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INTERNAL AND STARTUP CONTROLS OF THE SOLUTIONS OF BOUNDARY-VALUE
PROBLEM FOR PARABOLIC EQUATIONS WITH DEGENERATIONS

I. M. Isariuk' and I.D.Pukal’s’kyi’ UDC 517.956

For a second-order parabolic equation with degenerations, we construct the solution of the problem of
optimal control for systems described by the first boundary-value problem with internal and startup con-
trols. The coefficients of parabolic equation have power singularities of any order in time and space var-
iables on a certain set of points.

Keywords: parabolic boundary-value problem, power singularities, Holder spaces, Green function, op-
timal solution.

In the contemporary applied investigations of partial differential equations, the researchers often encounter
the problems with nonclassical conditions in the equations, boundary operators, and various singularities and
degenerations. These problems are of especial interest for parabolic equations and systems of equations, which
describe the processes of diffusion of liquids and gases, pressure, the process of heat conduction, and other pro-
cesses running in bodies of complex configurations.

Depending on the structure of medium, the processes of diffusion, heat conduction, and thermoelasticity are
modeled by parabolic differential equations. In this case, both equations and boundary conditions have nonclas-
sical restrictions and are characterized by various degenerations, random perturbations, and impulsive actions.

Thus, the problem of establishing correct solvability of the boundary-value problems, finding the represen-
tations of their solutions, and determination of the properties of these solutions seems to be among the most im-
portant problems of mathematical physics, which is of high interest for the researchers.

The comprehensive presentation of the theory of boundary-value problems for linear differential equations
with degenerations can be found in the works by O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N. Ural’tseva
[4], E. M. Landis [5], A. Friedman [11], S. D. Eidelman, S. D. Ivasyshen, and A. N. Kochubei [12], H. Lange
and H. Teismann [13], M. I. Matiichuk [6], B. Yo. Ptashnyk, V. S. II’kiv, I. Ya. Kmit’, and V. M. Polishchuk
[7], 1. D. Pukal’s’kyi [8, 9], etc.

In the present paper, we study a parabolic boundary-value problem for a linear differential equation with
power singularities in coordinate planes of any order. The obtained results are used for the investigation of the
problems of optimal control with internal and startup controls. As the quality criterion, we choose the sum of
volume and surface integrals [9]. The present paper can be regarded as a continuation of our investigations of
other boundary-value problems for parabolic equations with degenerations [1-3, 10].

1. Statement of the Problem and Main Restrictions

In a domain Q =[0,T) X D, we consider the problem of finding functions (u,p,g) on which the functional
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T
I(p.q) = [dt [ Fy(t.x:u(t.x: p(t.x).q(x)). p(t.x))dx
0 D

+ [ By (T ox: p(T 2).g(0) g () . ()
D

reaches its minimum in the class of functions (p,g)eV ={peC*(Q): P, X)Sp<p,(t,x); q(x)e
C2+°°(D), q,(x) < q(x)<g,(x)} for which the function u(t,x;p(t,x),q(x)) is a solution of the boundary-value

problem
(Lu)(t,x)={0,— Y, Ay(t.x)0, 3xj —ZAi(t,x)axi —Ay(t,x) | = f(t,x;p(t,x)), (2)
i,j=1 i=1
u(0,x;p(0,x),q(x)) = 0(x;q(x)), (3)
lin})D[u(t,x;p(t,X),q(t))—lll(t,X)] =0. 4)

The order of singularity of the differential expression L at an arbitrary point P(z,x)e Q is characterized
by the functions s, (B{",r) and s,(B{*,x,):

(h
|11 |Bl ,

1—1y|<1, 5 SR <1,
SZ(BE )’xl_): i i
1, |t_t0|>1, 1, 'xl >1a

51(B.1) =

where Bi:(Bgl),Bgz)), ie{l,...,n}, B(V):(Bgv),...,ﬁg")), BEV) are real numbers, and BEV)E(—oo’oo)’
ve{l,2}.
1
By ¢ vV, vy
{ey=1¢-14], y(l) >0, 7(2) >0, ¢g=0. By (xfl),...,x\(,l),...,xfll)) we denote the coordinates of a point xM in
the domain D= DUdD, where 0D is the boundary of domain D and by (xfl),. D @ W ,xfll))

o fy=1oty o vt

(2), and ¢ we denote real numbers; ¢>0, [¢] is the integer part of a number ¢,

we denote the coordinates of a point @ in the domain D, ve {1,2}. Here, Pl(t(l) ,x(l)), H, (t(l) ,x(z)), and
P,(t® ,x?) are arbitrary points of the domain Q, i €{l,...,n}.
We now define the spaces of functions in which we study problem (2)—(4).

Let Ce(y;B;q;Q) be the set of functions u(#,x) from the space L;(Q), (t,x)e€Q, with partial deriva-

; k
tives at 1#1, of the form 9/0%u (here, 2j+|k|<[(], |k|=k, +...+k,, a"zax}a’;z...aﬁ") for which the

X

norm

wy:Biq:0ll, = [lusv:Biq: Oll ) +(w:viBia:Q),

is finite. Thus in particular,
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= sup|u| =
0

)y SUP[S(Q+(2J'+|’<|)Y,P)1£[31 (—kB.0)

2 j+ k|<[ 01 PEQ i=1

x5, (—k B2 ,x,)|07 ok

(0:v:B:4:0), = 2 i sup _\X§1)—X§2)\_{£}

2 jH k=€) i=1 (P.H;)cQ

x|97 9 u(P)— 070X u(H )| S((t+ q)y: P)s, (—{£}pS" 1 D)
x5y ({03 Hs T )81 (=Bl 1)

n .
7{[}/2 . .
+ > Y sup (V=@ 970 up,) 0] 0k u(H,)|
2 jHk[=[(] i=1 (P2 .HSO

X S((L+q)y;P) Hs2 —k, BD x5 (=&, BV 1.

m=1

Here, we denote

S(y;P) = s, (y!

ymin(s, (Y2 .x,).
S(qY,f’) = Hllln{S(qy’Pl)’S(qY’P2)7S(QY7HZ)},
51(q.0) = min{s, (g,t"), 5,1},

$(q.%) = min{s,(q.x{"),5, (.5} .
l

We take

p(jv)—u(")+u(v)+ +u(") u(jj)zo, ve{l2}, Hj=(lvl51),ll(]2)) je{0.1,...,n}.

We study problem (2)—(4) with the following conditions:
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1°. For any vector £=(§,.&,.....§, ), the following inequality is true:
2 S 1 1 2 2 2
m[g” < Z Aij(t’x)sl(BE L5 B0, (B, x) 5, (B )’xj)E.’iE.’j < ¢,
i,j=1

where 7, and 7, are fixed positive constants,
s B 0s BV .05, B x) s, B x)) A € C(1:8:0;0),
51 (HED 1)y (H§2) X)) A; € C%(1:B:0:0),

s Dpu? x) Ay € C*(1:B;0;0), A, <K <o, K=const,

2°. feC*Y:Bily:0), @€ CH4F:B:0:D), 7=(0.?), B=(0.8?), aD e C***, ye C***(v:B:0:0),

(V)
Y :max{max(lﬂ.’ygv)),max(uf.v)—BEV)),%}, ve{l,2}, and y(0,x)=(x).

3. p,t.x)eC*(Q), q,(x)e C**™(D), ve {1,2}, functions F (¢t,x;u(t,x;p;q).p), F,(x;u(T,x;
7:q),q) as composite functions of the variables (z,x) and x belong to the spaces C*(Q) and C 2+OL(D),
respectively. Moreover, the functions  f(z,x;p(t,x)), F (&, xu(t,x;p;q),p), F (x;u(T,x;p;q).q), and
¢(x,g(x)) have Holder derivatives of the second order with respect to arguments #, p, and ¢, which are
continuous as composite functions of the variables (¢,x) and x.

The following theorem is true:

Theorem 1. Suppose that conditions 1° and 2° are satisfied in the domain Q =[0;T)xX D, where D isa
bounded domain from the set R!. Then there exists a unique solution of problem (2)—(4) from the space

e (7:B;0;Q), and the estimate

| frviBig: 0|, +|

w3 Y3B30:0l |, < < (P;?;B;O;DHZW +Hhvs B0l ®

is true.

2. Estimation of the Solutions of Boundary-Value Problems with Smooth Coefficients

For the investigation of problem (2)—(4), we first establish the correct solvability of a sequence of auxiliary
boundary-value problems with smooth coefficients whose limit value gives the solution of problem (2)—(4).
Let

Qm:Qﬂ{(I,x)eQ:sl(l,t)Zml_l,SQ(l,xl-)Z mz_l,m:(ml,mz),m1 >1,my >1}, ie{l,...,n},
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be a sequence of domains that converges to Q(O) as m; — oo and m, —> .

In the domain Q, we consider the problem of finding a function u,, (¢,x) satisfying the equation

(Lyu,, )(t,x) =|0,— z al-j(t,x)axi axj —Zai(t,x)axl_ —ay(t,x) |u,, (t,x)

i j=1 i=1

= fu(t,x,p), (6)
the initial condition
u,(0,x) = ¢,,(x,q), (7
and the boundary condition
x_l}iernaD[um(t,x)—wm(t,x)] =0. (8)

Here, the coefficients a.., a with

; ;» and a; and the functions f,, ¢,, and y,, coincide, for (¢,x)e€Q

m?

Al.j, A;, and Ay and f, @, and vy, respectively. For (7,x)e Q\Q,,, the coefficients a;;, a;, and a, and

i’
the functions f,, ¢,,, and , are continuous extensions of the coefficients Al.j, A;, and A, and the func-
tions f, ¢, and y from the domain Q, intodomain Q\Q, [9].

We now estimate the solutions of the auxiliary boundary-value problems. In problem (6)—(8), we pass from
the function u,, (¢,x) to a new function v, (¢,x) given by the formula

u,(tx)=v, (t,x)e_m , ©)]

where A satisfies the inequality A <—A,(#,x).

Then the function v, (z,x) is the solution of the boundary-value problem

((Ly =M, )(t.x) = f, (t.x,p)e™, (10)
705 = 9, (60, lim [v, (t.x)=y, (1,x)e"]=0. (11)
x—zedD

We now formulate the maximum principle for problem (10), (11).

Theorem 2. Let v, (t,x) be the classical solution of problem (10), (11) in the domain Q and let condi-

tions 1° and 2° be satisfied. Then the estimate

v, | < max{Hfme“(—x—ao)‘l;QHO, 0,0l - \IfmeM§QH0} (12)

is true for v, (t,x).
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This theorem is proved by using the same scheme as in the proof of Theorem 2.1 from [4, p. 22], i.e., for the
function v,, (#,x), we analyze all possible positions of its positive maximum and negative minimum.

Theorem 3. Assume that conditions 1° and 2° are satisfied for problem (10), (11). Then the estimate

15 7:B:0:00L, < C(IF:7:Bimo: 0l +o:7:Bs0s D], +lwsv:Bi0:ell, (13)

is true for the solution of problem (10), (11).

Proof. In problem (10), (11), we perform the change of variables

-\t

v, (t,x)=w,(x)e ™ +y, (1,x).

Then , (¢,x) is the solution of the problem
(L =)o, )(6,%) = f,,(t,x,p)e" =(L=M),, )(1,%) = F, (£,%),
®,,0,x) =9, (x.9)-y,0,x) =, (x), (14)

lim ®, (x) =0
x—z€dD

in the domain Q.

By using the definition of the norm and the interpolation inequalities [8, 11], we find

[[@,:7:B:0:0l,,, < 1+e%)(w,,:7:B:0:0),, , +c(®)|o,,:Ql),.
where € is an arbitrary real number such that €e(0,1). Therefore, it suffices to estimate the seminorm

<wm;y;B;0;Q>2 ‘o It follows from the definition of seminorm that there exist points P, P,, and H; of Q

for which one of the inequalities

1

§||wm;y;B;0;Q||2+a <E,(w,), pe{l2},
is true. We denote

R(y:P) = d,(yV . -ymind, (v ,x,),

d(B;:P) = dy B, B x,).

where
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_RrM
m.ax(sl(Bl(l)’t)’ml b ) BEDZO,
1 l
dyBj".1) = N
min(s B, 1), m P ) B <0
. 1\F; 5/ H4 ’ i ’
l

e
max(sz(Bgz),xl.),mZB' ) Bgz) 20,
2 l
L) = 2 B\ a2
mjn(s2([31(- ),xi),mz i ), Bf ) <0.
l

If
(D - > R(Zy;f’)% =T,.

and T is an arbitrary number, T € (0,1), then

Ey(w,,) <27 %|,,:v:B:0:0l|,. (15)
If
5 2|20 Ry Py, (-1 dy (B 5) =T,
then
Ej(®,) <21 %|o,,:1:B:0:0],. (16)
Applying the interpolation inequalities to (15) and (16), we find
E,(o,)< £“||wm;y;B;0;Q||2+(x +c(€)||mm;Q||O. (17)

Suppose that

‘xlgl) —xl(z)‘ <T, and ‘t(l) —t(z)‘ <T,.

In addition, let R('y;f’) = R(Y;P,). We assume that ‘x(l) — z‘ 22T,n or ‘xfll) — zn‘ 2T,, z€ oD.

We now rewrite problem (14) in the form

(Lyo,,)(t,x) = [at— 2 a;(P)I, axj](om

ij=1
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= 2. [ay(P)—a;(P)]9,, 0y, 0, + 2.4(P)d, o,

i,j=1 i=l
+(ag(P)+MNw,, +F, (1,x)= EV(t,x,0, )+ F, (1,x),

®,(0,x)=®, (x), lim ®,,(,x)=0.
x—zedD

Let Vr(l) be a domain from @ and let
v = {0 eQ:|x, —xV|<rTy i=1..on, |1=1D| <21}
In problem (18), we perform the change of variables
0, (10 = W, () vy = di B Dy B 1)

As aresult, we arrive at the following problem:

n
(LW, )(t,y) = [a,— > B a, B Dyd, B xdy B x4
i.j=1

xa;(F)9, ayj}wm = FV@,35,W )+F, (1.5,

W, (0, =®,G5), W

m|r =0,

where
¥ = (e, BV 1y (B )y (B Dy (B )y, ) -
We denote
W =d, B i), B )Y,
Hﬁl) = {(t,y):‘yi —y§1)| <rn’! T,,i€ {1,...,n},|t—t(l)‘ <rT,}

and choose a three times differentiable function m(#,y) with the following properties:

1, (ty)eH), 0<n@y)<l,
n,y) =

0, (t,y)¢ Hé}Zp ‘a{a];ﬂ‘ < ijR(—(2j+|k|)Y;P1)-

21

(18)
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Then the function V, (¢,y)=n(z,y)W, (¢,y) is a solution of the boundary-value problem

n
(LyV, )ty = 3, dy B Dyd B e D)dy B 2Py, B 1))
ij=1

xal.j(Pl)[ay[ nayj W, +ayj nayl_ W, |

n
| X d B B )y B x(D)
ij=1

xXd, (B(,Z),x;l))aij(Pl)ayi ayj n-o, n}

+NED +F )= E2@,5m,W,)+0F, (1,5),

(19)
Vu(0.3) = 1@, (5). V| =0.
By using Theorem 5.2 [4, p. 364], for the solution of problem (19), we obtain
Ey(V,) = d"(N,.N,)| 9/ 0%V, (V) - 2] 3V, (N,)|
(2)
< C(HFm +NF, HC"‘(H_%&Z) +||n<1>m||C2+a(H%), (20)

where (N,N,)C Hl(/lé)‘ and d(N;,N,) is the parabolic distance between the points N,, N,, 2j+|k|=2.

In view of the properties of the function n(¢,y), we find

|F® +nF, < cR(-2+a)y; R)(|[W,,7:0:0; )

[ [
co(H{)) 2

WG| +|E w02 G| +[[Fvs02vi ]| ).
1)
an)m”sz(Héii) < R(_(2+°°)Y;P1)(koHWm;Y;O;O;Hgl/Z‘

H2+oc
Wit oo, o0, ).

Substituting (21) in (20) and returning to the variables (#,x), we obtain



INTERNAL AND STARTUP CONTROLS OF THE SOLUTIONS OF BOUNDARY-VALUE PROBLEM FOR PARABOLIC EQUATIONS 23

E,©,) < ¢ ([F B2Vl +]|@,vi8:0:vi|

240
| FvBs2v VAL -+, B0Vl |+, ViR )
+7»0H0)m;y;[3;0;V3$/13H2+a.

By using the interpolation inequalities and estimates of the norm for each term in the expressions for Frfll) ,
F,, and ®, , we obtain

E, (©,) < (kg +e%(n+2)+r7n" )0, v:B0: H4 |

el B +es (1 viBistosll,

#0,7:B:0:D|| L+l v:Bi0:0]L,, ).

Consider the case where ‘x(l) - z‘ <2T,n and ‘xfll) - zn‘ <T,, z€dD. Let K(P) be aball of radius R,
Ry 24(T,n+T;) centered at a point P eI’ and containing the points P, P,, and H,. By using the re-
strictions imposed on the smoothness of the boundary dD, we can straighten the domain dD () K(P) with the
help of a one-to-one transformation x=Wy;(&) [11, p. 126]. As a result of this transformation, the domain
D K(P) turns into a domain IT whose points are such that £ >0. Assume that, under this transformation

o, (t,x), P, P,, and H, pass into u)gl)(t,&), M,, M,, and Nl.(l), respectively.
We denote the coefficients of the differential expression (L; —A) in the domain IT by pij(’c,ﬁ), pi(r,i),

and p,(t,§) and the coefficients of the nonlocal condition by q,(cl)(é). Then u)gl)(t,&) is a solution of the

problem

(L4(D§i))(ta§) = al‘_ Z plj(Ml)aE_.l aij 0)511)

i j=1

= > [p;(t.8)- pij(Ml)]Bgi aéjm;p + Zpi(t,g)Géio)g)
i=l1

il
+(po (1,8 + Moy, +F,, (1,y,(8))
= F2 (1,.6,00))+ F,, (t.y5(8)),
®,)(0,8) = @, (y, (&) = @) &0\,

wg)‘i 0= 0.
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By virtue of Theorem 6.1 [4, p. 368], we arrive at the inequality

E(@)) < (hg +€*(n+2)+r7n ol sv:B 01|

m°

+egl[o0sTl| +es (1,5 7:Bimgs0ll,
+H<Pm;\?;l3;0;DH2+0c +||w1m;v;B;0;Q||2+a).
Choosing sufficiently small &€ and 7, we find
[v,57:B: 050l ., < el £57:Bikg: Q)

+H(pm;?;B;O;DH2+a +||\u1m;v;B;0;Q||2+a). (22)

In view of inequalities (22) and the estimates

1 £ Bibtg: 0|,

cl

7B 0|

o’

IN

o0, < closzon],,.

||Wlm;Y;B;O;Q||2+0c

c|lw:v:B:0:0l|,,,,

we arrive at inequality (13).

Proof of Theorem 1. By using the change of variables v, =u

meM and inequality (13), we arrive at the
following estimate for the solution of problem (6)—(8):

,,,57:B;0:0) ., < C(| Fiv:Bimg: Oll, +{|o:¥:B:0: D, +||\II;Y;B;0;Q||2+Q), (23)

whose right-hand side is independent of m; and m,. In addition, the sequences
U} = {u, (P}
U} = (RO Py (B ) dy (=B x)D, w,, (P},
U} = (RQY:P)3, u,, (P},

(U} = {RQY:PYdy (-B" .)d, (-B" ) dy (-B> .x;)dy (=B x )0, 0, u,, (P)}
i 7
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are uniformly bounded and equicontinuous in the domain Q. According to the Arzela theorem, there exist sub-
sequences {U,(,:’)} uniformly convergentin Q to Uy, ve{0,1,2,3}. Passing to the limit as m; — o and
m, — oo in problem (6)—(8), we conclude that u(z,x)=U ©) s the unique solution of problem (2)—(4),
ueC*(1:p:0;0).

3. Optimal Control Problem

In a domain Q =[0,T)x D, we consider the problem of finding functions u(¢,x), p(t,x), and g(x) for
which functional (1) reaches its minimum in the class of bounded functions (p,q)€V, while the function

u(t,x;p(t,x),q(x) with (1,00 =0\0¢).  Qp,={t.x)€Q:t=1,.xe D\Q}U{(r.x)€Q: 1 €[0.T),
x € Q} is asolution of the boundary-value problem (2)—(4).

We investigate problem (1)-(4) in the case where conditions 1°-3° are satisfied. In order to establish the
existence of solution of problem (1)—(4), it is necessary first to prove the solvability of the auxiliary problems

with smooth coefficients.
In the domain Q, we consider the problem of finding functions (u,,,p,q) on which the functional

T
I(p.q) = fdthl(t,x;um(t,x;p;q),p)dx
0 D

+ [ By (i, (T x: pig).q)dx (24)
D

attains its minimum in the class of bounded functions (p,q)€V in which u, (¢,x) is the solution of boundary-

value problem

(Lyu,, )(t,x) = [, (t,x;p), (25)
u, (0,x) =0, (x:9), (26)
(u,, =W, )1,2) = 0. 27)

By using the Green function (G(l) I',,) from [5, p.62], for problem (25)-(27), we conclude that, for any

m °

(p,q) €V, there exists a solution of this problem, which is unique and given by the formula

T
u, (t.2.p.q) = [d1[ G (1.x.1.8)f, (T.E.p)dE
0 D

+]61(1.2.0.8)9,,G.9)dg
D
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T
+[dt [ T(t.x .ty (1.E)dE. (28)
0 oD
We denote
l‘l(ﬂc &) JleG(l)(I X,T &)M
T D
+ GV ,g)—aF 2 (Wl o)
D m
n(&) JdtjG(l)(t x,0 &)M
D
+jG“)(T, 0, &)—aF (xu:’"’Q) X,

Hy (Wt .p) = Fy (.50, .p)+ W2 f,, (1.3 p).
Hn (naum 7‘]) = F2 (x;l/lm aq)+ n(-x)q)m (x7q) .
The following theorems are true:

Theorem 4. Assume that conditions 1°-3° are satisfied. Then

(i) if H M and H n are monotonically increasing functions of the arguments p and q, respectively,
then p,(t,x) and q,(x) are optimal controls and the optimal solution of problem (24)—(27) has the

form
(0) . — . .
um (taxapaq) - um(taxaplaQI)v

(ii) if H M is a monotonically increasing function of the argument p and H 1 is a monotonically de-
creasing function of the argument q, then the functions p,(t,x) and q,(x) are optimal controls
and the optimal solution of problem (24)—(27) has the form

uEnO)(tﬂx7paq) = um(t7X;p17q2);

(iii) if H M is a monotonically decreasing function of the argument p and H 1 is a monotonically in-

creasing function of the argument q, then p,(t,x) and q,(x) are optimal controls and

uEnO)(tﬂx7paq) = Mm (t7X;p2 7‘]1)
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is the optimal solution of problem (24)—(27);

(iv) if H M and H n are monotonically decreasing functions of the arguments p and q, respectively,
then p,(t,x) and q,(x) are optimal controls and the optimal solution of problem (24)—~(27) has the

form

u(t,x;:p,q) = u, (t,%;05,q,).

We now establish the conditions of existence of the optimal solution of problem (24)—(27) in the case where
the functions H, and H u are not monotonic.

Theorem 5. Suppose that conditions 1°-3° are satisfied for problem (24)—(27) and the functions H M and
H y @re not monotonic with respect to the arguments p and q, respectively.

(0)

Then, in order that the control (p q(o)) €V and the corresponding solution u,, (t,x,p(o) ,q(o)) of the

boundary-value problem (24)—(27) be optimal, it is necessary and sufficient that the following conditions be sat-
isfied:

(i) as a function of the argument p, the function H M (t,x,p) takes its minimal value at the point

0
p?;

(ii) as a function of the argument q, the function H 1 (x,q) takes its minimal value at the point

0
v

(iii) for any nonzero vector &=(§,,&,) and (t,x)€Q, the following inequality is satisfied:
K\(t.x8) =9, Fxuy.p O +20, 0,F@xu,) p g,
+02 Fy(t.xuly) . p)ES > 0;
(iv) for anyvector y =(y;,y,) and x € D, the following inequality is satisfied:
Ky(x,3) = 9, Fy(xuy” gyl +29, 9, F(xul ¢y,
+ 83 F, (x;u,(f) ,q(o))yg >0.
Proof. Theorems 4 and 5 are proved by using the procedure presented in [8]. Passing to the limit in prob-

lem (24)—(27) as m; — o and m, — o, we get the optimal solution of problem (1)—(4).

Note that it is also possible to establish the corresponding theorems for the case where one of the functions
is monotonic and the other is not monotonic.
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