0) (τ)dτ dt

∂F1(t, x;um (t, x,q),q1)
∂um

Gm
(1) (t, x,τ,ξ)dx

D
∫

τ

T

∫
0

T

∫  

  + rm
(0) (τ)dτ dt

∂F1(t, x;um (t, x,q),q1)
∂um

Zk
(1) (tk ,t, x,τ,ξ)dx

D
∫

τ

T

∫
0

tk

∫
k=1

N

∑  

  + rm
(0) (τ)dτ dt

∂F2 (t, x;um (t, x,q),q1)
∂um

Gm
(2) (t, x,τ,ξ)dxS

∂D
∫

τ

T

∫
0

T

∫  

  + rm
(0) (τ)dτ dt

∂F2 (t, x;um (t, x,q),q1)
∂um

Zk
(2) (tk ,t, x,τ,ξ)dxS

∂D
∫

τ

T

∫
0

tk

∫
k=1

N

∑  

  + rm
(0) (τ)dτ

∂F3(x;ωω )
∂ω j

Gm
(1) (t j , x,τ,ξ)dx

D
∫

0

t j

∫
⎡

⎣
⎢
⎢j=1

N

∑  

  + rm
(0) (τ)dτ

∂F3(x;ωω )
∂ω j

Zk
(1) (tk ,t j , x,τ,ξ)dx

D
∫

0

tk

∫
k=1

N

∑
⎤

⎦
⎥
⎥

, 

 λ2 (ξ) = rm
(1) (τ)dτ dt

∂F1(t, x;um (t, x,q),q1)
∂um

Gm
(1) (t, x,τ,ξ)dx

D
∫

τ

T

∫
0

T

∫  

  + rm
(1) (τ)dτ dt

∂F1(t, x;um (t, x,q),q1)
∂um

Zk
(1) (tk ,t, x,τ,ξ)dx

D
∫

τ

T

∫
0

tk

∫
k=1

N

∑  

  + rm
(1) (τ)dτ dt

∂F2 (t, x;um (t, x,q),q2 )
∂um

Gm
(2) (t, x,τ,ξ)dxS

∂D
∫

τ

T

∫
0

T

∫  

  + rm
(1) (τ)dτ dt

∂F2 (t, x;um (t, x,q),q2 )
∂um

Zk
(2) (tk ,t, x,τ,ξ)dxS

∂D
∫

τ

T

∫
0

tk

∫
k=1

N

∑  

  + rm
(1) (τ)dτ

∂F3(x;ωω )
∂ω j

Gm
(2) (t j , x,τ,ξ)dxS

∂D
∫

0

t j

∫
⎡

⎣
⎢
⎢j=1

N

∑  

  + rm
(1) (τ)dτ

∂F3(x;ωω )
∂ω j

Zk
(2) (tk ,t j , x,τ,ξ)dxS

∂D
∫

0

tk

∫
k=1

N

∑
⎤

⎦
⎥
⎥

, 
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 λ3(ξ) = dt
∂F1(t, x;um (t, x,q),q1)

∂um
Gm

(1) (t, x,0,ξ)dx
D
∫

0

T

∫  

  + dt
∂F1(t, x;um (t, x,q),q1)

∂um
Zk

(1) (tk ,t, x,0,ξ)dx
D
∫

0

T

∫
k=1

N

∑  

  +
∂F3(x;ωω )

∂ω j
Gm

(1) (t j , x,0,ξ)
j=1

N

∑
⎡

⎣
⎢
⎢D

∫  

  +
∂F3(x;ωω )

∂ω j
Zk

(1) (tk ,t j , x,0,ξ)
k=1

N

∑ ⎤

⎦
⎥dx  

  + dt
∂F2 (t, x;um (t, x,q),q2 )

∂um
Gm

(2) (t, x,0,ξ)dxS
∂D
∫

0

T

∫  

  + dt
∂F2 (t, x;um (t, x,q),q2 )

∂um
Zk

(2) (tk ,t, x,0,ξ)dxS
∂D
∫

0

tk

∫
k=1

N

∑ , 

 H1(ξ,um ,λ1,q1) ≡ λ1(ξ) fm
(0) (ξ,q1(ξ))+ F1(t,ξ;um ,q1)dt

0

T

∫ , 

 H2 (ξ,um ,λ2 ,q2 ) ≡ λ2 (ξ)ψm
(0) (ξ,q2 (ξ))+ F2 (t,ξ;um ,q2 )dt

0

T

∫ , 

 H 3(ξ,um ,λ3,q3 ) ≡ λ3(ξ)ϕm (ξ,q3(ξ))+ F3(ξ;ωω ), 

 q
(0) = (q1

(0) ,q2
(0) ,q3

(0))  is the optimal control, and   um(t, x,q(0))  is the optimal solution of problem (7)–(9). 

The following theorem is true: 

Theorem 5.  If  

 ∂qi Hi (ξ,um ,λi ,qi ) > 0 ,  

then the optimal control is qi
(0) = Vi1 ,  i ∈{1,2,3}.  If   

 ∂qi Hi (ξ,um ,λi ,qi ) < 0 ,   

then the optimal control is  qi
(0) = Vi2 ,   i ∈{1,2,3}.   
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 Proof.  Consider, e.g., the case  i = 3 .  Let  Δq3   be an arbitrary increment of the control  q3(x)∈V ,  
Δq3 > 0 ,  q3 + Δq3 ∈V .  By  Δq3

um   we denote the corresponding increment of the function  um (t, x;q).  Then  

Δq3
um   is a solution of the boundary-value problem 

 
 
(L1Δq3

um )(t, x) = 0,
x→z∈∂D
lim (B2Δq3

um )(t, x) = 0 , 

   (46) 
 

 
(BΔq3

um )(x) = ϕm (x;q3 + Δq3 )− ϕm (x;q3 ) ≡ Δq3
ϕm (x;q3 )  

in the domain  Q .   
 We represent a partial increment of the functional  I (q)   by the Taylor formula as follows: 

 Δq3
I = dt ∂um F1(t, x;um ,q1)Δq3

um dx
D
∫

0

T

∫  

  + dt ∂um F2 (t, x;um ,q2 )Δq3
um dxS

∂D
∫

0

T

∫  

  + ∂ωk
F3(x;ωω )Δq3

ω k dx
D
∫

k=1

N

∑ + ∂q3
F3(x;ωω )Δq3 dx

D
∫  

   
+ dt O( Δq3

um
2 )dx

D
∫

0

T

∫ + O( Δq3
2 )

⎡

⎣
⎢

D
∫

 

  
 
+ O( Δq3

ω k
2 )

k=1

N

∑ ⎤

⎦
⎥dx + dt O( Δq3

um
2 )dxS

∂D
∫

0

T

∫ . (47) 

Since  Δq3
um   is a solution of problem (46), by using formula (12), we obtain 

 Δq3
u = Gm

(1) (t, x,0,ξ)Δq3
ϕm (ξ;q3 )dξ

D
∫  

  + Zk
(1) (tk ,t, x,0,ξ)Δq3

ϕm (ξ;q3 )dξ
D
∫

k=1

N

∑ . (48) 

Substituting (48) in (47) and changing the order of integration, we find 

 
 
Δq3

I = ∂q3
H 3(ξ,um ,λ3,q3 )Δq3 +O( Δq3

Δum
2 )+O( Δq3

2 )⎡⎣ ⎤⎦dx
D
∫ . (49) 
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If  q3 = V31(x)   and  ∂q3 H 3 > 0 ,  then, for sufficiently small  Δq3 ,  we get  Δq3
I > 0.  If  q3 = V32 (x)  and  

∂q3 H 3 < 0 ,  then, for sufficiently small  Δq3 ,  we have  Δq3
I > 0 .  If  H 3(ξ,um ,λ3,q3 )   is not monotone as a 

function of the argument  q3 ,  then  ∂q3 H 3(ξ,um ,λ3,q3 )  is an alternating function:  ∂q3 H 3(ξ,um ,λ3,q3 ) > 0   

in the domain  D+ ⊂ D   and  ∂q3 H 3(ξ,um ,λ3,q3 ) < 0   in the domain  D− = D \ D+ .   

By the mean-value theorem, we find 

 Δq3
I = ∂q3

H 3(ξ
+ ,um

+ ,λ3
+ ,q3

+ ) Δq3 dx
D+
∫  

  − ∂q3
H 3(ξ

− ,um
− ,λ3

− ,q3
− ) Δq3 dx

D−
∫  

  
 
+ O( Δq3

um
2 )+O( Δq3

2 )⎡⎣ ⎤⎦dx
D
∫ . 

For sufficiently small  Δq3 ,  the sign of  Δq3
I   is determined by the first terms depending on the quantities  

mesD+ ,  mesD− ,  and  Δq3 .  Thus, the functional  I (q)   for the control  q3   does not attain its minimum value.  
Similar reasoning should also be used in the case where  Δq3 < 0 .   

In proving the theorem in the cases where   i ∈{1,2},  it is necessary to use the scheme applied in the case  
i = 3. 

Assume that the conditions of Theorem 5 are not satisfied.  Then the following theorem is valid: 

Theorem 6.  In order that the control   q
(0) = {q1

(0) ,q2
(0) ,q3

(0)}  be optimal, it is necessary and sufficient that 
the following conditions be satisfied: 

 (i) the functions  Hi (ξ,um ,λi ,qi )   take their minimum value as functions of the argument  qi   at the point  
qi
(0),   i ∈{1,2,3}; 

 (іi) for any vector   (ek
(1) ,ek

(2)) ≠ 0 ,  the inequality  

 
 
∂um
2 Fk(t, x;um ;qk

(0))(ek
(1))2 + 2∂qk ∂um Fk(t, x;um ;qk

(0))ek
(1)ek

(2)  

  
 
+ ∂qk

2 Fk(t, x;um ;qk
(0))(ek

(2))2 > 0, k ∈{1,2}, 

  is true; 

 (іiі) for any vector   (e1,e2 ,…,eN+1) ≠ 0 ,  the inequality 

 ∂ω iω j

2 F3(x;ωω )eie j
i, j=1

N+1

∑ > 0  

  holds.  
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Proof.  The proof of Theorem 6 is carried out by the methods proposed in [7, 9].  Passing to the limit in 
problem (7)–(9), (45) as  m1 →∞   and  m2 →∞ ,  we arrive at the optimal solution of problem (1)–(4).  
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