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ELECTRON SPECTRUM IN THE QUANTUM DOT-QUANTUM RING 

SEMICONDUCTOR NANOSTRUCTURE WITH NON-CENTRAL DONOR 

IMPURITY 

O.M. Makhanets, I.P. Koziarskyi, I.S. Hnidko, A.I. Kuchak 
Yuriy Fedkovych Chernivtsi National University, Kotsyubynsky St. 2, Chernivtsi-58002, Ukraine 

o.makhanets@chnu.edu.ua  

 
Multilayer semiconductor nanostructures have been studied both theoretically and 

experimentally for quite a long time. The unique properties of quasiparticles in such systems make 

it possible to use them as basic elements in modern nanoelectronic devices: tunneling nanodiodes, 

nanolasers, nanodetectors [1, 2]. 

Semiconductor quantum rings occupy a special place among various types of nanosystems. 

As a rule, they have cylindrical symmetry, just like quantum wires. However, unlike quantum 

wires, the height of quantum rings is finite and is on the order of several nanometers. Therefore, 

the movement of charge carriers in such nanostructures is limited in all three dimensions. 

Therefore, in this aspect, they are similar to cylindrical quantum dots. Modern experimental 

capabilities make it possible to obtain nanoheterostructures with cylindrical quantum nanorings 

[3, 4] and to study the spectra of quasiparticles in them. 

Obviously, the presence of impurities in nanostructures with quantum dots and rings will 

significantly change their physical properties. This will affect the physical characteristics of 

nanodevices that will be created on their basis. At the same time, the study of the binding energy 

of an electron with an impurity in nanostructures with cylindrical symmetry faces mathematical 

difficulties associated with the need to coordinate the non-spherical symmetry of a nanosystem 

with the spherical symmetry of the Coulomb potential energy of the interaction between the 

electron and the impurity. 

This paper will theoretically investigate the effect of a non-central donor impurity on the 

energy spectrum and wave functions of an electron, as well as on the oscillator strengths of 

intraband quantum transitions in a quantum dot-quantum ring semiconductor nanostructure. 

Therefore, we study a nanostructure of height L, consisting of a cylindrical semiconductor 

quantum dot (quantum well, GaAs medium), which is tunnel-linked through a finite potential 

barrier (AlxGa1-xAs medium) with a coaxial cylindrical nanoring (quantum well, GaAs medium). 

A donor impurity with radius vector ir


 is randomly located in the nanostructure and creates an 

attractive Coulomb potential for an electron with radius vector r


, which is expediently written in 

a cylindrical coordinate system: 
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Here ε is the permittivity of the nanostructure. 

The stationary Schrödinger equation for an electron with potential energy (1) cannot be solved 

analytically exactly. In order to solve it, the unknown wave functions of the electron are searched 

in the form of a decomposition of the full set of its wave functions in the nanostructure without 

impurities: 
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Here, nρ is radial, nz is axial, and m is magnetic quantum numbers that determine the state and 

energy of the electron. The axial and radial wave functions have the form: 

mailto:o.makhanets@chnu.edu.ua


Proceedings APFS-2023 

Section 1. Fundamental problems of physics, chemistry and ecology 

 

 

26 

 

 





















,...6,4,2),sin(

,...5,3,1),cos(
2

)(

z
z

z
z

n

nz
L

n

nz
L

n

L
zf

z
,  


























11
)3(

210
)1(

0
)2(

101
)1(

1
)1(

00
)0(

),(

),()(

),()(

0),(

),(

kKB

kNBkJA

kKBkIA

kJA

R

mm

mmmm

mmmm

mm

nmn z
,   (3) 

where Jm, Nm are Bessel functions of integer order; Im, Km are modified Bessel functions, 
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All unknown coefficients in (3), as well as the electron energy spectrum (
znmnE


) are found 

from the conditions of continuity of the radial wave functions and the corresponding probability 

density fluxes at all heteroboundaries of the nanostructure: 
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Substituting (2) into the Schrödinger equation leads to the secular equation: 
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The task of finding the energy spectrum En and the wave function )(rn


  of an electron 

interacting with an impurity are now reduced to the calculation of eigenvalues and eigenvectors of 

the obtained matrix. 

The found energy spectrum and wave functions also make it possible to estimate the oscillator 

strengths of intraband optical quantum transitions of an electron using the well-known formula: 
2

'
'

' )(~ n
nnn

n
n MEEF  ,     (6) 

where 

nenM n
n )cos()(''       (7) 

- transition dipole moment. 

The paper analyzes the dependence of the energy spectrum of the electron and the strengths of 

the oscillators of its quantum transitions on the geometric parameters of the nanostructure and the 

location of the impurity in it. 
1. Qian, F., Li, Y., Gradeak, S. et al. (2008). Nature Materials, 7, 701–706. 
2. Zervos, M. (2014). Nanoscale Research Letters. 9, 509. 
3. Kuroda, T. T., Mano, T., Ochiai, T. et al. (2005). Phys. Rev. B., 72(20), 205301. 
4. Mano, T., Kuroda, T., Sanguinetti, S. et al. (2005). Nano Lett., 5(3), 425–428. 
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